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�á¨¬¯â®â¨ª  à¥è¥­¨© «¨­¥©­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© á à §­®áâ­ë¬ ï¤à®¬ ¨§ãç¥­  áà ¢-
­¨â¥«ì­® å®à®è® (­ ¯à., [1]{[8]). �¤¥áì ¡ã¤¥â à áá¬®âà¥­® ãà ¢­¥­¨¥

x(t) =
Z t

0

K(t� s)[x(s) + '(x(s))]ds + f(t): (1)

�ç¥¢¨¤­®, ¢ â ª®¬ ¢¨¤¥ ¬®¦¥â ¡ëâì § ¯¨á ­® «î¡®¥ ãà ¢­¥­¨¥ �®«ìâ¥àà {� ¬¬¥àèâ¥©­  á
à §­®áâ­ë¬ ï¤à®¬. �¨¦¥ ¯à¥¤¯®« £ ¥âáï, çâ® K 2 L1[0;1), ' 2 C(R), f 2 C[0;1). � ª ¨ ¢
«¨­¥©­®¬ ãà ¢­¥­¨¨,  á¨¬¯â®â¨ª  à¥è¥­¨© (1) (¯à¨ § ¤ ­­®©  á¨¬¯â®â¨ª¥ f) á¢ï§ ­  á ­ã«ï¬¨

1� cK(z), £¤¥ cK(z) =
1R
0

e�ztK(t)dt | ¯à¥®¡à §®¢ ­¨¥ � ¯« á  ï¤à  K(t).

�¥®à¥¬  1. �ãáâì 1 � cK(z) ­¥ ¨¬¥¥â ­ã«¥© ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0 ¨ '(x) = o(x) ¯à¨
jxj ! 1. �®£¤  ¯à¨ «î¡®© ®£à ­¨ç¥­­®© f(t) à¥è¥­¨¥ (1) ®£à ­¨ç¥­®.

�¥©áâ¢¨â¥«ì­®, à¥è¥­¨¥ x ãà ¢­¥­¨ï (1) ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï

x(t) =
Z t

0

K(t� s)[1 + q
(s)]x(s) ds+  (t); (2)

£¤¥ q
(s) =
'[x(s)]
x(s)

, ¥á«¨ jx(s)j > 
, ¨ q
(s) = 0, ¥á«¨ jx(s)j � 
,    | ­¥ª®â®à ï ®£à ­¨ç¥­­ ï
äã­ªæ¨ï. �® ãá«®¢¨î K | ãáâ®©ç¨¢®¥ ï¤à® ([9], £«. 4, x 18, á. 94),   q
(s) ! 0 à ¢­®¬¥à­® ¯® s
¯à¨ 
 !1, §­ ç¨â, ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å 
 ï¤à® ãà ¢­¥­¨ï (2) ãáâ®©ç¨¢®,   ¯®â®¬ã x(t) |
®£à ­¨ç¥­­ ï äã­ªæ¨ï.

�¥®à¥¬  2. �ãáâì 1�cK(z) ¨¬¥¥â ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0 ª®­¥ç­®¥ ç¨á«® ­ã«¥© �1; : : : ; �k
¨ Re�j > 0. �ãáâì ¤ «¥¥ '(x) = O(jxj�), 0 � � < 1, ¯à¨ç¥¬ Re �j 6= ��, £¤¥ � = maxRe �j. �®£¤ 
¯à¨ «î¡®© ®£à ­¨ç¥­­®© f à¥è¥­¨¥

x(t) =
X

Re�j>��

Pj(t)e
�j t +O(t�(n�1)e��t);

£¤¥ Pj(t)| ­¥ª®â®àë¥ ¬­®£®ç«¥­ë áâ¥¯¥­¨ ¬¥­ìè¥© ªà â­®áâ¨ ª®à­ï �j,   n| ¬ ªá¨¬ «ì­ ï

ªà â­®áâì â¥å �j, ¤«ï ª®â®àëå Re �j = �.

�®ª § â¥«ìáâ¢® ®á­®¢ ­® ­  á«¥¤ãîé¨å á®®¡à ¦¥­¨ïå. � á¨«ã â¥®à¥¬ë 1 ¨§ [5] à¥§®«ì¢¥­â 
R ï¤à  K ¨¬¥¥â ¢¨¤

R(t) =
kX

j=1

Pj(t)e
�j t +R0(t); £¤¥ R0 2 L1[0;1): (3)

78



�®£¤ 

x(t) =
Z t

0
R(t� s)'[x(s)]ds+  (t); (4)

£¤¥  (t) = f(t)+
tR
0

R(t�s)f(s)ds =P
j

Pj(t)e�j t+u(t), u(t) | ®£à ­¨ç¥­­ ï äã­ªæ¨ï. �® ãá«®¢¨î

j'(x)j � C1[jxj� + 1], §­ ç¨â,

jx(t)j � C1

Z t

0

jR(t� s)j[jx�(s)j+ 1]ds+ j (t)j:

�ã­ªæ¨ï z(t) = C(t+ 1)n�1e�t ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å C ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

z(t) � C1

Z t

0
jR(t� s)j[z�(s) + 1]ds+ j (t)j:

�âáî¤  ¨ ¨§ â¥®à¥¬ë ®¡ ¨­â¥£à «ì­®¬ ­¥à ¢¥­áâ¢¥ (­ ¯à., [10]) á«¥¤ã¥â jx(t)j � z(t). �§ íâ®©
®æ¥­ª¨ ¯®«ãç¨¬, çâ® ¢ à ¢¥­áâ¢¥Z t

0

R(t� s)'[x(s)]ds =
X

Re�j>��

�Z 1

0

Pj(t� s)e�j (t�s)'[x(s)]ds�

�
Z 1

t

Pj(t� s)e�j(t�s)'[x(s)]ds
�
+

X
Re�j<��

Z t

0

Pj(t� s)e�j (t�s)'[x(s)]ds+

+
Z t

0
R0(t� s)'[x(s)]ds

âà¨ ¯®á«¥¤­¨å ¨­â¥£à «  ¥áâì O(t�(n�1)e��t), ®âªã¤  ¨ ¢ëâ¥ª ¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

�«¥¤áâ¢¨¥. �á«¨ ' | ®£à ­¨ç¥­­ ï äã­ªæ¨ï, â®

x(t) =
kX

j=1

Pj(t)e
�j t + u(t); (5)

£¤¥ u(t) | ®£à ­¨ç¥­­ ï äã­ªæ¨ï.

�â®¡ë ¯®«ãç¨âì ¡®«¥¥ ¯®«­ãî ¨­ä®à¬ æ¨î ® ¯®¢¥¤¥­¨¨ x ¯à¨ t ! 1, ¡ã¤¥¬ ¯à¥¤¯®« £ âì
¤ «¥¥, çâ®

f 2 Am =
�
y(t) 2 C[0;1) : y(t) =

mX
j=0

cj

(t+ 1)j
+

o(1)
(t+ 1)m

�
;

â. ¥. f ¨¬¥¥â â¥©«®à®¢áª®¥ à §«®¦¥­¨¥ ­  ¡¥áª®­¥ç­®áâ¨ ¯®àï¤ª  m.
� áá¬®âà¨¬ á­ ç «  ­¥®£à ­¨ç¥­­ë¥ à¥è¥­¨ï. �§ (5) á«¥¤ã¥â, çâ® â ª¨¥ à¥è¥­¨ï «¨¡®

¨¬¥îâ ª®«¥¡ â¥«ì­ë© å à ªâ¥à á ­¥®£à ­¨ç¥­® ¢®§à áâ îé¥©  ¬¯«¨âã¤®©, «¨¡® ¨¬¥îâ ¢¨¤
x(t) � Ctne�t, � > 0. �®âà¥¡ã¥¬ ¤®¯®«­¨â¥«ì­® áãé¥áâ¢®¢ ­¨ï lim

jxj!1
'(x) = a0. �ç¥¢¨¤­®, ¬®¦­®

áç¨â âì a0 = 0, â. ª. á« £ ¥¬®¥
tR
0

K(t�s)a0 ds ¢ ãà ¢­¥­¨¨ (1) ¬®¦­® ®â­¥áâ¨ ª á¢®¡®¤­®¬ã ç«¥­ã.

�¥®à¥¬  3. �ãáâì ãà ¢­¥­¨¥ 1�cK(z) = 0 ¨¬¥¥â ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨ Re z � 0 ª®­¥ç­®¥
ç¨á«® ª®à­¥© �1; : : : ; �k, ¯à¨ç¥¬ Re�j > 0 ¨ ­  ª ¦¤®© ¯àï¬®© Re z = const ­ å®¤¨âáï ­¥ ¡®«¥¥
¤¢ãå ª®à­¥©. �ãáâì tmK(t) 2 L1[0;1), tmK(t) ! 0 ¯à¨ t ! 1, f(t) 2 Am, '(x) =

a+o(1)

lnm(jxj+2)
¯à¨

jxj ! 1. �®£¤ , ¥á«¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ­¥®£à ­¨ç¥­®,

x(t) =
X
j

Pj(t)e
�j t +

mX
k=0

ck

(t+ 1)k
+

o(1)
(t+ 1)m

: (6)
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�¥©áâ¢¨â¥«ì­®, ¨§ (5) á«¥¤ã¥â, çâ® ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å t

x(t) = P (t)e�t(sin(
t+ �(t)) +  (t));

£¤¥ � > 0, P (t) > 0, P (t) � ctk, �(t) ! �0 ¨  (t) = o(e�"1t) ¯à¨ t ! 1 ¤«ï ­¥ª®â®à®£® "1 > 0.
�®«®¦¨¬ A1 = ft : jx(t)j � P (t)e�t�

p
tg, A2 = [0;1)nA1, '1(t) = '(x(t))�A1

(t)+'[P (t)e�t�
p
t]�A2

(t)
¨ '2(t) = f'(x(t)) � '[P (t)e�t�

p
t]g�A2

(t), £¤¥ �A(t) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢ 
A. �®¦­® ¯®ª § âì, çâ®

R
A2

tm dt <1, ¨, á«¥¤®¢ â¥«ì­®, tm'2(t) 2 L1[0;1). �§ (1) ¨¬¥¥¬

x(t) =
Z t

0
K(t� s)x(s)ds+ f(t) +

Z t

0
K(t� s)'1(s)ds+

Z t

0
'2(t� s)K(s)ds:

� ª ª ª tm'2(t) 2 L1[0;1), tmK(t)! 0 ¯à¨ t!1, â® ¯®á«¥¤­¨© ¨­â¥£à « ¥áâì o(t�m) ¯à¨ t!1
[7]. � «¥¥, '1(t) =

c+o(1)

tm
¨ tmK(t) 2 L1[0;1). �«¥¤®¢ â¥«ì­®, ¢â®à®© ¨­â¥£à « íª¢¨¢ «¥­â¥­ c1

tm
,

t ! 1. � ª¨¬ ®¡à §®¬, x(t) ï¢«ï¥âáï à¥è¥­¨¥¬ «¨­¥©­®£® ãà ¢­¥­¨ï á® á¢®¡®¤­ë¬ ç«¥­®¬ ¨§
Am. �âáî¤  á«¥¤ã¥â, çâ® x(t) ¨¬¥¥â ¢¨¤ (6). �á«¨ x(t) � Ce�t, â® ¯à¥¤áâ ¢«¥­¨¥ (6) á¯à ¢¥¤«¨¢®
¯à¨ ¡®«¥¥ á« ¡ëå ãá«®¢¨ïå ­  '(x).

�¥®à¥¬  4. �ãáâì ãà ¢­¥­¨¥ 1�cK(z) = 0 ¨¬¥¥â ¢ ¯à ¢®© ¯®«ã¯«®áª®áâ¨ Re z � 0 ª®­¥ç­®¥
ç¨á«® ª®à­¥© �j, ¯à¨ç¥¬ Re�j > 0. �ãáâì ¤ «¥¥ tmK(t) 2 L1[0;1) ¨ f(t) 2 Am.

Eá«¨ x(t) = e�t(C + o(1)), t!1, £¤¥ � > 0, C 6= 0, ¨

'(x) =
mX
k=1

ak

lnk(jxj+ 2)
+

o(1)
lnm(jxj+ 2)

; jxj ! 1;

â® x(t) ¨¬¥¥â ¢¨¤ (6).

�§ x(t) � Ce�t ¨ (5) á«¥¤ã¥â, çâ® x(t) = Ce�t(1+O(e�"t)), t!1, ¯à¨ ­¥ª®â®à®¬ " > 0. �®£¤ 
1

ln(jx(t)j+2)
2 Am ¨, á«¥¤®¢ â¥«ì­®, '[x(t)] 2 Am. �®íâ®¬ã

 (t) = f(t) +
Z t

0
K(t� s)'(x(s))ds 2 Am:

�â¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¢ëâ¥ª ¥â â¥¯¥àì ¨§ â®£®, çâ® x(t) ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï

x(t) =
Z t

0
K(t� s)x(s)ds+  (t):

�¥à¥©¤¥¬ ª ¨§ãç¥­¨î ®£à ­¨ç¥­­ëå à¥è¥­¨©. �®®¡é¥ £®¢®àï, ­¥«ì§ï ãâ¢¥à¦¤ âì, çâ® ®£à -
­¨ç¥­­®¥ à¥è¥­¨¥ ¨¬¥¥â ¯à¥¤¥« ¯à¨ t ! 1. �¤­ ª®, ¥á«¨ x(t) ! x0, â®, ª ª á«¥¤ã¥â ¨§ ¯à¨¢®-
¤¨¬®© ­¨¦¥ â¥®à¥¬ë, x(t) 2 Am. �®¤®¡­® â®¬ã, ª ª íâ® ¡ë«® á¤¥« ­® á '(x), §¤¥áì â ª¦¥ ¡¥§
®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® áç¨â âì, çâ® x0 = 0. �á­®, çâ® ¢ â ª®¬ á«ãç ¥ '(0) = 0 ¨ f(t)! 0
¯à¨ t!1.

�¥®à¥¬  5. �ãáâì ãà ¢­¥­¨¥ 1�cK(z) = 0 ¨¬¥¥â ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0 ª®­¥ç­®¥ ç¨á«®
ª®à­¥© �j, Re �j > 0, tmK(t) 2 L1[0;1), áãé¥áâ¢ãîâ '(m)(0), '00(0) ¨ '0(0) = 0. �®£¤ , ¥á«¨
x(t)! 0 ¯à¨ t!1, â® x(t) 2 Am.

� á ¬®¬ ¤¥«¥, ¢ ãà ¢­¥­¨¨ (4)  (t) ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥ (6). �âáî¤ , ¨§ (3) ¨ (4) á ãç¥â®¬
â®£®, çâ® x(t)! 0, ­ ©¤¥¬

x(t) =
X
j

Z 1

t

Pj(t� s)e�j (t�s)'[x(s)]ds +
Z t

0

R0(t� s)'[x(s)]ds+
mX
j=1

aj

(t+ 1)j
+

o(1)
(t+ 1)m

: (7)

�®«®¦¨¬ x(t) = sup
s�t

jx(s)j. �§ (7), ãá«®¢¨ï '(x) = O(x2), x! 0 ¨ ¬®­®â®­­®áâ¨ x(t) ¯®«ãç¨¬

x(t) � C1x
2(t) + C2x

2

�
t

2

�
+

C3

t+ 1
: (8)
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�ãáâì y(t) = x(t)
p
t+ 1. �á«¨ y(t) | ­¥®£à ­¨ç¥­­ ï äã­ªæ¨ï, â® áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ -

â¥«ì­®áâì tn !1, çâ® y(tn) = sup
t�tn

y(t)!1. �®£¤ 

y(tn) �
�
C1x(tn) + 2C2x

�
tn

2

��
y(tn) +

C3p
tn + 1

:

� ª ª ª x(t)! 0 ¯à¨ t!1, â® ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¯à®â¨¢®à¥ç¨¢® ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å n.
�«¥¤®¢ â¥«ì­®, x(t) = O( 1p

t+1
), ®âªã¤  á®£« á­® (8) x(t) = O( 1

t+1
). � ª ª ª tmR0(t) 2 L1[0;1) ¨

'(x) = O(x2), x ! 0, â® ¯¥à¢ë¥ ¤¢  á« £ ¥¬ëå ¢ (7) ï¢«ïîâáï O( 1
(t+1)2

) [2] ¨ ¯®â®¬ã x(t) 2 A1.
� «¥¥ ¬®¦­® ¯®ª § âì, çâ® ®¯¥à â®à, ®¯à¥¤¥«¥­­ë© ¯à ¢®© ç áâìî ãà ¢­¥­¨ï (7), ¯¥à¥¢®¤¨â
äã­ªæ¨¨ ¨§ Ak ¢ Ak+1, k < m. �âáî¤  ¯® ¨­¤ãªæ¨¨ ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

�­ «®£¨ç­®¥ ãâ¢¥à¦¤¥­¨¥ ¤«ï ãáâ®©ç¨¢®£® ï¤à  ¡ë«® ¤®ª § ­® ¢ [1].
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