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1. �¢¥¤¥¨¥

� ¤ ®© à ¡®â¥ ¨§ãç ¥âáï ®¡é¨© ª« áá ¯à®áâà áâ¢¥ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢¥¨© ¢
ç áâëå ¯à®¨§¢®¤ëå ¢ëá®ª®£® ¯®àï¤ª  á ¤®¬¨¨à®¢ ë¬¨ ¬« ¤è¨¬¨ ç«¥ ¬¨ [1] ¢¨¤ 

@mu(x)

@xk11 � � � @x
kn
n

+
X

j�j�m�1
�i�ki; i=1;:::;n

a�(x)
@j�ju(x)

@x�11 � � � @x�nn
= f(x); x 2 D; (1.1)

£¤¥ m =
nP
i=1

ki, � = (�1; : : : ; �n), j�j =
nP
i=1

�i, m 2 N ¨ ki, �i, i = 1; : : : ; n, | ¥®âà¨æ â¥«ìë¥
æ¥«ë¥ ç¨á« .

�à ¢¥¨¥ (1.1) ï¢«ï¥âáï £¨¯¥à¡®«¨ç¥áª¨¬, ¤«ï ª®â®à®£® ¯«®áª®áâ¨ xi = const, i = 1; 2; 3,
ï¢«ïîâáï å à ªâ¥à¨áâ¨ç¥áª¨¬¨,    ¯à ¢«¥¨ï ª®®à¤¨ âëå ®á¥© | ¡¨å à ªâ¥à¨áâ¨ç¥áª¨¬¨.

�¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå ¢ëá®ª®£® ¯®àï¤ª  á ¤®¬¨¨à®¢ ë-
¬¨ ¬« ¤è¨¬¨ ç«¥ ¬¨ ¢áâà¥ç îâáï ¯à¨ ¨§ãç¥¨¨ ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥© ¥ª®â®àëå ¯à¨à®¤-
ëå ¨ ä¨§¨ç¥áª¨å ¯à®æ¥áá®¢ [2]{[8].

� áâë¥ á«ãç ¨ íâ¨å ãà ¢¥¨© ¤«ï m = 3 ¨ n = 3 ¨§ãç¥ë ¢ à ¡®â å [8]{[11], ¤«ï m = 4
¨ n = 3 | ¢ [8], [12], ¤«ï ¯à®¨§¢®«ì®£® ¯®«®¦¨â¥«ì®£® m ¨ n = 2 | ¢ [7],   ¤«ï ki = 1,
i = 1; : : : ; n, ¨ n ¯à®¨§¢®«ì®£® ¢ [8], [13], [14]. �¨¦¥ ¨§ãç ¥âáï á«ãç © ¤«ï ¯à®¨§¢®«ì®£® m ¨
n = 3.

�¢¥¤¥® ®¯à¥¤¥«¥¨¥ äãªæ¨¨ �¨¬  , ¤®ª §   ¥¥ ª®àà¥ªâ®áâì ¤«ï ¢ëè¥ã¯®¬ïãâëå
ãà ¢¥¨© ¨ ¤ ® ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ à¥è¥¨ï å à ªâ¥à¨áâ¨ç¥áª®© § ¤ ç¨ �ãàá .

2. � ¤ ç  �ãàá  ¤«ï ãà ¢¥¨ï (1.1) ¢ á«ãç ¥ ¥¯à¥àë¢ëå ª®íää¨æ¨¥â®¢

� ¯à®áâà áâ¢¥ ¥§ ¢¨á¨¬ëå ¯¥à¥¬¥ëå x := (x1; x2; x3) 2 R3 ¤«ï j = 1; 2; 3 ¢¢¥¤¥¬ ®¡®§ -
ç¥¨¥

Di
xj
=

8>>>><
>>>>:

�
@

@xj

�i
; i = 1; 2; : : : ;

1; i = 0;� xjR
x0
j

��i
; i = �1;�2; : : : ;

£¤¥ x0 := (x0
1
; x0

2
; x0

3
) 2 R3 | ¯à®¨§¢®«ì ï ä¨ªá¨à®¢  ï â®çª . �ãáâì â ª¦¥ Dl;m;n :=

Dl
x1
Dm

x2
Dn

x3
, l;m; n = 0; 1; : : : , ¨ á¨¬¢®« C l;m;n ®§ ç ¥â ª« áá äãªæ¨©, ª®â®àë¥ ¥¯à¥àë¢ë

¢¬¥áâ¥ á® á¢®¨¬¨ ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ Di
x1
, Dj

x2
, Dk

x3
, 0 � i � l, 0 � j � m, 0 � k � n.
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�à¥¤¯®«®¦¨¬, çâ® l;m; n 2 N ¨ ¢ë¯®«¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï á®£« á®¢ ®áâ¨:

D0 j k'i
011

��
x2=x

0

2
; x3=x

0

3

= Di 0 k'
j
101

��
x1=x

0

1
; x3=x

0

3

= Di j 0'k
110

��
x1=x

0

1
; x2=x

0

2

;

D0 j k'i
011

��
x2=x

0

2

= Di 0 k'j
101

��
x1=x

0

1

; Di 0 k'j
101

��
x3=x

0

3

= Di j 0'k
110

��
x2=x

0

2

;

D0 j k'i
011

��
x3=x

0

3

= Di j 0'k
110

��
x1=x

0

1

;

i = 0; 1; : : : ; l � 1; j = 0; 1; : : : ;m� 1; k = 0; 1; : : : ; n� 1:

�«ï ãà ¢¥¨ï

Lu := Dlmnu+
X

i+j+k<s

ai j kDi j ku = f; (2.1)

i = 0; 1; : : : ; l; j = 0; 1; : : : ;m; k = 0; 1; : : : ; n; s := l +m+ n;

à áá¬®âà¨¬ § ¤ çã �ãàá 

Di 0 0u
��
x1=x

0

1

= 'i
011; D0 j 0u

��
x2=x

0

2

= '
j
101; D0 0 ku

��
x3=x

0

3

= 'k
110;

i = 0; 1; : : : ; l � 1; j = 0; 1; : : : ;m� 1; k = 0; 1; : : : ; n� 1:
(2.2)

�¥ ®£à ¨ç¨¢ ï ®¡é®áâì à ááã¦¤¥¨ï ( ¯à., [7]), ¬®¦¥¬ à áá¬®âà¥âì (2.1) á ®¤®à®¤ë-
¬¨ £à ¨çë¬¨ ãá«®¢¨ï¬¨, â. ¥. ¯à¥¤¯®«®¦¨âì, çâ® 'i

011
= 'j

101 = 'k
110

= 0, i = 0; 1; : : : ; l � 1,
j = 0; 1; : : : ;m� 1, k = 0; 1; : : : ; n� 1, ¢¬¥áâ® (2.2). �®á«¥ ¯®¤áâ ®¢ª¨ u = D�l �m �nw, w 2 C, ¢
(2.1) ¯à¨¢¥¤¥¬ § ¤ çã �ãàá  (2.1), (2.2) ª ¨â¥£à «ì®¬ã ãà ¢¥¨î �®«ìâ¥àà 

w +
X
i;j;k

ai j kDi�l j�mk�nw = f: (2.3)

�â® ãà ¢¥¨¥ ¬®¦® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ w + Kw = f , £¤¥ K | áã¬¬  ¨§¢¥áâëå ®¯¥à â®à®¢
�®«ìâ¥àà .

�¯¥ªâà «ìë© à ¤¨ãá ®¯¥à â®à  �®«ìâ¥àà  K à ¢¥ ã«î, ¯®íâ®¬ã ãà ¢¥¨¥ (2.3) ®¤®-
§ ç® à §à¥è¨¬®, ¥£® à¥è¥¨¥ § ¤ ¥âáï ä®à¬ã«®© w =

P
n�0

(�1)nKnf ¨, á«¥¤®¢ â¥«ì®, ®¤®-

§ ç ï à §à¥è¨¬®áâì § ¤ ç¨ �ãàá  (2.1), (2.2) ¤®ª §  .

� ¬¥ç ¨¥ 2.1. �á«¨ äãªæ¨¨ 'i
011
, 'j

101, '
k
110
, i = 0; 1; : : : ; l � 1, j = 0; 1; : : : ;m � 1,

k = 0; 1; : : : ; n � 1, ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë ¯® ¯ à ¬¥âàã � ¤® ¯®àï¤ª  p, â® à¥è¥¨¥
§ ¤ ç¨ �ãàá  (2.1), (2.2) â ª¦¥ p à § ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬® ®â®á¨â¥«ì® â®£® ¦¥ ¯ -
à ¬¥âà .

3. �ãªæ¨ï �¨¬   ¨ ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ à¥è¥¨ï § ¤ ç¨ �ãàá 

� áá¬®âà¨¬ ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à

L� := (�1)l+m+nDlmn +
X

i+j+k<s

(�1)i+j+kDi j k(ai j k � );

ª®â®àë© ï¢«ï¥âáï á®¯àï¦¥ë¬ ª ®¯¥à â®àã L (á¬. ãà ¢¥¨¥ (2.1)) ¢ á¬ëá«¥ � £à ¦ .

�¥¬¬  3.1. �«ï ®¯¥à â®à®¢ L ¨ L� ¢ë¯®«¥® â®¦¤¥áâ¢®

vLu� uL�v =
3X

i=1

DxiPi;
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£¤¥

P1 := Q1 +
X

i+j+k<s

X
p<i

(�1)p+j+kDi�p�1 0 0uDp j k(ai j kv);

P2 := Q2 +
X

i+j+k<s

X
p<j

(�1)p+kDi j�p�1 0uD0 p k(ai j kv);

P3 := Q3 +
X

i+j+k<s

X
p<k

(�1)pDi j k�p�1uD0 0 p(ai j kv);

¨

Q1 :=
l�1X
i=0

(�1)i+m+nDl�i�1 0 0uDimnv; Q2 :=
m�1X
i=0

(�1)i+nDl m�i�1 0uD0 i nv;

Q3 :=
n�1X
i=0

(�1)iDl m n�i�1uD0 0 iv:

�®ª § â¥«ìáâ¢®. � ç «  ¯®ª ¦¥¬, çâ® ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

vDl m nu� (�1)l+m+nuDlmnv =
3X

i=1

DxiQi: (3.1)

� áá¬®âà¨¬ ¡¨«¨¥©ãî ä®à¬ã

�(u; v) :=
X

j�j=j�j

D�1 �2 �3uD�1 �2 �3v;

£¤¥ áã¬¬  ª®¥ç . �§ ¨¬® ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥

D�1 �2 �3uD�1 �2 �3v  ! ��1
1
��2
2
��3
3
�
�1
1 �

�2
2 �

�3
3 (3.2)

ãáâ  ¢«¨¢ ¥â â ª¦¥ ¢§ ¨¬® ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ä®à¬®© �(u; v) ¨ ¬®£®ç«¥®¬

F (�; �) :=
X

j�j=j�j

��11 �
�2
2 ��33 �

�1
1 �

�2
2 �

�3
3 :

�¥¯¥àì, ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥, çâ® (3.2) ¯¥à¥¢®¤¨â

Dx1(D
�1 �2 �3uD�1 �2 �3v) = D�1+1�2 �3uD�1 �2 �3v +D�1 �2 �3uD�1+1�2 �3v

¢

��1+1
1

��2
2
��3
3
�
�1
1 �

�2
2 �

�3
3 + ��1

1
��2
2
��3
3
�
�1+1
1 �

�2
2 �

�3
3 = (�1 + �1)��11 ��2

2
��3
3
�
�1
1 �

�2
2 �

�3
3 ;

§ ª«îç ¥¬, çâ® �(u; v) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ä®à¬¥ ¤¨¢¥à£¥æ¨¨, ¥á«¨ â®«ìª® ¬®£®ç«¥ F (�; �)
¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥¨¥

F (�; �) =
3X

k=1

(�k + �k)Fk(�; �):

� íâ®¬ á«ãç ¥

�(u; v) =
3X

k=1

Dxk [�k(u; v)];

£¤¥ á¢ï§ì ¡¨«¨¥©®© ä®à¬ë �k(u; v) ¨ ¬®£®ç«¥  Fk(�; �) ãç¨âë¢ ¥â ¢ëè¥ã¯®¬ïãâ®¥ á®®â-
¢¥âáâ¢¨¥.
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� «¥¥, ¯à®áâë¬ ¢ëç¨á«¥¨¥¬ ¨¬¥¥¬

�l1�
m
2 �

n
3 � (�1)

l+m+n�l1�
m
2 �

n
3 = (�1 + �1)

l�1X
i=0

(�1)i+m+n�l�i�11 �i1�
m
2 �

n
3 +

+ (�2 + �2)
m�1X
i=0

(�1)i+n�l
1
�m�i�1
2

�i
2
�n
3
+ (�3 + �3)

n�1X
i=0

(�1)i�l
1
�m
2
�n�i�1
3

�i
3
;

®âªã¤  ¨áâ¨®áâì (3.1) ®ç¥¢¨¤ .
�à¨¬¥ïï (3.1) ¤«ï ¬« ¤è¨å ç«¥®¢ ai j kvDi j ku � (�1)i+j+kuDi j k(ai j kv) ¨ áã¬¬¨àãï ¨å ¯®

i, j, k, ¢¨¤¨¬, çâ® «¥¬¬  2.1 ¤®ª §  .

�á¯®«ì§ãï íâã «¥¬¬ã, ¤«ï x01 � y1 � x1; x
0
2 � y2 � x2; x

0
3 � y3 � x3 ¯®«ãç¨¬ à ¢¥áâ¢®

Z x

x0
(vLu� uL�v)dy =

Z x2

x0
2

Z x3

x0
3

P1

���y1=x1
y1=x

0

1

dy2dy3 +

+
Z x1

x0
1

Z x3

x0
3

P2

���y2=x2
y2=x

0

2

dy1dy3 +
Z x1

x0
1

Z x2

x0
2

P3

���y3=x3
y3=x

0

3

dy1dy2: (3.3)

�ãáâì

L100 := Dl 0 0 +
X
i<l

aimnDi 0 0; L010 := D0m 0 +
X
j<m

al j nD0 j 0;

L001 := D0 0n +
X
k<n

almkD0 0 k

¨ L�100, L
�
010, L

�
001 | á®®â¢¥âáâ¢ãîé¨¥ á®¯àï¦¥ë¥ ®¯¥à â®àë. �à¥¤¯®«®¦¨¬, çâ® äãªæ¨¨

!100 := !100(x1; y), !010 := !010(x2; y), !001 := !001(x3; y) ï¢«ïîâáï á®®â¢¥âáâ¢ãîé¨¬¨ à¥è¥¨ï¬¨
á«¥¤ãîé¨å § ¤ ç �®è¨:

L�
100

��
x2=y2; x3=y3

!100 = 0;
�
d

dx1

�i

!100
��
x1=y1

= �l�1 i; i = 0; 1; : : : ; l � 1;

L�010
��
x1=y1; x3=y3

!010 = 0;
�
d

dx2

�j

!010
��
x2=y2

= �m�1 j ; j = 0; 1; : : : ;m� 1; (3.4)

L�001
��
x1=y1; x2=y2

!001 = 0;
�
d

dx3

�k

!001
��
x3=y3

= �n�1 k; k = 0; 1; : : : ; n� 1;

£¤¥

�i j =

(
1; i = j;

0; i 6= j;

| á¨¬¢®« �à®¥ª¥à .
�ãáâì â ª¦¥

L011 := D0mn +
X

j+k<m+n

al j kD0 j k; L101 := Dl 0n +
X

i+k<l+n

aim kDi 0 k;

L110 := Dlm 0 +
X

i+j<l+m

ai j nDi j 0
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¨ L�011, L
�
101, L

�
110 | á®®â¢¥âáâ¢ãîé¨¥ á®¯àï¦¥ë¥ ®¯¥à â®àë,   äãªæ¨¨ �011 := �011(x2; x3; y),

�101 := �101(x1; x3; y), �110 := �110(x1; x2; y) | à¥è¥¨ï á«¥¤ãîé¨å § ¤ ç �ãàá :

L�
011

��
x1=y1

�011 = 0; Dj
x2
�011

��
x2=y2

= �m�1 j !001; Dk
x3
�011

��
x3=y3

= �n�1 k !010;

L�
101

��
x2=y2

�101 = 0; Di
x1
�101

��
x1=y1

= �l�1 i !001; Dk
x3
�101

��
x3=y3

= �n�1 k !100;

L�
110

��
x3=y3

�110 = 0; Di
x1
�110

��
x1=y1

= �l�1 i !010; Dj
x2
�110

��
x2=y2

= �m�1 j !100;

i = 0; 1; : : : ; l � 1; j = 0; 1; : : : ;m� 1; k = 0; 1; : : : ; n� 1:

(3.5)

�®¯à®á à §à¥è¨¬®áâ¨ ¤¢ã¬¥à®© § ¤ ç¨ �ãàá  ¢ëá®ª®£® ¯®àï¤ª  «¥£ª® á¢®¤¨âáï ª à §à¥è¨¬®-
áâ¨ § ¤ ç¨ (2.1), (2.2).

�¯à¥¤¥«¥¨¥. �¯à¥¤¥«¨¬ äãªæ¨î �¨¬   v := v(x; y) ¤«ï ãà ¢¥¨ï (2.1) ª ª à¥è¥¨¥
á«¥¤ãîé¥© § ¤ ç¨ �ãàá :

L�v = 0; (3.6)

Di
x1
v
��
x1=y1

= �l�1 i �011; Dj
x2
v
��
x2=y2

= �m�1 j �101; Dk
x3
v
��
x3=y3

= �n�1 k �110; (3.7)

i = 0; 1; : : : ; l � 1; j = 0; 1; : : : ;m� 1; k = 0; 1; : : : ; n� 1:

�ãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì íâ®© äãªæ¨¨ �¨¬   á«¥¤ãîâ ¨§ íª¢¨¢ «¥â®áâ¨ § ¤ ç (2.1),
(2.2) ¨ (3.6), (3.7).

� ¬¥ç ¨¥ 3.1. � ª ª ª à¥è¥¨ï �ijk, i; j; k = 0; 1, i + j + k = 2, § ¤ ç �ãàá  ï¢«ïîâáï
£« ¤ª¨¬¨ äãªæ¨ï¬¨, â. ¥. �110 2 C lm; lmn, �011 2 Cmn; lmn, �101 2 C l n; lmn,   â ª¦¥ ¯à¨¨¬ ï ¢®
¢¨¬ ¨¥ § ¬¥ç ¨¥ 2.1, ¤«ï äãªæ¨¨ �¨¬   ¨¬¥¥¬ v 2 C lmn; lmn.

�¥à¥¯¨è¥¬ ¯®¤¨â¥£à «ìë¥ ¢ëà ¦¥¨ï ¯à ¢®© ç áâ¨ (3.3). �¥£ª® ¢¨¤¥âì, çâ® á®£« á® (2.2)

P1
��
y1=x

0

1

=
l�1X
i=0

(�1)i+m+n'l�i�1
011 Dimnv

��
y1=x

0

1

+
X

i+j+k<s

X
p<i

(�1)p+j+k'i�p�1
011 Dp j k(ai j kv)

��
y1=x

0

1

;

P2
��
y2=x

0

2

=
m�1X
i=0

(�1)i+nDl 0 0'm�i�1
101

D0 i nv
��
y2=x

0

2

+
X

i+j+k<s

X
p<j

(�1)p+kDi 0 0'j�p�1
101 D0 p k(ai j kv)

��
y2=x

0

2

;

P3
��
y3=x

0

3

=
n�1X
i=0

(�1)iDlm 0'n�i�1
110 D0 0 iv

��
y3=x

0

3

+
X

i+j+k<s

X
p<k

(�1)pDi j 0'
k�p�1
110 D0 0 p(ai j kv)

��
y3=x

0

3

:

�à®¬¥ â®£®, ¯à¥¤¯®« £ ï, çâ® v(x; y) ï¢«ï¥âáï äãªæ¨¥© �¨¬  , á®£« á® (3.7) ¨¬¥¥¬

P1
��
y1=x1

= (�1)l+m+n�1u
��
y1=x1

D0mn�011 +
X

j+k<m+n

(�1)l�1+j+ku
��
y1=x1

D0 j k
�
al j k

��
y1=x1

�011
�
=

= (�1)l�1u
��
y1=x1

L�
011

��
y1=x1

�011 = 0:

� «®£¨ç® ¯®«ãç¨¬

P2
��
y2=x2

= (�1)m�1
�
(�1)nDl 0 0u

��
y2=x2

D0 0n�101 +

+
X

i+k<l+n

(�1)kDi 0 0u
��
y2=x2

D0 0 k
�
aimk

��
y2=x2

�101
��
;

P3
��
y3=x3

= (�1)n�1
�
Dlm 0u

��
y3=x3

�110 +
X

i+j<l+m

Di j 0u
��
y3=x3

ai j n
��
y3=x3

�110

�
:
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�¥¬¬  3.2. �«ï «î¡ëå äãªæ¨© u; v 2 Cm, m 2 N, ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

vDmu = (�1)muDmv +D

�m�1X
i=0

(�1)iDm�i�1uDiv

�
:

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® «¥¬¬  3.2 á¯à ¢¥¤«¨¢  ¤«ïm 2 N, ¨ ¯®ª ¦¥¬ ¥¥ á¯à -
¢¥¤«¨¢®áâì ¤«ï m+ 1. �¥©áâ¢¨â¥«ì®, â. ª.

vDm+1u = (�1)mDuDmv +D

�m�1X
i=0

(�1)iDm�iuDiv

�
= (�1)mDuDmv +

+D

� mX
i=0

(�1)iDm�iuDiv � (�1)muDmv

�
= (�1)mDuDmv +D

� mX
i=0

(�1)iDm�iuDiv

�
�

� (�1)mDuDmv � (�1)muDm+1v = (�1)m+1uDm+1v +D

� mX
i=0

(�1)iDm�iuDiv

�

¨ vDu = �uDv +D(uv) ¤«ï m = 1, â® á¯à ¢¥¤«¨¢®áâì «¥¬¬ë 3.2 ®ç¥¢¨¤ .

� ¨á¯®«ì§®¢ ¨¥¬ íâ®© «¥¬¬ë ¨ ä®à¬ã«ë �ìîâ® {�¥©¡¨æ   å®¤¨¬

I101(x) :=
Z x1

x0
1

Z x3

x0
3

P2
��
y2=x2

dy1dy3 = (�1)m�1
Z x1

x0
1

Z x3

x0
3

�
(�1)n+lu

��
y2=x2

Dl 0n�101 +

+D1 0 0

� l�1X
p=0

(�1)n+pDl�p�1 0 0u
��
y2=x2

Dp 0n�101

�
+

X
i+k<l+n

(�1)k+iu
��
y2=x2

Di 0 k
�
aim k

��
y2=x2

�101
�
+

+D1 0 0

� i�1X
p=0

(�1)k+pDi�p�1 0 0u
��
y2=x2

Dp 0 k
�
aim k

��
y2=x2

�101
���

dy1dy3 =

= (�1)m�1
Z x3

x0
3

� l�1X
p=0

(�1)n+pDl�p�1 0 0u
��
y2=x2

Dp 0n�101 +

+
X

i+k<l+n

X
p<i

(�1)n+p+kDi�p�1 0 0u
��
y2=x2

Dp 0 k
�
aim k

��
y2=x2

�101
�����x1

x0
1

dy3 +

+ (�1)m�1
Z x1

x0
1

Z x3

x0
3

u
��
y2=x2

L�101
��
y2=x2

�101dy1dy3:

�®íâ®¬ã ¢ á¨«ã (2.2), (3.4) ¨ (3.5) ¨¬¥¥¬

I101(x) = (�1)m�1
Z x3

x0
3

�
(�1)l�1u

��
y1=x1; y2=x2

L�
001

��
y1=x1; y2=x2

!001 �

�
l�1X
p=0

(�1)n+p'l�p�1
011

��
y2=x2

Dp 0n�101
��
y1=x

0

1

�

�
X

i+k<l+n

X
p<i

(�1)k+p'i�p�1
011

��
y2=x2

Dp 0 k
�
aimk

��
y2=x2

�101
���
y1=x

0

1

�
dy3 =

= (�1)m
Z x3

x0
3

� l�1X
p=0

(�1)n+p'l�p�1
011

��
y2=x2

Dp 0n�101
��
y1=x

0

1

+

+
X

i+k<l+n

X
p<i

(�1)k+p'i�p�1
011

��
y2=x2

Dp 0 k
�
aimk

��
y2=x2

�101
���
y1=x

0

1

�
dy3:
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�®£« á® «¥¬¬¥ 3.2 ¨ ¨á¯®«ì§®¢ ë¬ ¢ëè¥ ¯à®æ¥¤ãà ¬ ¯®«ãç¨¬

I110(x) :=
Z x1

x0
1

Z x2

x0
2

P3
��
y3=x3

dy1dy2 = I1(x) + I2(x) + I3(x);

£¤¥ I1(x) := I0(x)� I0(x1; x02; x3)� I0(x
0
1; x2; x3) + I0(x01; x

0
2; x3),

I0(y1; y2; x3) := (�1)n�1
� l�1X

p=0

m�1X
q=0

(�1)p+qDl�p�1m�q�1 0u
��
y3=x3

Dp q 0�110 +

+
X

i+j<l+m

X
p<i

X
q<j

(�1)p+qDi�p�1 j�q�1 0u
��
y3=x3

Dp q 0
�
ai j n

��
y3=x3

�110
��

¨

I2(x) := (�1)n�1
Z x2

x0
2

� l�1X
p=0

(�1)p+mDl�p�1 0 0u
��
y3=x3

Dpm 0�110 +

+
X

i+j<l+m

X
p<i

(�1)p+jDi�p�1 0 0u
��
y3=x3

Dp j 0
�
ai j n

��
y3=x3

�110
�����x1

x0
1

dy2;

I3(x) := (�1)n�1
Z x1

x0
1

Z x2

x0
2

�
(�1)lD0m 0u

��
y3=x3

Dl 0 0�110 +

+
X

i+j<l+m

(�1)iD0 j 0u
��
y3=x3

Di 0 0
�
ai j n

��
y3=x3

�110
��
dy1dy2:

�¥¯¥àì, ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ (3.5) ¨ ¯¥à¢®¥ ¨§ ãá«®¢¨© (3.4),  å®¤¨¬

I0(x) = (�1)n+m
� l�1X

p=0

(�1)pDl�p�1 0 0u
��
y2=x2; y3=x3

Dp 0 0!100 +

+
X
i<l

X
p<i

(�1)pDi�p�1 0 0u
��
y2=x2; y3=x3

Dp 0 0
�
aimn

��
y2=x2; y3=x3

!100
������

y1=x1

= (�1)s�1u
��
y=x

:

� «®£¨ç®

I0(x1; x
0

2; x3) = (�1)l+n
�m�1X

q=0

(�1)q'm�q�1
101 (x1; x3)D

0 q 0!010
��
y2=x

0

2

+

+
X
j<m

X
q<j

(�1)q'j�q�1
101 (x1; x3)D

0 q 0
�
al j n

��
y1=x1; y3=x3

!010
���
y2=x

0

2

�
;

I0(x
0

1; x2; x3) = (�1)m+n

� l�1X
p=0

(�1)p'l�p�1
011 (x2; x3)D

p 0 0!100
��
y1=x

0

1

+

+
X
i<l

X
p<i

(�1)p'i�p�1
011 (x2; x3)D

p 0 0
�
aimn

��
y2=x2; y3=x3

!100
���
y1=x

0

1

�

¨

I0(x
0

1; x
0

2; x3) = (�1)n�1
� l�1X

p=0

�m�1X
q=0

(�1)p+qD0m�q�1 0'
l�p�1
011 (x2; x3)D

p q 0�110

�
+

+
X

i+j<l+m

X
p<i

X
q<j

(�1)p+qD0 j�q�1 0'
i�p�1
011 (x2; x3)D

p q 0
�
ai j n

��
y3=x3

�100
�����

y1=x
0

1
; y2=x

0

2

:
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�¥¬ ¦¥ á ¬ë¬ ¬¥â®¤®¬ ¢ëç¨á«¥¨© ¡ã¤¥¬ ¨¬¥âì

I2(x) = (�1)n
Z x2

x0
2

� l�1X
p=0

(�1)m+p'
l�p�1
011 (y2; x3)D

pm 0�110 +

+
X

i+j<l+m

X
p<i

(�1)j+p'i�p�1
011 (y2; x3)D

p j 0
�
ai j n

��
y3=x3

�110
�����

y1=x
0

1

dy2

¨

I3(x) = (�1)n�1
Z x1

x0
1

Z x2

x0
2

�
(�1)l+mu

��
y3=x3

Dlm 0�110 +

+D0 1 0

�m�1X
p=0

(�1)l+pD0m�p�1 0u
��
y3=x3

Dl p 0�110

�
+

+
X

i+j<l+m

(�1)i+ju
��
y3=x3

Di j 0
�
ai j n

��
y3=x3

�110
�
+

+D0 1 0

�X
p<j

(�1)i+pD0 j�p�1 0u
��
y3=x3

Di p 0
�
ai j n

��
y3=x3

�110
���

dy1dy2 =

= (�1)n�1
Z x1

x0
1

Z x2

x0
2

u
��
y3=x3

L�110
��
y3=x3

�110dy1dy2 +

+ (�1)n�1
Z x1

x0
1

�m�1X
p=0

(�1)l+pD0m�p�1 0u
��
y3=x3

Dl p 0�110 +

+
X

i+j<l+m

X
p<j

(�1)i+pD0 j�p�1 0u
��
y3=x3

Di p 0
�
ai j n

��
y3=x3

�110
�����x2

x0
2

dy1 =

= (�1)n+m
Z x1

x0
1

u
��
y2=x2;y3=x3

L�100
��
y2=x2;y3=x3

!100dy1dy3 +

+ (�1)n
Z x1

x0
1

�m�1X
p=0

(�1)l+p'm�p�1
101 (y1; x3)D

l p 0�110 +

+
X

i+j<l+m

X
p<j

(�1)i+p'j�p�1
101 (y1; x3)D

i p 0
�
ai j n

��
y3=x3

�110
�����

y2=x
0

2

dy1 =

= (�1)n
Z x1

x0
1

�m�1X
p=0

(�1)l+p'm�p�1
101 (y1; x3)Dl p 0�110 +

+
X

i+j<l+m

X
p<j

(�1)i+p'j�p�1
101 (y1; x3)Di p 0

�
ai j n

��
y3=x3

�110
�����

y2=x
0

2

dy1:

� ª®¥æ, ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ ¢ëà ¦¥¨ï ¤«ï I101 ¨ I110; ¨§ (3.3) ¯®«ãç¨¬ ¨â¥£à «ì®¥
¯à¥¤áâ ¢«¥¨¥ à¥è¥¨ï § ¤ ç¨ �ãàá  (2.1), (2.2) ¢ ¢¨¤¥

(�1)su(x) = I101(x)� I0(x1; x02; x3)� I0(x
0

1
; x2; x3) + I0(x01; x

0

2
; x3) +

+ I2(x) + I3(x)�
Z x2

x0
2

Z x3

x0
3

P1
��
y1=x

0

1

dy2dy3 �

�

Z x1

x0
1

Z x3

x0
3

P2
��
y2=x

0

2

dy1dy3 �

Z x1

x0
1

Z x2

x0
2

P3
��
y3=x

0

3

dy1dy2 �

Z x

x0
v(y;x)f(y)dy: (3.8)

� ¢¥áâ¢® (3.8) ãá¯¥è® ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ® ¢ ¨§ãç¥¨¨ è¨à®ª®£® ª« áá  «®ª «ìëå
¨ ¥«®ª «ìëå £à ¨çëå § ¤ ç ¤«ï ãà ¢¥¨ï (2.1). � ¯à¨¬¥à, ¤«ï ãà ¢¥¨ï (2.1) ¯à¨ l � 2
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à áá¬®âà¨¬  ç «ì®-ªà ¥¢ãî § ¤ çã

Di 0 0u
��
x1=0

= 'i
011
; u

��
x1=x

0

1

=  ; D0 j 0u
��
x2=0

= 'j
101; D0 0 ku

��
x3=0

= 'k
110
; (3.9)

i = 0; 1; : : : ; l � 2; j = 0; 1; : : : ;m� 1; k = 0; 1; : : : ; n� 1:

�ãâ¥¬ ¢¢¥¤¥¨ï ¥¨§¢¥áâ®© äãªæ¨¨ � := Dl�1 0 0u
��
x1=0

¨ ¨á¯®«ì§®¢ ¨ï ¨â¥£à «ì®£® ¯à¥¤áâ -
¢«¥¨ï (3.8), § ¤ ç  (2.1), (3.9) íª¢¨¢ «¥â® á¢®¤¨âáï ª á«¥¤ãîé¥¬ã ¨â¥£à «ì®¬ã ãà ¢¥¨î
�®«ìâ¥àà  âà¥âì¥£® à®¤ :

!100(0;x01; x2; x3)�(x2; x3) +
Z x2

0

K2(0; y2; x3;x01; x2; x3)�(y2; x3)dy2 +

+
Z x3

0

K3(0; x2; y3;x01; x2; x3)�(x2; y3)dy3 +

+
Z x2

0

Z x3

0

K23(0; y2; y3;x
0

1; x2; x3)�(y2; y3)dy2dy3 = �(x2; x3); (3.10)

£¤¥ K2, K3, K23 ¨ � | ¨§¢¥áâë¥ äãªæ¨¨,   !100 | à¥è¥¨¥ ¯¥à¢®© § ¤ ç¨ �®è¨ ¢ (3.4). � ª
¨§¢¥áâ®, ¥á«¨

!100(0;x
0

1; x2; x3) 6= 0 (3.11)

¢áî¤ã, â® (3.10) á¢®¤¨âáï ª ¨â¥£à «ì®¬ã ãà ¢¥¨î �®«ìâ¥àà  ¢â®à®£® à®¤ , ¢ á¨«ã ª®â®à®£®
¨§ãç ¥¬ ï § ¤ ç  ¡¥§ãá«®¢® à §à¥è¨¬ . �¥ª®â®àë¥ ¤®áâ â®çë¥ ãá«®¢¨ï ¢ë¯®«¨¬®áâ¨ (3.11)
¯®«ãç¥ë ¢ à ¡®â å [7], [15], [12].
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