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�ãáâì B | á¥¯ à ¡¥«ì­®¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ (�; �); A|
§ ¬ª­ãâë© ®¯¥à â®à ¢ B, ¤«ï ª®â®à®£® áãé¥áâ¢ã¥â ®¡à â­ë© ®¯¥à â®à G = A�1 : B ! B,
ï¢«ïîé¨©áï ®¯¥à â®à®¬ �¨«ì¡¥àâ {�¬¨¤â : kGk2 = tr(G�G) <1.

�¢®©áâ¢  á¯¥ªâà «ì­®© § ¤ ç¨ Ax = �x ¨£à îâ ¢ ¦­ãî à®«ì ¯à¨  ­ «¨§¥ ¯à®æ¥áá®¢ ª®«¥-
¡ ­¨ï ã¯àã£¨å â¥«, à á¯à®áâà ­¥­¨ï â¥¯«  ¨ ¤¨ääã§¨¨ ç áâ¨æ ¢ áà¥¤¥. �®¡áâ¢¥­­ë¥ ª®«¥¡ ­¨ï
x(t) = ei!t', ' 2 B, ¢ «¨­¥©­®© á¨áâ¥¬¥

�x(t) +Ax(t) = 0; t � 0; (1)

á â ª¨¬¨ !, ª¢ ¤à âë ª®â®àëå «¥¦ â ¢ ®£à ­¨ç¥­­®© ®¡« áâ¨ 
 ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ C ,
¬®¦­® ãáâà ­¨âì ¬¥â®¤®¬ ­ «®¦¥­¨ï ­  ¨áå®¤­ãî á¨áâ¥¬ã ®àâ®£®­ «ì­ëå á¢ï§¥©

(x(t); bj) � 0; j = 1; : : : ; �: (2)

� á ¬®¬ ¤¥«¥, á®¡áâ¢¥­­ë¥ ª®«¥¡ ­¨ï x(t) = ei!t', ' 2 B, á¨áâ¥¬ë (1), ã¤®¢«¥â¢®àïîé¨¥ ãá«®-
¢¨î (2), ®¯à¥¤¥«ïîâáï á¯¥ªâà «ì­®© § ¤ ç¥©

� = !2; A' = �'; ('; bj) = 0; j = 1; : : : ; �; (3)

ª®â®à ï ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥ í«¥¬¥­â®¢ bj 2 B, j = 1; : : : ; �, ¡ã¤¥â ¨¬¥âì «¨èì âà¨¢¨-
 «ì­®¥ à¥è¥­¨¥ ' = 0.

�ãáâì I | â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à ¢ B, � 2 
 | á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ®¯¥à â®à  A
¨ '1; : : : ; '� | ¡ §¨á ¯®¤¯à®áâà ­áâ¢  ker(A � �I) = f' 2 B : A' = �'g. �à¨ � < � =

dimker(A � �I) á¨áâ¥¬   «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©
�P

k=1
('k; bj)ck = 0, j = 1; : : : ; �, ¡ã¤¥â ¨¬¥âì

­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ c1; : : : ; c� ¨, §­ ç¨â, � ®áâ ­¥âáï á®¡áâ¢¥­­ë¬ §­ ç¥­¨¥¬ § ¤ ç¨ (3). �®-
íâ®¬ã ¤«ï ¬¨­¨¬ «ì­®£® ç¨á«  � ®àâ®£®­ «ì­ëå á¢ï§¥© ¢ § ¤ ç¥ (3) á¯à ¢¥¤«¨¢  ®æ¥­ª  á­¨§ã

� � � = max
�2


dimker(A� �I): (4)

� á¨«ã â¥®à¥¬ë ¤¢®©áâ¢¥­­®áâ¨ [1] ¤«ï § ¬ª­ãâ®£® ®¯¥à â®à  A ¨¬¥¥¬ � = min rangK : 
 �
P (A � K)g, ¥á«¨ ¯¥à¥á¥ç¥­¨¥ 
 \ �(A) ¯ãáâ® ¨«¨ ª®­¥ç­® ¨ á®áâ®¨â «¨èì ¨§ ¨§®«¨à®¢ ­­ëå
á®¡áâ¢¥­­ëå §­ ç¥­¨© ª®­¥ç­®©  «£¥¡à ¨ç¥áª®© ªà â­®áâ¨. �¤¥áì P (A �K) ¨ �(A) | à¥§®«ì-
¢¥­â­®¥ ¬­®¦¥áâ¢® ¨ á¯¥ªâà á®®â¢¥âáâ¢¥­­® ®¯¥à â®à®¢ A �K ¨ A, rangK = dimKB | à ­£
ª®­¥ç­®¬¥à­®£® ®¯¥à â®à  K : B ! B. � ¨áá«¥¤ã¥¬®¬ §¤¥áì á«ãç ¥ ®¯¥à â®à A ¨¬¥¥â ¤¨áªà¥â-

­ë© á¯¥ªâà ¨, §­ ç¨â, ­ ©¤¥âáï â ª®© ª®­¥ç­®¬¥à­ë© ®¯¥à â®à K : B ! B, K' =
�P
i=1

ai('; bi),

çâ® ¢ 
 ­¥ ¡ã¤¥â â®ç¥ª á¯¥ªâà  ¢®§¬ãé¥­­®£® ®¯¥à â®à  A�K.
�¥âàã¤­® ¢¨¤¥âì, çâ® í«¥¬¥­âë b1; : : : ; b� ª®­¥ç­®¬¥à­®£® ®¯¥à â®à  K ®¡à §ãîâ ¬¨­¨¬ «ì-

­ãî ¯® ç¨á«ã � = � á¨áâ¥¬ã ®àâ®£®­ «ì­ëå á¢ï§¥© (2). �¥©áâ¢¨â¥«ì­®, ¢áïª®¥ à¥è¥­¨¥ ' § ¤ ç¨
(3) ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã (A�K)' = �' ¨, §­ ç¨â, à ¢­® ­ã«î ¯à¨ � 2 
.
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�¥®à¥¬  1. �«ï ¬¨­¨¬ «ì­®£® ç¨á«  � ®àâ®£®­ «ì­ëå á¢ï§¥© (2) ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

� = max
�2


min
Q
kGQ�Q=�+ �Gk2; (5)

£¤¥ min ¡¥à¥âáï ¯® ¢á¥¬ ®¯¥à â®à ¬ �¨«ì¡¥àâ {�¬¨¤â  Q, ¤¥©áâ¢ãîé¨¬ ¢ B.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯®ª § âì, çâ® ¢¥«¨ç¨­  min
Q
kGQ�Q=�+�Gk2 á®¢¯ ¤ ¥â á £¥®-

¬¥âà¨ç¥áª®© ªà â­®áâìî M(�;A) = dimker(A� �I) á®¡áâ¢¥­­®£® §­ ç¥­¨ï � ®¯¥à â®à  A. �¡®-
§­ ç¨¬ ç¥à¥§ N(�;T )  «£¥¡à ¨ç¥áªãî ªà â­®áâì á®¡áâ¢¥­­®£® §­ ç¥­¨ï � ®¯¥à â®à  �¨«ì¡¥àâ {

�¬¨¤â  T : B ! B. � á¨«ã â¥®à¥¬ë �ãà  ([2], c. 139)
1P
j=1

j�j(T )j2 � tr(T �T ) = kTk2. �âáî¤ 

¤«ï T = GQ�Q=�+ �G ¨¬¥¥¬

N(1;T �) = N(1;T ) � kGQ�Q=�+ �Gk2: (6)

�ãáâì â¥¯¥àì G� =  =�. �®£¤  T � = Q�G� �Q� =�+ �G� =  ¨, §­ ç¨â,

M(�;A) =M(1=�;G) =M(1=�;G�) � N(1;T �): (7)

� á¨«ã ¯à®¨§¢®«ì­®áâ¨ Q ¨§ (6) ¨ (7) ­ å®¤¨¬, çâ®

M(�;A) � min
Q
kGQ�Q=�+ �Gk2:

�áâ «®áì ¯®ª § âì, çâ® ¬¨­¨¬ã¬ ¤®áâ¨£ ¥âáï. �ãáâì  1; : : : ;  �, � =M(�;A), | ®àâ®­®à¬¨-
à®¢ ­­ë© ¡ §¨á ¯®¤¯à®áâà ­áâ¢  ker(G� � I=�). � áá¬®âà¨¬ ®¯¥à â®à­®¥ ãà ¢­¥­¨¥

GQ�Q=� = ��G+
�X
i=1

 i(�;  i); (8)

ª®â®à®¥ à §à¥è¨¬® ®â­®á¨â¥«ì­® Q ¢ ª« áá¥ ®¯¥à â®à®¢ �¨«ì¡¥àâ {�¬¨¤â , â. ª. ¯à¨ «î¡®¬

' 2 B í«¥¬¥­â ��G'+
�P
i=1

 i('; i) ®àâ®£®­ «¥­ ¡ §¨áã ¯®¤¯à®áâà ­áâ¢  á®¯àï¦¥­­®£® ãà ¢­¥-
­¨ï

G� =  =� :
�
� �G'+

�X
i=1

 i('; i);  j

�
= �('; j) + ('; j) = 0; j = 1; : : : ; �:

�ãáâì ®¯¥à â®à �¨«ì¡¥àâ {�¬¨¤â  Q : B ! B ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã (8). �®£¤ 

kGQ�Q=�+ �Gk2 =






�X
i=1

 i(�;  i)





2

= tr(T �T ) = � =M(1=�;G�) =M(�;A);

â. ¥. ¨¬¥¥â ¬¥áâ® (5).

�¥à¥©¤¥¬ ª ª®­¥ç­®¬¥à­®¬ã á«ãç î B = C n . �¯¥à â®à A ¯à¥¤áâ ¢�̈¬ ¬ âà¨æ¥© ¢ ä¨ªá¨-
à®¢ ­­®¬ ¡ §¨á¥ ¯à®áâà ­áâ¢  C

n , â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à I | ¥¤¨­¨ç­®© ¬ âà¨æ¥© E. � [3]
¯®ª § ­®, çâ® ¥á«¨ í«¥¬¥­âë ¬ âà¨æë A ¨ ¢á¥ ¥¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï «¥¦ â ¢ ç¨á«®¢®¬ ¯®«¥
F (ãá«®¢¨¥ 1) ¨ áãé¥áâ¢ã¥â í«¥¬¥­â ¯®«ï F , ­¥ ¯à¨­ ¤«¥¦ é¨© 
 (ãá«®¢¨¥ 2), â® ­ ©¤¥âáï â ª ï
¬ âà¨æ  K à ­£  � (á¬. ä®à¬ã«ã (4)) á í«¥¬¥­â ¬¨ ¨§ ¯®«ï F , çâ® ¬ âà¨æ  A � K ­¥ ¨¬¥¥â
¢ 
 á®¡áâ¢¥­­ëå §­ ç¥­¨©. �ãáâì K = LS | áª¥«¥â­®¥ à §«®¦¥­¨¥ ([4], c. 46) íâ®© ¬ âà¨æë.
� ª ª ª à ­£¨ ¬ âà¨æ K ¨ S á®¢¯ ¤ îâ, â® áâà®ª¨ b1; : : : ; b� ¬ âà¨æë S á í«¥¬¥­â ¬¨ ¨§ ¯®«ï F
®¡à §ãîâ ¬¨­¨¬ «ì­ãî ¯® ç¨á«ã � = � á¨áâ¥¬ã ®àâ®£®­ «ì­ëå á¢ï§¥© (2). � á ¬®¬ ¤¥«¥, ¯à¨
� 2 
 ¢áïª®¥ à¥è¥­¨¥ § ¤ ç¨ (3) ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã �' = (A�LS)' = (A�K)' ¨, §­ ç¨â,
à ¢­® ­ã«î, â. ª. ¬ âà¨æ  A�K ­¥ ¨¬¥¥â ¢ 
 á®¡áâ¢¥­­ëå §­ ç¥­¨©.

� ¬¥â¨¬, çâ® ¢â®à®¥ ãá«®¢¨¥ F n 
 6= ; ¤®áâ¨¦¨¬®áâ¨ à ¢¥­áâ¢  ¢ (4) ¢ë¯®«­¥­®, â. ª. 
 |
®£à ­¨ç¥­­®¥ ¯®¤¬­®¦¥áâ¢® C . �¤¥áì ¡ã¤¥â ¯®ª § ­®, çâ® à ¢¥­áâ¢® � = � ¢ë¯®«­ï¥âáï ¯à¨
¬¥­¥¥ ¦¥áâª®¬ ®£à ­¨ç¥­¨¨, ç¥¬ ¯¥à¢®¥ ãá«®¢¨¥ ¯à¨­ ¤«¥¦­®áâ¨ á¯¥ªâà  �(A) = f� 2 C :
det(A� �E) = 0g ¬ âà¨æë A ¯®«î F . � ¨¬¥­­®, ¨¬¥¥â ¬¥áâ®
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�¥®à¥¬  2. �ãáâì ¤«ï § ¤ ­­®© ¬ âà¨æë A á í«¥¬¥­â ¬¨ ¨§ ¯®«ï F ¨ á®¡áâ¢¥­­®£® ¯®¤-

¬­®¦¥áâ¢  
 ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ C ¢ë¯®«­¥­ë ãá«®¢¨ï

a) áãé¥áâ¢ã¥â í«¥¬¥­â � ¯®«ï F , ­¥ ¯à¨­ ¤«¥¦ é¨© 
;
¡) ­ ©¤¥âáï  ­­ã«¨àãîé¨© ¬­®£®ç«¥­ ¬ âà¨æë A, à §« £ îé¨©áï ¢ ¯à®¨§¢¥¤¥­¨¥ â ª¨å

¤¢ãå ¬­®£®ç«¥­®¢ q1(�) ¨ q2(�) á ª®íää¨æ¨¥­â ¬¨ ¨§ ¯®«ï F , çâ® ­ã«¨ ¯¥à¢®£® ¬­®£®-

ç«¥­  «¥¦ â ¢ 
,   ­ã«¨ ¢â®à®£® á®¤¥à¦ âáï ¢ ¤®¯®«­¥­¨¨ C n 
.

�®£¤  ¤«ï ¬¨­¨¬ «ì­®£® ç¨á«  � ®àâ®£®­ «ì­ëå á¢ï§¥© (2) á¨áâ¥¬ë (1) ¨¬¥¥â ¬¥áâ® à ¢¥­-

áâ¢®

� = max
�2


dimker(A� �E) = max
�2


min
Q
kAQ� �Q+Ek2;

£¤¥ kSk =
� nP
i=1

nP
j=1

jsij j
2
�1=2

| ¥¢ª«¨¤®¢  ­®à¬  n � n-¬ âà¨æë S ¨ ¬¨­¨¬ã¬ ¡¥à¥âáï ¯® ¢á¥¬

n� n-¬ âà¨æ ¬ Q.
�à®¬¥ â®£®, ¬®¦¥â ¡ëâì íää¥ªâ¨¢­® ¯®áâà®¥­  ¬ âà¨æ  K à ­£  � á í«¥¬¥­â ¬¨ ¨§ ¯®-

«ï F â ª ï, çâ® ¬ âà¨æ  A�K ­¥ ¨¬¥¥â á®¡áâ¢¥­­ëå §­ ç¥­¨© ¢ ®¡« áâ¨ 
. �âà®ª¨ b1; : : : ; b�
¬ âà¨æë S áª¥«¥â­®£® à §«®¦¥­¨ï K = LS ®¡à §ãîâ ¬¨­¨¬ «ì­ãî á¨áâ¥¬ã ®àâ®£®­ «ì­ëå

á¢ï§¥© (2).

�®ª § â¥«ìáâ¢® ¯¥à¢®© ç áâ¨ â¥®à¥¬ë 2 ¯à®¢®¤¨âáï ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1
­¥¯®áà¥¤áâ¢¥­­® ¤«ï á ¬®© ¬ âà¨æë A ¢¬¥áâ® ®¡à â­®© ¬ âà¨æë G, áãé¥áâ¢®¢ ­¨¥ ª®â®à®©
§¤¥áì ­¥ ¯à¥¤¯®« £ ¥âáï. �â® ¯à¨¢®¤¨â ª ¤àã£®© § ¢¨á¨¬®áâ¨ ®â � ¢ëà ¦¥­¨ï, áâ®ïé¥£® ¯®¤
§­ ª®¬ ¥¢ª«¨¤®¢®© ­®à¬ë ¬ âà¨æë, ¥á«¨ ¢§ïâì T = (A � �E)Q + E. �â®à ï ç áâì â¥®à¥¬ë 2
®¯¨à ¥âáï ­  ¤¢¥ «¥¬¬ë, ª®â®àë¥ ¯à¨­¨¬ ¥¬ ¡¥§ ¤®ª § â¥«ìáâ¢ . �¡®§­ ç¨¬ ç¥à¥§ Fn�n  «£¥¡àã
ª¢ ¤à â­ëå ¬ âà¨æ ¯®àï¤ª  n á í«¥¬¥­â ¬¨ ¨§ ç¨á«®¢®£® ¯®«ï F .

�¥¬¬  1. �ãáâì áãé¥áâ¢ã¥â  ­­ã«¨àãîé¨© ¬­®£®ç«¥­ q(�) ¬ âà¨æë A 2 Fn�n, à §« £ -
îé¨©áï ¢ ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå ¬­®£®ç«¥­®¢ q1(�) ¨ q2(�) á ª®íää¨æ¨¥­â ¬¨ ¨§ ¯®«ï F â ª¨å,

çâ® nul q1 � 
, nul q2 � C n 
. �®£¤  ­ ©¤¥âáï â ª ï ­¥¢ëà®¦¤¥­­ ï ¬ âà¨æ  U 2 Fn�n, çâ®eA = U�1AU ¨¬¥¥â ª¢ §¨¤¨ £®­ «ì­ë© ¢¨¤�
A1 O

O A2

�
; (9)

£¤¥ A1 2 Fm�m; A2 2 F(n�m)�(n�m), ¯à¨ç¥¬

�(A1) � 
; �(A2) � C n 
:

�¥¬¬  2. �ãáâì ¬­®£®ç«¥­ rj(�) áâ¥¯¥­¨ deg ij(�) á ª®íää¨æ¨¥­â ¬¨ ¨§ ¯®«ï F ­¥ á®¢¯ -

¤ ¥â á ¨­¢ à¨ ­â­ë¬ ¬­®£®ç«¥­®¬ ij(�) ­¥­ã«¥¢®© áâ¥¯¥­¨, j = t + 1; : : : ;m. �®£¤  A1 ¯à¥¤-

áâ ¢¨¬  ¢ ¢¨¤¥ áã¬¬ë A1 = A3+A4 ¬ âà¨æë A3 2 Fm�m á å à ªâ¥à¨áâ¨ç¥áª¨¬ ¬­®£®ç«¥­®¬

r(�) =
mQ

j=t+1
rj(�) ¨ ¬ âà¨æë A4 2 Fm�m à ­£  max

�2�(A1)
dimker(A1 � �E).

�¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2. �®£« á­® à ááã¦¤¥­¨ï¬, ¯à¨¢¥¤¥­­ë¬ ¯¥à¥¤ ä®à¬ã-
«¨à®¢ª®© â¥®à¥¬ë, ¤®áâ â®ç­® ¯®ª § âì, çâ® ­ ©¤¥âáï â ª ï ¬ âà¨æ  K à ­£  � =
max
�2


dimker(A � �E) á í«¥¬¥­â ¬¨ ¨§ ç¨á«®¢®£® ¯®«ï F , çâ® ¬ âà¨æ  A �K ­¥ ¨¬¥¥â ¢ 
 á®¡-

áâ¢¥­­ëå §­ ç¥­¨©. �á«®¢¨¥ ¡) â¥®à¥¬ë 2 á®¢¯ ¤ ¥â á ãá«®¢¨¥¬ «¥¬¬ë 1. �á«®¢¨¥  ) â¥®à¥¬ë 2
¯®§¢®«ï¥â ¢ «¥¬¬¥ 2 ¢§ïâì rj(�) = (� � �)deg ij (�). �§ à §«®¦¥­¨ï (9) «¥¬¬ë 1 ¨ ¯à¥¤áâ ¢«¥­¨ï
A1 = A3 +A4 á«¥¤ã¥â eA = U�1AU = eV + fK, £¤¥

eV =
�
A3 O

O A2

�
; fK =

�
A4 O

O O

�
:
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� ª ª ª �( eV ) = f�g [ �(A2) ¨ ¯® ãá«®¢¨î � =2 
, â® ¢ 
 ­¥â á®¡áâ¢¥­­ëå §­ ç¥­¨© ¯®¤®¡­®©
¬ âà¨æë V = U eV U�1. �áâ «®áì § ¬¥â¨âì, çâ® V = A �K, £¤¥ K = UfKU�1, ¯à¨ç¥¬ rangK =
rangfK = rangA4 = max

�2�(A1)
dimker(A1 � �E) = max

�2

dimker( eA� �E) = max

�2

dimker(A� �E): �

�¨â¥à âãà 
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