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�ã¤¥¬ à áá¬ âà¨¢ âì ãà ¢­¥­¨¥

_x(t) = A(t)x(t); t 2 [0;1[; (1)

¢ ª®â®à®¬ A | ¨§¬¥à¨¬ ï ¨ ®£à ­¨ç¥­­ ï ¢ áãé¥áâ¢¥­­®¬ ­  [0;1[ ¯®çâ¨ ¯¥à¨®¤¨ç¥áª ï (¯. ¯.)
n � n-¬ âà¨æ . �®¤ ¥£® à¥è¥­¨¥¬ ¡ã¤¥¬ ¯®­¨¬ âì «®ª «ì­®  ¡á®«îâ­® ­¥¯à¥àë¢­ãî ­  [0;1[
n-¬¥à­ãî ¢¥ªâ®à-äã­ªæ¨î x, ã¤®¢«¥â¢®àïîéãî (1) ¯®çâ¨ ¢áî¤ã (¯. ¢.) ­  íâ®¬ ¯à®¬¥¦ãâª¥.

�áâ ­®¢¨¬ ¤®áâ â®ç­ë© ¯à¨§­ ª íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨ ãà ¢­¥­¨ï (1).

�¯à¥¤¥«¥­¨¥. � âà¨æã A = (aij) (aij : [0;1[! R) ­ §®¢¥¬ � -¯¥à¨®¤¨ç¥áª®©, ¥á«¨ áãé¥áâ¢ã-
¥â ®â­®á¨â¥«ì­® ¯«®â­®¥ ¬­®¦¥áâ¢® f�kg ([1], c. 7) â ª®¥, çâ® A(t) = A(t��k) ¯à¨ ¯. ¢. t 2 [�k; �k+1[
(k = 0; 1; : : : ).

�¥¬¬  1. �«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â � -¯¥à¨®¤¨ç¥áª ï ¬ âà¨æ  A" â ª ï, çâ®

vrai sup
t2[0;1[

kA(t)�A"(t)k < r"; (2)

£¤¥ r | ­¥ª®â®à®¥ ­ âãà «ì­®¥ ç¨á«®.

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ­¥ª®â®à®¥ " > 0. � ª ª ª A | ¯. ¯. ¬ âà¨æ , â® áãé¥áâ¢ã¥â
®â­®á¨â¥«ì­® ¯«®â­®¥ ¬­®¦¥áâ¢® f�kg (k = 0; 1; : : : ) â ª®¥, çâ®

vrai sup
t2[0;1[

kA(t+ �k)�A(t)k < ": (3)

�® ä¨£ãà¨àãîé¥¬ã §¤¥áì ¬­®¦¥áâ¢ã f�kg ¯®áâà®¨¬ � -¯¥à¨®¤¨ç¥áªãî ¬ âà¨æã

A"(t) =

(
A(t); t 2 [0; �1[;

A(t� �k); t 2 [�k; �k+1[ (k = 1; 2; : : : ):

�ãáâì t 2 [�k; �k+1[. �®£¤  áãé¥áâ¢ã¥â ¬­®¦¥áâ¢® f�kig � f�kg (i = 1; 2; : : : ; r) â ª®¥, çâ®

�0 � �k1 < � � � < �kr = �k; t� �k � � � � � �k1 2 [0; �1[

¨
A"(t) = A"(t� �k) = � � � = A"(t� �kr � � � � � �k1) = A(t� �kr � � � � � �k1):

� ¨á¯®«ì§®¢ ­¨¥¬ íâ¨å á®®â­®è¥­¨© ¨ (3) ¯®«ãç ¥¬ r ­¥à ¢¥­áâ¢

vrai sup
t2[�k;�k+1[

kA(t� �k(r�1) � � � � � �k1)�A"(t)k < ";

vrai sup
t2[�k;�k+1[

kA(t� �k(r�2) � � � � � �k1)�A(t� �k(r�1) � � � � � �k1)k < "; : : : ;

vrai sup
t2[�k;�k+1[

kA(t) �A(t� �k1)k < ":
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�âáî¤  á«¥¤ã¥â, çâ®
vrai sup
t2[�k;�k+1[

kA(t)�A"(t)k < r";

¨ ¢¢¨¤ã ¯à®¨§¢®«  ¢ ¢ë¡®à¥ k ¨¬¥¥¬ (2).

� ä¨ªá¨àã¥¬ ­¥ª®â®à®¥ " > 0, ¨ ¯ãáâì A" | ¬ âà¨æ , ã¤®¢«¥â¢®àïîé ï ­¥à ¢¥­áâ¢ã (2).
�â® ¤ ¥â ¢®§¬®¦­®áâì à áá¬ âà¨¢ âì (1) ª ª ãà ¢­¥­¨¥

_x = A"x+ (A�A")x

á ¯®áâ®ï­­® ¤¥©áâ¢ãîé¨¬ ¢®§¬ãé¥­¨¥¬ A�A", ¨, á«¥¤®¢ â¥«ì­®, ¯à¨ ­ «¨ç¨¨ ®æ¥­ª¨

kC"(t; s)k � c exp(�(t� s)); 0 � s � t <1; (4)

£¤¥ � < 0, C"(�; �) | ¬ âà¨æ  �®è¨ ãà ¢­¥­¨ï

_x = A"x; (5)

¬®¦­® ­ ¤¥ïâìáï ­  íªá¯®­¥­æ¨ «ì­ãî ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï (1). �®«ãç¨¬ íâã ®æ¥­ªã.
�¡®§­ ç¨¬ á¨¬¢®«®¬ X" ­®à¬ «ì­ãî äã­¤ ¬¥­â «ì­ãî ¬ âà¨æã ãà ¢­¥­¨ï (5).

�¥®à¥¬  1. �ãáâì áãé¥áâ¢ãîâ ç¨á«  � > 0, 
 > 0 â ª¨¥, çâ®

k� � 
 < �k � k� (k = 0; 1; : : : ) (6)

¨

max
k
kX"(�k+1 � �k)k � � < 1: (7)

�®£¤  ¨¬¥¥â ¬¥áâ® ®æ¥­ª  (4), £¤¥

� =
1
�
ln�; c = a2

�
��1�
=�; (8)

a� = exp
Z ��

0

kA"(s)kds; �� = sup
k
(�k+1 � �k):

�®ª § â¥«ìáâ¢®. �¢¨¤ã � -¯¥à¨®¤¨ç­®áâ¨ ¬ âà¨æë A" ­  ¯à®¬¥¦ãâª¥ [�k; �k+1[ ¬ âà¨æ 
X"((�)� �k) ­ àï¤ã á X" ï¢«ï¥âáï à¥è¥­¨¥¬ ¬ âà¨ç­®£®  ­ «®£  ãà ¢­¥­¨ï (5). �®íâ®¬ã

X"(t) = X"(t� �k)X"(�k); t 2 [�k; �k+1[; (9)

®âªã¤  á«¥¤ã¥â, çâ® ¯à¨ t 2 [�k; �k+1[, s 2 [�l; �l+1[ (l � k)

kC"(t; s)k � kX"(t� �k)k kX"(�k)X�1
" (�l)k kX�1

" (s� �l)k: (10)

�® «¥¬¬¥ �à®­ã®«« {�¥««¬ ­  ¯¥à¢ë© ¨ âà¥â¨© á®¬­®¦¨â¥«¨ ¢ ¯à ¢®© ç áâ¨ (10) ­¥ ¯à¥-
¢®áå®¤ïâ a�. � ¯®áª®«ìªã ¢¢¨¤ã ­¥¯à¥àë¢­®áâ¨ X" ¨§ (9) á«¥¤ã¥â

X"(�k) =
0Y

i=k�1

X"(�i+1 � �i);

â®

X"(�k)X�1
" (�l) =

lY
i=k�1

X"(�i+1 � �i) (l � k)

¨ ¢ á¨«ã (7)
kX"(�k)X�1

" (�l)k � �k�l:

�¢¨¤ã (10) ¯à¨ t 2 [�k; �k+1[, s 2 [�l; �l+1[ (l � k)

kC"(t; s)k � a2
�
�k�l:
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� á¨«ã (6) k + 1 � �k+1=�, l < �l=� + 
=�, ¨ ¯à¨ ãª § ­­ëå t, s

kC"(t; s)k � a2
�
��1�
=���k+1=����l=�:

�®áª®«ìªã s � �l, t < �k+1 ¨ l, k (l � k) ¯à®¨§¢®«ì­ë, ¯®«ãç ¥¬ ®æ¥­ªã (4), £¤¥ �, c ®¯à¥¤¥«¥­ë
¢ (8).

� ¬¥ç ­¨¥. �§ (6) á«¥¤ã¥â, çâ® � = lim
k!1

�k
k
,   
 = sup

k
(k� � �k).

�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 1, ¯à¨ç¥¬ ¬ âà¨æ  A" ã¤®¢«¥â¢®àï¥â ­¥-

à ¢¥­áâ¢ã (2). �®£¤ , ¥á«¨ r" < ��=c, â® ãà ¢­¥­¨¥ (1) íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï áâ ­¤ àâ­ë¬ ®¡à §®¬ ([2], á. 182).
� á¯à®áâà ­¥­­ë¥ ¯à¨¬¥àë ¯. ¯. äã­ªæ¨© ¤®áâ ¢«ïîâ ¯à®¨§¢¥¤¥­¨ï ¨ áã¬¬ë ¯¥à¨®¤¨ç¥áª¨å

äã­ªæ¨© á ­¥á®¨§¬¥à¨¬ë¬¨ ¯¥à¨®¤ ¬¨. � § ª«îç¥­¨¥ à ¡®âë ®áâ ­®¢¨¬áï ­  ¯à®¨§¢¥¤¥­¨ïå.
Cã¬¬ë à áá¬ âà¨¢ îâáï  ­ «®£¨ç­®.

�ãáâì A = A1A2, £¤¥ n�m-¬ âà¨æ  A1 ¯¥à¨®¤¨ç­  á ¯¥à¨®¤®¬ ! > 0 ¨ ­¥¯à¥àë¢­  ­  [0; !],
  m � n-¬ âà¨æ  A2 ¯¥à¨®¤¨ç­  á ¯¥à¨®¤®¬ � > 0, ¨§¬¥à¨¬  ¨ ®£à ­¨ç¥­  ¢ áãé¥áâ¢¥­­®¬ ­ 
[0; �]; ! = �0�, �0 ¨àà æ¨®­ «ì­®.

� §«®¦¨¬ �0 ¢ æ¥¯­ãî ¤à®¡ì [a0; a1; : : : ; an; : : : ] ([3], c. 16) ¨ ¤«ï ­¥ª®â®à®£® n ¯®«®¦¨¬

�n = [an+2; an+3; : : : ]; �k = (kpn + [k�n]pn+1)�; �k = (kqn + [k�n]qn+1)! (k = 0; 1; : : : );

£¤¥ pn, qn | ç¨á«¨â¥«ì ¨ §­ ¬¥­ â¥«ì n-© ¯®¤å®¤ïé¥© ¤à®¡¨ ¢ à §«®¦¥­¨¨ �0, [k�n] | æ¥« ï
ç áâì k�n.

� ¬¥ç ­¨¥. �­®¦¥áâ¢® f�kg à §¡¨¢ ¥â [0;1[ ­  ¯à®¬¥¦ãâª¨ ¤¢ãå ¢¨¤®¢ (¤«¨­ �1 ¨ �� =
�1 + pn+1�) ¨ ¯®â®¬ã ®â­®á¨â¥«ì­® ¯«®â­®.

�­ «®£®¬ «¥¬¬ë 1 ï¢«ï¥âáï

�¥¬¬  2. �«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â � -¯¥à¨®¤¨ç¥áª ï ¬ âà¨æ  A" â ª ï, çâ®

vrai sup
t2[0;1[

kA(t)�A"(t)k < ": (11)

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ­¥ª®â®à®¥ " > 0. � á¨«ã à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâ¨ ­  [0;1[
¬ âà¨æë A1 áãé¥áâ¢ã¥â � > 0 â ª®¥, çâ® ¯à¨ jhj < � ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

sup
t2[0;1[

kA1(t+ h)�A1(t)k <
"

2a2
; (12)

£¤¥ a2 = vrai sup
t2[0;1[

kA2(t)k.

�¥á«®¦­® ­ ©â¨ n,   ¯® ­¥¬ã | �k, �k â ª¨¥, çâ®

j�k � �kj < � (k = 0; 1; : : : );

¨ ¢¢¨¤ã ¯¥à¨®¤¨ç­®áâ¨ A1 á ¯¥à¨®¤®¬ ! ¨§ (12) ¯®«ãç ¥¬

sup
t2[0;1[

kA1(t+ �k)�A1(t)k <
"

2a2
: (13)

�®áâà®¨¬ ¯® ä¨£ãà¨àãîé¥¬ã §¤¥áì ¬­®¦¥áâ¢ã f�kg, ª ª ¨ ¢ «¥¬¬¥ 1, � -¯¥à¨®¤¨ç¥áªãî ¬ -
âà¨æã A"

1. �®£¤  ¨§ (13) ¡ã¤¥â á«¥¤®¢ âì (11), £¤¥ A" = A"
1A2.

�ãáâì C"(�; �) | ¬ âà¨æ  �®è¨, a X" | ­®à¬ «ì­ ï äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  ãà ¢­¥­¨ï
(5), £¤¥ A" = A"

1A2. � ¬¥â¨¬, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¬ âà¨æë X"(�k+1 � �k) ¬®£ãâ ¡ëâì
«¨èì ¤¢ãå ¢¨¤®¢: X"(�1) ¨ X"(��). �¢­ë© ¢¨¤ ¬­®¦¥áâ¢  f�kg ¯®§¢®«ï¥â ãâ®ç­¨âì â¥®à¥¬ã 1.
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�¥®à¥¬  3. �á«¨

maxfkX(�1)k; kX(��)kg � � < 1;

â® ¨¬¥¥â ¬¥áâ® ®æ¥­ª  (4), £¤¥

� =
ln�

(pn + �npn+1)�
; c = a2

�
��1�pn+1=(pn+�npn+1):

�®ª § â¥«ìáâ¢® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 1 ¯à¨

� = (pn + �npn+1)�; c = pn+1�:

�¨â¥à âãà 
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