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1. �®áâ ­®¢ª  § ¤ ç¨

�ã¤¥¬ ¯à¥¤¯®« £ âì ¢ § ¤ ç¥ �®è¨ ¤«ï á¨áâ¥¬ë äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-
­¥­¨© á § ¯ §¤ë¢ îé¨¬  à£ã¬¥­â®¬

_x(t)� P (t)x[h(t)] = f(t); t 2 [0;1); x(�) = '(�); ¥á«¨ � < 0; (1)

x(0) = �; (2)

çâ® áâ®«¡æë n�n-¬ âà¨æë P : [0;1)!Rn�n ¨ äã­ªæ¨ï f : [0;1)!Rn ¯¥à¨®¤¨ç¥áª¨¥ á ¯¥à¨®¤®¬
T > 0 ¨ áã¬¬¨àã¥¬ë ­  ¯¥à¨®¤¥; § ¯ §¤ë¢ ­¨¥ h : [0;1)!R ¨¬¥¥â ¢¨¤ h(t) = t��(t), 0��(t)�T ,
£¤¥ äã­ªæ¨ï � : [0;1)![0; T ] ¨§¬¥à¨¬  ¨ ¯¥à¨®¤¨ç­  á ¯¥à¨®¤®¬ T ; ­ ç «ì­ ï äã­ªæ¨ï ' :
[�T; 0]!Rn â ª®¢ , çâ® äã­ªæ¨ï 'h : [0;1)!Rn, ®¯à¥¤¥«¥­­ ï à ¢¥­áâ¢®¬

'h(t) =

(
0; ¥á«¨ h(t)�0;
'[h(t)]; ¥á«¨ h(t) < 0;

¨§¬¥à¨¬  ¨ ®£à ­¨ç¥­  ¢ áãé¥áâ¢¥­­®¬ ­  [0;1).
�áî¤ã ­¨¦¥ ç¥à¥§ L = L[0; b] ¡ã¤¥¬ ®¡®§­ ç âì ¯à®áâà ­áâ¢® áã¬¬¨àã¥¬ëå äã­ªæ¨© f :

[0; b] ! Rn,   ç¥à¥§ C = C[0; b] | ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå äã­ªæ¨© x : [0; b] ! Rn, kxkC =
max
t2[0;b]

kx(t)kRn .

�á¯®«ì§ãï áâ ­¤ àâ­®¥ ®¡®§­ ç¥­¨¥ [1]

xh(t) =

(
x[h(t)]; ¥á«¨ h(t)�0;
0; ¥á«¨ h(t) < 0;

§ ¯¨è¥¬ á¨áâ¥¬ã (1) ¢ ¢¨¤¥

(Lx)(t) � _x(t)� P (t)xh(t) = f(t) + P (t)'h(t); t 2 [0;1): (3)

� ª ¨§¢¥áâ­® ([1], [2]), à¥è¥­¨¥ x(t; �) § ¤ ç¨ (1), (2) ((3), (2)) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

x(t) = C(t; 0)� +

tZ
0

C(t; s)P (s)'h(s)ds+

tZ
0

C(t; s)f(s)ds; t 2 [0;1);

£¤¥ C(t; s) | ¬ âà¨æ  �®è¨ ®¯¥à â®à  L.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ Capacity Building Project (Credit 2436, Eduardo Mondlane
University | Mozambique).
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�¯à¥¤¥«¥­¨¥. �ã¤¥¬ £®¢®à¨âì, çâ® à¥è¥­¨¥ x(t; �) § ¤ ç¨ (1), (2) áâ ¡¨«¨§¨àã¥âáï ª ¯¥à¨-
®¤¨ç¥áª®© äã­ªæ¨¨ y : [0;1)! Rn ¯¥à¨®¤  T , ¥á«¨

lim
�!1

max
t2[(��1)T;�T ]

kx(t; �) � y(t)kRn = 0:

� ¯à¥¤« £ ¥¬®© áâ âì¥ ¡ã¤ãâ ãáâ ­®¢«¥­ë ãá«®¢¨ï áâ ¡¨«¨§¨àã¥¬®áâ¨ à¥è¥­¨ï § ¤ ç¨
(1), (2) ª ¯¥à¨®¤¨ç¥áª®© äã­ªæ¨¨ ¨ ¤ ­ë ®æ¥­ª¨ áª®à®áâ¨ áâ ¡¨«¨§¨àã¥¬®áâ¨. �«ï á«ãç ï
h : [0; T ]! [0; T ] â ª¨¥ ãá«®¢¨ï ¬®¦­® ­ ©â¨ ¢ [3].

2. �¢®©áâ¢  ¬ âà¨æë �®è¨

�â¢¥à¦¤¥­¨¥. � âà¨æ  �®è¨ ®¯¥à æ¨¨ L ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯¥à¨®¤¨ç­®áâ¨

C(t+ T; s+ T ) = C(t; s); 0�s�t <1:

�®ª § â¥«ìáâ¢®. �ã­ªæ¨ï h ®¡« ¤ ¥â á¢®©áâ¢®¬ h(t+T ) = h(t)+T . �¡®§­ ç¨¬ ç¥à¥§ �h(t; s)
å à ªâ¥à¨áâ¨ç¥áªãî äã­ªæ¨î ¬­®¦¥áâ¢  f(t; s) 2 [0;1) � [0;1) : 0 � s � h(t) < 1g. � ª ª ª

á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® xh(t) = �h(t; 0)x(0) +
tR
0

�h(t; s) _x(s)ds, â®, ¯®¤áâ ¢¨¢ ¯à ¢ãî ç áâì íâ®£®

¯à¥¤áâ ¢«¥­¨ï ¢ (3), ¯®«ãç¨¬

_x(t)�

tZ
0

P (t)�h(t; s) _x(s)ds� P (t)�h(t; 0)x(0) = f(t) + P (t)'h(t):

�¡®§­ ç¨¬ K(t; s) def= P (t)�h(t; s), f1(t)
def= f(t) + P (t)'h(t) + P (t)�h(t; 0)x(0) ¨ z(t) = _x(t). �®£¤ 

¯à¥¤ë¤ãé¥¥ ãà ¢­¥­¨¥ ¯à¨¬¥â ¢¨¤

z(t)�

tZ
0

K(t; s)z(s)ds = f1(t); t 2 [0;1):

� ¢¥­áâ¢®
K(t+ T; s+ T ) = K(t; s); 0 � s � t <1;

¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®.
�¡®§­ ç¨¬ ç¥à¥§ K ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§ L[0; b] ¢ L[0; b] ¯® ¯à ¢¨«ã

(Kz)(t) =

tZ
0

K(t; s)z(s)ds:

�¯à¥¤¥«¨¬ ¨â¥à¨à®¢ ­­ë¥ ï¤à . �ç¨â ïK1(t; s) � K(t; s), ¤«ïm-© áâ¥¯¥­¨K ¨¬¥¥¬ (Kmy)(t) =
tR
0

Km(t; s)y(s)ds, £¤¥ Km(t; s) | m-¥ ¨â¥à¨à®¢ ­­®¥ ï¤à®: Km(t; s) =
tR
s

Km�1(t; �)K(�; s)d� , m =

2; 3; : : : �®ª ¦¥¬, çâ® ª ¦¤®¥ ¨â¥à¨à®¢ ­­®¥ ï¤à® ¯¥à¨®¤¨ç­® ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå.
�¥©áâ¢¨â¥«ì­®, ¯ãáâì m = 2. �®£¤ 

K2(t; s) =

tZ
s

K(t; �)K(�; s)d�

¨

K2(t+ T; s+ T ) =

t+TZ
s+T

P (t+ T )�h(t+ T; �)P (�)�h(�; s+ T )d� =

=

tZ
s

P (t)�h(t+T; �+T )P (�+T )�h(�+T; s+T )d� =

tZ
s

P (t)�h(t; �)P (�)�h(�; s)d� = K2(t; s):
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� «¥¥, ¯® ¨­¤ãªæ¨¨ «¥£ª® ¯à®¢¥à¨âì, çâ® ¤«ï «î¡®£® m > 2 ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

Km(t+ T; s+ T ) = Km(t; s); 0 � s � t <1:

� àï¤¥

1X
m=1

Km(t; s); 0 � s � t <1; (4)

¨â¥à¨à®¢ ­­ë¥ ï¤à  Km ¡ã¤¥¬ áç¨â âì í«¥¬¥­â ¬¨ ¯à®áâà ­áâ¢  Lb
1;1 ¨§¬¥à¨¬ëå äã­ªæ¨©

K : [0; b]�[0; b]! Rn�n â ª¨å, çâ®

kK(�; �)kLb
1;1

def= kK(�; �)kb1;1
def= vrai sup

s2[0;b]

bZ
s

kK(t; s)kdt <1;

£¤¥ k � k | ­®à¬  ¬ âà¨æë, á®£« á®¢ ­­ ï á k � kRn .
�¡®§­ ç¨¬ ç¥à¥§ p(t) â ªãî T -¯¥à¨®¤¨ç¥áªãî áã¬¬¨àã¥¬ãî ­  ¯¥à¨®¤¥ äã­ªæ¨î, çâ® p(t) �

kP (t)k, t 2 [0; T ].
�®áâà®¨¬ ¤«ï íâ®£® àï¤  ¬ ¦®à ­âã. �®£¤ 

kKm(t; s)k � p(t)

h bR
0

p(�)d�
im�1

(m� 1)!
; m = 1; 2; : : : ;

¨

kKm(�; �)k
b
1;1 �

h bR
0

p(�)d�
im

(m� 1)!
;

çâ® £ à ­â¨àã¥â áå®¤¨¬®áâì àï¤  (4) ¢ ¯à®áâà ­áâ¢¥ Lb
1;1.

�¡®§­ ç ï ç¥à¥§ R(t; s) áã¬¬ã àï¤  (4), ¨¬¥¥¬ ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ b

R(t; s) = R(t+ T; s+ T ); 0 � s � t <1:

� ª ¨§¢¥áâ­®, R(t; s) ï¢«ï¥âáï à¥§®«ì¢¥­â®© ï¤à  K(t; s): ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f à¥è¥­¨¥
ãà ¢­¥­¨ï z�Kz = f ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ z = f +Rf , £¤¥ R | ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§ L[0; b]
¢ L[0; b] ¯® ¯à ¢¨«ã

(Rf)(t) =

tZ
0

R(t; s)f(s)ds:

� «¥¥, ¨§ ¨§¢¥áâ­ëå [4] á®®â­®è¥­¨©

R(t; s) = C 0
t(t; s); 0 � s � t <1;

C(t; s) = E +

tZ
s

C 0
�(�; s)d�; 0 � s � t <1;

¢ëà ¦ îé¨å á¢ï§ì ¬¥¦¤ã à¥§®«ì¢¥­â­ë¬ ï¤à®¬ R(t; s) ¤«ï ï¤à  K(t; s) ¨ ¬ âà¨æ¥© �®è¨
C(t; s), ¨¬¥¥¬

R(t+ T; s+ T ) = C 0
t(t+ T; s+ T ):

�âáî¤  á«¥¤ã¥â

C(t+T; s+T ) = E +

t+TZ
s+T

C 0
�(�; s+T )d� = E +

tZ
s

C 0
�(�+T; s+T )d� = E +

tZ
s

C 0
�(�; s)d� = C(t; s): �
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3. �®áâà®¥­¨¥ ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨

�«ï ­ å®¦¤¥­¨ï ãá«®¢¨© áâ ¡¨«¨§¨àã¥¬®áâ¨ ¯®áâà®¨¬ ­¥ª®â®àãî ¢á¯®¬®£ â¥«ì­ãî § ¤ çã.
�­ ç «  à áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®¥ ¯®áâà®¥­¨¥ à¥è¥­¨ï § ¤ ç¨ (3), (2) ((1), (2)).

� §®¡ì¥¬ ¨­â¥à¢ « [0;1) â®çª ¬¨ 0 < T < � � � < �T < (� + 1)T < � � � �¡®§­ ç¨¬ ç¥à¥§
C�(t; s) = fC�

ij(t; s)g
n
i;j=1, � = 1; 2; : : : , áã¦¥­¨¥ ¬ âà¨æë �®è¨ C(t; s) ­  ¬­®¦¥áâ¢®

D� = f(t; s) : t 2 [(� � 1)T; �T ]; s 2 [0; t]g;

  ç¥à¥§ x�(t) | áã¦¥­¨¥ à¥è¥­¨ï § ¤ ç¨ (1), (2), ®¯à¥¤¥«¥­­®¥ ­  ¯à®¬¥¦ãâª¥ [(� � 1)T; �T ],
� = 1; 2; : : : �¥à¥§ ��(t) ®¡®§­ ç¨¬ å à ªâ¥à¨áâ¨ç¥áªãî äã­ªæ¨î ®âà¥§ª  [(� � 1)T; �T ], � =
1; 2; : : : � íâ¨å ®¡®§­ ç¥­¨ïå à¥è¥­¨¥ § ¤ ç¨ (1), (2) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥

x(t; �) =
(N+1)TX
�=1

x�(t)��(t); N = 1; 2; : : :

�ã­ªæ¨ï x�(t), t 2 [(� � 1)T; �T ], � = 1; 2; : : : , ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ �®è¨

(L�x�)(t)� _x�(t)� P (t)[(�h
��1x�) + (�h��1x��1)](t) = f(t); t 2 [(� � 1)T; �T ]; (5�)

x�((� � 1)T ) = �� : (6�)

�¤¥áì �1 = �, �� = x��1((� � 1)T ), � = 2; 3; : : : , x0(t)�'(t), (�h0x0)(t) = 'h(t),

(�h
��1x�)(t) =

(
x� [h(t)]; ¥á«¨ h(t) 2 [(� � 1)T; �T ];
0; ¥á«¨ h(t) 2 [(� � 2)T; (� � 1)T ];

t 2 [(� � 1)T; �T ];

¨

(�h��1x��1)(t) =

(
0; ¥á«¨ h(t) 2 [(� � 1)T; �T ];
x��1[h(t)]; ¥á«¨ h(t) 2 [(� � 2)T; (� � 1)T ];

t 2 [(� � 1)T; �T ]:

�ã¦¥­¨¥ x1(t) à¥è¥­¨ï § ¤ ç¨ (3), (2) ¨¬¥¥â ¢¨¤

x1(t) = C1(t; 0)x1(0) +

tZ
0

C1(t; s)P (s)'
h(s)ds+

tZ
0

C1(t; s)f(s)ds; t 2 [0; T ]:

� á¨«ã ¨§¢¥áâ­®© ä®à¬ã«ë �®è¨ ([5], á. 92{95) ­  ¢â®à®¬ ¯à®¬¥¦ãâª¥ [T; 2T ] áã¦¥­¨¥ à¥è¥­¨ï
§ ¤ ç¨ (3), (2) ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

x2(t) = C2(t; T )x1(T ) +

tZ
T

C2(t; s)P (s)(�
h
1x1)(s)ds+

tZ
T

C2(t; s)f(s)ds; t 2 [T; 2T ]:

�­ «®£¨ç­® ¤«ï áã¦¥­¨ï x�(t) à¥è¥­¨ï § ¤ ç¨ (3), (2) ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥­¨¥

x�(t) = C�(t; (� � 1)T )x��1((� � 1)T ) +

tZ
(��1)T

C�(t; s)P (s)(�
h
��1x��1)(s)ds+

+

tZ
(��1)T

C�(t; s)f(s)ds; t 2 [(� � 1)T; �T ]:

�¯®¬ï­ãâ ï ¢ëè¥ ¢á¯®¬®£ â¥«ì­ ï § ¤ ç  áâà®¨âáï ­  ®á­®¢¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ § ¤ ç
(5�){(6�) á«¥¤ãîé¨¬ ®¡à §®¬.
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�®áâà®¨¬ ­  ®âà¥§ª¥ [0; T ] ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©

x1(t)
def= x1(t); t 2 [0; T ];

x2(t)
def= x2(t+ T ); t 2 [0; T ];

: : : : : : : : :

x�(t)
def= x�(t+ (� � 1)T ); t 2 [0; T ];

£¤¥ x�(�) | à¥è¥­¨¥ § ¤ ç¨ (5�){(6�). �¯à¥¤¥«¨¬ ®¯¥à â®à �h+T : C[0; T ]! L[0; T ] à ¢¥­áâ¢®¬

(�h+T z)(t) =

(
0; ¥á«¨ h(t) + T =2 [0; T ];
z[h(t) + T ]; ¥á«¨ h(t) + T 2 [0; T ];

t 2 [0; T ]:

�®ª ¦¥¬, çâ®

x1(t) = C(t; 0)�+

tZ
0

C(t; s)P (s)'h(s)ds+

tZ
0

C(t; s)f(s)ds; (7)

x�(t) = C(t; 0)x��1(T ) +

tZ
0

C(t; s)P (s)(�h+Tx��1)(s)ds+

tZ
0

C(t; s)f(s)ds; � = 2; 3; : : : (8�)

�à¨ � = 2 à ¢¥­áâ¢® (8�) á¯à ¢¥¤«¨¢®, â. ª. ¢ á¨«ã ¯¥à¨®¤¨ç­®áâ¨ ¬ âà¨æë �®è¨ ¨¬¥¥¬

C�(t; s) = C��1(t+ T; s+ T ) = C(t; s); � = 1; 2; : : : ; C0(t; s)
def= C(t; s); (t; s) 2 D� ;

x2(t)
def= x2(t+ T ) = C2(t+ T; T )x2(T ) +

t+TZ
T

C2(t+ T; s)P (s)(�h1x1)(s)ds+

t+TZ
T

C2(t+ T; s)f(s)ds =

= C(t; 0)x1(T ) +

tZ
0

C2(t+ T; s+ T )P (s+ T )(�h1x1)(s+ T )ds+

tZ
0

C2(t+ T; s+ T )f(s+ T )ds =

= C(t; 0)x1(T ) +

tZ
0

C(t; s)P (s)(�h+Tx1)(s)ds+

tZ
0

C(t; s)f(s)ds:

�ãáâì (8�) ¢ë¯®«­¥­® ¯à¨ ­¥ª®â®à®¬ �. �¡¥¤¨¬áï, çâ® ¨¬¥¥â ¬¥áâ® (8�+1). �¥©áâ¢¨â¥«ì­®,

x�+1(t)
def= x�+1(t+ �T ) =

= C�+1(t+ �T; �T )x�(�T ) +

t+�TZ
�T

C�+1(t+ �T; s)P (s)(�h�x�)(s)ds+

t+�TZ
�T

C�+1(t+ �T; s)f(s)ds =

= C(t; 0)x�(T ) +

tZ
0

C�+1(t+ �T; s+ �T )P (s+ �T )(�h�x�)(s+ �T )ds+

+

tZ
0

C�+1(t+ �T; s+ �T )f(s+ �T )ds =

= C(t; 0)x�(T ) +

tZ
0

C(t; s)P (s)(�h+Tx�)(s)ds+

tZ
0

C(t; s)f(s)ds:
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�¡®§­ ç¨¢

g(t) =

tZ
0

C(t; s)f(s)ds;

§ ¯¨è¥¬ à ¢¥­áâ¢® (8�) ¢ ¢¨¤¥

x�(t) = C(t; 0)x��1(T ) +

tZ
0

C(t; s)P (s)(�h+Tx��1)(s)ds+ g(t); � = 2; 3; : : : (9)

�¤¥áì äã­ªæ¨ï x1(t) = x(t; �), t 2 [0; T ], ®¯à¥¤¥«¥­  á®®â­®è¥­¨¥¬ (7).
�®®â­®è¥­¨¥ (9) ®¯à¥¤¥«ï¥â ¯à®æ¥áá ¯®áâà®¥­¨ï ¯à®áâëå ¨â¥à æ¨© ¤«ï ãà ¢­¥­¨ï

z(t) = C(t; 0)z(T ) +

tZ
0

C(t; s)P (s)(�h+T z)(s)ds+ g(t); t 2 [0; T ]: (10)

� ¬¥â¨¬, çâ® ãà ¢­¥­¨¥ (10) ®â­®á¨âáï ª â ª ­ §ë¢ ¥¬ë¬ ­ £àã¦¥­­ë¬ ¨­â¥£à «ì­ë¬ ãà ¢-
­¥­¨ï¬ á ®âª«®­ïîé¨¬áï  à£ã¬¥­â®¬. � ¬¥â¨¬ â ª¦¥, çâ® «î¡®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (10) ã¤®-
¢«¥â¢®àï¥â ¯¥à¨®¤¨ç¥áª®¬ã ãá«®¢¨î z(0) = z(T ).

� ¤ ç  ® áâ ¡¨«¨§¨àã¥¬®áâ¨ à¥è¥­¨ï § ¤ ç¨ (3), (2) ª ¯¥à¨®¤¨ç¥áª®© äã­ªæ¨¨ á¢o¤¨âáï ª
§ ¤ ç¥ ® áå®¤¨¬®áâ¨ ¨â¥à æ¨®­­®£® ¯à®æ¥áá  ¤«ï ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï (10) (á¬. ¯.5 ). �
á«ãç ¥ h : [0; T ]! [0; T ] ãà ¢­¥­¨¥ (10) ¯à¨­¨¬ ¥â ¢¨¤

z(t) = C(t; 0)z(T ) + g(t)

¨, ª ª «¥£ª® ¢¨¤¥âì, ¨â¥à æ¨®­­ë© ¯à®æ¥áá (9) áå®¤¨âáï, ¥á«¨ á¯¥ªâà «ì­ë© à ¤¨ãá ®¯¥à â®à 
¬®­®¤à®¬¨¨ C(T; 0) : Rn ! Rn ¬¥­ìè¥ ¥¤¨­¨æë.

4. �á«®¢¨¥ áå®¤¨¬®áâ¨ ¨â¥à æ¨© ¤«ï ¢á¯®¬®£ â¥«ì­®£® ãà ¢­¥­¨ï

�«ï ä®à¬ã«¨à®¢ª¨ ãá«®¢¨© áå®¤¨¬®áâ¨ ¨â¥à æ¨®­®£® ¯à®æ¥áá  (9) § ¯¨è¥¬ (10) ¢ ¢¨¤¥

z = (A+B)z + g; (11)

£¤¥ «¨­¥©­ë¥ ®¯¥à â®àë A;B : C[0; T ]! C[0; T ] ®¯à¥¤¥«ïîâáï à ¢¥­áâ¢ ¬¨

(Az)(t) = C(t; 0)z(T );

(Bz)(t) =

tZ
0

C(t; s)P (s)(�h+T z)(s)ds:

�¡®§­ ç¨¬ ç¥à¥§ � = �(A+B) á¯¥ªâà «ì­ë© à ¤¨ãá ®¯¥à â®à 

(A+B) : C[0; T ]! C[0; T ]:

� ª ¨§¢¥áâ­®, ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï

� < 1 (12)

ãà ¢­¥­¨¥ (10) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ z� 2 C[0; T ] ¨ ¨â¥à æ¨®­­ë© ¯à®æ¥áá (9) áå®¤¨âáï ¢
á¬ëá«¥ ­®à¬ë ¯à®áâà ­áâ¢  C[0; T ] ª z�, â. ¥. kx� � z�kC[0;T ] ! 0.

�¢­ãî ®æ¥­ªã áª®à®áâ¨ â ª®© áå®¤¨¬®áâ¨ ¤ ¥â

�¥®à¥¬  1. �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ (12). �®£¤  ¤«ï ª ¦¤®£® � > 0 â ª®£®, çâ® � def= �+� <

1, ­ ©¤¥âáï â ª®¥ ­ âãà «ì­®¥ k0
def= k0(�), çâ® ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

kx� � z�kC[0;T ] �
���1

1� �

M

m
kx1 � (A+B)x1 � gkC[0;T ];

£¤¥ m
def= �k0�1, M

def= �k0�1 + �k0�2kA+Bk+ � � � + k(A+B)k0�1k.
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�®ª § â¥«ìáâ¢®. �ãáâì � = �(A + B) = lim
k!1

k
p
k(A+B)kk ¨ � < 1. � ¤ ¥¬ � > 0 â ª®¥, çâ®

�
def= � + � < 1. �á¯®«ì§ãï ª®­áâàãªæ¨î, ®¯¨á ­­ãî ¢ ([6], á. 15), ¢¢¥¤¥¬ ¢ ¯à®áâà ­áâ¢® C[0; T ]

â ªãî íª¢¨¢ «¥­â­ãî ­®à¬ã k � k�, ¯à¨ ª®â®à®© ­®à¬  «¨­¥©­®£® ®¯¥à â®à  A+ B ¡ã¤¥â ®â«¨-
ç âìáï ®â á¯¥ªâà «ì­®£® à ¤¨ãá  ­¥ ¡®«¥¥ ç¥¬ ­  �. � ¨¬¥­­®, ¢ á¨«ã ®¯à¥¤¥«¥­¨ï á¯¥ªâà «ì­®£®
à ¤¨ãá  ­ ©¤¥âáï â ª®¥ k0 = k0(�), çâ®

k0

q
k(A+B)k0k � �:

� íâ®¬ ¤®ª § â¥«ìáâ¢¥ ¤«ï ¯à®áâ®âë § ¯¨á¨ ¡ã¤¥¬ ®¯ãáª âì ¨­¤¥ªá C[0; T ] ã ­®à¬ë k � kC[0;T ].
�®«®¦¨¬

kxk� = �k0�1kxk+ �k0�2k(A+B)xk+ : : : + k(A+B)k0�1xk:

�ç¥¢¨¤­®
mkxk � kxk� �Mkxk;

â. ¥. ­®à¬ë k�k ¨ k�k� íª¢¨¢ «¥­â­ë. �®ª ¦¥¬, çâ® kA+Bk� � � ¢ ­®¢®© ­®à¬¥ (§¤¥áì kA+Bk� def=
sup
kxk��1

k(A+B)xk� ). �¥©áâ¢¨â¥«ì­®,

k(A+B)xk� = �k0�1k(A+B)xk+ �k0�2k(A +B)2xk+ � � �+ k(A +B)k0xk �

� �k0�1k(A+B)xk+ �k0�2k(A+B)2xk+ � � �+ �k(A +B)k0�1xk+ k(A+B)k0kkxk �

� �k0�1k(A+B)xk+ �k0�2k(A +B)2xk+ � � �+ �k(A +B)k0�1xk+ �k0kxk =

= �[�k0�1kxk+ �k0�2k(A+B)xk+ � � � + k(A +B)k0�1xk] = �kxk�;

â. ¥.
kA+Bk� � �:

� ª¨¬ ®¡à §®¬, ®¯¥à â®à A + B ï¢«ï¥âáï ®¯¥à â®à®¬ á¦ â¨ï. � â ª®¬ á«ãç ¥ ¯à¨ «î¡®¬ ­ -
ç «ì­®¬ í«¥¬¥­â¥ x1(�; �) ¯®á«¥¤®¢ â¥«ì­ë¥ ¯à¨¡«¨¦¥­¨ï (9) áå®¤ïâáï ª í«¥¬¥­âã z� 2 C[0; T ],
¯à¨ íâ®¬

kx� � z�k� � ���1kx1 � z�k� (13)

¨

kx1 � z�k� �
1

1� �
kx1 � (A+B)x1 � gk�: (14)

� á¨«ã (13) ¨ (14) ¨¬¥¥¬

kx� � z�k� �
���1

1� �
kx1 � (A+B)x1 � gk�:

�á¯®«ì§ãï íª¢¨¢ «¥­â­®áâì ­®à¬ k � k ¨ k � k�, ¯®«ãç ¥¬

kx� � z�k �
1
m
kx� � z�k� �

1
m

���1

1� �
kx1 � (A+B)x1 � gk� =

=
���1

1� �

1
m
(�k0�1kx1 � (A+B)x1 � gk+ �k0�2k(A+B)(x1 � (A+B)x1 � g)k + � � �+

+k(A+B)k0�1(x1 � (A+B)x1 � g)k) �

�
���1

1� �

1
m
(�k0�1 + �k0�2kA+Bk+ � � �+ k(A+B)k0�1k)kx1 � (A+B)x1 � gk =

=
���1

1� �

M

m
kx1 � (A+B)x1 � gk: �
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5. �á«®¢¨¥ ¨ ®æ¥­ª  áª®à®áâ¨ áâ ¡¨«¨§¨àã¥¬®áâ¨

�¥®à¥¬  2. �ãáâì á¯¥ªâà «ì­ë© à ¤¨ãá � ®¯¥à â®à  A+B ¬¥­ìè¥ ¥¤¨­¨æë ¨ y : [0;1)!
Rn | T -¯¥à¨®¤¨ç¥áª®¥ ¯à®¤®«¦¥­¨¥ à¥è¥­¨ï z� 2 C[0; T ] ãà ¢­¥­¨ï (11). �®£¤  ¤«ï «î¡®£®

â ª®£® " > 0, çâ® � def= �(A+B) + " < 1, ­ ©¤¥âáï ­ âãà «ì­®¥ k0 = k0(�), ¯à¨ ª®â®à®¬ ¨¬¥¥â
¬¥áâ® ®æ¥­ª 

max
t2[(��1)T;�T ]

kx(t; �) � y(t)kRn �
���1

1� �

M

m
kx(�; �) � (A+B)x(�; �) � gkC[0;T ]: (15)

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®,

max
t2[(��1)T;�T ]

kx(t; �) � y(t)kRn = max
t2[(��1)T;�T ]

kx�(t)� z�(t)kRn =

= max
t2[0;T ]

kx�(t+ (� � 1)T )� z�(t)kRn = max
t2[0;T ]

kx�(t)� z�(t)kRn :

�âáî¤  ¢ á¨«ã â¥®à¥¬ë 1 ¨¬¥¥¬

max
t2[0;T ]

kx�(t)� z�(t)kRn �
���1

1� �

M

m
kx(�; �) � (A+B)x(�; �) � gkC[0;T ];

á«¥¤®¢ â¥«ì­®, ¢ë¯®«­ï¥âáï (15).

�¨â¥à âãà 

1. �§¡¥«¥¢ �.�., � ªá¨¬®¢ �.�., � å¬ âã««¨­  �.�. �¢¥¤¥­¨¥ ¢ â¥®à¨î äã­ªæ¨®­ «ì­®-

¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. { �.: � ãª , 1991. { 280 á.
2. Azbelev N.V., Maksimov V.P., Rakhmatullina L.F. Introduction to the theory of linear functional

di�erential equations. { Atlanta: World Federation Publ., 1996. { 176 p.
3. � èª¨à®¢ �.�. �áâ®©ç¨¢®áâì à¥è¥­¨© ¯¥à¨®¤¨ç¥áª¨å á¨áâ¥¬ á ¯®á«¥¤¥©áâ¢¨¥¬: �¨á. : : :

ª ­¤. ä¨§.-¬ â¥¬. ­ ãª. { �¥à¬ì, 1986. { 102 á.
4. � ªá¨¬®¢ �.�. � ä®à¬ã«¥ �®è¨ ¤«ï äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© // �¨ä-

ä¥à¥­æ. ãà ¢­¥­¨ï. { 1977. { �.13. { ò4. { C. 601{606.
5. � ªá¨¬®¢ �.�. �¨­¥©­®¥ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥: �¨á. : : : ª ­¤. ä¨§.-

¬ â¥¬. ­ ãª. { � § ­ì, 1974. { 119 á.
6. �à á­®á¥«ìcª¨© �.�., � ©­¨ªª® �.�., � ¡à¥©ª® �.�., �ãâ¨æª¨© �.�., �â¥æ¥­ª® �.�. �à¨¡«¨-

¦¥­­®¥ à¥è¥­¨¥ ®¯¥à â®à­ëå ãà ¢­¥­¨©. { �.: � ãª , 1969. { 455 á.

�¥à¬áª¨© £®áã¤ àáâ¢¥­­ë© ã­¨¢¥àá¨â¥â �®áâã¯¨« 
24.05.1999

35


