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1. �¢¥¤¥¨¥

�à¥¤¬¥â®¬ à áá¬®âà¥¨ï áâ âì¨ ï¢«ï¥âáï ¨â¥£à «ì®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬ {�â¨«ìâì¥á 
¯¥à¢®£® à®¤ 

Ax �

Z b

a
K(t; s)dx(s) = y(t); c � t � d; (1.1)

¢ ¯à®áâà áâ¢¥ äãªæ¨© ®£à ¨ç¥®© ¢ à¨ æ¨¨
bW
a
, £¤¥ y 2 Lp[c; d], K(t; s) | ¥¯à¥àë¢ ï

äãªæ¨ï ¯® á®¢®ªã¯®áâ¨ ¯¥à¥¬¥ëå.
�à ¢¥¨ï â ª®£® â¨¯  ¢®§¨ª îâ ¢ ª ç¥áâ¢¥ ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ ¥ª®â®àëå ¯à®¡«¥¬

á¥©á¬¨ª¨ [1], [2] ¨ à ¤¨®§®¤¨à®¢ ¨ï [3], [4]. �®«¥¥ ®¡é¨¥ ¯®áâ ®¢ª¨ ¥ª®àà¥ªâëå § ¤ ç (¢

â®¬ ç¨á«¥ ¥«¨¥©ëå)   ª« áá å à §àë¢ëå äãªæ¨© (¢ ç áâ®áâ¨,  
bW
a
) ¨áá«¥¤®¢ «¨áì ¢ à -

¡®â å [5]{[9] á â®çª¨ §à¥¨ï ®¡®á®¢ ¨ï ¢ à¨ æ¨®ëå ¬¥â®¤®¢ à¥£ã«ïà¨§ æ¨¨ ¨ ª®¥ç®¬¥à®©
 ¯¯à®ªá¨¬ æ¨¨.

� ¤ ®© áâ âì¥ ¨áá«¥¤ã¥âáï ¬¥â®¤ �¨å®®¢  á® áâ ¡¨«¨§ â®à®¬ 
(x) = kx� x0k bW
a

¨ ¯à¨¢®-

¤¨âáï â¥®à¥¬  áå®¤¨¬®áâ¨ ¢ ¥áª®«ìª® ¡®«¥¥ á¨«ì®© ä®à¬ã«¨à®¢ª¥, ç¥¬ íâ® á«¥¤ã¥â ¨§ ®¡é¨å
à¥§ã«ìâ â®¢ [5]{[8],   ¤«ï  å®¦¤¥¨ï à¥£ã«ïà¨§®¢ ®£® à¥è¥¨ï ¯à¥¤« £ ¥âáï ¨á¯®«ì§®¢ âì
áã¡£à ¤¨¥âë© ¬¥â®¤ ¢ ¡®«¥¥ £« ¤ª®¬ ¯à®áâà áâ¢¥ W 1

2 ¨ ¤ ¥âáï ¥£® ®¡®á®¢ ¨¥. �â® ¯®§¢®-
«ï¥â ¯®«ãç¨âì ¤¢ãåáâã¯¥ç âë©  «£®à¨â¬ ¤«ï ãáâ®©ç¨¢®©  ¯¯à®ªá¨¬ æ¨¨ à¥è¥¨ï ¨áå®¤®©
§ ¤ ç¨.

�à ¢¥¨¥ (1.1)   ¯ à¥ ¯à®áâà áâ¢ A :
bW
a
! Lp[c; d] ®â®á¨âáï ª ç¨á«ã áãé¥áâ¢¥® ¥-

ª®àà¥ªâëå § ¤ ç, ¤«ï ª®â®àëå  àãè ¥âáï ª ¦¤®¥ ¨§ âà¥å ãá«®¢¨© ª®àà¥ªâ®áâ¨ �¤ ¬ à ,
¯®íâ®¬ã ¤«ï ¯®áâà®¥¨ï ãáâ®©ç¨¢®£® ¯à¨¡«¨¦¥®£® à¥è¥¨ï ¥®¡å®¤¨¬® ¯à¨¢«¥ç¥¨¥ ¨¤¥©
à¥£ã«ïà¨§ æ¨¨. � ¤ «ì¥©è¥¬ ¤«ï ¯à®áâ®âë ä®à¬ã«¨à®¢®ª â¥®à¥¬ áå®¤¨¬®áâ¨ ¡ã¤¥¬ ¯à¥¤¯®« -
£ âì ¥¤¨áâ¢¥®áâì ®à¬ «ì®£® à¥è¥¨ï á â®ç®áâìî ¤® § ç¥¨© ¢ ®¡ëçëå â®çª å à §àë¢ 
[7], [8].

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(£à âë 97-01-0520, 00-01-00325).
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2. �¥â®¤ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢ 

� áá¬®âà¨¬ ¢ à¨ æ¨®ë© ¬¥â®¤ �¨å®®¢  á® áâ ¡¨«¨§¨àãîé¨¬ äãªæ¨® «®¬ 
(x) =
kx� x0k bW

a

, â. ¥.

min
n
kAx� y�k

p
Lp
+ �kx� x0k bW

a

: x 2
bW
a

o
; (2.1)

£¤¥ x0 | ¥ª®â®à®¥ ¯à®¡®¥ à¥è¥¨¥, y� | ¯à¨¡«¨¦¥ ï ¯à ¢ ï ç áâì, ky� � ykLp � �. �¡®-
§ ç¨¬ ®à¬ «ì®¥ à¥è¥¨¥ § ¤ ç¨ (1.1) ç¥à¥§ bx,   à¥è¥¨¥ § ¤ ç¨ (2.1) ¯à¨ � = �(�) | ç¥à¥§
x�(�).

�¥®à¥¬  2.1. � ¤ ç  (2:1) à §à¥è¨¬ , ¨ ¯à¨ á¢ï§¨ ¯ à ¬¥âà®¢ �(�) ! 0, �p=�(�)! 0, � ! 0
¯®á«¥¤®¢ â¥«ì®áâì íªáâà¥¬ «ìëå í«¥¬¥â®¢ x�(�) ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1) x�(�)(t)! bx(t) 8t 2 [a; b] §  ¨áª«îç¥¨¥¬, ¡ëâì ¬®¦¥â, â®ç¥ª à §àë¢  äãªæ¨¨ bx(t);
2) lim

�!0
kx�(�) � bxkLP = 0, lim

�!0

bW
a
[x�(�) � x0] =

bW
a
[bx� x0].

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ æ¥«¥¢®© äãªæ¨® « ¢ (2.1) ç¥à¥§ ��(x),   ¨¦¨î £à ì |
ç¥à¥§ F �. �ãáâì xm | ¬¨¨¬¨§¨àãîé ï ¯®á«¥¤®¢ â¥«ì®áâì, â. ¥. ��(xm) ! F �. �®£¤  kxmk bW

a

®£à ¨ç¥ ,   ¯®áª®«ìªã jx(t)� x(a)j �
bW
a
[x], â® sup

a�b
jxm(t)j � c1 <1,

bW
a
[xm] � c2 <1.

�® ¢â®à®© â¥®à¥¬¥ �¥««¨ ([10], á. 242) ¬®¦® ¢ë¤¥«¨âì áå®¤ïéãîáï ¢ ª ¦¤®© â®çª¥ ®âà¥§ª 
[a; b] ¯®¤¯®á«¥¤®¢ â¥«ì®áâì

xmk
(t)! x(t) 8t 2 [a; b]:

�® ¯¥à¢®© â¥®à¥¬¥ �¥««¨ ([10], á. 254)

	mk
(t) =

Z b

a

K(t; s)dxmk
(s)! 	(t) =

Z b

a

K(t; s)dx(s) 8t 2 [a; b];

j	mk
(t)� y�(t)j

p ! j	(t)� y�(t)j
p 8t 2 [a; b]:

�á¯®«ì§ãï â¥®à¥¬ã �¥¡¥£  ® ¯à¥¤¥«ì®¬ ¯¥à¥å®¤¥, ¨¬¥¥¬

lim
k!1

kAxmk
� y�k

p
Lp

= lim
k!1

Z d

c

����
Z b

a

K(t; s)dxmk
(s)� y�(t)

����
p

dt =

=
Z d

c

����
Z b

a

K(t; s)dx(s)� y�(t)
����
p

dt = kAx� y�k
p
Lp
:

�§ æ¥¯®çª¨ ¥à ¢¥áâ¢

��(x) � lim inf
k!1

�(xmk
) � lim

k!1
kAxmk

� y�k
p + lim inf

k!1

bW
a
[xmk

� x0] = kAx� y�k
p +

bW
a
[x� x0] = ��(x)

§ ª«îç ¥¬, çâ® x | à¥è¥¨¥ § ¤ ç¨ (2.1).
�¥à¥®¡®§ ç¨¬ x ç¥à¥§ x�. �§ ®ç¥¢¨¤ëå ¥à ¢¥áâ¢

��(x�) = kAx� � y�k
p + �kx�k bW

a

� ��(bx) �

� fkAbx� yk+ ky � y�kg
p + �

bW
a
[bx� x0] � �p + �

bW
a
[bx� x0]
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¢ á¨«ã ãá«®¢¨© â¥®à¥¬ë   ¯ à ¬¥âàë ¯®«ãç ¥¬ ®æ¥ªã

kx� � x0k bW
a

� �p=�+ kbx� x0k bW
a

� c3 <1: (2.2)

�®¢ , ª ª ¨ ¢ëè¥,   ®á®¢¥ â¥®à¥¬ �¥««¨ ¬®¦® ¢ë¤¥«¨âì ¯®â®ç¥ç® áå®¤ïéãîáï ¯®¤¯®-
á«¥¤®¢ â¥«ì®áâì

x�(�k)(t)! ex(t) 8t 2 [a; b]; (2.3)

¤«ï ª®â®à®©

'k(t) =
Z b

a
K(t; s)dx�(�k)(s)! '(t) =

Z b

a
K(t; s)dex(s):

�¬¥áâ¥ á â¥®à¥¬®© �¥¡¥£  íâ® ¯®§¢®«ï¥â ¯®«ãç¨âì á«¥¤ãîé¨¥ á®®â®è¥¨ï:

0 � kAex� ykLp = lim
k!1

� Z d

c

j'k(t)� y�(t)j
pdt

�1=p
� lim sup

k!1

n
kAx�(�k) � y�kkLp + ky�k � ykLp

o
�

� lim sup
k!1

nh
kAx�(�k) � y�k

p
Lp
+ �(�k)

bW
a
[x�(�k) � x0]

i1=p
+ �k

o
�

� lim sup
k!1

nh
�pk + �(�k)

bW
a
[bx� x0]

i1=p
+ �k

o
= 0;

â. ¥. ex | à¥è¥¨¥ ãà ¢¥¨ï (1.1).
�¡ê¥¤¨ïï (2.2) ¨ (2.3), ¯à¨å®¤¨¬ ª ¥à ¢¥áâ¢ ¬

kbx� x0k bW
a

� kex� x0k bW
a

� lim inf
k!1

kx�(�k)� x0k bW
a

� kbx� x0k bW
a

: (2.4)

�â® ®§ ç ¥â ¢ á¨«ã ¥¤¨áâ¢¥®áâ¨ ®à¬ «ì®£® à¥è¥¨ï, çâ® ex = bx.
�§ â¥®à¥¬ë �¥¡¥£  ® ¯à¥¤¥«ì®¬ ¯¥à¥å®¤¥ ¨ á®®â®è¥¨© (2.2){(2.4) § ª«îç ¥¬, çâ®

lim
k!1

kx�(�k) � bxkLp = 0;

lim
k!1

bW
a
[x�(�k) � x0] =

bW
a
[bx� x0]:

�®áª®«ìªã ¥¯®áà¥¤áâ¢¥® ¨§ ¤®ª § â¥«ìáâ¢  á«¥¤ã¥â, çâ® bx| ¥¤¨áâ¢¥ ï ¯à¥¤¥«ì ï â®çª 
¯®á«¥¤®¢ â¥«ì®áâ¨ fx�(�)g, â® â¥¬ á ¬ë¬ ãáâ ®¢«¥ë á¢®©áâ¢  1){2) â¥®à¥¬ë.

�®«¥¥ ¤¥â «ìë© ãç¥â £« ¤ª®áâ¨ ¨áª®¬®£® à¥è¥¨ï bx(t) ¯®§¢®«ï¥â ãá¨«¨âì ãâ¢¥à¦¤¥¨¥
¯à¥¤ë¤ãé¥© â¥®à¥¬ë ¨ ¯®«ãç¨âì à ¢®¬¥àãî áå®¤¨¬®áâì à¥£ã«ïà¨§®¢ ®£® ¯® �¨å®®¢ã á¥-
¬¥©áâ¢  ¯à¨¡«¨¦¥ëå à¥è¥¨©. �«ï íâ®£® ¯® ¤®¡¨âáï ®¤  â¥®à¥¬  ¨§ [7] (á¬. â ª¦¥ [6],
[8]).

�¥®à¥¬  2.2 ([7]). �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì äãªæ¨© xn(t) �
bW
a
áå®¤¨âáï ª äãªæ¨¨

x(t) �
bW
a
¢ ª ¦¤®© â®çª¥ t ®âà¥§ª  [a; b], ¯à¨ç¥¬ lim sup

n!1
kxnk bW

a

� kxk bW
a

: �®£¤  xn(t) áå®¤¨âáï

ª x(t) à ¢®¬¥à®   «î¡®¬ á¥£¬¥â¥ [a1; b1] � [a; b], ¥ á®¤¥à¦ é¥¬ â®ç¥ª à §àë¢  äãªæ¨¨
x(t).

�à¨¨¬ ï ¢® ¢¨¬ ¨¥ á®®â®è¥¨ï (2.3), (2.4) ¨ â¥®à¥¬ã 2.2, ¯®«ãç ¥¬

�«¥¤áâ¢¨¥. �ãáâì ¢ ãá«®¢¨ïå â¥®à¥¬ë 2.1 ®à¬ «ì®¥ à¥è¥¨¥ bx(t) | ¥¯à¥àë¢ ï äãª-
æ¨ï   á¥£¬¥â¥ [a1; b1] � [a; b]. �®£¤ 

lim
�!0

�
max

a1�t�b1
jx�(�)(t)� bx(t)j	 = 0:
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� ¬¥ç ¨¥ 2.1. �á«¨ ¢ ª ç¥áâ¢¥ áâ ¡¨«¨§ â®à  ¢ ¬¥â®¤¥ (2.1) ¢§ïâì äãªæ¨® «


(x) = kxkpLp + kxk bW
a

; (2.5)

â® ¢ íâ®¬ á«ãç ¥ £ à â¨àã¥âáï ¥¤¨áâ¢¥®áâì à¥è¥¨ï x�, áå®¤¨¬®áâì x� ! bx ¢ Lp ¨ ¢ë¯®«-
¥¨¥ á®®â®è¥¨ï

lim
�!0


(x�(�) � x0) = 
(bx� x0):

�à¨ ¨á¯®«ì§®¢ ¨¨ áâ ¡¨«¨§ â®à  
(x) = kxkW�

2

, £¤¥ W �
2 [a; b] | ¯à®áâà áâ¢® �®¡®«¥¢  á ¤à®¡-

ë¬ 0 < � < 1, ¨¬¥¥â ¬¥áâ® áå®¤¨¬®áâì x� ¢ ¯à®áâà áâ¢¥W �
2 ¨, á«¥¤®¢ â¥«ì®, ¬¥â®¤ �¨å®®¢ 

®¡« ¤ ¥â ¢ íâ®¬ á«ãç ¥ ¡®«ìè¨¬ à¥£ã«ïà¨§ãîé¨¬ íää¥ªâ®¬, ç¥¬ ¤«ï 
(x) ¢¨¤  (2.5).

� ¬¥ç ¨¥ 2.2. � à ¡®â¥ [9] ¯®ª § ®, çâ® ¢ ®¡é¥¬ á«ãç ¥ ¯à¨ à¥£ã«ïà¨§ æ¨¨ á® áâ ¡¨«¨§ -

â®à®¬ 
(x) = kxk bW
a

¥«ì§ï ¯®«ãç¨âì áå®¤¨¬®áâì à¥£ã«ïà¨§®¢ ëå à¥è¥¨© ¢ ¯à®áâà áâ¢¥
bW
a
.

� ¬ ¦¥ ¯à¥¤«®¦¥ ¯®¤å®¤, ®á®¢ ë©   ¤¢ãå¯ à ¬¥âà¨ç¥áª®© à¥£ã«ïà¨§ æ¨¨, ª®â®àë© ¯®§¢®-
«ï¥â ãá¨«¨âì à¥£ã«ïà¨§ãîé¨© íää¥ªâ ¨ ®¤®¢à¥¬¥® á®åà ¨âì  ¯¯à®ªá¨¬ æ¨î à §àë¢ëå
à¥è¥¨©, ¢ ç áâ®áâ¨, à¥è¥¨© á ®£à ¨ç¥®© ¢ à¨ æ¨¥©. � ¡®â  á®¤¥à¦¨â â ª¦¥ ®¡è¨àë©
®¡§®à à¥§ã«ìâ â®¢ ¯® à¥£ã«ïà¨§ æ¨¨ á ¥¤¨ää¥à¥æ¨àã¥¬ë¬¨ áâ ¡¨«¨§¨àãîé¨¬¨ äãªæ¨® -
« ¬¨.

3. �ã¡£à ¤¨¥âë© ¬¥â®¤

�à¨¨¬ ï ¢® ¢¨¬ ¨¥, çâ® íªáâà¥¬ «ì ï ¯à®¡«¥¬  (2.1) ®â®á¨âáï ª ç¨á«ã ¢ë¯ãª«ëå
§ ¤ ç á ¥£« ¤ª¨¬ æ¥«¥¢ë¬ äãªæ¨® «®¬ (¨§-§   «¨ç¨ï ¥¤¨ää¥à¥æ¨àã¥¬®© áâ ¡¨«¨§¨àã-

îé¥© ¤®¡ ¢ª¨ 
(x) = jx(a)�x0(a)j+
bW
a
[x�x0]), ¤«ï ¥¥ ¯à¨¡«¨¦¥®£® à¥è¥¨ï ¯à¨ � > 0 ¯à¨¢«¥-

ç¥¬ ¨â¥à æ¨®ë© áã¡£à ¤¨¥âë© ¬¥â®¤ ¢ ¯à®áâà áâ¢¥ �®¡®«¥¢ W 1
2 . � ª ç¥áâ¢¥ ¯à®áâà áâ¢ 

¯à ¢ëå ç áâ¥© ¢®§ì¬¥¬ Y = L2[c; d], â. ¥. p = 2. �â® ¯®§¢®«ï¥â ¢®á¯®«ì§®¢ âìáï â¥å¨ª®© £¨«ì-
¡¥àâ®¢  ¯à®áâà áâ¢  ¨ ã¯à®áâ¨âì ¢ëç¨á«¥¨ï áã¡£à ¤¨¥â  ¤«ï æ¥«¥¢®£® äãªæ¨® « . � ª¨¬

®¡à §®¬, à¥£ã«ïà¨§®¢ ®¥ à¥è¥¨¥ x�(�), ª ª í«¥¬¥â ¯à®áâà áâ¢ 
bW
a
, á ¯®¬®éìî ¨â¥à æ¨®-

®£® ¯à®æ¥áá   ¯¯à®ªá¨¬¨àã¥âáï ¡®«¥¥ £« ¤ª¨¬¨ äãªæ¨ï¬¨ ¨§ W 1
2 [a; b].

�®§¬®¦®áâì â ª®£® ¯®¤å®¤  (â.¥. ¯®áâà®¥¨ï ¨â¥à æ¨© ¨§ í«¥¬¥â®¢ ¯à®áâà áâ¢ W 1
2 ) ®á®-

¢     á«¥¤ãîé¥¬ á¢®©áâ¢¥ äãªæ¨© ®£à ¨ç¥®© ¢ à¨ æ¨¨.

�¥¬¬  3.1. �«ï «î¡®© äãªæ¨¨ ' 2
bW
a
áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì ªãá®ç®-«¨¥©ëå

äãªæ¨© 'n â ª¨å, çâ®

lim
n!1

k' � 'nkLp = 0; lim
n!1

b_
a

['n] =
b_
a

[']:

�®ª § â¥«ìáâ¢®. �«ï ¯à®áâ®âë à ááã¦¤¥¨© ®£à ¨ç¨¬áï à áá¬®âà¥¨¥¬ äãªæ¨¨ ', ¥-
¯à¥àë¢®© á¯à ¢ .

�«ãç © 1. �ãªæ¨ï '(t) ¨¬¥¥â ª®¥ç®¥ ç¨á«® â®ç¥ª à §àë¢ . �®áâ â®ç® à áá¬®âà¥âì ¢ -
à¨ â á ®¤®© â®çª®© à §àë¢  t0. � ¤ ¤¨¬ ¯®á«¥¤®¢ â¥«ì®áâì á¥â®ª ftni g

n
i=0   ®âà¥§ª¥ [a; b], ¢

ª ¦¤®© ¨§ ª®â®àëå a, t0 = tni0 , b ï¢«ïîâáï ã§« ¬¨. �¡®§ ç¨¬

hni = tni � tni�1; hn = maxfhni : 1 � i � ng;

£¤¥ hn ! 0 ¯à¨ n ! 1. �®áâà®¨¬ ªãá®ç®-«¨¥©ãî äãªæ¨î 'n(t), ª®â®à ï   á¥£¬¥â¥
[tni�1; t

n
i ] ¢ëà ¦ ¥âáï ®âà¥§ª®¬, á®¥¤¨ïîé¨¬ â®çª¨ ftni�1; '(t

n
i�1)g, ft

n
i ; '(t

n
i )g.
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�  ®á®¢ ¨¨ ¨§¢¥áâëå á¢®©áâ¢ äãªæ¨¨ ' 2
bW
a
[10] ¨ ¥¯à¥àë¢®áâ¨ á¯à ¢  ¨¬¥¥¬

lim
n!1

b_
a

['n] = lim
n!1

t0�hi0_
a

['n] + lim
n!1

to_
t0�hio

['n] + lim
n!1

b_
t0

['n] =

= lim
n!1

nX
i=0

j'(tni )� '(tni�1)j+ lim
n!1

j'(t0)� '(t0 � hi0)j+

lim
n!1

nX
i=i0+1

j'(tni )� '(tni�1)j = lim
t!t0�0

t_
a

['] + j'(t0)� '(t0 � 0)j+
b_
t0

['] =
b_
a

[']:

�«ãç © 2. �ãªæ¨ï '(t) ¨¬¥¥â áç¥â®¥ ¬®¦¥áâ¢® â®ç¥ª à §àë¢ . �«ï ®¯à¥¤¥«¥®áâ¨ áç¨-
â ¥¬, çâ® íâ® ¨¬¥¥â ¬¥áâ® ¢ ®ªà¥áâ®áâ¨ â®çª¨ t = b. �«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â � > 0 â ª®¥,
çâ® ¥à ¢¥áâ¢® jt� bj � � ¢«¥ç¥â��j'(b) � '(b� t)j � j'(b) � '(b� 0)j

�� � "=2:

�  ®âà¥§ª¥ [a; b��] áâà®¨¬ ªãá®ç®-«¨¥©ãî äãªæ¨î, ª ª ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥. �®íâ®¬ã
¤«ï «î¡®£® " > 0  ©¤¥âáï â ª®¥ N , çâ® ¯à¨ n � N

����
b��_
a

['n]�
b��_
a

[']
���� � "=2:

�  á¥£¬¥â¥ [b� �; b] ®¯à¥¤¥«¨¬ 'n ®âà¥§ª®¬, á®¥¤¨ïîé¨¬ â®çª¨ fb� �; '(b � �)g, fb; '(b)g.
�¡ê¥¤¨ïï ¯®á«¥¤¨¥ ¤¢  ¥à ¢¥áâ¢ , ¯®«ãç ¥¬ ®æ¥ªã

����
b_
a

['n]�
b_
a

[']
���� � ";

çâ® ¤®ª §ë¢ ¥â ¢â®à®¥ á®®â®è¥¨¥ «¥¬¬ë.

�®áª®«ìªã ¤«ï ¥¯à¥àë¢®© äãªæ¨¨ ' 'n ! ' ¢ Lp,   ¬®¦¥áâ¢® ¥¯à¥àë¢ëå äãªæ¨©
¯«®â® ¢ Lp, â® ¢¥à® ¨ ¯¥à¢®¥ á®®â®è¥¨¥.

3.1. �®åà ¨¬ ¯à¥¦¥¥ ®¡®§ ç¥¨¥ ��(x) ¤«ï æ¥«¥¢®£® äãªæ¨® «  ¢ § ¤ ç¥ (2.1),   F � |
¤«ï ¥£® ®¯â¨¬ «ì®£® § ç¥¨ï ¨ à áá¬®âà¨¬ ¨â¥à æ¨®ë© ¬¥â®¤

xk+1 = xk � �k 5 ��(xk)=k 5 ��(xk)k; (3.1)

£¤¥5��(x) | ¯à®¨§¢®«ìë©, ® ä¨ªá¨à®¢ ë© áã¡£à ¤¨¥â äãªæ¨® «  � ¢ â®çª¥ x, �k |
¯®á«¥¤®¢ â¥«ì®áâì ¯®«®¦¨â¥«ìëå ç¨á¥«.

�¥®à¥¬  3.1. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì ¯ à ¬¥âà®¢ �k ¢ ¯à®æ¥áá¥ (3:1) ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬

�k > 0; �k ! 0;
1X
k=0

�k =1;

â®£¤ 

a) lim
k!1

�
min
0�i�k

��(xi)
	
= lim

ki!1
��(xki) = F �; ki : min

0�i�k
��(xi) = �(xki);

¡) áãé¥áâ¢ãîâ ¯à¥¤¥«ìë¥ äãªæ¨¨ x(t) ¯®á«¥¤®¢ â¥«ì®áâ¨ fxki(t)g ®â®á¨â¥«ì® ¯®-
â®ç¥ç®© áå®¤¨¬®áâ¨   ®âà¥§ª¥ [a; b] ¨ áå®¤¨¬®áâ¨ ¢ L2[a; b], ¯à¨ç¥¬ ¢á¥ íâ¨ äãªæ¨¨

x(t) ï¢«ïîâáï à¥è¥¨ï¬¨ § ¤ ç¨ (2:1) ¨ lim
m!1

bW
a
[xkm � x0] =

bW
a
[bx� x0]; fkmg � fkig.
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�®ª § â¥«ìáâ¢®. �¥âàã¤® ãáâ ®¢¨âì, ¨á¯®«ì§ãï á¢®©áâ¢  ¨â¥£à «  �â¨«ìâì¥á , çâ®
äãªæ¨® « ��(x) ¥¯à¥àë¢¥   ¯à®áâà áâ¢¥ W 1

2 .
�«ï ¤®ª § â¥«ìáâ¢  â®£® ä ªâ , çâ® xki | ¬¨¨¬¨§¨àãîé ï ¯®á«¥¤®¢ â¥«ì®áâì, ¨á¯®«ì§ã-

îâáï áâ ¤ àâë¥ à ááã¦¤¥¨ï ( ¯à., [11], [12]). � ¨¬¥®, ¯®ª §ë¢ ¥âáï, çâ® ¤«ï ¯à®¨§¢®«ì-
®£® " > 0 áãé¥áâ¢ã¥â ¨¤¥ªá k� = k�(") â ª®©, çâ®

xk
�

2 G" = fx 2W 1
2 : �

�(x) < F � + "g:

�®£¤  ��(xki) � F �+ " ¯à¨ ki � k�, ¯®áª®«ìªã ��(xki+1) � ��(xki). �â® ®§ ç ¥â á¯à ¢¥¤«¨¢®áâì
á®®â®è¥¨ï ¨§ ¯.  ), â. ¥. ¨â¥à æ¨¨ xk ®¡à §ãîâ ¬¨¨¬¨§¨àãîéãî ¯®á«¥¤®¢ â¥«ì®áâì ¢ § ¤ ç¥
(2.1).

� ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ à §à¥è¨¬®áâ¨ § ¤ ç¨ ¢ â¥®à¥¬¥ 2.1, ¨§ ¬¨¨¬¨§¨àãîé¥© ¯®á«¥-
¤®¢ â¥«ì®áâ¨ xki(t) ¬®¦® ¢ë¤¥«¨âì ¯®â®ç¥ç® áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì (â¥®à¥¬ 
�¥««¨)

xkm(t)! x(t); t 2 [a; b];

£¤¥ ¯à¥¤¥«ì ï äãªæ¨ï x 2
bW
a
¨ ï¢«ï¥âáï à¥è¥¨¥¬ íªáâà¥¬ «ì®© § ¤ ç¨ (2.1). �à¨ íâ®¬

á¯à ¢¥¤«¨¢ë ®æ¥ª¨

sup
a�t�b

jxkm(t)j � c1;
bW
a
[xkm(t)] � c2;

ª®â®àë¥ ¯®§¢®«ïîâ ¯®«ãç¨âì (  ®á®¢ ¨¨ â¥®à¥¬ë �¥¡¥£ ) ¯à¥¤¥«ìë¥ á®®â®è¥¨ï

lim
m!1


Z b

a
K(t; s)dxkm(s)� y(t)


L2

=

Z b

a
K(t; s)dx(s)� y(t)


L2

;

lim
m!1

Z b

a

jxkm(s)� x(s)j2ds = 0:

�¬¥áâ¥ á® á¢®©áâ¢®¬
bW
a
[x] � lim inf

m!1

bW
a
[xkm(t)]

¨ â¥¬ ä ªâ®¬, çâ® xkm | ¬¨¨¬¨§¨àãîé ï ¯®á«¥¤®¢ â¥«ì®áâì, íâ® ¯®§¢®«ï¥â á¤¥« âì ¢ë¢®¤ ®
á¯à ¢¥¤«¨¢®áâ¨ ¯. ¡) â¥®à¥¬ë. �áâ â¨ § ¬¥â¨¬, çâ® ¯¥à¢ãî ç áâì ¯. ¡) ¬®¦® áä®à¬ã«¨à®¢ âì
¢ ¡®«¥¥ ¯à®áâ®©, å®âï ¨ ¡®«¥¥ á« ¡®©, ä®à¬¥:

�(xki ;X�) = inffkxki � zkL2 : z 2 X�g;

£¤¥ X� | ¬®¦¥áâ¢® à¥è¥¨© § ¤ ç¨ (2.1).

� ãç¥â®¬ â¥®à¥¬ë 2.2 ¯®«ãç ¥¬

�«¥¤áâ¢¨¥. �á«¨ ¯à¥¤¥«ì ï äãªæ¨ï x(t) ¯®á«¥¤®¢ â¥«ì®áâ¨ xk(t) ï¢«ï¥âáï ¥¯à¥àë¢®©
äãªæ¨¥©   ¥ª®â®à®¬ ¯®¤á¥£¬¥â¥ [a1; b1] � [a; b], â® ¤«ï á®®â¢¥âáâ¢ãîé¥© ¯®¤¯®á«¥¤®¢ â¥«ì-
®áâ¨ xki(t) ¨¬¥¥â ¬¥áâ® à ¢®¬¥à ï áå®¤¨¬®áâì

lim
i!1

�
max

a1�t�b1
jxki(t)� x(t)j

	
= 0:

� ¬¥ç ¨¥ 3.1. � à¨ â áã¡£à ¤¨¥â®£® ¬¥â®¤  ¢ ä®à¬¥ (3.1) ¡ë« ¢§ïâ ¢ ª ç¥áâ¢¥ ¨««î-
áâà æ¨¨ ¯à¥¤« £ ¥¬®© ¬¥â®¤¨ª¨. �¥®à¥¬  á®åà ï¥â á¨«ã, ¥á«¨ ¢¬¥áâ® (3.1) ¨á¯®«ì§®¢ âì ¥£®
à §«¨çë¥ ¬®¤¨ä¨ª æ¨¨,  ¯à¨¬¥à, à¥« ªá æ¨®ë¥ áã¡£à ¤¨¥âë¥ ¬¥â®¤ë, ¬¥â®¤ë ãáà¥¤-
¥¨ï  ¯à ¢«¥¨© ([11], [12]) ¨, ¢®§¬®¦®, ¤àã£¨¥ ¡®«¥¥ íää¥ªâ¨¢ë¥ ¯à®æ¥ááë ¯à¨ ãá«®¢¨¨
®£à ¨ç¥®áâ¨ ®â®¡à ¦¥¨ï 5��(x). � ç áâ®áâ¨, ¯à¨ ¤®¯®«¨â¥«ì®¬ âà¥¡®¢ ¨¨

1X
k=0

�k
2 <1

¨¬¥¥â ¬¥áâ® áå®¤¨¬®áâì ¢á¥© ¯®á«¥¤®¢ â¥«ì®áâ¨ xk ª ¥ª®â®à®¬ã à¥è¥¨î x�.
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� ¬¥ç ¨¥ 3.2. �®© ¯®¤å®¤ ª à¥è¥¨î à¥£ã«ïà¨§®¢ ëå ¯® �¨å®®¢ã § ¤ ç ¤«ï ¨â¥-
£à «ìëå ãà ¢¥¨© �à¥¤£®«ì¬  (¢ â®¬ ç¨á«¥ ¤¢ã¬¥àëå) ¢ ¯à®áâà áâ¢ å äãªæ¨© á ®£à ¨-
ç¥ë¬¨ ¢ à¨ æ¨ï¬¨ ¨§«®¦¥ ¢ [13]. � ®á®¢    ¯à¥¤¢ à¨â¥«ì®¬ á£« ¦¨¢ ¨¨ ( ¯¯à®ªá¨-
¬ æ¨¨) ¥¤¨ää¥à¥æ¨àã¥¬®£® äãªæ¨® «  á¥¬¥©áâ¢®¬ £« ¤ª¨å äãªæ¨® «®¢ ¨ ¯®á«¥¤ãîé¥¬
¨á¯®«ì§®¢ ¨¨ ¬¥â®¤  á®¯àï¦¥ëå £à ¤¨¥â®¢.

3.2. � ¥ª®â®àëå á«ãç ïå  àï¤ã á ¡ §®¢ë¬ ãà ¢¥¨¥¬ (1.1) ¨§¢¥áâ  ¤®¯®«¨â¥«ì ï  ¯à¨-
®à ï ¨ä®à¬ æ¨ï ® à¥è¥¨¨ ¢ ¢¨¤¥ á¨áâ¥¬ë ¢ë¯ãª«ëå ¥à ¢¥áâ¢

Q =
n
x 2

bW
a
: hi(x) � 0; i = 1; 2; : : : ;m

o
:

�á«¨ ¢¢¥áâ¨ ¢ë¯ãª«ë© (¥¤¨ää¥à¥æ¨àã¥¬ë©) äãªæ¨® « H(x) = max
1�i�m

hi(x), â®  ¯à¨®à-

®¥ ¬®¦¥áâ¢® ¬®¦® § ¯¨á âì ¢ íª¢¨¢ «¥â®© ä®à¬¥ Q =
�
x 2

bW
a
: H(x) � 0

	
. �áâ¥áâ¢¥®

â¥¯¥àì ¢¬¥áâ® (2.1) à áá¬®âà¥âì § ¤ çã   ãá«®¢ë© íªáâà¥¬ã¬

minf��(x) : x 2 Qg: (3.2)

�à¥¤¯®«®¦¨¬, çâ® äãªæ¨® « H(x) ¯®«ã¥¯à¥àë¢¥ á¨§ã ®â®á¨â¥«ì® ¯®â®ç¥ç®© áå®-
¤¨¬®áâ¨ ¨ ¥¯à¥àë¢¥ ¢ ¯à®áâà áâ¢¥ W 1

2 [a; b]. �ãáâì, ªà®¬¥ â®£®, ¤«ï á¨áâ¥¬ë ¢ë¯ãª«ëå ¥-
à ¢¥áâ¢ ¢ë¯®«¥® ãá«®¢¨¥ �«¥©â¥à . �®£¤  § ¤ ç  (3.2) à §à¥è¨¬ , ¨ ¤«ï ¥¥ á¯à ¢¥¤«¨¢®
§ ª«îç¥¨¥ â¥®à¥¬ë 2.1.

�«ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï § ¤ ç¨ (3.2) ¬®¤¨ä¨æ¨àã¥¬ ¯à®æ¥áá (3.1), § ¬¥¨¢ ¢ ¥¬
5��(xk)   gk 2 G(xk), £¤¥

G(x) =

8><
>:
5��(x); ¥á«¨ H(x) < 0;
convf5��(x)

S
5H(x)g; ¥á«¨ H(x) = 0;

5H(x); ¥á«¨ H(x) > 0;

£¤¥, ª ª ¨ ¯à¥¦¤¥, 5 | § ª áã¡£à ¤¨¥â .

�¥®à¥¬  3.2. �à¨ ¯à¨ïâëå ¤®¯ãé¥¨ïå ¤«ï ¬®¤¨ä¨æ¨à®¢ ®£® áã¡£àa¤¨¥â®£® ¬¥â®¤ 
á¯à ¢¥¤«¨¢  â¥®à¥¬  3:1 ¨ á«¥¤áâ¢¨¥ ¨§ ¥¥.

4. �¨á«¥ë© íªá¯¥à¨¬¥â

�«ï â¥áâ¨à®¢ ¨ï ¯à¥¤«®¦¥®£®  «£®à¨â¬  à¥è «®áì ¨â¥£à «ì®¥ ãà ¢¥¨¥ [4]

Ax �

Z 1

0

ln
s+ t

s+ t+ 1
dx(s) = y(t); 0 � t � 1;

á ¨§¢¥áâë¬ ªãá®ç®-¥¯à¥àë¢ë¬ ¬®¤¥«ìë¬ à¥è¥¨¥¬

xmod(t) =

8><
>:
0; 0 � t � 1=9;
1:125t + 0:075; 1=9 � t � 1=3;
1:95t + 0:05; 1=3 � t � 1:

�à¨ à¥ «¨§ æ¨¨ ¨â¥à æ¨®®£® ¯à®æ¥áá  (3.1) áã¡£à ¤¨¥â à¥£ã«ïà¨§®¢ ®£® äãªæ¨® « 

��(x) ¢ ¯à®áâà áâ¢¥
0

W 1
2 ¢ëç¨á«ï«áï ¯® ä®à¬ã«¥

5��(x) = 2
Z s

0

�Z 1

0

K(t; �)
� Z 1

0

K(t; s)dx(s)� y(t)
��

dt d� + �

Z s

0

signx0(�)d�

á ¢ë¡®à®¬ ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢

� = 10�8; �0 = 1; �k+1 = �k �

�
1�

1
k + 2

�
; k = 0; 1; : : :
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�«ï ¢ë¯®«¥¨ï ç¨á«¥ëå à áç¥â®¢ ¯à®¢®¤¨« áì ¤¨áªà¥â ï  ¯¯à®ªá¨¬ æ¨ï ¯® ä®à¬ã«¥
¯à ¢ëå ¯àï¬®ã£®«ì¨ª®¢ á ç¨á«®¬ ã§«®¢ N = 91. � ª ç¥áâ¢¥  ç «ì®£® ¯à¨¡«¨¦¥¨ï ¯à¨¨-
¬ «®áì x0(t) � 0. �®á«¥ 200 ¨â¥à æ¨© ®â®á¨â¥«ì ï ¯®£à¥è®áâì à¥è¥¨ï ¢ L2-®à¬¥ á®áâ ¢¨« 
0.032,   ¥¢ï§ª  | 0:026. �«ï  ç «ì®£® ¯à¨¡«¨¦¥¨ï x0(t) íâ¨ ¢¥«¨ç¨ë à ¢ë ¥¤¨¨æ¥.

� à¨ â £à ¤¨¥â®£® ¬¥â®¤  (3.1) ¯à¨

�k = [��(xk)� F �]=k 5 ��(xk)k (F � = 0)

¯à¨ â¥å ¦¥ ¨áå®¤ëå ¤ ëå ¤ ¥â à¥è¥¨¥   ¯®àï¤®ª «ãçè¥ ª ª ¯® ¥¢ï§ª¥, â ª ¨ ¯® äãª-
æ¨® «ã.
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