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�ãáâì A ¨ F | ¡  å®¢ë ¯à®áâà áâ¢ , ®¯¥à â®à L «¨¥¥ ¨ ¥¯à¥àë¢¥, â.¥. L 2 L(A;F),  
®¯¥à â®à M : domM ! F «¨¥¥ ¨ § ¬ªãâ á ®¡« áâìî ®¯à¥¤¥«¥¨ï domM , ¯«®â®© ¢ A. � á
¡ã¤ãâ ¨â¥à¥á®¢ âì ¨¢ à¨ âë¥ ¯®¤¯à®áâà áâ¢  ¨ ¤¨å®â®¬¨¨ à¥è¥¨© «¨¥©®£® ®¯¥à â®à-
®£® ãà ¢¥¨ï â¨¯  �®¡®«¥¢  [1]

L _u =Mu: (0.1)

�á«¨ áãé¥áâ¢ã¥â ®¯¥à â®à L�1 2 L(F;A), â® ãà ¢¥¨¥ (0.1) âà¨¢¨ «ì® à¥¤ãæ¨àã¥âáï ª ¯ à¥
íª¢¨¢ «¥âëå ¥¬ã áâ ¤ àâëå ãà ¢¥¨©

_u = Su _f = Tf;

£¤¥ S = L�1M : domS ! A, T = ML�1 : domT ! F | «¨¥©ë¥ § ¬ªãâë¥ ®¯¥à â®àë á
®¡« áâï¬¨ ®¯à¥¤¥«¥¨ï domS = domM , domT = L[domM ] ¯«®âë¬¨ ¢ ¯à®áâà áâ¢ å A, F
á®®â¢¥âáâ¢¥®. �á«¨ ®¯¥à â®à S (¨«¨ ®¯¥à â®à T ) ª â®¬ã ¦¥ á¥ªâ®à¨ «¥ ([2], ¯.1.3), â® ¤  ï
§ ¤ ç  ¨¬¥¥â ª« áá¨ç¥áª®¥ à¥è¥¨¥ ([3], ¯.42).

�¤ ª® ¡®«¥¥ ¨â¥à¥á¥ á«ãç © ¥®¡à â¨¬®áâ¨ ®¯¥à â®à  L, ¢ ç áâ®áâ¨, ª®£¤  ¥£® ï¤à®
kerL 6= f0g. �¬¥® ª íâ®¬ã á«ãç î ã¤ ¥âáï à¥¤ãæ¨à®¢ âì ¥ª®â®à®¥ ¬®¦¥áâ¢® § ¤ ç, ¢®§-
¨ªè¨å ¢ ¯®á«¥¤¥¥ ¢à¥¬ï ¢ ¯à¨«®¦¥¨ïå [4]{[6]. � §«¨çë¥ ç áâë¥ á«ãç ¨ íâ®© § ¤ ç¨ ã¦¥
¯à¨¢«¥ª «¨ ¢¨¬ ¨¥ ¬ â¥¬ â¨ª®¢ [7], [8], ®¤ ª® «¨èì ¯®¤å®¤, à §à ¡®â ë© ¢ ¯®á«¥¤¥¥
¢à¥¬ï [9], ¯®§¢®«ï¥â à áá¬®âà¥âì § ¤ çã á ¤®«¦®© ¯®«®â®©.

� x 1 ¤ ®© áâ âì¨ ¢¢®¤¨âáï ®â®á¨â¥«ìë© á¯¥ªâà (L-á¯¥ªâà) ®¯¥à â®à  M ¨ ¤®ª §ë¢ ¥â-
áï â¥®à¥¬  ® à áé¥¯«¥¨¨ ¯à®áâà áâ¢ A ¨ F ¢ á®®â¢¥âáâ¢¨¨ á à áé¥¯«¥¨¥¬ L-á¯¥ªâà . �â¨
à¥§ã«ìâ âë ¨¬¥îâ á ¬®áâ®ïâ¥«ì®¥ § ç¥¨¥, â.ª. ®¡®¡é îâ ¥ª®â®àë¥ ç áâë¥ á«ãç ¨ [9]. �
x 2 ¨§«®¦¥ë ¨ ãâ®ç¥ë ¥ª®â®àë¥ à¥§ã«ìâ âë ¯® â¥®à¨¨ p-á¥ªâ®à¨ «ìëå ®¯¥à â®à®¢ ¨   -
«¨â¨ç¥áª¨å ¯®«ã£àã¯¯ ®¯¥à â®à®¢ á ï¤à ¬¨ [9]. � x 3 ¤®ª § ë â¥®à¥¬ë ® áãé¥áâ¢®¢ ¨¨ ¨¢ -
à¨ âëå ¯à®áâà áâ¢ ¨ ¤¨å®â®¬¨¨ à¥è¥¨© ãà ¢¥¨ï (0.1) (â®ç¥¥, ¯ àë íª¢¨¢ «¥âëå ¥¬ã
ãà ¢¥¨©, ®¯à¥¤¥«¥ëå   ¯à®áâà áâ¢ å A ¨ F á®®â¢¥âáâ¢¥®). � x 4 ¯à¨¢¥¤¥ ¨««îáâà¨à®-
¢ ë© ¯à¨¬¥à, ¨¬¥îé¨© ¯à¨ª« ¤®¥ § ç¥¨¥.

�á«®¢¨¬áï ® á«¥¤ãîé¥¬: ¢á¥ ¨áá«¥¤®¢ ¨ï ¯à®¢®¤ïâáï ¢ ¢¥é¥áâ¢¥ëå ¡  å®¢ëå ¯à®áâà -
áâ¢ å, ®¤ ª® ¯à¨ à áá¬®âà¥¨¨ \á¯¥ªâà «ìëå" ¢®¯à®á®¢ ¢¢®¤¨âáï ¨å ¥áâ¥áâ¢¥ ï ª®¬¯«¥ª-
á¨ä¨ª æ¨ï; ¢á¥ ª®âãàë ®à¨¥â¨à®¢ ë ¤¢¨¦¥¨¥¬ \¯à®â¨¢ ç á®¢®© áâà¥«ª¨" ¨ ®£à ¨ç¨¢ îâ
®¡« áâ¨, «¥¦ é¨¥ \á«¥¢ " ¯à¨ â ª®¬ ¤¢¨¦¥¨¨.

1 �â âìï ¯®¤¤¥à¦   ¯à®£à ¬¬®© \�¨¢¥àá¨â¥âë �®áá¨¨" ¯®  ¯à ¢«¥¨î \�ã¤ ¬¥â «ìë¥ ¯à®-

¡«¥¬ë ¬ â¥¬ â¨ª¨ ¨ ¬¥å ¨ª¨", ¯à®¥ªâ 1.5.16, ç áâ¨ç® �®áã¤ àáâ¢¥®©  ãç®© áâ¨¯¥¤¨¥© ¨ �¥¦¤ã-

 à®¤ë¬  ãçë¬ ä®¤®¬ �¦.�®à®á .
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1. �¥®à¥¬  ®¡ ®â®á¨â¥«ì®¬ á¯¥ªâà¥

�«¥¤ãï [9], ¢¢¥¤¥¬ L-à¥§®«ì¢¥â®¥ ¬®¦¥áâ¢® �L(M) + f� 2 C : (�L �M)�1 2 L(F;A)g ¨
L-á¯¥ªâà �L(M) = C n �L(M) ®¯¥à â®à  M . �§   «®£  â®¦¤¥áâ¢  �¨«ì¡¥àâ  [9]

(�L�M)�1 � (�L�M)�1 = (�� �)(�L�M)�1L(�L�M)�1 (1.1)

¢ëâ¥ª ¥â ®âªàëâ®áâì �L(M) ¨, ª ª á«¥¤áâ¢¨¥, § ¬ªãâ®áâì �L(M). �à®¬¥ â®£®, ¨§ (1.1) á«¥¤ãîâ
¯à ¢®¥

RL
� (M)�RL

�(M) = (�� �)RL
� (M)RL

� (M) (1.2)

¨ «¥¢®¥

LL
� (M)� LL

�(M) = (�� �)LL
�(M)LL

� (M) (1.3)

L-à¥§®«ì¢¥âë¥ â®¦¤¥áâ¢  [9]. (�¤¥áì RL
�(M) = (�L �M)�1L | ¯à ¢ ï,   LL

�(M) = L(�L �
M)�1 | «¥¢ ï L-à¥§®«ì¢¥âë ®¯¥à â®à  M . �¯¥à â®à-äãªæ¨ï (�L � M)01  §ë¢ ¥âáï L-
à¥§®«ì¢¥â®© ®¯¥à â®à  M .) � ª®¥æ, ®â¬¥â¨¬, çâ® ¨§ (1.1) ¢ëâ¥ª ¥â   «¨â¨ç®áâì L-à¥§®«ì-
¢¥âë ¨, ª ª á«¥¤áâ¢¨¥, ¯à ¢®© ¨ «¥¢®© L-à¥§®«ì¢¥â ®¯¥à â®à  M [9].

�ãáâì ¢ë¯®«¥® ãá«®¢¨¥:

�L(M) = �L1 (M)[�L2 (M), ¯à¨ç¥¬ áãé¥áâ¢ã¥â § ¬ªãâë©
ª®âãà � � C , �\�L(M) = ?, ®£à ¨ç¨¢ îé¨© ®¡« áâì,
á®¤¥à¦ éãî �L1 (M),   �L2 (M) «¥¦¨â ¢¥ íâ®© ®¡« áâ¨,

9>=
>; (1.4)

â®£¤  ¨¬¥îâ á¬ëá« ¨â¥£à «ë â¨¯  �.�¨áá 

P =
1
2�i

Z
�

RL
� (M)d�; Q =

1
2�i

Z
�

LL
�(M)d�: (1.5)

�¥¬¬  1.1. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ (1.4). �®£¤  ®¯¥à â®à P : A ! A (Q : F ! F) |
¯à®¥ªâ®à.

�®ª § â¥«ìáâ¢®. �® ¯®áâà®¥¨î ®¯¥à â®à P 2 L(A), ¯®íâ®¬ã ¤«ï ¤®ª § â¥«ìáâ¢  ¤®áâ -
â®ç® ãáâ ®¢¨âì ¥£® ¨¤¥¬¯®â¥â®áâì. �§ (1.4) ¨ § ¬ªãâ®áâ¨ �L(M) á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥
§ ¬ªãâ®£® ª®âãà  �0 � C , �0 \ �L(M) = ?, ®£à ¨ç¨¢ îé¥£® ®¡« áâì, á®¤¥à¦ éãî ª®âãà �.
�§   «¨â¨ç®áâ¨ ¯à ¢®© L-à¥§®«ì¢¥âë ®¯¥à â®à  M ¢ëâ¥ª ¥â

P =
1
2�i

Z
�0

RL
� (M)d�:

�âáî¤ 

P 2 = (2�i)�2
Z
�0

Z
�

RL
� (M)RL

� (M)d� d�

= (2�i)�2
�Z

�0

d�

�� �

Z
�

RL
� (M)d�+

Z
�0

RL
� (M)d�

Z
�

d�

�� �

�
= P

¢ á¨«ã â¥®à¥¬ë ® ¢ëç¥â å ¨ (1.2). �â¢¥à¦¤¥¨¥ ®â®á¨â¥«ì® ®¯¥à â®à  Q ¤®ª §ë¢ ¥âáï   -
«®£¨ç® á § ¬¥®© (1.2)   (1.3). �¥¬¬  ¤®ª §  .

�®«®¦¨¬
imP = A1; kerP = A2; imQ = f1; kerQ = F2

¨ ç¥à¥§ Lk (Mk) ®¡®§ ç¨¬ áã¦¥¨¥ ®¯¥à â®à  L (M)   Ak (domM \ Ak), k = 1; 2.

�¥¬¬  1.2. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ (1.4). �®£¤ 

(i) Lk : Ak ! Fk, k = 1; 2;
(ii) Mk : domM \ Ak ! Fk, k = 1; 2.
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�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥ (i) á ®ç¥¢¨¤®áâìî ¢ëâ¥ª ¥â ¨§ (1.5), ¨¡® LP = LQ. �«ï
¤®ª § â¥«ìáâ¢  (ii) ¢¢¥¤¥¬ ¤¢  ®ç¥¢¨¤ëå â®¦¤¥áâ¢ 

(�L�M)�1M = �RL
�(M)� I;

M(�L�M)�1 = �LL
�(M)� I;

(1.6)

¨§ ª®â®àëå á«¥¤ã¥â MRL
�(M)u = LL

�(M)Mu 8u 2 domM ¨ § ç¨â, MPu = QMu 8u 2 domM .
�¥¬¬  ¤®ª §  .

�¡®§ ç¨¬ ç¥à¥§ �Lk(Mk) Lk-á¯¥ªâà ®¯¥à â®à  MK , k = 1; 2.

�¥®à¥¬  1.1. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ (1.4). �®£¤  �Lk(Mk) = �Lk (M), k = 1; 2.

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ 
1 ®¡« áâì, ®£à ¨ç¥ãî ª®âãà®¬ �, ¨ ¯®«®¦¨¬ 
2 =
C n 
1. �ç¥¢¨¤®, �Lk(Mk) � �Lk (M), k = 1; 2. �ãáâì â®çª  � 2 C n �, â®£¤ 

1
2�i

Z
�

(�L�M)�1

�� �
d�(�L�M) =

1
2�i

Z
�

I d�

�� �
�

1
2�i

Z
�

RL
� (M)d� =

(
I � P; � 2 
1;

�P; � 2 
2;

(�L�M)
1
2�i

Z
�

(�L�M)�1

�� �
d� =

1
2�i

Z
�

I d�

�� �
�

1
2�i

Z
�

LL
�(M)d� =

(
I �Q; � 2 
1;

�Q; � 2 
2;

¢ á¨«ã ®ç¥¢¨¤ëå â®¦¤¥áâ¢,   â ª¦¥

(�L�M)�1(�L�M) = I � (�� �)RL
� (M);

(�L�M)(�L�M)�1 = I � (�� �)LL
�(M);

ª®â®àë¥ ¯®«ãç îâáï   «®£¨ç® (1.6).
�â® ®§ ç ¥â áãé¥áâ¢®¢ ¨¥ ¥¯à¥àë¢ëå ®¯¥à â®à®¢

(�Lk �Mk)
�1 : Fk ! Ak; � =2 �Lk (M);

à ¢ëå áã¦¥¨î ®¯¥à â®à 

(�1)k
1
2�i

Z
�

(�L�M)�1

�� �
d�

  ¯®¤¯à®áâà áâ¢  Fk, k = 0; 1, á®®â¢¥âáâ¢¥®. �¥®à¥¬  ¤®ª §  .

�«¥¤áâ¢¨¥ 1.1. � ãá«®¢¨ïå â¥®à¥¬ë 1.1

(i) áãé¥áâ¢ã¥â ®¯¥à â®à L�11 2 L(F1;A1);
(ii) ®¯¥à â®à M1 2 L(A1;F1).

�®ª § â¥«ìáâ¢®. (i) �¯¥à â®à L�11 à ¢¥ áã¦¥¨î ®¯¥à â®à 

1
2�i

Z
�

(�L�M)�1d�

  F1.
(ii) � ¬¥â¨¬ á ç « , çâ® ¯®áª®«ìªã ¨â¥£à «ë (1.5) ¯®¨¬ îâáï ¢ á¬ëá«¥ �¨¬  ,   ®¯¥-

à â®à M § ¬ªãâ, â® ¯à®¥ªâ®à P ¯¥à¥¢®¤¨â ¢¥ªâ®àë ¨§ domM ¢ domM , â.¥. Pu 2 domM , ¥á«¨
u 2 domM . �âáî¤  ¨ ¨§ (1.6) ¨¬¥¥¬

M1u =MPu =
1
2�i

Z
�

MRL
�(M)u d� = �

1
2�i

Z
�

�LRL
�(M)u d�; (1.7)

¥á«¨ u 2 domM . �®áª®«ìªã «¨¥ « P [domM ] ¯«®â¥ ¢ A1,   ¨â¥£à « á¯à ¢  ¢ (1.7) § ¤ ¥â
¥¯à¥àë¢ë© ®¯¥à â®à, â® M1 2 L(A1;F1). �«¥¤áâ¢¨¥ ¤®ª § ®.
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2. �â®á¨â¥«ì® p-á¥ªâ®à¨ «ìë¥ ®¯¥à â®àë
¨ à §à¥è îé¨¥ ¯®«ã£àã¯¯ë ®¯¥à â®à®¢

�ãáâì �; � 2 �L(M). �®£¤  ¨§ (1.2), (1.3) ¥¯®áà¥¤áâ¢¥® á«¥¤ãîâ á®®â®è¥¨ï

imRL
� (M) = imRL

�(M); imLL
� (M) = imLL

�(M): (2.1)

�à®¬¥ â®£®, ¥âàã¤® ¯®ª § âì [9], çâ®

kerRL
� (M) = L;

kerLL
�(M) = fM' : ' 2 domM \ kerLg:

(2.2)

�ãáâì �q 2 �L(M), q = 1; 2; : : : ; p. �¢¥¤¥¬ ¯à ¢ãî ¨ «¥¢ãî (L; p)-à¥§®«ì¢¥âë ®¯¥à â®à  M :

RL
(�;p)(M) =

pY
q=0

RL
�q
(M) ¨ LL

(�;p)(M) =
PY
q=0

LL
�q
(M)

á®®â¢¥âáâ¢¥®. �§ (2.1), (2.2), à ááã¦¤ ï ¯® ¨¤ãªæ¨¨, ¥âàã¤® ¯®«ãç¨âì á«¥¤ãîé¨© à¥§ã«ì-
â â [9].

�¥¬¬  2.1. �ãáâì �q; �q 2 �L(M), q = 0; 1; : : : ; p. �®£¤ 

(i) imRL
(�;p)(M) = imRL

(�;p)(M), imLL
(�;p)(M) = imLL

(�;p)(M);
(ii) kerRL

(�;p)(M) ¥áâì «¨¥© ï ®¡®«®çª  á®¡áâ¢¥ëå ¨ ¯à¨á®¥¤¨¥ëå ¢¥ªâ®à®¢ ¢ëá®âë

¥ ¡®«ìè¥© p ¯à ¢®© L-à¥§®«ì¢¥âë ®¯¥à â®à  M , kerLL
(�;p)(M) = fM' : ' 2 domM \

kerRL
(�;p)(M)g.

�¯à¥¤¥«¥¨¥ 2.1. �¯¥à â®à M  §ë¢ ¥âáï á¥ªâ®à¨ «ìë¬ ®â®á¨â¥«ì® ®¯¥à â®à  L á

ç¨á«®¬ p 2 f0g [ N (ª®à®ç¥, (L; p)-á¥ªâ®à¨ «ìë¬), ¥á«¨

(i) áãé¥áâ¢ãîâ ª®áâ âë a 2 R ¨ � 2
�
�

2
; �
�
â ª¨¥, çâ® á¥ªâ®à

SL
a;�(M) = f� 2 C : j arg(�� a)j < �; � 6= ag � �L(M);

(ii) áãé¥áâ¢ãîâ ¯®«¨®¬ P (�) áâ¥¯¥¨ ¥ ¢ëè¥ p ¨ ª®áâ â  k 2 R+ â ª¨¥, çâ®

k(�L�M)�1kL(F;A) � jP (�)j;

maxfkRL
(�;p)(M)kL(A); kL

L
(�;p)(M)kg � k

� pY
q=0

j�q � aj

��1

¯à¨ «î¡ëå �; �q 2 SL
a;�(M), q = 0; 1; : : : ; p.

� ¬¥ç ¨¥ 2.1. �á«¨ p = 0, â® ¢ íâ®¬ á«ãç ¥ (L; p)-á¥ªâ®à¨ «ìë© ®¯¥à â®à M  §ë¢ ¥âáï
L-á¥ªâ®à¨ «ìë¬ [9]. �á«¨ áãé¥áâ¢ã¥â ®¯¥à â®à L�1 2 (F;A), â® ®¯¥à â®à M â®£¤  ¨ â®«ìª®
â®£¤  L-á¥ªâ®à¨ «¥, ª®£¤  á¥ªâ®à¨ «¥ ®¯¥à â®à L�1M (¨«¨ ®¯¥à â®à ML�1).

� ¬¥ç ¨¥ 2.2. �á«¨ ®¯¥à â®à M (L; �)-®£à ¨ç¥, â.¥.

9a > 0 8� 2 C (j�j > a) =) � 2 �L(M);

¯à¨ç¥¬ 1 | ¥áãé¥áâ¢¥ ï ®á®¡ ï â®çª  L-à¥§®«ì¢¥âë ®¯¥à â®à  M , â® ®¯¥à â®à M (L; p)-
á¥ªâ®à¨ «¥ [9].

� ¬¥ç ¨¥ 2.3. �¥ â¥àïï ®¡é®áâ¨, ¬®¦® ¯®«®¦¨âì a = 0 ¢ ®¯à¥¤¥«¥¨¨ 2.1 [9]. �®«®¦¨¬
SL
0;�(M) = SL

� (M).

�¥¬¬  2.2. [9]. �ãáâì ®¯¥à â®à M (L; p)-á¥ªâ®à¨ «¥ ¨ �q 2 SL
� (M), q = 0; 1; : : : ; p. �®£¤ 

(i) imRL
(�;p)(M) \ kerRL

(�;p)(M) = f0g;
(ii) imLL

(�;p)(M) \ kerLL
(�;p)(M) = f0g.
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�ãáâì �L(M) 6= ?, â®£¤  ãà ¢¥¨¥ (0.1) ¬®¦® à¥¤ãæ¨à®¢ âì ª ¯ à¥ íª¢¨¢ «¥âëå ¥¬ã
ãà ¢¥¨©

RL
�(M) _u = (�L�M)�1Mu; (2.3)

LL
�(M) _f =M(�L�M)�1f; (2.4)

£¤¥ � 2 �L(M). �à ¢¥¨ï (2.3), (2.4) ã¤®¡® à áá¬ âà¨¢ âì ¢ à ¬ª å ãà ¢¥¨ï

A _v = Bv; (2.5)

£¤¥ ®¯¥à â®àë A;B 2 L(V),   V | ¥ª®â®à®¥ ¡  å®¢® ¯à®áâà áâ¢®. �¥è¥¨¥¬ ãà ¢¥¨ï

(2.5)  §ë¢ ¥âáï ¢¥ªâ®à-äãªæ¨ï v 2 C1(R+ ;V), ã¤®¢«¥â¢®àïîé ï íâ®¬ã ãà ¢¥¨î. �¥è¥¨¥
v = v(t) ãà ¢¥¨ï (2.5)  §ë¢ ¥âáï à¥è¥¨¥¬ § ¤ ç¨ �®è¨

v(0) = v0; (2.6)

¥á«¨ lim
t!0+

v(t) = v0.

�¯à¥¤¥«¥¨¥ 2.2. �â®¡à ¦¥¨¥ V � 2 C1(R+ ;L(V))  §ë¢ ¥âáï ¯®«ã£àã¯¯®© à §à¥è îé¨å
®¯¥à â®à®¢ (ª®à®ç¥, à §à¥è îé¥© ¯®«ã£àã¯¯®©) ãà ¢¥¨ï (2.5), ¥á«¨

(i) V sV t = V s+t 8s; t 2 R+ ;
(ii) ¯à¨ «î¡®¬ v0 2 V ¢¥ªâ®à-äãªæ¨ï v(t) = V tv0 ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (2.5).

�«¥¤ãï âà ¤¨æ¨¨ ([2], £«. 1), ®â®¦¤¥áâ¢¨¬ ¯®«ã£àã¯¯ã á ¥¥ £à ä¨ª®¬ fV t : t 2 R+g. �®«ã£àã¯-
¯  fV t : t 2 R+g  §ë¢ ¥âáï   «¨â¨ç¥áª®©, ¥á«¨ ®    «¨â¨ç¥áª¨ ¯à®¤®«¦¨¬  ¢ ¥ª®â®àë©
á¥ªâ®à, á®¤¥à¦ é¨© R+ , á á®åà ¥¨¥¬ á¢®©áâ¢ (i) ¨ (ii), ¨ à ¢®¬¥à® ®£à ¨ç¥®©, ¥á«¨

kV tkL(V) � const 8t 2 R+ :

�¥®à¥¬  2.1. [9]. �ãáâì ®¯¥à â®à M L; p-á¥ªâ®à¨ «¥. �®£¤  áãé¥áâ¢ãîâ   «¨â¨ç¥áª¨¥

¢ á¥ªâ®à¥ f� 2 C : j arg � j < � � �

2
g ¨ à ¢®¬¥à® ®£à ¨ç¥ë¥ à §à¥è îé¨¥ ¯®«ã£àã¯¯ë ãà ¢-

¥¨© (2.3), (2.4).

�áª®¬ë¥ ¯®«ã£àã¯¯ë § ¤ îâáï ¥á®¡áâ¢¥ë¬¨ ¨â¥£à « ¬¨ â¨¯  � ä®à¤ -�¥©«®à  á®®â-
¢¥âáâ¢¥®

U t =
1
2�i

Z
�

RL
� (M)e�td�; F+ =

1
2�i

Z
�

LL
�(M)e�td�;

£¤¥ � � SL
� (M) | â ª®© ª®âãà, çâ® j arg �j ! � ¯à¨ �!1, � 2 �,   t 2 R+ .

�¯à¥¤¥«¥¨¥ 2.3. �ãáâì fV t : t 2 R+g |   «¨â¨ç¥áª ï ¯®«ã£àã¯¯ . �®¦¥áâ¢®

kerV � = f' 2 V : V t' = 0 9t 2 R+g

 §ë¢ ¥âáï ï¤à®¬,   ¬®¦¥áâ¢®

imV � = fv 2 V : lim
t!0+

V tv = vg

| ®¡à §®¬ íâ®© ¯®«ã£àã¯¯ë.

(�¡áã¦¤¥¨¥ ª®àà¥ªâ®áâ¨ ®¯à¥¤¥«¥¨ï ker V � ¨ imV � á¬. ¢ [9].)
�®«®¦¨¬ A0 = kerRL

(�;p)(M), F0 = kerLL
(�;p)(M),   ç¥à¥§ A1 (F1) ®¡®§ ç¨¬ § ¬ëª ¨¥ ®¡à § 

imRL
(�;p)(M) (imLL

(�;p)(M)) ¢ ®à¬¥ ¯à®áâà áâ¢  A (F).

�¥®à¥¬  2.2. [9]. �ãáâì ®¯¥à â®à M (L; p)-á¥ªâ®à¨ «¥. �®£¤  kerU � = A0, imU � = A1,

kerF � = F0, imF � = F1.

�¯à¥¤¥«¥¨¥ 2.4. �®¦¥áâ¢®P � V  §ë¢ ¥âáï ä §®¢ë¬ ¯à®áâà áâ¢®¬ ãà ¢¥¨ï (2.5),
¥á«¨

(i) «î¡®¥ à¥è¥¨¥ v = v(t) ãà ¢¥¨ï (2.5) «¥¦¨â ¢ P, â.¥. v(t) 2 P 8t 2 R+ ;
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(ii) ¯à¨ «î¡®¬ v0 2 P áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ § ¤ ç¨ (2.5), (2.6).

�¥®à¥¬  2.3. �ãáâì ®¯¥à â®à M (L; p)-á¥ªâ®à¨ «¥. �®£¤  imU � (imF �) ï¢«ï¥âáï ä §®-

¢ë¬ ¯à®áâà áâ¢®¬ ãà ¢¥¨ï (2.1) (ãà ¢¥¨ï (2.2)).

�®ª § â¥«ìáâ¢®. �¯à ¢¥¤«¨¢®áâì âà¥¡®¢ ¨ï (ii) ®¯à¥¤¥«¥¨ï 2.4 ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 2.2
¨ ãáâ ®¢«¥  ¢ [9]. �áâ ®¢¨¬ á¯à ¢¥¤«¨¢®áâì (i).

�ãáâì u = u(t) | à¥è¥¨¥ ãà ¢¥¨ï (2.1). �® ®¯à¥¤¥«¥¨î u 2 C1(R+ ;A). �®ª ¦¥¬, çâ®

u(t) = (RL
�(M))q

qX
r=0

aru
(r)(t) (2.7)

¯à¨ «î¡ëå q 2 N ¨ t 2 R+ . (�¤¥áì ar, r = 0; 1; : : : ; q | ¥ª®â®àë¥ ç¨á«®¢ë¥ ª®íää¨æ¨¥âë,
ª®ªà¥âë© ¢¨¤ ª®â®àëå ¤«ï  á ¥áãé¥áâ¢¥¥.)

�®ª ¦¥¬ (2.7) ¯® ¨¤ãªæ¨¨. �ãáâì q = 1, â®£¤  ¨§ (2.1) ¢ á¨«ã (1.6) ¯®«ãç¨¬

RL
�(M) _u = �RL

�(M)u� u: (2.8)

�âáî¤ 
u = RL

�(M)( _u� �u):

�ãáâì (2.7) ¨áâ¨® ¯à¨ q = p > 1. �à®¤¨ää¥à¥æ¨à®¢ ¢ (2.7) ¯® t, ¯®«ãç¨¬

(RL
�(M))p+1

pX
r=0

aru
(r+1) = RL

�(M) _u = �RL
�(M)u� u (2.9)

¢ á¨«ã (2.8). �®¤áâ ¢¨¢ ¢ ¯¥à¢®¥ á« £ ¥¬®¥ á¯à ¢  (2.7), ¯®«ãç¨¬ âà¥¡ã¥¬®¥. �â ª, ¨§ (2.7) ¢ á¨«ã
«¥¬¬ë 2.1 (i) á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì âà¥¡®¢ ¨ï (i). �â¢¥à¦¤¥¨¥ â¥®à¥¬ë ®¡ ®¡à §¥ imF � ¨
ä §®¢®¬ ¯à®áâà áâ¢¥ ãà ¢¥¨ï (2.2) ¤®ª §ë¢ ¥âáï   «®£¨ç®. �¥®à¥¬  ¤®ª §  .

3. �¢ à¨ âë¥ ¯®¤¯à®áâà áâ¢  ¨ ¤¨å®â®¬¨¨ à¥è¥¨©

�¥à¥©¤¥¬ ª ¨§«®¦¥¨î ®á®¢ëå à¥§ã«ìâ â®¢.

�¯à¥¤¥«¥¨¥ 3.1. �ãáâì P | ä §®¢®¥ ¯à®áâà áâ¢® ãà ¢¥¨ï (2.5). �®¦¥áâ¢® P1 � P

 §ë¢ ¥âáï ¨¢ à¨ âë¬ ¯à®áâà áâ¢®¬ íâ®£® ãà ¢¥¨ï, ¥á«¨ ¯à¨ «î¡®¬ v0 2 P
1 áãé¥áâ¢ã-

¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ v = v(t) § ¤ ç¨ (2.5), (2.6), ¯à¨ç¥¬ v(t) 2 P1 8t 2 R+ .

�¥®à¥¬  3.1. �ãáâì ®¯¥à â®à M (L; p)-á¥ªâ®à¨ «¥ ¨ ¢ë¯®«¥® ãá«®¢¨¥ (1.4). �®£¤  áã-

é¥áâ¢ãîâ ¨¢ à¨ âë¥ ¯à®áâà áâ¢  ãà ¢¥¨ï (2.3) (ãà ¢¥¨ï (2.4)).

�®ª § â¥«ìáâ¢®. �ãáâì P 2 L(A) | ¯à®¥ªâ®à (1.5). �®«®¦¨¬ A11 = imP , A12 = kerP \A1.
A1k | § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢® ¢ A, k = 1; 2.

� ª ¥âàã¤® ¢¨¤¥âì,

U t =
1
2�i

Z
�1

RL
�(M)e�td�+

1
2�i

Z
�2

RL
�(M)e�td�; (3.1)

£¤¥ § ¬ªãâë© ª®âãà �1 � �L(M) ®£à ¨ç¨¢ ¥â ®¡« áâì, á®¤¥à¦ éãî ç áâì �L1 (M) L-á¯¥ªâà 
®¯¥à â®à  M ¨ ¤«ï «î¡®£® � 2 �1, Re� > 0,   ª®âãà �2 � �L(M) ®£à ¨ç¨¢ ¥â ®¡« áâì,
á®¤¥à¦ éãî ¤àã£ãî ç áâì �L(M), ¯à¨ç¥¬ j arg �j ! � ¯à¨ � ! 1 ¨ Re� < 0, £¤¥ � 2 �2, ¨
�1 \ �2 = ?.

� á®®â¢¥âáâ¢¨¨ á (3.1) ¯®«®¦¨¬ U t = U t
1 + U t

2. �§ â¥®à¥¬ë 2.1 á«¥¤ã¥â, çâ® fU t
k : t 2 R+g,

k = 1; 2, | à §à¥è îé ï ¯®«ã£àã¯¯  ãà ¢¥¨ï (2.3),   ¨§ â¥®à¥¬ë 2.2 ¢ëâ¥ª ¥â, çâ® imU �k =
A1k, k = 1; 2. � á¨«ã â¥®à¥¬ë 1.1 ¨¬¥¥¬ A1 = A11 � A12.

�â¢¥à¦¤¥¨¥ ®â®á¨â¥«ì® ãà ¢¥¨ï (2.4) ¤®ª §ë¢ ¥âáï   «®£¨ç®. �¥®à¥¬  ¤®ª §  .

� ¬¥ç ¨¥ 3.1. �®«ã£àã¯¯  fU t
1 : t 2 R+g ¯à®¤®«¦¨¬  ¤® £àã¯¯ë fU t

1 : t 2 R+g.

65



�¯à¥¤¥«¥¨¥ 3.2. �ãáâì P | ä §®¢®¥ ¯à®áâà áâ¢® ãà ¢¥¨ï (2.5), ¯à¨ç¥¬ P = P1�
�P2, £¤¥ Pk | ¨¢ à¨ â®¥ ¯à®áâà áâ¢®, k = 1; 2. �¥è¥¨¥ v = v(t) ãà ¢¥¨ï (2.5) ¨¬¥¥â
íªá¯®¥æ¨ «ìãî ¤¨å®â®¬¨î, ¥á«¨ ¢ë¯®«ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï:

(i) kv1(t)k � N1e
�1(t�s)kv1(s)k, t � s, �1 > 0;

(ii) kv2(t)k � N2e
�2(t�s)kv2(s)k, t � s, �2 > 0.

�¤¥áì vk(t) 2 Pk, k = 1; 2 ([10]).

�¥®à¥¬  3.2. �ãáâì ®¯¥à â®à M (L; p)-á¥ªâ®à¨ «¥ ¨ áãé¥áâ¢ã¥â ! 2 R+ â ª®¥, çâ®

�L(M) \ f� 2 C : �! � Re� � !g = ?. �®£¤  à¥è¥¨ï ãà ¢¥¨ï (2.3) (ãà ¢¥¨ï (2.4)) ¨¬¥îâ
íªá¯®¥æ¨ «ìãî ¤¨å®â®¬¨î.

�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨ï â¥®à¥¬ë á«¥¤ã¥â (1.4), ¯®íâ®¬ã ¢®á¯®«ì§ã¥¬áï (3.1). �ãáâì
u 2 A1, ¯®«®¦¨¬ u = u1 + u2, uk 2 A1k, k = 1; 2. �âáî¤ 

u1(t) = U t�s
1 u1(s) = e��1(t�s)

1
2�i

Z
�0

1

RL
� (M)e�(t�s)u1(s)d�; (3.2)

£¤¥ � = � + �1, ¯à¨ç¥¬ Re � > 0, � 2 �01. �«¥¤®¢ â¥«ì®, 0 < �1 < minRe� ¨ ¬®¦¥¬ ¯®«®¦¨âì
�1 = ! � ", £¤¥ " > 0. �á«¨ s � t, á¯à ¢¥¤«¨¢  ®æ¥ª 

ku1(t)kA � e��1(t�s)
1
2�

Z
�0

1

jRL
� (M)j je�(t�s)j jd� j ku1(s)kA �

� e��1(t�s)N1ku
1(s)kA;

â ª¨¬ ®¡à §®¬, ¢ë¯®«ï¥âáï ãá«®¢¨¥ (ii) ®¯à¥¤¥«¥¨ï 3.2.
� «¥¥

u2(t) = U t�s
2 u2(s) = e��2(t�s)

1
2�i

Z
�0

2

RL
� (M)e�(t�s)u2(s)d�; (3.3)

£¤¥ � = �+ �2, ¯à¨ç¥¬ Re � < 0, � 2 �02. �«¥¤®¢ â¥«ì®, 0 < �2 < �maxRe� ¨ ¬®¦¥¬ ¯®«®¦¨âì
�2 = ! � ", £¤¥ " > 0. �à¨ t � s ¨§ (3.3) ¯®«ãç ¥¬

u2(t) = e��2(t�s) ~U t�s
2 u2(s);

¯à¨ç¥¬ á¥¬¥©áâ¢® f ~U t�s
2 : t � sg ®¡à §ã¥â   «¨â¨ç¥áªãî ¨ à ¢®¬¥à® ®£à ¨ç¥ãî à §à¥è -

îéãî ¯®«ã£àã¯¯ã ãà ¢¥¨ï (2.3) (á¬. § ¬¥ç ¨¥ 2.3). �®íâ®¬ã

ku2(t)kA � e��2(t�s)k ~U t�s
2 kL(A)ku

2(s)kA � N2e
��2(t�s)ku2(s)kA;

â ª¨¬ ®¡à §®¬, ¢ë¯®«ï¥âáï ãá«®¢¨¥ (i) ®¯à¥¤¥«¥¨ï 3.2.
�â¢¥à¦¤¥¨¥ ®â®á¨â¥«ì® ãà ¢¥¨ï (2.4) ¤®ª §ë¢ ¥âáï   «®£¨ç®. �¥®à¥¬  ¤®ª §  .

4. �à¨¬¥à

�¥®à¥¬  3.2 ãáâ  ¢«¨¢ ¥â «¨èì ¢®§¬®¦®áâì íªá¯®¥æ¨ «ì®© ¥ãáâ®©ç¨¢®áâ¨ à¥è¥¨©
ãà ¢¥¨ï (0.1). �®íâ®¬ã ¢ ª ç¥áâ¢¥ ¯à¨¬¥à , ¤¥¬®áâà¨àãîé¥£® áãé¥áâ¢®¢ ¨¥ â ª®© ¥ãáâ®©-
ç¨¢®áâ¨, à áá¬®âà¨¬ ãà ¢¥¨¥

(���)ut = ��u� ��2u; (4.1)

¬®¤¥«¨àãîé¥¥ í¢®«îæ¨î á¢®¡®¤®© ¯®¢¥àå®áâ¨ ä¨«ìâàãîé¥©áï ¦¨¤ª®áâ¨ [11]. �¤¥áì �; � 2
R+ , � 2 R | ¯ à ¬¥âàë, å à ªâ¥à¨§ãîé¨¥ áà¥¤ã, ¯à¨ç¥¬ ¯ à ¬¥âà � ¬®¦¥â ¯à¨¨¬ âì ®âà¨-
æ â¥«ìë¥ § ç¥¨ï [12].

�ãáâì 
 � Rn , n � 2, | ®£à ¨ç¥ ï ®¡« áâì á £à ¨æ¥© @ 
 ª« áá  C1. � ®¡« áâ¨ 
� R+

¨é¥âáï à¥è¥¨¥ ãà ¢¥¨ï (4.1), ã¤®¢«¥â¢®àïîé¥¥ £à ¨ç®¬ã

u(x; t) = �u(x; t) = 0; (x; t) 2 @ 
� R+ ; (4.2)
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¨  ç «ì®¬ã

u(x; 0) = u0(x); x 2 
; (4.3)

ãá«®¢¨ï¬.
�â®¡ë à¥¤ãæ¨à®¢ âì § ¤ çã (4.1){(4.3) ª § ¤ ç¥ �®è¨ u(0) = u0, ¯®«®¦¨¬

A = fu 2W k+2
q (
) : u(x) = 0; x 2 @ 
g; F =W k

q (
);

£¤¥ W l
q(
) | ¯à®áâà áâ¢  �®¡®«¥¢  k = 0; 1; : : : ; 1 < q < 1,   ®¯¥à â®àë L, M § ¤ ¤¨¬

ä®à¬ã« ¬¨

L = ���; M = �� = ��2;

domM = fu 2W k+4
q (
) : �u(x) = 0; x 2 @ 
g \ A:

� ª ®¯à¥¤¥«¥ë© ®¯¥à â®à L 2 L(A;F),   ®¯¥à â®à M : domM ! F «¨¥¥, § ¬ªãâ ¨ ¯«®â®
®¯à¥¤¥«¥.

�¥¬¬  4.1. �à¨ «î¡®¬ � 2 R ®¯¥à â®à M L-á¥ªâ®à¨ «¥.

�®ª § â¥«ìáâ¢®. �ãáâì f'k : k 2 Ng | ®àâ®®à¬¨à®¢ ®¥ ¢ á¬ëá«¥ ¯à®áâà áâ¢  L2(
)
¬®¦¥áâ¢® á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ®¤®à®¤®© § ¤ ç¨ �¨à¨å«¥ ¤«ï ®¯¥à â®à  � ¯« á  �, § ã-
¬¥à®¢ ®¥ ¯® ¥¢®§à áâ ¨î á®¡áâ¢¥ëå § ç¥¨© f�k : k 2 Ng á ãç¥â®¬ ¨å ªà â®áâ¨. �ãáâì
� 2 C ¨ h�; �i | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ L2(
), â®£¤ 

(�L�M)�1 =
1X
k=1

h�; 'ki

��2k � ��k + �(�� �k)
'k: (4.4)

�ï¤ (4.4) áå®¤¨âáï à ¢®¬¥à® ¨  ¡á®«îâ®   «î¡®¬ ª®¬¯ ªâ¥ ¢ C , ¥ á®¤¥à¦ é¥¬ â®ç¥ª

�k = �k
��k � �

�k � �
; k 2 N: (4.5)

�®áª®«ìªã á¯¥ªâà �(�) ®âà¨æ â¥«¥, ¤¨áªà¥â¥, ª®¥ç®ªà â¥ ¨ á£ãé ¥âáï â®«ìª® ª �1, â®
¨§ (4.5) á«¥¤ã¥â, çâ® L-á¯¥ªâà ®¯¥à â®à M ¢¥é¥áâ¢¥¥, ¤¨áªà¥â¥, ª®¥ç®ªà â¥ ¨ á£ãé ¥âáï
â®«ìª® ª �1. (� á«ãç ¥ � 2 �(�) ¨§ ¬®¦¥áâ¢  (4.5) á«¥¤ã¥â ã¤ «¨âì �k á ®¬¥à ¬¨ k â ª¨¬¨,
çâ® �k = �.)

�ãáâì � 6= �k, â®£¤  ¨§ (4.4) ¯®«ãç ¥¬

(�L�M)�1 =
1X0

k=1

h�; 'ki'k
��2k � ��k + �(�� �k)

+
X
�=�k

h�; 'ki'k
��2 � ��

;

RL
� (M) = LL

�(M) =
1X0

k=1

�
�+ �k

��k � �

�� �k

��1
h�; 'ki'k;

£¤¥ èâà¨å ã § ª  áã¬¬ë ®§ ç ¥â ®âáãâáâ¢¨¥ á« £ ¥¬ëå á ®¬¥à ¬¨ k â ª¨¬¨, çâ® �k = �
(�á«¨ � =2 �(�), â® èâà¨å á«¥¤ã¥â ã¤ «¨âì.) �âáî¤  «¥£ª® ¢ëâ¥ª ¥â á¯à ¢¥¤«¨¢®áâì âà¥¡®¢ ¨©
®¯à¥¤¥«¥¨ï 2.1. �¥¬¬  ¤®ª §  .

�ãáâì �1 | (®âà¨æ â¥«ì®¥, ®¤®ªà â®¥) ¬ ªá¨¬ «ì®¥ á®¡áâ¢¥®¥ § ç¥¨¥ ®¤®à®¤®©
§ ¤ ç¨ �¨à¨å«¥ ¤«ï ®¯¥à â®à  � ¯« á  � ¢ ®¡« áâ¨ 
.

�¥®à¥¬  4.1. �ãáâì � < �1, â®£¤  à¥è¥¨ï § ¤ ç¨ (4.1){(4.3) ¨¬¥îâ íªá¯®¥æ¨ «ìë¥

¤¨å®â®¬¨¨.
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�®ª § â¥«ìáâ¢® «¥£ª® á«¥¤ã¥â ¨§ ¯à¥¤áâ ¢«¥¨ï

U tu0 =
X
�k>�

exp
�
�t�k

��k � �

�� �k

�
hu0; 'ki'k

+
X
�k<�

exp
�
�t�k

��k � �

�� �k

�
hu0; 'ki'k;

£¤¥ u0 = A. �¥®à¥¬  ¤®ª §  .
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