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� ­­ ï à ¡®â  ¯®á¢ïé¥­  ¯®«¨­®¬¨ «ì­ë¬ ¯à®¥ªæ¨®­­ë¬ ¬¥â®¤ ¬ à¥è¥­¨ï ¨­â¥£à®¤¨ä-
ä¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

Ax � x0(s) + a(s)x(s) + V (x; s) = y(s); �1 < s <1; (0.1)

¯à¨ ¯¥à¨®¤¨ç¥áª¨å ªà ¥¢ëå ãá«®¢¨ïå

x(0) = x(2�); (0.2)

§¤¥áì a(s) 2 C2� ¨ y(s) 2 L2(0; 2�) | ¨§¢¥áâ­ë¥ 2�-¯¥à¨®¤¨ç¥áª¨¥ äã­ªæ¨¨, x(t) | ¨áª®¬ ï
äã­ªæ¨ï,   V | ¤ ­­ë© ¢¯®«­¥ ­¥¯à¥àë¢­ë© (¢ â®¬ ç¨á«¥ ¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­ë©) ®¯¥à -
â®à, ¢ ç áâ­®áâ¨,

V (x; s) =
1
2�

Z 2�

0

h(s; �)x0(�)d� +
1
2�

Z 2�

0

g(s; �) ctg
� � s

2
x(�)d� +

+
1
2�

Z 2�

0
r(s; �)

lnm
�� sin ��s

2

���� sin ��s
2

��� x(�)d�;

£¤¥ h(s; �) 2 L2([0; 2�]2), g(s; �) 2 H([0; 2�]2), r(s; �) 2 C([0; 2�]2), m+ 1 2 N; 0 � � < 1.
�â¬¥â¨¬, çâ® ªà ¥¢ ï § ¤ ç  (0.1){(0.2) ¢áâà¥ç ¥âáï ¢ àï¤¥ ¯à¨ª« ¤­ëå § ¤ ç (­ ¯à., [1]{

[4]). �®áª®«ìªã ®­  â®ç­® ­¥ à¥è ¥âáï, â® ¤«ï ¯à¨«®¦¥­¨© ¡®«ìè®¥ §­ ç¥­¨¥ ¨¬¥¥â à §à ¡®âª 
¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢ ¥¥ à¥è¥­¨ï á á®®â¢¥âáâ¢ãîé¨¬ â¥®à¥â¨ç¥áª¨¬ ®¡®á­®¢ ­¨¥¬. �¨¦¥,
ª ª ¢ à ¡®â å [1], [3]{[5], ªà ¥¢ ï § ¤ ç  (0.1){(0.2) à¥è ¥âáï ®¡é¨¬ ¯à®¥ªæ¨®­­ë¬ ¬¥â®¤®¬,
¯®à®¦¤ ¥¬ë¬ ª ª ®£à ­¨ç¥­­ë¬¨, â ª ¨ ­¥®£à ­¨ç¥­­ë¬¨ ¢ ¯à®áâà ­áâ¢¥ L2(0; 2�) ¯®«¨­®¬¨-
 «ì­ë¬¨ ¯à®¥ªæ¨®­­ë¬¨ ®¯¥à â®à ¬¨,   â ª¦¥ à áá¬aâà¨¢ îâáï ¥£® ª®­ªà¥â­ë¥ à¥ «¨§ æ¨¨.
�®ª §ë¢ ¥âáï â ª¦¥ ®¯â¨¬ «ì­®áâì ¨áá«¥¤ã¥¬ëå ¬¥â®¤®¢.

1. �ëç¨á«¨â¥«ì­ë¥ áå¥¬ë

�ãáâì Y = L2 = L2(0; 2�) { ¯à®áâà ­áâ¢® ª¢ ¤à â¨ç­®-áã¬¬¨àã¥¬ëå ¯® �¥¡¥£ã ¢ (0; 2�)
äã­ªæ¨© á ®¡ëç­ë¬¨ áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¨ ­®à¬®© á®®â¢¥âáâ¢¥­­®

(f; ') =
1
2�

Z 2�

0
f(s)'(s)ds (f; ' 2 L2);

kfk2 =
�
1
2�

Z 2�

0

jf(s)j2ds
�1=2

� kfkL2 (f 2 L2):
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�¡®§­ ç¨¬ ç¥à¥§ Pn = fPng ¬­®¦¥áâ¢® ¢á¥å N = N(n)-¬¥à­ëå «¨­¥©­ëå ¯®«¨­®¬¨ «ì­ëå
¯à®¥ªæ¨®­­ëå ®¯¥à â®à®¢ ¢ ¯à®áâà ­áâ¢¥ L2, £¤¥ n 2 N. �®«®¦¨¬

P(1)
n = fPn 2 Pn : kPnkL2!L2 = O(1); n!1g;

P(2)
n = fPn 2 Pn : kPnkL2!L2 =1; kPnkC2�!L2 = O(1); n!1g;

£¤¥ C2� | ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå 2�-¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨© á ®¡ëç­®© ­®à¬®©

kfkC2� = max
s
jf(s)j � kfk1 (f 2 C2�):

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (0.1){(0.2) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ âà¨£®­®¬¥âà¨ç¥áª®£® ¯®«¨-
­®¬  ¢ ª®¬¯«¥ªá­®© ä®à¬¥

xn(s) =
nX

k=�n

�ke
iks; ��k = �k; N = 2n+ 1; (1.1)

ª®â®àë© ¡ã¤¥¬ ®¯à¥¤¥«ïâì ª ª à¥è¥­¨¥ ãà ¢­¥­¨ï

Anxn � PnAxn = Pny (Pn 2 Pn): (1.2)

�ç¥¢¨¤­®, çâ® íâ® ãà ¢­¥­¨¥ íª¢¨¢ «¥­â­® á¨áâ¥¬¥ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (����)
¯®àï¤ª  N = 2n+ 1 ®â­®á¨â¥«ì­® N = 2n+ 1 ­¥¨§¢¥áâ­ëå ª®íää¨æ¨¥­â®¢ ¬­®£®ç«¥­  (1.1).

�â¬¥â¨¬, çâ® ¯à¨ ª ¦¤®¬ ª®­ªà¥â­®¬ á¯®á®¡¥ ¢ë¡®à  ®¯¥à â®à  Pn 2 Pn ¯®«ãç ¥¬ ª®­ªà¥â-
­ë© ¯®«¨­®¬¨ «ì­ë© ¯à®¥ªæ¨®­­ë© ¬¥â®¤ à¥è¥­¨ï § ¤ ç¨ (0.1){(0.2). � ¯à¨¬¥à, ¥á«¨ Pn � �n

¥áâì ®¯¥à â®à �ãàì¥ n-£® ¯®àï¤ª  ¯® âà¨£®­®¬¥âà¨ç¥áª®© á¨áâ¥¬¥ äã­ªæ¨©

�n(f ; s) =
nX

k=�n

ck(f)e
iks; ck(f) =

1
2�

Z 2�

0

f(s)e�iksds; f 2 L2; (1.3)

â® ¨¬¥¥¬ ¬¥â®¤ à¥¤ãªæ¨¨ (� «�¥àª¨­ ) á ����

ir�r +
nX

k=�n

fcr�k(a) + brkg�k = cr(y); r = �n; n; (1.4)

£¤¥

brk =
1
2�

2�Z
0

V (eiks; s)e�irsds;

¥á«¨ Pn ¥áâì ®¯¥à â®à � £à ­¦ 

Ln(f ; s) =
2nX
k=0

f(sk)tk(s); f 2 C2�; (1.5)

  tk(s) | äã­¤ ¬¥­â «ì­ë¥ âà¨£®­®¬¥âà¨ç¥áª¨¥ ¯®«¨­®¬ë ¯® á¨áâ¥¬¥ ¨§ 2n+1 ¯®¯ à­® ­¥íª¢¨-
¢ «¥­â­ëå ã§«®¢ s0; s1; : : : ; s2n, â® ¨¬¥¥¬ ¬¥â®¤ ª®««®ª æ¨¨ à¥è¥­¨ï § ¤ ç¨ (0.1){(0.2) á ����
¢¨¤ 

nX
k=�n

�kfik + a(sr)geiksr +
nX

k=�n

�kV (e
iks; sr) = y(sr); r = 0; 2n: (1.6)

Eá«¨ ¦¥ Pn | ®¯¥à â®à ¨­â¥à¯®«¨à®¢ ­¨ï ¯® § ¤ ­­ë¬ äã­ªæ¨®­ « ¬

fk =
1

sk+1 � sk

Z sk+1

sk

f(s)ds; k = 0; 2n; f 2 L2; s2n+1 = s0 + 2�; (1.7)
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â® ¯®«ãç¨¬ ¬¥â®¤ ¯®¤®¡« áâ¥© à¥è¥­¨ï § ¤ ç¨ (0.1){(0.2) á á¨áâ¥¬®©  ¯¯à®ªá¨¬¨àãîé¨å ãà ¢-
­¥­¨© ¢¨¤ 

nX
k=�n

crk�k = yr; r = 0; 2n; (1.8)

£¤¥

crk =
Z sr+1

sr

A(eiks; s)ds; yr =
Z sr+1

sr

y(s)ds:

�®íâ®¬ã ¯®¤«¥¦ é¨© ¨áá«¥¤®¢ ­¨î ¬¥â®¤ (1.1){(1.2) ï¢«ï¥âáï ®¡é¨¬ ¯®«¨­®¬¨ «ì­ë¬ ¯à®¥ª-
æ¨®­­ë¬ ¬¥â®¤®¬ à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (0.1){(0.2).

2. �á­®¢­ë¥ à¥§ã«ìâ âë

�ãáâì X = W 1
2 = W 1

2 (0; 2�) | á®¡®«¥¢áª®¥ ¯à®áâà ­áâ¢® 2�{¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨© á ­®à-
¬®©

kx(s)kW 1
2
= kx(s)kL2 +





 ddsx(s)





L2

(x 2W 1
2 ):

�¡®§­ ç¨¬ ç¥à¥§ En(')L2 = En(')2 ­ ¨«ãçè¥¥ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨¨
' 2 L2 âà¨£®­®¬¥âà¨ç¥áª¨¬¨ ¯®«¨­®¬ ¬¨ áâ¥¯¥­¨ ­¥ ¢ëè¥ n (n+1 2 N). �¥à¥§En(')C = En(')1
¡ã¤¥¬ ®¡®§­ ç âì ­ ¨«ãçè¥¥ à ¢­®¬¥à­®¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨¨ ' 2 C2� âà¨£®­®¬¥âà¨ç¥áª¨¬¨
¯®«¨­®¬ ¬¨ áâ¥¯¥­¨ ­¥ ¢ëè¥ n (n+1 2 N). � «ìè¥ ç¥à¥§ IHT

n ¡ã¤¥¬ ®¡®§­ ç âì ¬­®¦¥áâ¢® ¢á¥å
âà¨£®­®¬¥âà¨ç¥áª¨å ¯®«¨­®¬®¢ áâ¥¯¥­¨ ­¥ ¢ëè¥ n (n = 0; 1; : : : ).

�«ï ¢ëç¨á«¨â¥«ì­®© áå¥¬ë (0.1){(0.2), (1.1){(1.2) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ à¥§ã«ìâ âë.

�¥®à¥¬  1. �ãáâì Pn 2 P(1)
n , äã­ªæ¨¨ a(s); y(s) 2 L2,   V : W 1

2 ! L2 | ¢¯®«­¥ ­¥¯à¥àë¢­ë©

®¯¥à â®à. �á«¨ ªà ¥¢ ï § ¤ ç  (0:1){(0:2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x�(s) 2 W 1
2 ¯à¨ «î¡®©

¯à ¢®© ç áâ¨ y(s) 2 L2, â® ¯à¨ ¢á¥å n 2 N, ­ ç¨­ ï á ­¥ª®â®à®£®, ãà ¢­¥­¨¥ (1:2) ®¡é¥£®

¯à®¥ªæ¨®­­®£® ¬¥â®¤  â ª¦¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

x�n(s) =
nX

k=�n

��ke
iks 2 IHT

n : (1.1�)

�®á«¥¤®¢ â¥«ì­®áâì ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© (1:1�) ¯à¨ n!1 áå®¤¨âáï ª â®ç­®¬ã à¥è¥­¨î

x�(s) ¢ ¯à®áâà ­áâ¢¥ W 1
2 á® áª®à®áâìî

kx�(s)� x�n(s)kW 1
2
= O

�
En

�
d

ds
x�(s)

�
L2

�
: (2.1)

�«¥¤áâ¢¨¥. �á«¨ äã­ªæ¨¨ a(s); y(s) ¨ ®¯¥à â®à V ãà ¢­¥­¨ï (0.1) â ª®¢ë, çâ®

x�(s) 2W r+1L2(0; 2�); r 2 N; (2.2)

â® ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ¯à®¥ªæ¨®­­ë© ¬¥â®¤ áå®¤¨âáï á® áª®à®áâìî

kx� � x�nkW 1
2
= O

�
1
nr

�
: (2.3)

�¥®à¥¬  2. �ãáâì Pn 2 P(2)
n , äã­ªæ¨¨ a(s); y(s) 2 C2�,   V : W 1

2 ! C2� | ¢¯®«­¥ ­¥¯à¥-

àë¢­ë© ®¯¥à â®à. �á«¨ ªà ¥¢ ï § ¤ ç  (0:1){(0:2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x�(s) 2W 1
2 ¯à¨

«î¡®© ¯à ¢®© ç áâ¨ y(s) 2 L2, â® ¯à¨ ¢á¥å n 2 N, ­ ç¨­ ï á ­¥ª®â®à®£®, ãà ¢­¥­¨¥ (1:2) ®¡é¥£®
¯à®¥ªæ¨®­­®£® ¬¥â®¤  â ª¦¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x�n(s) 2 IHT

n . �®á«¥¤®¢ â¥«ì­®áâì

¯à¨¡«¨¦¥­­ëå à¥è¥­¨© (1:1�) ¯à¨ n!1 áå®¤¨âáï ª â®ç­®¬ã à¥è¥­¨î x�(s) ¢ ¯à®áâà ­áâ¢¥
W 1

2 á® áª®à®áâìî

kx�(s)� x�n(s)kW 1
2
= O

�
En

�
d

ds
x�(s)

�
C

�
: (2.4)
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�«¥¤áâ¢¨¥. �á«¨ ãà ¢­¥­¨¥ (0.1) â ª®¢®, çâ® ¥£® à¥è¥­¨¥

x�(s) 2W r+1(0; 2�); r 2 N; (2.5)

â® ¢ ãá«®¢¨ïå â¥®à¥¬ë 2 ®¡é¨© ¯à®¥ªæ¨®­­ë© ¬¥â®¤ áå®¤¨âáï á® áª®à®áâìî

kx� � x�nkW 1
2
= O

�
1
nr

�
: (2.6)

�ãáâì â¥¯¥àì Y = C2�,   X = C1
2� | ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå 2�-

¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨© á ­®à¬®©

kxkC1
2�
= kx(s)kC2� + kx0(s)kC2� ; x 2 C1

2�:

�¡®§­ ç¨¬ ç¥à¥§ P(3)
n = fPn : Y ! IHT

n � Y g ¬­®¦¥áâ¢® ¢á¥å «¨­¥©­ëå ¯®«¨­®¬¨ «ì­ëå ¯à®¥ª-
æ¨®­­ëå ®¯¥à â®à®¢ à ­£  2n + 1 2 N,   ç¥à¥§ !('; �)1 | ®¡ëç­ë© (â. ¥. ¢ C2�) ¬®¤ã«ì ­¥¯à¥-
àë¢­®áâ¨ äã­ªæ¨¨ ' 2 C2� á è £®¬ � > 0. �®«®¦¨¬ kPnk1 = kPnkC2�!C2� , n 2 N.

�¥®à¥¬  3. �ãáâì X = C1
2�; Y = C2�, Pn = P(3)

n ,   äã­ªæ¨¨ a(s); y(s) ¨ ®¯¥à â®à V : C1
2� !

C2� â ª®¢ë, çâ®

�n =
�
!

�
a;
1
n

�
1

+ !

�
y;
1
n

�
1

+
1
n

�
kPnk1 ! 0; n!1; (2.7)

�n = kPnk1 sup
x2X
kxk�1

En(V x)1 ! 0; n!1: (2.8)

�á«¨ § ¤ ç  (0:1){(0:2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x� 2 C1
2� ¯à¨ «î¡®© ¯à ¢®© ç áâ¨

y 2 C2�, â® ¯à¨ ¢á¥å n 2 N, ­ ç¨­ ï á ­¥ª®â®à®£®, ãà ¢­¥­¨¥ (1:2) â ª¦¥ ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥

à¥è¥­¨¥ x�n(s) 2 IHT
n . �®á«¥¤®¢ â¥«ì­®áâì ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© (1:1�) áå®¤¨âáï ª â®ç­®¬ã

à¥è¥­¨î ¢ ¯à®áâà ­áâ¢¥ C1
2� á® áª®à®áâìî, ®¯à¥¤¥«ï¥¬®© á®®â­®è¥­¨ï¬¨

kx�(s)� x�n(s)kC1
2�
= O

�
kPnk1En

�
d

ds
x�(s)

�
C

�
= O(�n + �n): (2.9)

�¥¯¥àì à áá¬®âà¨¬ å®âï ¡ë ¢ªà âæ¥ ®¯â¨¬¨§ æ¨î ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢ à¥è¥­¨ï ªà ¥¢®©
§ ¤ ç¨ (0.1){(0.2), ¯®«ì§ãïáì ¯à¨ íâ®¬ ®¯à¥¤¥«¥­¨ï¬¨ ¨ ­¥ª®â®àë¬¨ à¥§ã«ìâ â ¬¨ à ¡®â [3], [6].
� á«ãç ¥ ä¨ªá¨à®¢ ­­®£® ãà ¢­¥­¨ï (0.1) ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  4. � ãá«®¢¨ïå â¥®à¥¬ë 1 á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï:

 ) ¯à®¥ªæ¨®­­ë© ¬¥â®¤ (1:1){(1:2) á ®¯¥à â®à®¬ Pn 2 P(1)
n ®¯â¨¬ «¥­ ¯® ¯®àï¤ªã áà¥¤¨ ¢á¥-

¢®§¬®¦­ëå ¯àï¬ëå ¨ ¯à®¥ªæ¨®­­ëå ¬¥â®¤®¢ à¥è¥­¨ï § ¤ ç¨ (0:1){(0:2), ¯®§¢®«ïîé¨å
¯®áâà®¨âì ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯®«¨­®¬  (1:1);

¡) ¬¥â®¤ � «�¥àª¨­  (1:1){(1:4)  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «¥­ áà¥¤¨ ¢á¥¢®§¬®¦­ëå ¯®«¨­®-

¬¨ «ì­ëå ¯àï¬ëå ¨ ¯à®¥ªæ¨®­­ëå ¬¥â®¤®¢ à¥è¥­¨ï § ¤ ç¨ (0:1){(0:2).

�¥®à¥¬  5. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¬¥â®¤ ¯®¤®¡« áâ¥© (1:1), (1:2), (1:7), (1:8) á ã§« ¬¨

sk =
2k�
2n+ 1

; k = 0; 2n+ 1; (2.10)

¨ ¬¥â®¤ ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢ á ����

nX
k=�n

�k(Ae
iks; Aeijs) = (y;Aeijs); j = �n; n; (2.11)

®¯â¨¬ «ì­ë ¯® ¯®àï¤ªã ¢ á¬ëá«¥ â¥®à¥¬ë 4.
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� ¬¥ç ­¨¥ 1. �®áª®«ìªã Xn = X \ IHT
n ¨ Yn = Y \ IHT

n ï¢«ïîâáï íªáâà¥¬ «ì­ë¬¨ ¯®¤¯à®-
áâà ­áâ¢ ¬¨ ¢ ¨á¯®«ì§®¢ ­­ëå ¢ëè¥ ¯à®áâà ­áâ¢ å X ¨ Y , â® ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ 4 ¨ 5 ®áâ -
îâáï á¯à ¢¥¤«¨¢ë¬¨ ¨ ¤«ï ¯àï¬ëå ¨ ¯à®¥ªæ¨®­­ëå ¬¥â®¤®¢ à¥è¥­¨ï ª« áá  ®¤­®§­ ç­® à §à¥-
è¨¬ëå ªà ¥¢ëå § ¤ ç (0.1){(0.2), ã ª®â®àëå ª« áá X� = fx�g � X ¨áª®¬ëå í«¥¬¥­â®¢ ®¡à §ã¥â
æ¥­âà «ì­®-á¨¬¬¥âà¨ç¥áª¨© ª®¬¯ ªâ ¢ ¯à®áâà ­áâ¢¥ X. �®áª®«ìªã ¢ á¨«ã ¯à¨¢¥¤¥­­ëå ¢ëè¥
â¥®à¥¬ ¨ á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ £« ¢ II ¨ IV ¨§ [3] ¢ ®¡®á­®¢ ­¨¨ íâ¨å ãâ¢¥à¦¤¥­¨© ­¥
¢®§­¨ª ¥â ¯à¨­æ¨¯¨ «ì­ëå âàã¤­®áâ¥©, â® ­  íâ®¬ ¢®¯à®á¥ ¡®«¥¥ ¯®¤à®¡­® ®áâ ­ ¢«¨¢ âìáï ­¥
¡ã¤¥¬,   ¯à¨¢¥¤¥¬ «¨èì ®¤¨­ à¥§ã«ìâ â.

�¥®à¥¬  6. � ãá«®¢¨ïå â¥®à¥¬ë 3 ¨ § ¬¥ç ­¨ï 1 á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

UN(E) � sup
x�2X�

kx�0 � �nx
�0k1;

¨ ®¯â¨¬ «ì­ë¬¨ ¯® ¯®àï¤ªã ï¢«ïîâáï:

 ) ¬¥â®¤ � «�¥àª¨­  (1:1){(1:4);
¡) ¬¥â®¤ ª®««®ª æ¨¨ (1:1), (1:2), (1:5), (1:6) á ã§« ¬¨

sk =
2k�
2n+ 1

; k = 0; 2n;

¢) ¬¥â®¤ ¯®¤®¡« áâ¥© (1:1), (1:2), (1:7), (1:8) á ã§« ¬¨ (2:10).

3. �®ª § â¥«ìáâ¢® â¥®à¥¬

�à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢  áä®à¬ã«¨à®¢ ­­ëå ¢ëè¥ â¥®à¥¬ 1{6. �à¨ íâ®¬ ¡ã¤¥¬ ¯®«ì§®¢ âì-
áï à¥§ã«ìâ â ¬¨ à ¡®â [1], [3]{[9].

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �®«®¦¨¬ X =W 1
2 ; Y = L2 ¨ § ¤ çã (0.1){(0.2) ¡ã¤¥¬ à áá¬ -

âà¨¢ âì ª ª «¨­¥©­®¥ ®¯¥à â®à­®¥ ãà ¢­¥­¨¥ ¢¨¤ 

Ax � Bx+ V x = y (x 2 X; y 2 Y ); (3.1)

£¤¥ Bx = x0 + ax. � á¨«ã ãá«®¢¨© â¥®à¥¬ë ®¯¥à â®à A : X ! Y ­¥¯à¥àë¢­® ®¡à â¨¬ ¨

kAkX!Y � d0; kA�1kY!X � d1; (3.2)

£¤¥ dk | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥.
�®«®¦¨¬ Xn = IHT

n \ X, Yn = IHT
n \ Y ¨ á®®â­®è¥­¨ï (1.1){(1.2) ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª

«¨­¥©­®¥ ®¯¥à â®à­®¥ ãà ¢­¥­¨¥ ¢¨¤ 

Anxn � PnBxn + PnV xn = Pny (xn 2 Xn; Pny 2 Yn; Pn 2 P(1)
n ): (3.3)

�á­®, çâ® ¤«ï «î¡ëå n 2 N ¨ Pn 2 P(1)
n

kPnkL2!L2 � kPnk2 � d2 <1; kAnkXn!Yn � kPnkY!Y nkAkXn!Y � d2d0; (3.4)

£¤¥ ¯®áâ®ï­­ ï d2 ­¥ § ¢¨á¨â ®â n.
�§ (3.1), (3.3) ¤«ï «î¡ëå xn 2 Xn; Pn 2 P(1)

n ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

kAxn �Anxnk = kBxn + V xn � Pn(Bxn + V xn)k �
� kBxn � PnBxnk+ kV xn � PnV xnk = kaxn � Pn(axn)k+ kV xn � PnV xnk: (3.5)

�á­®, çâ® ¤«ï «î¡®£® xn 2 Xn ¨ Pn 2 P(1)
n ¨¬¥¥¬

kV xn � PnV xnk � 2kPnk2En(V xn)2 � 2d2kxnk sup
x2X
kxk�1

En(V x)2 = 2d2kxnk sup
z2V S

En(z)2;

kA0xn � PnA0xnk = kaxn � Pn(axn)k � 2d2kxnk sup
x2S

En(ax)2;
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£¤¥ S = S(0; 1) | ¥¤¨­¨ç­ë© è à á æ¥­âà®¬ ¢ ­ã«¥¢®© â®çª¥ ¯à®áâà ­áâ¢  X. �®íâ®¬ã

�n � kV � PnV kXn!Y � 2d2 sup
z2V S

En(z)2; (3.6)


n � kA0 � PnA0kXn!Y � 2d2 sup
z2A0S

En(z)2: (3.7)

�®áª®«ìªã ®¯¥à â®àë V; A0 : X ! Y ï¢«ïîâáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬¨, â® ¬­®¦¥áâ¢  V S ¨ A0S
¡ã¤ãâ ª®¬¯ ªâ­ë¬¨ ¢ ¯à®áâà ­áâ¢¥ Y . �®£¤ 

lim
n!1

sup
z2V S

En(z)2 = lim
n!1

sup
z2A0S

En(z)2 = 0: (3.8)

�§ (3.4){(3.9) ¤«ï «î¡ëå Pn 2 P(1)
n ¯®«ãç ¥¬

"n � kA�AnkXn!Y � �n + 
n ! 0; n!1: (3.9)

� ¤àã£®© áâ®à®­ë, ¤«ï ¯à ¢ëå ç áâ¥© ãà ¢­¥­¨© (3.1) ¨ (3.3) ¢ á¨«ã áª § ­­®£® ¢ëè¥ ¨¬¥¥¬

�n � ky � Pnyk2 � 2kPnk2En(y)2 � 2d2En(y)2 ! 0; n!1: (3.10)

� á¨«ã á®®â­®è¥­¨© (3.2){(3.10) ¤«ï ãà ¢­¥­¨© (3.1) ¨ (3.3) ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï â¥®à¥¬ë 7
([3], £«. I), ®âáî¤  á«¥¤ã¥â, çâ® ®¯¥à â®àë An : Xn ! Yn (n � n0) ­¥¯à¥àë¢­® ®¡à â¨¬ë, ¯à¨ç¥¬

kA�1n k � d3 = const <1 (n � n0); (3.11)

kx� � x�nk = kA�1y �A�1n Pnyk = O("n + �n)! 0; n!1; (3.12)

kx� � x�nk = O(kx� � exnk) 8exn 2 Xn; n!1: (3.13)

�ë¡¥à¥¬ í«¥¬¥­â exn ¯® ä®à¬ã«¥
exn(s) = nX

k=�n

ck(x�)eiks � �n(x�; s); ck(x�) =
1
2�

Z 2�

0

x�(�)e�ik�d�: (3.14)

�®áª®«ìªã d
ds
�n(x�(�); s) = �n

�
d
d�
x�(�); s

�
, â® ¨§ (3.11){(3.14) ­ å®¤¨¬ ®æ¥­ªã (2.1)

kx� � x�nk � d4kx� � exnkX = d4[kx� � �nx
�kY + kx�0 � �nx

�0kY ] =

= d4[En(x
�)2 ++En(x

�0)2] � d4

�
En(x�0)2

n
+En(x

�0)2

�
� 2d4En(x

�0)2 ! 0; n!1:

�á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (2.2), â® ¨§ (2.1) ¨ â¥®à¥¬ë �¦¥ªá®­  [7] ¢ ¯à®áâà ­áâ¢¥ L2 ­ å®¤¨¬
®æ¥­ªã (2.3).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ¢¥¤¥¬ ¢ ®á­®¢­®¬ ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1. �¤­ ª®
§¤¥áì ¢ á¨«ã ­¥®£à ­¨ç¥­­®áâ¨ ®¯¥à â®à®¢ Pn : L2 ! L2 (Pn 2 P(2)

n ) ¢¬¥áâ® ¢¥«¨ç¨­ d2, �n, 
n,
"n, �n ¨ ä®à¬ã« (3.8) ¡ã¤¥¬ ¨¬¥âì ¤«ï Pn 2 P(2)

n á®®â­®è¥­¨ï á®®â¢¥âáâ¢¥­­®

kPnkC2�!L2 � ed2 = const <1; (3.15)e�n � kV � PnV kXn!Y � 2 ed2 sup
z2V S

En(z)1; (3.16)

e
n � kA0 � PnA0kXn!Y � 2 ed2 sup
z2A0S

En(z)1; (3.17)

e"n � kA�AnkXn!Y � e�n + e
n ! 0; n!1; (3.18)e�n � ky � PnykY � 2kPnkC2�!L2En(y)1 � 2 ed2En(y)1 ! 0; n!1; (3.19)

lim
n!1

sup
z2V S

En(z)1 = lim
n!1

sup
z2A0S

En(z)1 = 0: (3.20)

� ¬¥â¨¬, çâ® á®®â­®è¥­¨ï (3.20) ¨¬¥îâ ¬¥áâ® ¢ á¨«ã ª®¬¯ ªâ­®áâ¨ ¬­®¦¥áâ¢ V S ¨ A0S ¢ ¯à®-
áâà ­áâ¢¥ C2�.
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� á¨«ã á®®â­®è¥­¨© (3.2), (3.15){(3.20) ¤«ï ãà ¢­¥­¨© (3.1) ¨ (3.3) á Pn 2 P(2)
n ¢ë¯®«­¥­ë

¢á¥ ãá«®¢¨ï â¥®à¥¬ë 7 ¨§ ([3], £«. I), ®âªã¤  ¢ á¢®î ®ç¥à¥¤ì á«¥¤ãîâ á®®â­®è¥­¨ï

kA�1n kYn!Xn
� ed3 = const <1; n � n0; (3.21)

kx� � x�nkX = O(e"n + e�n)! 0; n!1: (3.22)

�«ï ¯®«ãç¥­¨ï ®æ¥­®ª (2.4) ¨ (2.6) ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© 14 ¨§ ([3], £«. I). � íâ®© æ¥«ìî
ãà ¢­¥­¨ï (3.1) ¨ (3.3) ¯à¥¤áâ ¢¨¬ ¢ íª¢¨¢ «¥­â­®¬ ¢¨¤¥ á®®â¢¥âáâ¢¥­­®

Ax � Gx+ Tx = y (x 2 X; y 2 Y ); (3.23)

Anxn � Gxn + PnTxn = Pny (xn 2 Xn; Pny 2 Yn; Pn 2 P(2)
n ); (3.24)

£¤¥ Gx � x0 + x, Tx = (a� 1)x+ V x. �®£¤  «¥£ª® ¯®ª § âì, çâ®
 ) ®¯¥à â®à G : X ! Y ­¥¯à¥àë¢­® ®¡à â¨¬ ¨

kGkX!Y � 1; kG�1kY!X � 2; (3.25)

¡) ®¯¥à â®à T :W 1
2 ! C2� ¢¯®«­¥ ­¥¯à¥àë¢¥­.

�®íâ®¬ã ¨§ (3.21){(3.25) ¨ (3.2) ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

kx� � x�nkX = k(E �A�1n PnT )(x� �G�1PnGx
�)kX �

� kE �A�1n PnTkX!Xkx� �G�1PnGx
�kX �

� (1 + kA�1n kYn!Xn
kPnkC2�!L2kTkW 1

2
!C2�)kx� �G�1PnGx

�kX �
� (1 + ed1 ed3d5)kx� �G�1PnGx

�kX � (1 + ed1 ed3d5)kG�1kY!XkGx� � PnGx
�kY �

� 2(1 + ed1 ed3d5)2 ed2En(Gx�)1 � d6En(Gx�)1 = OfEn(Gx�)1g; Pn 2 P(2)
n : (3.26)

�®áª®«ìªã

En(Gx
�)1 = En(x

�0 + x�)1 � En(x
�0)1 +En(x

�)1 �
� En(x

�0)1 +
�

2(n+ 1)
En(x

�0)1 � 2En(x
�0)1; n 2 N;

â® ¨§ (3.26) á«¥¤ã¥â ®æ¥­ª  (2.4).
�á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (2.5), â® ¨§ ®æ¥­ª¨ (2.4) ¨ â¥®à¥¬ë �¦¥ªá®­  [7] ¢ ¯à®áâà ­áâ¢¥ C2�

¯®«ãç ¥¬ ®æ¥­ªã (2.6).
�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ 1 ¨ 2 ®áâ ¥âáï ¤®ª § âì
 ) ª®¬¯ ªâ­®áâì ®¯¥à â®à  A0 :W 1

2 ! L2 ¢ ãá«®¢¨ïå â¥®à¥¬ë 1,
¡) ª®¬¯ ªâ­®áâì ®¯¥à â®à®¢ A0; T :W 1

2 ! C2� ¢ ãá«®¢¨ïå â¥®à¥¬ë 2,
  â ª¦¥ á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­áâ¢ (3.25).
�«ï «î¡®£® x 2W 1

2 ¨ a 2 L2 ­ å®¤¨¬

kA0xk2 = ka(s)x(s)k2 � kak1kxk2 � kak1kxkX ; (3.27)

!(A0x; �)2 = !(ax; �)2 � !(a; �)2kxk1 + kak2!(x; �)1; 0 < � � �; (3.28)

£¤¥ !('; �)2 ¨ !( ; �)1 | ¬®¤ã«¨ ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨© ' 2 L2 ¨  2 C2� ¢ ¯à®áâà ­áâ¢ å
á®®â¢¥âáâ¢¥­­® L2(0; 2�) ¨ C2�. �æ¥­¨¬ á¢¥àåã kxk1 ¨ !(x; �)1 ¤«ï «î¡®© äã­ªæ¨¨ x 2 W 1

2 .
�¬¥¥¬

kxk1 =




 1X
k=�1

ck(x)eiks





1

�
1X

k=�1

jck(x)j = jc0(x)j +
1X

jkj=1

����ck(x0)ik

���� �
� kxk2 +

s
1P

jkj=1

jck(x0)j2
s

1P
jkj=1

1
k2

= kxk2 + kx0k2 �p
3
� �p

3
kxkW 1

2
: (3.29)
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�®áª®«ìªã ¤«ï «î¡®© äã­ªæ¨¨ x 2W 1
2

x(s) = x(0) +
Z s

0

x0(�)d�; �1 < s <1;

â® ¤«ï «î¡ëå s0; s00 2 [0; 2�], 0 < s0 � s00 � �, ¨¬¥¥¬

jx(s0)� x(s00)j =
���� Z s0

s00
x0(�)d�

���� � p
s0 � s00

sZ 2�

0

jx0(�)j2d� �

�
p
2�� kx0k2 �

p
2�� kxkX ; !(x; �)1 �

p
2�� kxkW 1

2
: (3.30)

�§ (3.28){(3.30) á«¥¤ã¥â ­¥à ¢¥­áâ¢®

!(A0x; �)2 �
�
�p
3
!(a; �)2 +

p
2�� kak2

�
kxkW 1

2
: (3.31)

�§ á®®â­®è¥­¨© (3.27), (3.31) á«¥¤ã¥â ª®¬¯ ªâ­®áâì ®¯¥à â®à  A0 : W 1
2 ! L2 ¢ ãá«®¢¨ïå

â¥®à¥¬ë 1.
�¥¯¥àì ¤®ª ¦¥¬ ª®¬¯ ªâ­®áâì ®¯¥à â®à®¢ A0; T : W 1

2 ! C2� ¢ ãá«®¢¨ïå â¥®à¥¬ë 2. � á¨«ã
ª®¬¯ ªâ­®áâ¨ V : W 1

2 ! C2� íâ® ¤®áâ â®ç­® á¤¥« âì ¤«ï ®¯¥à â®à  A0. �«ï x 2W 1
2 ¨ a 2 C2� ¢

á¨«ã (3.29) ¨ (3.30) ­ å®¤¨¬

kA0xk1 = kaxk1 � kak1kxk1 � �p
3
kak1kxkW 1

2
; (3.32)

!(A0x; �)1 = !(ax; �)1 � !(a; �)1kxk1 + kak1!(x; �)1 �

�
�
�p
3
!(a; �)1 +

p
2�� kak1

�
kxkW 1

2
: (3.33)

�§ á®®â­®è¥­¨© (3.32), (3.33) ¨ ¨§¢¥áâ­®© â¥®à¥¬ë �àæ¥«  [8] á«¥¤ã¥â ª®¬¯ ªâ­®áâì ®¯¥à â®à 
A0 :W 1

2 ! C2�,   á«¥¤®¢ â¥«ì­®, ¨ ®¯¥à â®à  T :W 1
2 ! C2�.

�¥à¢®¥ ¨§ ­¥à ¢¥­áâ¢ (3.25) ®ç¥¢¨¤­®; ¤«ï ¤®ª § â¥«ìáâ¢  ¢â®à®£® ¨§ ­¨å à áá¬®âà¨¬ ¢á¯®-
¬®£ â¥«ì­®¥ ãà ¢­¥­¨¥

Gx � x0(s) + x(s) = y(s); x 2 X; y 2 L2: (3.34)

�®« £ ï

x(s) =
1X

k=�1

ck(x)eiks; y(s) =
1X

k=�1

ck(y)eiks;

x0(s) =
1X

k=�1

ikck(x)eiks (x 2W 1
2 ; y 2 L2);

¨§ (3.34) ­ å®¤¨¬

1X
k=�1

(1 + ik)ck(x)e
iks =

1X
k=�1

ck(y)e
iks; ck(x) =

ck(y)
1 + ik

; k = 0;�1; : : :

�®íâ®¬ã ®¯¥à â®à G : W 1
2 ! L2 ®¡à â¨¬ ¨

G�1(y; s) =
1X

k=�1

ck(y)
1 + ik

eiks; y 2 L2: (3.35)
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�âáî¤  á ¯®¬®éìî à ¢¥­áâ¢  � àá¥¢ «ï ¤«ï y 2 L2 ­ å®¤¨¬

kG�1ykW 1
2
= kG�1ykL2 +





 ddsG�1y






L2

=




 1X
k=�1

ck(y)
1 + ik

eiks





L2

+

+




 1X
k=�1

ik

1 + ik
ck(y)e

iks






L2

=

s
1P

k=�1

jck(y)j2
1 + k2

+

s
1P

k=�1

k2

1 + k2
jck(y)j2 �

� 2
� 1X
k=�1

jck(y)j2
�1=2

= 2kykL2 : (3.36)

�§ (3.36) á«¥¤ã¥â âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢® kG�1kY!X � 2.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �®«®¦¨¬ Xn=IHT
n \C1

2� ¨ Y=IH
T
n \C2�, dimXn=dimYn <1.

�®£¤  ãà ¢­¥­¨ï (3.1) ¨ (3.3) ¯à¨­¨¬ îâ ¢¨¤ á®®â¢¥âáâ¢¥­­®

Ax � Bx+ V x = y (x 2 C1
2�; y 2 C2�); (3.37)

Anxn � PnBxn + PnV xn = Pny (xn 2 Xn; Pny 2 Yn; Pn 2 P(3)
n ): (3.38)

�§ (3.37), (3.38) ¤«ï «î¡®£® xn 2 Xn ­ å®¤¨¬

kAxn �Anxnk1 = k[xn � Pn(axn)] + (V xn � PnV xn)k1 �
� 2kPnk1fEn(axn)1 +En(V xn)1g: (3.39)

�§ (3.39) ¨ â¥®à¥¬ë �¦¥ªá®­  [7] ¢ ¯à®áâà ­áâ¢¥ C2� ¯®«ãç ¥¬

kAxn �AnxnkC2� � 2kPnk1kxnkC1
2�

�
!

�
a;
1
n

�
1

+
1
n
kak1

�
:

�âáî¤  ¨ ¨§ (2.7), (2.8) á«¥¤ã¥â, çâ®

"n � kA�AnkXn!Y � d7kPnk1
�
!

�
a;
1
n

�
1

+
1
n
kak1+ sup

x2C1
2�

kxk�1

En(V x)1

�
! 0; n!1: (3.40)

�­ «®£¨ç­® ¤«ï ¯à ¢ëå ç áâ¥© ãà ¢­¥­¨© (3.37) ¨ (3.38) ¢ á¨«ã (2.7) ¯à¨ n!1 ­ å®¤¨¬

�n � ky � Pnyk1 � 2kPnk1En(y)1 � 6kPnk1!(y; 1=n)1 ! 0: (3.41)

�®áª®«ìªã kPnk1 � 1 8n 2 N, â® ¢ á¨«ã (2.8) ®¯¥à â®à V : C1
2� ! C2� ï¢«ï¥âáï ¢¯®«­¥

­¥¯à¥àë¢­ë¬. �®£¤  ¢ ãá«®¢¨ïå â¥®à¥¬ë ®¯¥à â®à A : C1
2� ! C2� ­¥¯à¥àë¢­® ®¡à â¨¬. �®íâ®¬ã

¢ á¨«ã á®®â­®è¥­¨© (3.40) ¨ (3.41) ¬ë ­ å®¤¨¬áï ¢ ãá«®¢¨ïå ¯à¨¬¥­¨¬®áâ¨ â¥®à¥¬ 6 ¨ 7 ¨§ ([3],
£«. I) ª ãà ¢­¥­¨ï¬ (3.37) ¨ (3.38), ®âªã¤  «¥£ª® ¢ë¢®¤¨âáï âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥, ¢ â®¬ ç¨á«¥
®æ¥­ª  (2.9).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4. � ª ã¦¥ ãª §ë¢ «¨ ¯¥à¥¤ ä®à¬ã«¨à®¢ª®© â¥®à¥¬ë 4, ­¨¦¥
¡ã¤¥¬ ¯®«ì§®¢ âìáï ®¡®§­ ç¥­¨ï¬¨ ¨ ­¥ª®â®àë¬¨ à¥§ã«ìâ â ¬¨ à ¡®âë [6] ¢ ç áâ­ëå á«ãç -
ïå. �ãáâì En = feng | ¬­®¦¥áâ¢® ¢á¥å ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢ à¥è¥­¨ï ä¨ªá¨à®¢ ­­®© § ¤ -
ç¨ (0.1){(0.2), ¯®§¢®«ïîé¨å ¯®áâà®¨âì ¥¥ ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ¢ ¢¨¤¥ ¯®«¨­®¬  (1.1). �®£¤ 
¢ á¨«ã xn(s) ¨ x�n(s) 2 IHT

n ¨¬¥¥¬

En(x�0)2 � En(x�)W 1
2
� VN � UN � kx�(s)� x�n(s)k; Pn 2 P(1)

n ; (3.42)

£¤¥ N = 2n+ 1. �§ á®®â­®è¥­¨© (3.42) ¨ (2.1) ¤«ï «î¡ëå Pn 2 P(1)
n ­ å®¤¨¬

En(x�0)L2 � VN � UN � kx� � x�nkW 1
2
= O

�
En(x�0)L2

	
: (3.43)

�§ á®®â­®è¥­¨© (3.43) á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥  ) â¥®à¥¬ë 4.
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�®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥ ¡). � íâ®© æ¥«ìî ¡ã¤¥¬ ¯®«ì§®¢ âìáï ãà ¢­¥­¨ï¬¨ (3.23) ¨ (3.24),
íª¢¨¢ «¥­â­ë¬¨ ãà ¢­¥­¨ï¬ á®®â¢¥âáâ¢¥­­® (3.1) ¨ (3.3). �à®¬¥ â®£®, ¢ ¯à®áâà ­áâ¢¥W 1

2 ¢¢¥¤¥¬
áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¨ ­®à¬ã á ¯®¬®éìî á®®â­®è¥­¨© á®®â¢¥âáâ¢¥­­®

(f; g)W 1
2
=

1
2�

Z 2�

0

f(s)g(s)ds+
1
2�

Z 2�

0

f 0(s)g0(s)ds (f; g 2W 1
2 ); (3.44)

kfkW 1
2
=
q
kfk2L2 + kf 0k2L2 (f 2W 1

2 ): (3.45)

�®à¬  (3.45) íª¢¨¢ «¥­â­  ­®à¬¥, ¢¢¥¤¥­­®© ¢ ­ ç «¥ x 2. �®íâ®¬ã ¤«ï íâ®£® á«ãç ï ãâ¢¥à-
¦¤¥­¨ï â¥®à¥¬ 1{3 ®áâ îâáï ¢ á¨«¥. �®ª ¦¥¬, çâ® â¥¯¥àì ¢¬¥áâ® (3.25) ¨¬¥¥¬ á®®â­®è¥­¨ï

kGkW 1
2
!L2 = kG�1kL2!W 1

2
= 1; (3.46)

â. ¥. G : W 1
2 ! L2 ¥áâì «¨­¥©­ ï ¨§®¬¥âà¨ï.

�®áª®«ìªã (x0; x) = 0 ¤«ï x 2W 1
2 , â® ¢ á¨«ã (3.44), (3.45) ¨¬¥¥¬

kGxk2L2 = kx0(s) + x(s)k2L2 = (x0 + x; x0 + x) = kx0k2L2 + kxk2L2 = kxk2W 1
2
; x 2W 1

2 :

�®íâ®¬ã kGkX!Y = 1. � ¤àã£®© áâ®à®­ë, ¨§ (3.35) á ¯®¬®éìî à ¢¥­áâ¢  � àá¥¢ «ï ­ å®¤¨¬

kG�1yk2W 1
2
= kG�1yk2L2 +





 ddsG�1y





2
L2

=




 1X
k=�1

ck(y)
1 + ik

eiks




2
L2

+




 1X
k=�1

ik

1 + ik
ck(y)eiks





2
L2

=

=
1X

k=�1

jck(y)j2
1 + k2

+
1X

k=�1

k2

1 + k2
jck(y)j2 =

1X
k=�1

jck(y)j2 = kyk2L2 (y 2 L2):

�®íâ®¬ã kG�1ykW 1
2
= kykL2 ¤«ï y 2 L2. �«¥¤®¢ â¥«ì­®, kG�1kL2!W 1

2
= 1, â. ¥. á®®â­®è¥­¨ï (3.46)

¤®ª § ­ë.
�®«®¦¨¬ ' = Gx, 'n = Gxn (x 2 X, xn 2 Xn). �ç¥¢¨¤­®, ' 2 Y , 'n 2 Yn. �®£¤  ãà ¢­¥-

­¨ï (3.23) ¨ (3.24) á Pn = �n íª¢¨¢ «¥­â­ë ãà ¢­¥­¨ï¬ á®®â¢¥âáâ¢¥­­®

K' � '+ TG�1' = y ('; y 2 L2); (3.47)

Kn'n � 'n +�nTG
�1'n = �ny ('n;�ny 2 Yn); (3.48)

£¤¥ ®¯¥à â®à �n ®¯à¥¤¥«¥­ ¯® ä®à¬ã«¥ (1.3). �â®â ®¯¥à â®à ®¡« ¤ ¥â á¢®©áâ¢ ¬¨

�2
n = �n; ��n = �n; k�nkL2!L2 = 1; �n ! E á¨«ì­® ¢ L2:

�à®áâà ­áâ¢  W 1
2 (á ­®à¬®© (3.45)) ¨ L2 ï¢«ïîâáï £¨«ì¡¥àâ®¢ë¬¨, ®¯¥à â®à TG�1 : L2 ! L2

¢¯®«­¥ ­¥¯à¥àë¢¥­. �®íâ®¬ã ª ãà ¢­¥­¨ï¬ (3.47) ¨ (3.48) ¯à¨¬¥­¨¬  â¥®à¥¬  16.2 ¨§ ([9], £«. 4),
á®£« á­® ª®â®à®© ¤«ï ¨å à¥è¥­¨© '� 2 L2, '�n 2 Yn á¯à ¢¥¤«¨¢   á¨¬¯â®â¨ç¥áª ï ®æ¥­ª 

k'� � '�nk2 � k'� � Pn'
�k2 = En('�)2; Pn = �n: (3.49)

�§ (3.45), (3.46) ¨ (3.49) ­ å®¤¨¬

kx� � x�nkW 1
2
= k'� � '�nkL2 � k'� � Pn'

�kL2 = kGx� � PnGx
�kL2 =

= kGx� �GPnx
�kL2 = kG(x� � Pnx

�)kL2 = kx� � Pnx
�kW 1

2
= En(x

�)W 1
2
: (3.50)

�®áª®«ìªã

En(x
�)W 1

2
� VN � UN � kx� � x�nk;

â® ¨§ (3.50) ¤«ï ¬¥â®¤  � «�¥àª¨­  à¥è¥­¨ï § ¤ ç¨ (0.1){(0.2) ­ å®¤¨¬

VN � UN � kx� � x�nkW 1
2
� En(x

�)W 1
2
: (3.51)
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�§ á®®â­®è¥­¨© (3.51) á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ ¡) â¥®à¥¬ë. �¤­ ª® ¤«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢ 
­¥®¡å®¤¨¬® ¯®ª § âì á¯à ¢¥¤«¨¢®áâì ¨á¯®«ì§®¢ ­­®£® ¢ ä®à¬ã« å (3.50) â®¦¤¥áâ¢ 

�nGx = G�nx (x 2 X): (3.52)

�à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ® ®¯¥à â®à �n ¨§ (1.3), ®¯à¥¤¥«¥­­ë© ¢ ¯à®áâà ­áâ¢¥ L2, ®¯à¥¤¥«¥­
â ª¦¥ ¢ ¯à®áâà ­áâ¢¥ W 1

2 . �®íâ®¬ã ¤«ï x 2W 1
2 ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

G(�nx; s) = �n(x; s) +
d

ds
�n(x; s) = �n(x(�); s) + �n

�
d

d�
x(�); s

�
=

= �n(x(�) + x0(�); s) = �n(Gx; s);

á«¥¤®¢ â¥«ì­®, â®¦¤¥áâ¢® (3.52) ãáâ ­®¢«¥­®.
�¥®à¥¬  4 ¤®ª § ­  ¯®«­®áâìî.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 5 ¢ á«ãç ¥ ¬¥â®¤  ¯®¤®¡« áâ¥© á ã§« ¬¨ (2.10) ¯à®¢®¤¨âáï á ¯®-
¬®éìî â¥®à¥¬ë 4 ¨ â®£® ä ªâ  [6], çâ®

P 2
n = Pn; kPnkL2!L2 � �=2 (n 2 N); Pn ! E á¨«ì­® ¢ L2:

�®áª®«ìªã ®¯¥à â®à A : W 1
2 ! L2 ­¥¯à¥àë¢­® ®¡à â¨¬, â® á¨áâ¥¬  äã­ªæ¨© fA(eik� ; s)g1�1

ï¢«ï¥âáï «¨­¥©­® ­¥§ ¢¨á¨¬®©. �®íâ®¬ã ¥¥ ®¯à¥¤¥«¨â¥«ì �à ¬¬  ®â«¨ç¥­ ®â ­ã«ï ¯à¨ «î¡ëå
n 2 N,   â®£¤  ���� (2.11) ®¤­®§­ ç­® à §à¥è¨¬  ¯à¨ «î¡ëå n 2 N ¨ «î¡ëå ¯à ¢ëå ç áâïå.
� íâ®¬ á«ãç ¥ ¨§¢¥áâ­® (­ ¯à., [3], á. 27{28), çâ® ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ exn 2 Xn, ¯®áâà®¥­­®¥
¬¥â®¤®¬ ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢ (1.1), (2.11) à¥è¥­¨ï § ¤ ç¨ (0.1){(0.2), ¯à¨ n!1 áå®¤¨âáï ¢
¯à®áâà ­áâ¢¥ X á® áª®à®áâìî, ®¯à¥¤¥«ï¥¬®© ­¥à ¢¥­áâ¢®¬

kx� � exnkW 1
2
� kAkW 1

2
!L2kA�1kL2!W 1

2
En(x

�)W 1
2
; n 2 N: (3.53)

�§ (3.42) ¨ (3.53) ¯®«ãç ¥¬ á®®â­®è¥­¨ï

VN � UN � kx� � exnkW 1
2
� En(x�)W 1

2
; N = 2n+ 1;

®âªã¤  ¨ á«¥¤ã¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥ ¢ á«ãç ¥ ¬¥â®¤  ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 6. �«ï ®¯¥à â®à®¢ ¯à®¥ªâ¨à®¢ ­¨ï Pn : C2� ! IHT
n � C2�,

ãª § ­­ëå ¢ â¥®à¥¬¥ 6 ¬¥â®¤®¢ � «�¥àª¨­ , ª®««®ª æ¨¨ ¨ ¯®¤®¡« áâ¥© á¯à ¢¥¤«¨¢ë (­ ¯à., [3],
[4]) á®®â­®è¥­¨ï

kPnk1 � lnn; n!1:

� á¨«ã íâ®£® ¤ «ìè¥ ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 17 ¨§ ([3],
£«. IV).

� ¬¥ç ­¨¥ 2. � ¤®ª § ­­ëå ¢ëè¥ â¥®à¥¬ å 1, 2, 4{6 áãé¥áâ¢¥­­ë¬ ®¡à §®¬ ¨á¯®«ì§®¢ ­®
ãá«®¢¨¥: ®¯¥à â®à V ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬ ª ª ®¯¥à â®à ¨§ ¯à®áâà ­áâ¢  W 2

1 ¢ ¯à®-
áâà ­áâ¢® L2 ¨«¨ ¨§ W 1

2 ¢ C2�. �â® ãá«®¢¨¥ ¬®¦¥â ¡ëâì ®á« ¡«¥­® ¢ â®¬ á¬ëá«¥, çâ® ãª § ­­ë¥
â¥®à¥¬ë (á ­¥¡®«ìè¨¬¨ ¨§¬¥­¥­¨ï¬¨ ¢ ¤®ª § â¥«ìáâ¢ å) ®áâ îâáï á¯à ¢¥¤«¨¢ë¬¨ ¨ ¢ â®¬ á«ã-
ç ¥, ¥á«¨ ®¯¥à â®à V § ¬¥­¨âì ­  ®¯¥à â®à U ,

U(x; s) = V (x; s) +
�

2�

Z 2�

0

x0(�) ctg
� � s

2
d�; x 2W 1

2 ;

£¤¥ ®¯¥à â®à V ®¯à¥¤¥«¥­ ¢ëè¥,   � | ¯à®¨§¢®«ì­ ï ¢¥é¥áâ¢¥­­ ï ¯®áâ®ï­­ ï.
�¯¥à â®à U ­¥ ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬ ¢ ãª § ­­®¬ ¢ëè¥ á¬ëá«¥, çâ® á¢ï§ ­® á â¥¬

¨§¢¥áâ­ë¬ [10] ä ªâ®¬, çâ® ®¯¥à â®à �¨«ì¡¥àâ  J : L2 ! L2, £¤¥

J('; s) =
1
2�

Z 2�

0
'(�) ctg

� � s

2
d�; ' 2 L2;

ï¢«ï¥âáï ­¥¯à¥àë¢­ë¬, ­® ­¥ ¢¯®«­¥ ­¥¯à¥àë¢­ë¬, ¯à¨ç¥¬ JIHT
n � IHT

n .
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