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�ãáâì q(x) 2 L1(0; 1), � > 0, 0 < m < �(x) < M < 1, �(x) 2 L1(0; 1), x 2 [0; 1]. � áá¬®âà¨¬
§ ¤ çã (A) ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï

�y00 + q(x)y = ��(x)y; x 2 (0; 1); (1)

y(0) = y(1) = 0; (2)Z 1

0

�(x)jy(x)jqdx = 1; q � 1: (3)

� ¯à®áâà ­áâ¢¥ W �
p [0; 1] ­®à¬ã ®¯à¥¤¥«¨¬ ¯à¨ æ¥«ëå � ª ª

kf(x)kW �
p [0;1]

= kf(x)kLp[0;1] + kf (�)(x)kLp[0;1]; � = 0; 1; 2;

kf(x)kW�1
p [0;1] = inf

g(x)
kg(x)kLp [0;1];

£¤¥ g(x) | äã­ªæ¨¨, ã¤®¢«¥â¢®àïîé¨¥ á®®â­®è¥­¨î f(x) = g0(x), ¯à®¨§¢®¤­ ï ¯®­¨¬ ¥âáï
¢ ®¡®¡é¥­­®¬ á¬ëá«¥,   ¯à¨ ¤à®¡­ëå � ®¯à¥¤¥«ï¥âáï «¨¡® á ¯®¬®éìî ®¯¥à â®à®¢ ¤à®¡­®£®
¤¨ää¥à¥­æ¨à®¢ ­¨ï, «¨¡® á ¯®¬®éìî ¨­â¥à¯®«ïæ¨¨ (á¬., ­ ¯à., [1]).

�á«®¢¨¥ (3) ¢«¥ç¥â íª¢¨¢ «¥­â­®áâì kyn(x)kLq ¥¤¨­¨æ¥, çâ® ®§­ ç ¥â ®£à ­¨ç¥­­®áâì ¯¥à¥-
¬¥­­®© ¢¥«¨ç¨­ë á­¨§ã ¨ á¢¥àåã ª®­áâ ­â®©, ­¥ § ¢¨áïé¥© ®â n.

� ¤ ­­®© áâ âì¥ ¯®«ãç¥­ë ®æ¥­ª¨ ¤«ï á®¡áâ¢¥­­ëå äã­ªæ¨© yn(x) § ¤ ç¨ (A) ¢ ¯à®áâà ­-
áâ¢ å W �

p [0; 1] ¯à¨ �1 � � � 2, 1 � p � 1, ¨ ¢ ¤àã£¨å ¯à®áâà ­áâ¢ å, ª ª, ­ ¯à¨¬¥à, ¢ C�;�[0; 1].
�®«ãç¥­­ë¥ ¢á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï ® á®¡áâ¢¥­­ëå äã­ªæ¨ïå à áá¬ âà¨¢ ¥¬®© § ¤ ç¨
¬®£ãâ ¯à¥¤áâ ¢«ïâì ¨ á ¬®áâ®ïâ¥«ì­ë© ¨­â¥à¥á.

�®¤®¡­ë¥ § ¤ ç¨ à áá¬ âà¨¢ «¨áì ¢ [2]{[5]. �¤­ ª® íâ® ¡ë«® á¤¥« ­® ¤«ï ­®à¬ ¢ ¯à®áâà ­-
áâ¢¥ C[0; 1] ¯à¨ à §«¨ç­ëå ®£à ­¨ç¥­¨ïå ­  £« ¤ª®áâì ¢¥á®¢®© äã­ªæ¨¨.

�á­®¢­ë¬ à¥§ã«ìâ â®¬ à ¡®âë ï¢«ï¥âáï

�¥®à¥¬ . 1) �ãáâì 0 � � � 2. �®£¤  áãé¥áâ¢ãîâ ª®­áâ ­âë c1 > 0, c2 > 0 â ª¨¥, çâ®

kyn(x)kW �
p [0;1]

� c1�
�
2+

1
2q� 1

2p
n ¯à¨ 1 � q < p � 1;

kyn(x)kW �
p [0;1]

� c2�
�
2
n ¯à¨ 1 � p � q � 1:

2) �ãáâì �1 � � � 0. �®£¤  áãé¥áâ¢ãîâ ª®­áâ ­âë c3 > 0, c4 > 0 â ª¨¥, çâ®

kyn(x)kW �
p [0;1]

� c3�
1+�
2q � 1+�

2p
n ¯à¨ 1 � q < p � 1;

kyn(x)kW �
p [0;1]

� c4 ¯à¨ 1 � p � q � 1;

£¤¥ yn(x) | á®¡áâ¢¥­­ ï äã­ªæ¨ï § ¤ ç¨ (A), á®®â¢¥âáâ¢ãîé ï á®¡áâ¢¥­­®¬ã ç¨á«ã �n.
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�ä®à¬ã«¨àã¥¬ ¨ ¤®ª ¦¥¬ ­¥ª®â®àë¥ ãâ¢¥à¦¤¥­¨ï, ª®â®àë¥ ­¥®¡å®¤¨¬ë ¤«ï ¤®ª § â¥«ì-
áâ¢  ®á­®¢­®© â¥®à¥¬ë.

� áá¬ âà¨¢ ï ãà ¢­¥­¨¥ (1) á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ y(x0) = 0, y0(x0) = 1, ¯®«ãç¨¬ § ¤ çã
�®è¨, ª®â®àãî ¡ã¤¥¬ ­ §ë¢ âì § ¤ ç¥© (B). �á«¨ y(x; �) | à¥è¥­¨¥ § ¤ ç¨ (B) á q(x) � 0, â®
á¯à ¢¥¤«¨¢®

�â¢¥à¦¤¥­¨¥ 1. �ãáâì z1, z2 | ¯®á«¥¤®¢ â¥«ì­ë¥ ­ã«¨ y(x; �), h = max
x2[z1;z2]

jy(x; �)j. �®£¤ 

1)
�p
�M

� z2 � z1 � �p
�m

,

2)
max(jy0(z1; �)j; jy0(z2; �)j)p

�M
� h � min(jy0(z1; �)j; jy0(z2; �)j)p

�m
,

3)
r
m

M
�
����y0(z2;�)y0(z1;�)

���� �
r
M

m
.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á«¥¤ãîé¨¥ § ¤ ç¨ �®è¨:
 ) �y00(x; �) = ��(x)y(x; �), y(zi) = 0, y0(zi) = �i;
¡) �y000 (x; �) = �My0(x; �), y0(zi) = 0, y00(zi) = �i;
¢) �y001 (x; �) = �my1(x; �), y1(zi) = 0, y01(zi) = �i.
�ãáâì z0i+1 ¨ z1i+1 | ¯¥à¢ë¥ ¨§ ­ã«¥© y0(x; �) ¨ y1(x; �) á®®â¢¥âáâ¢¥­­®, ¡�®«ìè¨å, ç¥¬ zi.

�®£¤  ¯® â¥®à¥¬ ¬ áà ¢­¥­¨ï �âãà¬  [6] ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢  z0i+1 � zi+1 � z1i+1,
max

x2[zi;z0i+1]
jy0(x; �)j � max

x2[zi;zi+1]
jy(x; �)j � max

x2[zi;z1i+1]
jy1(x; �)j, â. ª. m � �(x) � M . �¥è¥­¨ï § ¤ ç ¡) ¨

¢) ­ å®¤ïâáï ¢ ï¢­®¬ ¢¨¤¥ y0(x; �) = �ip
�M

sin
p
�M(x�zi), y1(x; �) = �ip

�m
sin

p
�m(x�zi). �®íâ®¬ã

max jy0(x; �)j = �p
�M

, max jy1(x; �)j = �ip
�m

¨ z0i+1 = zi + �p
�M

, z1i+1 = zi + �p
�m
. �«¥¤®¢ â¥«ì­®,

zi +
�p
�M

� zi+1 � zi +
�p
�m

(4)

¨

�ip
�M

� max
x2[zi;zi+1]

jy(x; �)j � �ip
�m

; (5)

  ¯®â®¬ã ¨§ (4) ¯®«ãç¨¬ ­¥à ¢¥­áâ¢® 1). �¥à ¢¥­áâ¢®

�i+1p
�M

� max
x2[zi;zi+1]

jy(x; �)j � �i+1p
�m

(6)

¬®¦¥â ¡ëâì ¯®«ãç¥­®  ­ «®£¨ç­®, ¥á«¨ ¢¬¥áâ® § ¤ ç  ), ¡), ¢) à áá¬®âà¥âì § ¤ ç¨ á â¥¬¨ ¦¥
¢¥á®¢ë¬¨ äã­ªæ¨ï¬¨, ­® ¯®áâ ¢«¥­­ë¬¨ ¢ â®çª¥ zi+1 á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ 0 ¨ �i+1. �®£¤ 
¨§ (5) ¨ (6) á«¥¤ã¥â ­¥à ¢¥­áâ¢® 2).

�§ ¤®ª § ­­®£® ­¥à ¢¥­áâ¢  2) á«¥¤ã¥â max(�i;�i+1)p
�M

� min(�i;�i+1)p
�m

, ¯®íâ®¬ã max(�i;�i+1)

min(�i;�i+1)
�
q

M
m
,

­® «¥¢ ï ç áâì íâ®£® ­¥à ¢¥­áâ¢  ­¥ ¬¥­ìè¥, ç¥¬ �i
�i+1

¨ �i+1
�i

(à ¢­® ¨å ¬ ªá¨¬ã¬ã). �­ ç¨â,
�i
�i+1

�
q

M
m
¨ �i+1

�i
�
q

M
m
. �­ «®£¨ç­® ¨§ ­¥à ¢¥­áâ¢  min(�i;�i+1)

max(�i;�i+1)
�
q

m
M

¢ëâ¥ª ¥â �i
�i+1

�
q

m
M

¨
�i+1
�i

�
q

m
M
. � ª¨¬ ®¡à §®¬, ¤®ª § ­® ­¥à ¢¥­áâ¢® 3).

�¥¬¬  1. �ãáâì z1 ¨ z2 | ¤¢  ¯®á«¥¤®¢ â¥«ì­ëå ­ã«ï à¥è¥­¨ï y(x; �) § ¤ ç¨ (B). �®£¤ 
áãé¥áâ¢ãîâ ª®­áâ ­âë ci > 0, i = 1; 4, ­¥ § ¢¨áïé¨¥ ®â � â ª¨¥, çâ®

1)
c1p
�
� z2 � z1 � c2p

�
,

2) c3 �
����y0(z2; �)y0(z1; �)

���� � c4, c3 � 1, c4 � 1.

14



�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ f(x) = q(x)y(x) ¨ § ¯¨è¥¬ ãà ¢­¥­¨¥ (1) ¢ ¢¨¤¥ y00(x) +
��(x)y(x) = f(x). �ãáâì x1 | â®çª  íªáâà¥¬ã¬  y(x; �) ­  ¯à®¬¥¦ãâª¥ (z1; z2),   '(x) ¨  (x)
| à¥è¥­¨ï ãà ¢­¥­¨ï y00(x) + ��(x)y(x) = 0 á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ '(x1) = 0, '0(x1) = 1
¨  (x1) = 1,  0(x1) = 0. �®£¤ , ¯à¨¬¥­ïï ¬¥â®¤ ¢ à¨ æ¨¨ ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå, ¯®«ãç¨¬
á®®â­®è¥­¨¥

y(x; �) = [a'(x) + b (x)] +
Z x

x1

['(x) (t) �  (x)'(t)]f(t)dt;

¨§ f(t) = q(t)y(t; �) ¨ y0(x1; �) = 0 á«¥¤ã¥â

y(x; �) = y(x1; �) (x) +
Z x

x1

q(t)['(x) (t) �  (x)'(t)]y(t; �)dt;

¤¨ää¥à¥­æ¨àãï íâ® á®®â­®è¥­¨¥, ¯®«ãç¨¬

y0(x; �) = y(x1; �) 
0(x) +

Z x

x1

q(t)['0(x) (t) �  0(x)'(t)]y(t; �)dt:

�¡®§­ ç¨¬ ç¥à¥§ z00, z
0
1, z

0
2 ¨ z04 ç¥âëà¥ ¯®á«¥¤®¢ â¥«ì­ëå ­ã«ï  (x) â ª¨å, çâ® z01 < x1 < z02,

  ç¥à¥§ z001 ¨ z002 | ­ã«¨ '(x) â ª¨¥, çâ® ç¨á«  z001 , x1, z
00
2 ï¢«ïîâáï âà¥¬ï ¯®á«¥¤®¢ â¥«ì­ë¬¨

­ã«ï¬¨. �®£¤  ¨§ â¥®à¥¬ë ® ç¥à¥¤®¢ ­¨¨ ­ã«¥© '(x) ¨  (x) á«¥¤ã¥â, çâ® z00 < z001 < z01 < x1 <
z02 < z002 < z03, ¯à¨ íâ®¬ ­  ãç áâª å [z00; z

00
1 ) ¨ (z

00
2 ; z

0
3] ­¥â ­ã«¥© '(x).

�à¨¬¥­ïï ¯¥à¢®¥ ­¥à ¢¥­áâ¢® ¨§ ãâ¢¥à¦¤¥­¨ï 1 ª ¯ à ¬ ­ã«¥© z00 ¨ z
0
1, z

0
1 ¨ z

0
2, z

0
2 ¨ z

0
3 äã­ªæ¨¨

 (x), ¯®«ãç¨¬ 3�p
�M

� (z03 � z02) + (z02 � z01) + (z01 � z00) � 3�p
�m

¨«¨ 3�=
p
Mp
�

� z03 � z00 � 3�=
p
mp
�

.
�á«¨ ¯®ª § âì, çâ® ¯à¨ ¢á¥å ¤®áâ â®ç­® ¡®«ìè¨å §­ ç¥­¨ïå � ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

z00 � z1 < z2 � z03, â® ¯à ¢ ï ç áâì ¯¥à¢®£® ­¥à ¢¥­áâ¢  «¥¬¬ë ¡ã¤¥â ¤®ª § ­  (â. ª. ­ã«¨ |
¬®­®â®­­ë¥, ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨ �, â®, ¢§ï¢ ¤®áâ â®ç­® ¬ «®¥ ç¨á«® c1 > 0 ¨ ¡®«ìè®¥ ç¨á«®
c2 > 0, ¤®¡ì¥¬áï ¢ë¯®«­¥­¨ï ¯¥à¢®£® ­¥à ¢¥­áâ¢  ¨ ¯à¨ ¬ «ëå §­ ç¥­¨ïå �).

�à¨¬¥­ïï ª '(x) ­¥à ¢¥­áâ¢® 3) ãâ¢¥à¦¤¥­¨ï 1 ¨ ãç¨âë¢ ï, çâ® '0(x1) = 1, ¯®«ãç¨¬
q

m
M
�

j'0(z001 )j �
q

M
m

¨
q

m
M
� j'0(z002 )j �

q
M
m
. � ª¨¬ ®¡à §®¬, ¢ á¨«ã ­¥à ¢¥­áâ¢  2) ãâ¢¥à¦¤¥­¨ï 1

¨¬¥¥¬ max
x2[z00;z03]

j'(x)j �
p
M

m
p
�
,   ¯à¨¬¥­¨¢ ­¥à ¢¥­áâ¢® 2) ª äã­ªæ¨¨  (x) ­  ãç áâª å [z00; z

0
1], [z

0
1; z

0
2],

[z02; z
0
3], ¯®«ãç¨¬ max

x2[z00;z01]
j (x)j � j 0(z01;�)jp

�m
; 1 = max

x2[z01;z02]
j (x)j � j 0(z01)jp

�M
, 1 � j 0(z02)jp

�M
; max
x2[z02;z03]

j (x)j �
j 0(z02)jp

�m
, ®âªã¤  á«¥¤ã¥â j 0(z01)j �

p
�M ¨ j 0(z02)j �

p
�M . �®íâ®¬ã

max
x2[z00;z01]

j (x)j � j 0(z01)jp
�m

�
p
�Mp
�m

=

s
M

m
; max

x2[z02;z03]
j (x)j � j 0(z02)jp

�m
�
p
�Mp
�m

=

s
M

m
;

á«¥¤®¢ â¥«ì­®, max
x2[z00;z03]

j (x)j �
q

M
m
.

�§ ¯®«ãç¥­­ëå ­¥à ¢¥­áâ¢ ¤«ï '(x) ¨  (x) á«¥¤ã¥â

j'(x) (t) �  (x)'(t)j � j'(x)j j (t)j + j (x)j j'(t)j �
p
M

m
p
�

s
M

m
+

s
M

m

p
M

m
p
�
=

2M

m
p
�m

:

�á¯®«ì§ãï íâ® ­¥à ¢¥­áâ¢®, ¨§ ¨­â¥£à «ì­®£® á®®â­®è¥­¨ï ¤«ï y(x; �) ¯®«ãç¨¬ ®æ¥­ª¨

jy(x; �)� y(x1; �) (x)j �
����
Z x

x1

q(t)
2M

m
p
m�

y(t; �)dt
����:

� ª ª ª max jy(t; �)j = jy(x1; �)j ­  ãç áâª¥ [z1; z2] = [z1; z2] \ [z00; z03], â®

jy(x; �) � y(x1; �) (x)j �
����
Z x

x1

q(t)
2M

m
p
m�

y(x1; �)dt
���� =

����
Z x

x1

q(t)dt
����jy(x1; �)j 2M

m
p
�m

;
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¨«¨, â. ª. q(t) | áã¬¬¨àã¥¬ ï äã­ªæ¨ï,

jy(x; �) � y(x1; �) (x)j � cjy(x1; �)jp
�

¨«¨
���� y(x; �)y(x1; �)

�  (x)
���� � cp

�
:

�á«¨ [z1; z2] ­¥ á®¤¥à¦¨âáï ¢ [z00; z
0
3], â® ¨¬¥¥â ¬¥áâ® å®âï ¡ë ®¤­® ¨§ ­¥à ¢¥­áâ¢ z1 < z00 ¨«¨

z2 < z03. �à¥¤¯®«®¦¨¬ ¤«ï ®¯à¥¤¥«¥­­®áâ¨, çâ® z1 < z00. �®£¤  z1 < z00 ¨ [z00; x1] � [z1; z2].
�ãáâì x0 | â®çª  íªáâà¥¬ã¬   (x) ­  [z00; z

0
1]. �à¨¬¥­ïï ­¥à ¢¥­áâ¢® 2) ãâ¢¥à¦¤¥­¨ï 1, ¬®¦­®

¯®ª § âì, çâ® j (x0)j �
q

m
M

(â®ç­® â ª ¦¥, ª ª ¡ë«® ¯®ª § ­®, çâ® j (x0)j �
q

M
m
),   â. ª.

x0 2 (z00; z
0
1) � [z00; x1] � [z1; z2], â®

����y(x0; �)y(x1; �)
�  (x0)

���� � cp
�
: (7)

�®áª®«ìªã  (x1) = 1 > 0, â®  (x0) < 0, ¯®íâ®¬ã  (x0) = �j (x0)j. �âáî¤ 
��y(x0;�)
y(x1;�)

� j (x0)j
�� < cp

�

¨«¨ �j (x0)j� cp
�
< y(x0;�)

y(x1;�)
< �j (x0)j+ cp

�
. �«¥¤®¢ â¥«ì­®, y(x0;�)

y(x1;�)
< �

q
m
M
+ cp

�
, ¨ ¯à¨ ¡®«ìè¨å �

y(x0; �) ¨ y(x1; �) ¨¬¥îâ à §­ë¥ §­ ª¨, çâ® ¯à®â¨¢®à¥ç¨â ®âáãâáâ¢¨î ­ã«ï y(x; �) ­  [z00; x1].
�âáî¤  z2 � z1 � cp

�
, ¨ ®áâ «®áì ¯®ª § âì, çâ® c1p

�
� z2 � z1.

�ãáâì t1 ¨ t2 | ª®à­¨ ãà ¢­¥­¨ï  (x) = cp
�
, ¯à¨­ ¤«¥¦ é¨¥ [z01; z

0
2] (â ª¨å ª®à­¥© à®¢­®

¤¢ , â. ª.  (x) ¢ë¯ãª«  ­  [z01; z
0
2] ¨  (z

0
1) =  (z02) = 0,  (x1) = 1 ¨ � ¤®áâ â®ç­® ¡®«ìè®¥). �¢¨¤ã

(7) y(x; �) ­¥ ¨¬¥¥â ª®à­¥© ­  ¨­â¥à¢ «¥ (t1; t2).
�æ¥­¨¬ ¤«¨­ã ¯à®¬¥¦ãâª  [t1; t2] á­¨§ã, ¤«ï ç¥£® ¯à®¢¥¤¥¬ ¯àï¬ë¥, ¯à®å®¤ïé¨¥ ç¥à¥§ â®çª¨

A(z01; 0), B(x1; 1) ¨ C(z
0
2; 0), B(x1; 1) (á¬. à¨á. 1).

�¨á. 1

� ª ª ª  (x) ¢ë¯ãª«  ­  [z01; z
0
2], â® t1 < v1,   t2 > v2, £¤¥ v1 ¨ v2 |  ¡áæ¨ááë ¯¥à¥á¥ç¥­¨ï

¯àï¬ëå (AB) ¨ y = cp
�
¨ (CB) ¨ y = cp

�
á®®â¢¥âáâ¢¥­­®. � ©¤¥¬ v1 ¨ v2. �àï¬ ï (AB) § ¤ ¥âáï

ãà ¢­¥­¨¥¬ y
x�z01

= 1
x1�z01

, v1 ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î cp
�(v1�z01)

= 1
x1�z01

, ®âáî¤  v1 = z01+
c(x1�z01)p

�
.

�àï¬ ï (CB) § ¤ ¥âáï ãà ¢­¥­¨¥¬ y
x�z02

= 1
x1�z02

, v2 ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î cp
�(v2�z02)

= 1
x1�z02

,

®âáî¤  v2 = z02+
c(x1�z02)p

�
. �«¥¤®¢ â¥«ì­®, v2�v1 = z02�z01+ c(x1�z02)p

�
� c(x1�z01)p

�
= z02�z01+ c(z01�z02)p

�
¨«¨

v2 � v1 = (z02 � z01)
�
1� cp

�

�
. �âáî¤ , ãç¨âë¢ ï ­¥à ¢¥­áâ¢® 1) ãâ¢¥à¦¤¥­¨ï 1, z2 � z1 > v2 � v1 �

�p
�M

�
1� cp

�

�
¨ ­¥à ¢¥­áâ¢® 1) «¥¬¬ë ¤®ª § ­®.

�§ ®æ¥­®ª, ¯®«ãç¥­­ëå à ­¥¥ ¤«ï j'0(z001 )j ¨ j'0(z002 )j, á«¥¤ã¥â max
x2[z00;z03]

j'0(x)j �
q

M
m
. �§ ®æ¥­®ª

j 0(z01)j �
p
�M , j 0(z02)j �

p
�M ¨ ­¥à ¢¥­áâ¢  3) ãâ¢¥à¦¤¥­¨ï 1 á«¥¤ã¥â j 0(z00)j �

q
M
m

p
�M =
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Mp
m

p
� ¨ j 0(z03)j � Mp

m

p
�. �®íâ®¬ã max

x2[z00;z03]
j 0(x)j � Mp

m

p
�. � ª¨¬ ®¡à §®¬,

'0(x) (t) �  0(x)'(t) � j'0(x)j j (t)j + j 0(x)j j'(t)j �

�
s
M

m

s
M

m
+

Mp
m

p
�

p
M

m
p
�
=
M

m
+
M

m

s
M

m
=
M

m

�
1 +

s
M

m

�
:

�®¤áâ ¢«ïï ¯®«ãç¥­­®¥ ­¥à ¢¥­áâ¢® ¢ ¨­â¥£à «ì­®¥ á®®â­®è¥­¨¥ ¤«ï y0(x; �), ¯®«ãç¨¬ ®æ¥­ª¨

jy0(x; �) � y(x1; �) 0(x)j �
����
Z x

x1

q(t)
M

m

�
1 +

s
M

m

�
y(t; �)dt

����:
� ª ª ª ­  ãç áâª¥ [z1; z2] max jy(t; �)j = jy(x1; �)j, â® ­  íâ®¬ ãç áâª¥

jy0(x; �)� y(x1; �) 
0(x)j �

����
Z x

x1

q(t)
M

m

�
1 +

s
M

m

�
y(x1; �)dt

���� = M

m

�
1 +

s
M

m

�
jy(x1; �)j

����
Z x

x1

q(t)dt
����;

  â. ª. q(t) | áã¬¬¨àã¥¬ ï äã­ªæ¨ï, â® jy0(x; �)�y(x1; �) 0(x)j�cjy(x1; �)j, ¨«¨
�� y0(x;�)
y(x1;�)

� 0(x)���c,
¨«¨  0(x)� c � y0(x;�)

y(x1;�)
�  0(x) + c.

� ª ¡ë«® ¯®ª § ­® ¯à¨ ¤®ª § â¥«ìáâ¢¥ ­¥à ¢¥­áâ¢  1), jzi� z0ij � cp
�
, i = 1; 2, ¯®íâ®¬ã ¢¢¨¤ã

­¥¯à¥àë¢­®áâ¨  0(x) áãé¥áâ¢ã¥â ª®­áâ ­â  c â ª ï, çâ® j 0(zi) �  0(z0i)j < c ¨«¨  0(z0i) � c <

 0(zi) <  0(z0i) + c. �âáî¤  ¨ ¨§ ­¥à ¢¥­áâ¢   0(x) � c � y0(x;�)

y(x1;�)
�  0(x) + c, ¢§ïâ®£® ¯à¨ x = z1 ¨

x = z2, á«¥¤ã¥â

j 0(z02)j+ c+ c

j 0(z01)j � c� c
�
����y0(z2; �)y0(z1; �)

���� � j 0(z2)j � c� c

j 0(z1)j+ c+ c
:

�§ ãâ¢¥à¦¤¥­¨ï 1 á«¥¤ã¥â  0(z0i) > c
p
�, ¯®â®¬ã ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å �

2
���� 0(z02) 0(z01)

���� �
����y0(z2; �)y0(z1; �)

���� � 1
2

���� 0(z2) 0(z1)

����:
�âáî¤  ¨ ¨§ ­¥à ¢¥­áâ¢  3) ãâ¢¥à¦¤¥­¨ï 1 á«¥¤ã¥â ­¥à ¢¥­áâ¢® 2) «¥¬¬ë.

�â¢¥à¦¤¥­¨¥ 2. �ãáâì 0 < c0 � g(x) � c1, g(x) áã¬¬¨àã¥¬  ­  [a; b], f(x) | ¢ë¯ãª« ï,

­¥®âà¨æ â¥«ì­ ï, ­¥¯à¥àë¢­ ï äã­ªæ¨ï ­  [a; b]. �®£¤  ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

c0
[max f(x)]q

q + 1
(b� a) �

Z b

a
g(x)f q(x)dx � c1[max f(x)]

q(b� a):

�®ª § â¥«ìáâ¢®. �®¤áâ ¢«ïï ¢ ¨­â¥£à « c1 ¢¬¥áâ® q(x) ¨ max f(x) ¢¬¥áâ® f(x), ¯®«ãç¨¬
¯à ¢ãî ç áâì ­¥à ¢¥­áâ¢ . �ãáâì x0 | â®çª , ¢ ª®â®à®© ¤®áâ¨£ ¥âáï max f(x) = h (á¬. à¨á. 2).
�®£¤  ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

h

x0 � a
(x� a) � f(x) ¯à¨ a � x � x0; (8)

h

b� x0
(b� x) � f(x) ¯à¨ x0 � x � b: (9)
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�¨á. 2

�§ (8), (9) ¯®«ãç¨¬Z b

a
g(x)f q(x)dx =

Z x0

a
g(x)f q(x)dx+

Z b

x0

g(x)f q(x)dx �
Z x0

a
c0

�
h

x0 � a
(x� a)

�q
dx+

+
Z b

x0

c0

�
h

b� x0
(b� x)

�q
dx = c0

hq

(x0 � a)q

Z x0

a

(x� a)qdx+ c0
hq

(b� x0)q

Z b

x0

(b� x)qdx =

c0
hq

(x0 � a)q

�
(x� a)q+1

q + 1

���x0
a

�
+ c0

hq

(b� x0)q

��(b� x)q+1

q + 1

���b
x0

�
=

= c0
hq

q + 1
(x0 � a) + c0

hq

q + 1
(b� x0) = c0

hq

q + 1
(b� a): �

�à®¤®«¦¨¬ à¥è¥­¨¥ § ¤ ç¨ (B) ­  [�1;+1], áç¨â ï q(x) � 0, ¥á«¨ x < 0 ¨«¨ x > 1,  
�(x) � �(0), ¥á«¨ x < 0, ¨ �(x) � �(1), ¥á«¨ x > 1.

�¥¬¬  2. �ãáâì z0; z1; : : : ; zm | ­ã«¨ à¥è¥­¨ï y(x; �) § ¤ ç¨ (B) â ª¨¥, çâ® z0 � 0 � z1 �
z2 � � � � � zm�1 < 1 � zm (y(x; �) ¯à®¤®«¦¥­  ­  [�1;+1], hi = max

x2[zi;zi+1]
jy(x; �)j, xi | â®çª 

íªáâà¥¬ã¬ : hi = jy(xi; �)j, 1 � p <1). �®£¤  ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

1)
�
c1p
�

m�1X
i=0

hpi

�1=p

�
�Z 1

0

jy(x; �)jpdx
�1=p

�
�
c2p
�

m�1X
i=0

hpi

�1=p

;

2)
�Z 1

0

jy0(x; �)jpdx
�1=p

�
p
�

�
c3p
�

m�1X
i=0

hpi

�1=p

, £¤¥ c1, c2, c3 | ª®­áâ ­âë, ­¥ § ¢¨áïé¨¥ ®â �.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¤¢  ¯®á«¥¤®¢ â¥«ì­ëå ­ã«ï zi, zi+1. �  ãç áâª¥ [zi; zi+1], ª ª
¡ë«® ¯®ª § ­® ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 1, ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® jy(x;�)

hi
�  (x)j < cp

�
, £¤¥

 (x) | à¥è¥­¨¥ § ¤ ç¨ �®è¨ f�y00(x) = ��(x)y(x), y0(xi) = 0, y(xi) = 1g. �«¥¤®¢ â¥«ì­®, ¤«ï
zi+1R
zi

jy(x; �)jpdx = hpi

zi+1R
zi

jy(x;�)
hi

jpdx ¨¬¥îâ ¬¥áâ® ®æ¥­ª¨

hpi

Z z0i+1

z0
i

���� (x)� cp
�

����
p

dx <

Z zi+1

zi

jy(x; �)jpdx < hpi

Z zi+1

zi

���� (x) + cp
�

����
p

dx;

£¤¥ z0i, z
0
i+1 | ­ã«¨  (x) � cp

�
, ­ å®¤ïé¨¥áï ­  [zi; zi+1]. � ª ª ª  (x),   §­ ç¨â, ¨  (x) � cp

�
¢ë¯ãª«ë¥, â® ¤«ï ®æ¥­ª¨ «¥¢®© ¨ ¯à ¢®© ç áâ¥© ¯®«ãç¥­­®£® ­¥à ¢¥­áâ¢  ¬®¦­® ¯à¨¬¥­¨âì
ãâ¢¥à¦¤¥­¨¥ 2. � ª¨¬ ®¡à §®¬, ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

hpi c0(z
0
i+1 � z0i)

�
1� cp

�

�p
<

Z zi+1

zi

jy(x; �)jpdx < hpi (zi+1 � zi)
�
1 +

cp
�

�p
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(¯à¨ ¢ë¢®¤¥ ­¥à ¢¥­áâ¢  ãçâ¥­®, çâ® max j (x)� cp
�
j = 1� cp

�
,   max j (x) + cp

�
j = 1 + cp

�
).

�à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 1 ¡ë«® ¯®ª § ­®, çâ® z0i+1 � z0i > v2 � v1 > c1(zi+1 � zi), £¤¥
0 < c1 < 1, ¨ ¯®â®¬ã

hpi c0c1(zi+1 � zi)
�
1� cp

�

�p
<

Z zi+1

zi

jy(x; �)jpdx < hpi (zi+1 � zi)
�
1 +

cp
�

�p
:

�ç¨âë¢ ï, çâ® ¯à¨ ¡®«ìè¨å � á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  (1� cp
�
)p > 1

2
, (1+ cp

�
)p < 2, ¨ ®¡®§­ ç ï

ª®­áâ ­âë, ­¥ § ¢¨áïé¨¥ ®â �, ç¥à¥§ ci, ¯®«ãç¨¬

c1h
p
i (zi+1 � zi) <

Z zi+1

zi

jy(x; �)jpdx < c2h
p
i (zi+1 � zi):

� «¥¥, ãç¨âë¢ ï ­¥à ¢¥­áâ¢® 1) «¥¬¬ë 1 ¨ á­®¢  ®¡®§­ ç ï ª®­áâ ­âë, ­¥ § ¢¨áïé¨¥ ®â �, ç¥à¥§
ci, ¯®«ãç¨¬

c1p
�
hpi <

Z zi+1

zi

jy(x; �)jpdx < c2p
�
hpi :

�ç¥¢¨¤­®, Z zm�1

z1

jy(x; �)jpdx <
Z 1

0
jy(x; �)jpdx �

Z zm

z0

jy(x; �)jpdx
¨«¨

m�2X
i=1

Z zi+1

zi

jy(x; �)jpdx <
Z 1

0
jy(x; �)jpdx �

m�1X
i=0

Z zi+1

zi

jy(x; �)jpdx:

�ç¨âë¢ ï ­¥à ¢¥­áâ¢  ¤«ï ¨­â¥£à «®¢ ¯®¤ §­ ª ¬¨ áã¬¬, ¨§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¯®«ãç¨¬
m�2X
i=1

c1p
�
hpi <

Z 1

0

jy(x; �)jpdx <
m�1X
i=0

c2p
�
hpi :

� ª ª ª ¯à¨ ¡®«ìè¨å � á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  h0
h1
< 2

q
M
m
¨ hm�1

hm�2
< 2

q
M
m
, â® ¢ «¥¢ãî ç áâì

¬®¦­® ¤®¡ ¢¨âì ç«¥­ë á i = 0 ¨ i = m � 1 (¯à¨ íâ®¬ c1 ­¥áª®«ìª® ã¬¥­ìè¨âáï). � à¥§ã«ìâ â¥
¯®«ãç¨¬

m�1X
i=0

c1p
�
hpi <

Z 1

0

jy(x; �)jpdx <
m�1X
i=0

c2p
�
hpi :

�ë­®áï ¨§-¯®¤ §­ ª®¢ áã¬¬ë ¢¥«¨ç¨­ë c1p
�
¨ c2p

�
, ­¥ § ¢¨áïé¨¥ ®â ¨­¤¥ªá  áã¬¬¨à®¢ ­¨ï, ¨

¢®§¢®¤ï ¯®«ãç¨¢è¥¥áï ­¥à ¢¥­áâ¢® ¢ áâ¥¯¥­ì 1
p
, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢® 1) «¥¬¬ë.

�¥¯¥àì ¯®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­áâ¢  2). � ª ¯®ª § ­® ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬-
¬ë 1, ­  ®âà¥§ª¥ [zi; zi+1] ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® jy

0(x;�)

hi
�  0(x)j < c ¨ ¯à¨ íâ®¬ max j 0(x)j =

max(j 0(zi)j; j 0(zi+1)j), £¤¥ zi, zi+1 | ­ã«¨  (x). � ª ª ª ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï 1 max(j 0(zi)j,
j 0(zi+1)j) < c0

p
�, â® ¤«ï ¢á¥å x 2 [zi; zi+1] jy

0(x;�)
hi

j < j 0(x)j+ c < c0
p
�+ c < c0

p
� (¯à¨ ¡®«ìè¨å

� ®ç¥¢¨¤­®, c0
p
�+ c < c0

p
� ¤«ï c0 > c0), ¯®«ãç¨¬ jy0(x; �)j < c0

p
�hi, ¨Z 1

0

jy0(x; �)jpdx �
Z zm

z0

jy0(x; �)jpdx =
m�1X
i=0

Z zi+1

zi

jy0(x; �)jpdx <

<
m�1X
i=0

Z zi+1

zi

jc0
p
�hijpdx =

m�1X
i=0

cp0(
p
�)phpi (zi+1 � zi);

¨«¨, ®æ¥­¨¢ ï ¯® ­¥à ¢¥­áâ¢ã 1) «¥¬¬ë 1 à §­®áâì zi+1 � zi, ¨¬¥¥¬Z 1

0

jy0(x; �)jpdx < (
p
�)p

c3p
�

m�1X
i=0

hpi :

�®§¢®¤ï ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢ áâ¥¯¥­ì 1
p
, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢® 2) «¥¬¬ë.

19



�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à¨ æ¥«ëå §­ ç¥­¨ïå � = 0; 1; 2. � ª ª ª ­¥à ¢¥­áâ¢  1) «¥¬¬ë 2
¤®ª § ­ë ¯à¨ ¯à®¨§¢®«ì­®¬ p � 1, â® ®­¨ á¯à ¢¥¤«¨¢ë, ¢ ç áâ­®áâ¨, ¯à¨ p = q. �®íâ®¬ã ¤«ï
®â­®è¥­¨ï ky(x; �)kLp=ky(x; �)kLq ¨¬¥¥¬
�Z 1

0

jy(x; �)jpdx
�1=p.�Z 1

0

jy(x; �)jqdx
�1=q

�
�
c2p
�

m�1X
i=0

hpi

�1=p.� c1p
�

m�1X
i=0

hqi

�1=q

=

= c

�m�1X
i=0

hpi

�1=p.�m�1X
i=0

hqi

�1=q

�
1
2q� 1

2p

(ç¨á«¨â¥«ì ®æ¥­¥­ á¢¥àåã,   §­ ¬¥­ â¥«ì á­¨§ã).

�§¢¥áâ­® [7], çâ® ¥á«¨ p < q, â®
�Pm�1

i=0 hpi

�1=p.�Pm�1
i=0 hqi

�1=q
< m

1
p
� 1
q . �®áª®«ìªã ¨§ ­¥à -

¢¥­áâ¢  1) «¥¬¬ë 1 á«¥¤ã¥â c(m�2)p
�

<
Pm�2
i=0 (zi+1 � zi) < 1, â® m < c

p
�. �¬¥¥¬

�Pm�1
i=0 hpi

�1=p.
�Pm�1

i=0 hqi

�1=q
< c�

1
2p� 1

2q , ®âáî¤ 
� 1R

0

jy(x; �)jpdx
�1=p.� 1R

0

jy(x; �)jqdx
�1=q

< c�
1
2p� 1

2q �
1
2q� 1

2p = c.

�®ª ¦¥¬, çâ® ¥á«¨ p � q, â®
�Pm�1

i=0 hpi

�1=p.�Pm�1
i=0 hqi

�1=q
� 1, ¨ ¯®â®¬ã� 1R

0

jy(x; �)jpdx
�1=p.� 1R

0

jy(x; �)jqdx
�1=q

< c�
1
2q� 1

2p .

�«ï íâ®£® à áá¬®âà¨¬ äã­ªæ¨î F (x) =
� n�1P
i=0

hxi

�1=x
. �ãáâì h = max

0�i�n�1
hi. � ª ª ª ax = ex ln a,

â® F (x) =
� n�1P
i=0

ex lnhi
�1=x

= e
1
x
ln(
P

n�1

i=0
ex lnhi). � ©¤¥¬

F 0(x) =
�
� 1
x
ln
� n�1X
i=0

ex lnhi
�
+
Pn�1
i=0 e

x lnhi lnhiPn�1
i=0 e

x lnhi

�
1
x
e
1
x
ln(
P

n�1

i=0
ex lnhi):

�ç¨âë¢ ï, çâ® ex lna = ax, ¯®«ãç¨¬

F 0(x) =
�
� 1
x
ln
� n�1X
i=0

hxi

�
+
Pn�1
i=0 h

x
i lnhiPn�1

i=0 h
x
i

�
1
x

� n�1X
i=0

hxi

�1=x

:

� ª¨¬ ®¡à §®¬, §­ ª F 0(x) § ¢¨á¨â ®â §­ ª  ¢ëà ¦¥­¨ï ¢ ª¢ ¤à â­ëå áª®¡ª å. � ¬¥â¨¬, çâ®

� 1
x
ln
� n�1X
i=0

hxi

�
+
Pn�1
i=0 h

x
i lnhiPn�1

i=0 h
x
i

= �1
x
ln
�
hx

n�1X
i=0

hxi
hx

�
+

Pn�1
i=0 ln

�
hi
h
h
�
hxiPn�1

i=0 h
x
i

=

= �1
x
ln
� n�1X
i=0

hxi
hx

�
+

Pn�1
i=0 ln

�
hi
h

�
hxiPn�1

i=0 h
x
i

: (10)

�® ¢ë¡®àã h ¤«ï ­¥ª®â®à®£® j ¢¥à­®
hxj
hx

= 1 (hj = h),   ¤«ï ®áâ «ì­ëå i ¢¥à­® hxi
hx
> 0, §­ ç¨â,

n�1P
i=0

hxi
hx
> 1, ®âáî¤  ln

� n�1P
i=0

hxi
hx

�
> 0. � ª¨¬ ®¡à §®¬, ¯¥à¢®¥ á« £ ¥¬®¥ ¢ (10) ®âà¨æ â¥«ì­®¥. � ª

ª ª hi
h
� 1, â® ln(hi

h
) � 0,   ¯®â®¬ã ¨ ¢â®à®¥ á« £ ¥¬®¥ ¢ (10) ­¥ ¯®«®¦¨â¥«ì­®¥. �âáî¤  á«¥¤ã¥â,

çâ® F 0(x) � 0 ¨ F (x) ¬®­®â®­­® ã¡ë¢ ¥â á à®áâ®¬ x. �á«¨ p � q, â®
�m�1P
i=0

hpi

�1=p.�m�1P
i=0

hqi

�1=q
� 1,

çâ® ¤®ª §ë¢ ¥â ®æ¥­ªã
� 1R

0

jy(x; �)jpdx
�1=p.� 1R

0

jy(x; �)jqdx
�1=q

< c�
1
2q� 1

2p ¯à¨ p � q.
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�æ¥­¨¢ ï ¢ ®â­®è¥­¨¨ ky0(x; �)kLp=ky(x; �)kLq ç¨á«¨â¥«ì á®£« á­® ­¥à ¢¥­áâ¢ã 2) «¥¬¬ë 2,
  §­ ¬¥­ â¥«ì á­¨§ã á®£« á­® ­¥à ¢¥­áâ¢ã 1) «¥¬¬ë 2, ¯®«ãç¨¬�Z 1

0

jy0(x; �)jpdx)1=p
�.�Z 1

0

jy(x; �)jqdx)1=q
�
�

�
p
�

�
c3p
�

m�1X
i=0

hpi

�1=p.� c1p
�

m�1X
i=0

hqi

�1=q

= c

�m�1X
i=0

hpi

�1=p.�m�1X
i=0

hqi

�1=q

�
1
2+

1
2q� 1

2p :

� â®ç­®áâ¨ ¯®¢â®àïï ¢ëè¥¯à¨¢¥¤¥­­ë¥ à ááã¦¤¥­¨ï, ¯®«ãç¨¬

 ) ¥á«¨ p < q, â®
� 1R

0

jy0(x; �)jpdx
�1=p.� 1R

0

jy(x; �)jqdx
�1=q

< c�1=2;

¡) ¥á«¨ p � q, â®
� 1R

0

jy0(x; �)jpdx
�1=p.� 1R

0

jy(x; �)jqdx
�1=q

< c�
1
2+

1
2q� 1

2p .

� ª ª ª ¨¬¥¥â ¬¥áâ® ¢«®¦¥­¨¥ W 1
p [0; 1] � C[0; 1] � Lp[0; 1], £¤¥ W 1

p [0; 1] � C[0; 1] ª®¬¯ ªâ­®,
â®, ¯à¨¬¥­ïï «¥¬¬ã 16.4 ([8]), ¨§ ãà ¢­¥­¨ï (1) ¯®«ãç¨¬

ky00(x; �)kLp � �k�(x)y(x; �)kLp + kq(x)y(x; �)kLp � c�ky(x; �)kLp + kq(x)y(x; �)kLp :
�æ¥­¨¬ ­®à¬ã kq(x)y(x; �)kLp , ¨á¯®«ì§ãï âã ¦¥ «¥¬¬ã ¨§ [8]

kq(x)y(x; �)kLp � jy(x; �)j kq(x)kL1 � ky(x; �)kCkq(x)kL1 � c("ky(x; �)kW 1
p
+ c1(")ky(x; �)kLp );

£¤¥ " ¬®¦­® ¡à âì ¯à®¨§¢®«ì­ë¬ (­ ¯à., 1=2 ¨«¨ 1=4). �®£¤ 

ky00(x; �)kLp � c�ky(x; �)kLp + c("ky(x; �)kW 1
p
+ c1(")ky(x; �)kLp ): (11)

�¢¨¤ã (11),   â ª¦¥ ®æ¥­®ª, ¯®«ãç¥­­ëå ¢ëè¥, ¨¬¥¥¬

a) ¥á«¨ p < q, â®
�Z 1

0
jy00(x; �)jpdx

�1=p.�Z 1

0
jy(x; �)jqdx

�1=q

< c�; (12)

¡) ¥á«¨ p � q, â®
�Z 1

0
jy00(x; �)jpdx

�1=p.�Z 1

0
jy(x; �)jqdx

�1=q

< c�1+
1
2q� 1

2p : (13)

� ª ª ª ¯à¨ ¡®«ìè¨å � ®æ¥­ª¨ (12), (13) ¡®«ìè¥ ®æ¥­®ª á®®â¢¥âáâ¢ãîé¨å ­®à¬ ¤«ï y(x; �), â®,
ãç¨âë¢ ï ãá«®¢¨¥ (3) ¤«ï x0 = 0 ¨ yn(x) = cy(x; �n), ¯®«ãç¨¬, çâ® ¯. 1) â¥®à¥¬ë ¯à¨ §­ ç¥­¨ïå
� = 0; 1; 2 ¤®ª § ­.

�®ª ¦¥¬ ¯. 1) â¥®à¥¬ë ¯à¨ ¯à®¨§¢®«ì­®¬ 0 � � � 2. � á«ãç ¥ 1 < q < p < 1 ¯®«ãç¨âì
®æ¥­ª¨ ¤«ï á®¡áâ¢¥­­ëå äã­ªæ¨© § ¤ ç¨ (A) ¢ ¯à®áâà ­áâ¢ å W �

p [0; 1] ¯à¨ «î¡®¬ 0 < � < 2
¬®¦­®, ¨á¯®«ì§ãï ¬¥â®¤ë ¨­â¥à¯®«ïæ¨¨ ¯à®áâà ­áâ¢ [9].

�® â¥®à¥¬¥ �®¡®«¥¢  ¨¬¥¥â ¬¥áâ® ¢«®¦¥­¨¥ ¯à®áâà ­áâ¢ W 2
p [0; 1] � W 2�

q [0; 1] � W 0
q [0; 1],

0 < � < 1. �à¨¬¥­ïï ª ­¨¬ ¨­â¥à¯®«ïæ¨®­­ë¥ â¥®à¥¬ë 1.1.1 ¨ 6.4.5 ¨§ [9], ¯®«ãç¨¬ kyn(x)kW 2�
q
�

ckyn(x)k1��W 0
q
kyn(x)k�W 2

q
.

�® ãá«®¢¨î (3) kyn(x)kLq íª¢¨¢ «¥­â­  ¥¤¨­¨æ¥. �æ¥­¨¬ ­®à¬ã kyn(x)kW 2
q
. � ª ª ª ¨¬¥¥â

¬¥áâ® ¢«®¦¥­¨¥ W 2
q [0; 1] � C[0; 1] � Lq[0; 1], £¤¥ W 2

q [0; 1] � C[0; 1] ª®¬¯ ªâ­®, â® ¯® «¥¬¬¥ 16.4
¨§ [8] ¨§ ãà ¢­¥­¨ï (1) á«¥¤ã¥â

ky00n(x)kLq � �nk�(x)yn(x)kLq + kq(x)yn(x)kLq � �nMkyn(x)kLq + jyn(x)j kq(x)kL1 �
� c1�n + c2kyn(x)kC � c1�n + c2("kyn(x)kW 2

q
+ c3(")kyn(x)kLq );

®âªã¤  kyn(x)kW 2
q
� c�n. �¥à¥®¡®§­ ç ï ª®­áâ ­âë, ¯®«ãç¨¬ ®æ¥­ªã kyn(x)kW 2�

q
� c��n, £¤¥

0 < � < 1.
�®£« á­® â¥®à¥¬¥ 6.5.1 ([9]) ¨¬¥¥â ¬¥áâ® ¢«®¦¥­¨¥ W 2�

q [0; 1] � W 2�1
p , £¤¥ 1<q<p<1, 0<�<1,

0 < �1 < 1, 2� � 2�1 = 1
q
� 1

p
, ®âáî¤  kyn(x)kW 2�1

p
� ckyn(x)kW 2�

q
� c�

(2�1+
1
q
� 1
p
) 12

n = c�
�1+

1
2q� 1

2p
n .
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�¥à¥®¡®§­ ç ï 2�1 � �, £¤¥ 0 < � < 2, ¯®«ãç¨¬ kyn(x)kW �
p
� c�

�
2+

1
2q� 1

2p
n , £¤¥ 1 < q < p < 1,

0 < � < 2.
�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¤ ­­ ï ®æ¥­ª  ¯®«ãç¥­  á ¨á¯®«ì§®¢ ­¨¥¬ ãà ¢­¥­¨ï (1) ¨ ãá«®¢¨ï

­®à¬¨à®¢ª¨ (3), ¯®íâ®¬ã ªà ¥¢ë¥ ãá«®¢¨ï § ¤ ç¨ (A) ¬®£ãâ ¨¬¥âì ¨ ¤àã£®© ¢¨¤, ®â«¨ç­ë© ®â (2),
­ ¯à¨¬¥à, à á¯ ¤ îé¨¥áï ªà ¥¢ë¥ ãá«®¢¨ï �1y(0)+�1y0(0) = 0, �2y(1)+�2y0(1) = 0. �¤­ ª® ¢ë-
è¥¯à¨¢¥¤¥­­ë© ¬¥â®¤ ­¥ ¯®§¢®«ï¥â ®æ¥­¨âì á®¡áâ¢¥­­ë¥ äã­ªæ¨¨ § ¤ ç¨ (A) ¢ ¯à®áâà ­áâ¢ å
W �
p [0; 1] ¯à¨ «î¡®¬ 0 < � < 2 ¤«ï á«ãç ï p � q, çâ® ¢®§¬®¦­® á¤¥« âì, ¨á¯®«ì§ãï à¥§ã«ìâ âë

â¥®à¥¬ë ¤«ï ¤¨áªà¥â­ëå §­ ç¥­¨© � ¨ ¨­â¥à¯®«ïæ¨®­­ë¥ â¥®à¥¬ë. � íâ®¬ á«ãç ¥ â ª¦¥ ¯®«ã-
ç¨¬ ®æ¥­ª¨ ¨ ¤«ï 1 � q < p � 1, çâ® ¯®§¢®«¨â ¯®«ãç¨âì ®æ¥­ª¨ á®¡áâ¢¥­­ëå äã­ªæ¨© § ¤ ç¨
(A) ¢ ¯à®áâà ­áâ¢¥ áãé¥áâ¢¥­­® ®£à ­¨ç¥­­ëå äã­ªæ¨©.

�® â¥®à¥¬¥ �®¡®«¥¢  ¨¬¥¥â ¬¥áâ® ¢«®¦¥­¨¥ ¯à®áâà ­áâ¢ W 2
p [0; 1] � W 2�1

p [0; 1] � W 0
p [0; 1],

0 < �1 < 1. �à¨¬¥­ïï ª íâ¨¬ ¯à®áâà ­áâ¢ ¬ ¨­â¥à¯®«ïæ¨®­­ë¥ â¥®à¥¬ë 1.1.1 ¨ 6.4.5 [9] ¨ ¯. 1)
â¥®à¥¬ë ¯à¨ ¤¨áªà¥â­ëå §­ ç¥­¨ïå � = 0; 1; 2, ¤«ï á«ãç ï 1 � q < p � 1 ¨¬¥¥¬

kyn(x)kW 2�1
p

� ckyn(x)k1��1W 0
p
kyn(x)k�1W 2

p
� c�

( 1
2q� 1

2p )(1��1)
n �

(1+ 1
2q� 1

2p )�1
n = c�

�1+
1
2q� 1

2p
n ; 0 < �1 < 1:

�¥à¥®¡®§­ ç ï 2�1 � �, £¤¥ 0 < � < 2, ¯®«ãç¨¬ kyn(x)kW �
p
� c�

�
2+

1
2q� 1

2p
n , £¤¥ 1 � q < p � 1,

0 < � < 2. �ç¨âë¢ ï à¥§ã«ìâ âë ¯. 1) â¥®à¥¬ë ¯à¨ � = 0 ¨ � = 2, ¨¬¥¥¬ kyn(x)kW �
p
� c�

�
2+

1
2q� 1

2p
n ,

£¤¥ 1 � q < p � 1, 0 � � � 2.
�ãáâì p � q, â®£¤ , ãç¨âë¢ ï à¥§ã«ìâ âë ¯. 1) â¥®à¥¬ë ¯à¨ ¤¨áªà¥â­ëå §­ ç¥­¨ïå � = 0; 1; 2

¨ ¨­â¥à¯®«ïæ¨®­­ë¥ â¥®à¥¬ë, ¯®«ãç¨¬ ®æ¥­ªã kyn(x)kW 2�1
p

� ckyn(x)k1��1W 0
p
kyn(x)k�1W 2

p
� c�(1��1)n ,

£¤¥ 0 < �1 < 2, ¨ ®¯ïâì, ¯¥à¥®¡®§­ ç ï 2�1 � �, £¤¥ 0 < � < 2, ¯®«ãç¨¬ kyn(x)kW �
p
� c�

�
2
n , £¤¥

1 � p � q � 1, 0 < � < 2.
�ç¨âë¢ ï à¥§ã«ìâ âë â¥®à¥¬ë, ¨¬¥¥¬ ¯à¨ � = 0 ¨ � = 2 íâã ¦¥ ®æ¥­ªã.
�à¨áâã¯¨¬ ª ¤®ª § â¥«ìáâ¢ã ¯. 2) â¥®à¥¬ë ¯à¨ æ¥«®¬ §­ ç¥­¨¨ � = �1. �§ ®¯à¥¤¥«¥­¨ï

­®à¬ë ky(x; �)kW�1
p

= inf
g(x)

kg(x)kLp , £¤¥ g0(x) = y(x; �), á«¥¤ã¥â

ky(x; �)kW�1
p

= inf
c





c+
Z x

0

y(t; �)dt





Lp

= inf
c

�Z 1

0

����c+
Z x

0

y(t; �)dt
����
p

dx

�1=p

�
�Z 1

0

����
Z x

0

y(t; �)dt
����
p

dx

�1=p

(â. ª. inf ¡¥à¥âáï ¯® ¢á¥¬ c 2 R, ¢ ç áâ­®áâ¨, c = 0 ¢®§¬®¦­®). � ¤àã£®© áâ®à®­ë,����
Z x

0
y(t; �)dt

���� �
Z x

0
jy(t; �)jdt �

Z 1

0
jy(t; �)jdt = ky(x; �)kL1 =

1
2
ky(x; �)kW 0

1
;

¯®íâ®¬ã

ky(x; �)kW�1
p
�
�Z 1

0

����
Z x

0

y(t; �)jdt
����
p

dx

�1=p

�
�Z 1

0

�
1
2
ky(x; �)kW 0

1

�p
dx

�1=p

= 1
2
ky(x; �)kW 0

1
:

� ª ª ª 1 � q, â® ¨§ ¯. 1) â¥®à¥¬ë á«¥¤ã¥â ky(x; �)kW 0
1
� cky(x; �)kLq . �¥à¥®¡®§­ ç ï ª®­áâ ­âã,

¯®«ãç¨¬ ky(x; �)kW�1
p

� cky(x; �)kLq . � ª¨¬ ®¡à §®¬, ¯. 2) â¥®à¥¬ë ¯à¨ æ¥«®¬ §­ ç¥­¨¨ � = �1
¤®ª § ­.

�®ª ¦¥¬ ¯. 2) â¥®à¥¬ë ¯à¨ ¯à®¨§¢®«ì­®¬ �1 � � � 0. �® â¥®à¥¬¥ �®¡®«¥¢  ¨¬¥¥â ¬¥áâ® ¢«®-
¦¥­¨¥ ¯à®áâà ­áâ¢ W 0

p [0; 1] �W �
p [0; 1] �W�1

p [0; 1], �1 < � < 0. �à¨¬¥­ïï ª íâ¨¬ ¯à®áâà ­áâ¢ ¬
¨­â¥à¯®«ïæ¨®­­ë¥ â¥®à¥¬ë 1.1.1 ¨ 6.4.5 ¨§ [9], ¯®«ãç¨¬ kyn(x)kW �

p
� ckyn(x)k��W�1

p

kyn(x)k1+�W 0
p
, £¤¥

�1 < � < 0. �à¨ 1 � q < p � 1, ãç¨âë¢ ï ¯®«ãç¥­­ë¥ ®æ¥­ª¨ ¤«ï kyn(x)kW 0
p
¨ kyn(x)kW�1

p
,

¢ëâ¥ª ¥â kyn(x)kW �
p
� c�

1+�
2q � 1+�

2p
n , £¤¥ �1 � � � 0. �à¨ 1 � p � q � 1, ãç¨âë¢ ï ¯®«ãç¥­­ë¥

®æ¥­ª¨ ¤«ï kyn(x)kW 0
p
¨ kyn(x)kW�1

p
, ¯®«ãç¨¬ kyn(x)kW �

p
� c, £¤¥ �1 � � � 0. �
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�â¬¥â¨¬ á«¥¤ãîé¨© ¨­â¥à¥á­ë© ä ªâ. �á«¨ v = 0; 1, v � k ¨ 1 < (k � v)p, â® ¨¬¥¥â ¬¥áâ®
¢«®¦¥­¨¥ W k

p [0; 1] � Cv;�[0; 1] ¯à¨ §­ ç¥­¨ïå � = k � v � 1
p
, ¥á«¨ k � v � 1

p
< 1, ¯à¨ � < 1, ¥á«¨

k � v � 1
p
= 1, ¨ � = 1, ¥á«¨ k � v � 1

p
> 1 (â¥®à¥¬  ¢«®¦¥­¨ï �®¡®«¥¢  ¢ ®¡é¥¬ á«ãç ¥ ¨§ [10]).

�âáî¤  á«¥¤ã¥â, çâ® kyn(x)kCv;� � ckyn(x)kWk
p
.

�¢â®à ¢ëà ¦ ¥â ¡« £®¤ à­®áâì ¯à®ä¥áá®à ¬ �.�.�©£ã­®¢ã ¨ �.�.�ª «¨ª®¢ã §  ¯®áâ ¢«¥­-
­ãî § ¤ çã ¨ æ¥­­ë¥ á®¢¥âë.
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