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1. �®áâ ®¢ª  § ¤ ç¨

� áá¬®âà¨¬ á¨áâ¥¬ã ¨â¥£à «ìëå ãà ¢¥¨© â¨¯  �®«ìâ¥àà 

W (x(t)) = Ax(t) +
Z t

0
K(t� �)x(�)d� = f(t); t 2 [0; 1]; (1)

£¤¥ A,K(u) | n�n-¬ âà¨æë, f(t) | ¤®áâ â®ç® £« ¤ª ï ¨§¢¥áâ ï, x(t) | ¥¯à¥àë¢ ï ¨áª®¬ ï
n-¬¥àë¥ ¢¥ªâ®à-äãªæ¨¨, u = t� � .

�¨áâ¥¬ë ¢¨¤  (1), ã ª®â®àëå A = 0, ¯à¨ïâ®  §ë¢ âì á¨áâ¥¬ ¬¨ ¯¥à¢®£® à®¤ , á¨áâ¥¬ë, ã
ª®â®àëå detA 6= 0, | ¢â®à®£® à®¤  [1].

� ¤ ®© à ¡®â¥ à áá¬®âà¥ë á¨áâ¥¬ë ¢¨¤  (1), ã ª®â®àëå A 6= 0 ¨ detA 6= 0. � ª¨¥ á¨áâ¥¬ë
¡ã¤¥¬  §ë¢ âì ¢ëà®¦¤¥ë¬¨. �à¥¤¯®« £ ¥âáï, çâ® ¢å®¤ë¥ ¤ ë¥ ¨áå®¤®© § ¤ ç¨ ®¡« ¤ -
îâ â®© £« ¤ª®áâìî, ª®â®à ï ¥®¡å®¤¨¬  ¤«ï ¤ «ì¥©è¨å à ááã¦¤¥¨©. �¥«ìî à ¡®âë ï¢«ï¥âáï
¢ëï¢«¥¨¥ á¢®©áâ¢ ¬ âà¨æ A, K(u) ¨ ¢¥ªâ®à-äãªæ¨¨ f(t) § ¤ ç¨ (1) â ª¨å, çâ®

 ) ¨áå®¤ ï § ¤ ç  ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ¢ ª« áá¥ ¥¯à¥àë¢ëå äãªæ¨©;
¡) áãé¥áâ¢ã¥â «¨¥©ë© ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à áâ¥¯¥¨ m

Pm =
mX
i=0

(d=dt)ipi =
mX
i=0

pi(d=dt)
i; (2)

£¤¥ pi | n� n-¬ âà¨æë, â ª®©, çâ® á¨áâ¥¬  ãà ¢¥¨©

Pm

�
Ax(t) +

Z t

0

K(t� �)x(�)d�
�
= Ax(t) +

Z t

0

K(t� �)x(�)d� = Pmf(t); t 2 [0; 1]; (3)

ï¢«ï¥âáï á¨áâ¥¬®© ¢â®à®£® à®¤ .
�â¬¥â¨¬,çâ® â ª¨¥ á¨áâ¥¬ë ¢â®à®£® à®¤  ¯à¨ K(u); f(t) 2 C ¨¬¥îâ ¥¤¨áâ¢¥®¥ ¥¯à¥àë¢-

®¥ à¥è¥¨¥ [1]. �®ïá¨¬ ¢ëè¥áª § ®¥   ¯à¨¬¥à¥

�
1 0
0 0

�
x(t) +

Z t

0

�
1 0
0 a(t� �)

�
x(�)d� =

 
1

f(t)

!
: (4)

�¥¯®áà¥¤áâ¢¥®© ¯à®¢¥àª®© ã¡¥¦¤ ¥¬áï, çâ® ¤  ï § ¤ ç  ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¥¯à¥àë¢®¥
à¥è¥¨¥ x(t) = (exp(�t); f 00(t)=a)> â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

f(t) 2 C2; a 6= 0; f(0) = f 0(0) = 0:

�á«¨ f(0) 6= 0, ¨«¨ f 0(0) 6= 0, ¨«¨ a = 0 ¨ f(t) 6� 0, â® â ª ï á¨áâ¥¬  ¥ ¨¬¥¥â ¥¯à¥àë¢®£®
à¥è¥¨ï.

�á«¨ a = 0 ¨ f(t) � 0, â® á¨áâ¥¬  (4) ¨¬¥¥â ¬®¦¥áâ¢® à¥è¥¨© ¢¨¤  x(t) = (exp(�t); v(t))>,
£¤¥ v(t) | ¯à®¨§¢®«ì ï äãªæ¨ï.
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�ãé¥áâ¢ã¥â ¬®¦¥áâ¢® ®¯¥à â®à®¢ Pm áâ¥¯¥¨ ¥ ¨¦¥ ¤¢ãå, ª®â®àë¥ ¯à¥®¡à §ãîâ íâ®â
¯à¨¬¥à ª á¨áâ¥¬¥ ¢â®à®£® à®¤ . � ç áâ®áâ¨, P2 ¬®¦® ¢ë¡à âì ª ª

(d=dt)2
�
0 0
0 �

�
+
�
� 0
0 0

�
;

£¤¥ � ¨ � | ¯à®¨§¢®«ìë¥, ®â«¨çë¥ ®â ã«ï, ç¨á« . �¥£ª® ¯®ª § âì, çâ® ®¯¥à â®à  P1 ¢¨¤ 
d

dt
p0 + p1, ¯à¥®¡à §ãîé¥£® ¤ ë© ¯à¨¬¥à ª á¨áâ¥¬¥ ¢â®à®£® à®¤ , ¥ áãé¥áâ¢ã¥â.
� § ª«îç¥¨¥ ¯ à £à ä  § ¬¥â¨¬, çâ® áãé¥áâ¢ãîâ ¤àã£¨¥ ¯®¤å®¤ë ª ¨áá«¥¤®¢ ¨î á¨áâ¥¬ë

(1)   ¯à¥¤¬¥â ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï. � ç áâ®áâ¨, ¨á¯®«ì§ãï ¨â¥£à «ì®¥ ¯à¥®¡à §®¢ ¨¥
� ¯« á  [1] ¤«ï á¨áâ¥¬ë (1), ¬®¦® ¯¥à¥©â¨ ®â ¨áå®¤®© § ¤ ç¨ ª á¨áâ¥¬¥ «¨¥©ëå ãà ¢¥¨©
¢ ¯à®áâà áâ¢¥ ¨§®¡à ¦¥¨©,   § â¥¬ à¥è¨âì ¢®¯à®á ® áãé¥áâ¢®¢ ¨¨ ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï
¯®«ãç¥®© á¨áâ¥¬ë. �â¬¥â¨¬,çâ® ¤«ï ¯à¥®¡à §®¢ ¨ï � ¯« á  ¥®¡å®¤¨¬® â®ç® ¢ëç¨á«ïâì
àï¤ ¨â¥£à «®¢, çâ® ï¢«ï¥âáï ¢¥áì¬  § âàã¤¨â¥«ì®© § ¤ ç¥©.

�àã£¨¥ ¯à¥®¡à §®¢ ¨ï, ¯®§¢®«ïîé¨¥ ¯à®¢®¤¨âì ¨áá«¥¤®¢ ¨ï ¯® ¯®¢®¤ã ¥¤¨áâ¢¥®áâ¨
à¥è¥¨ï § ¤ ç¨ (1), ¯à¥¤«®¦¥ë ¢ [2]. �â¨ ¯à¥®¡à §®¢ ¨ï ¯à¥¤ § ç¥ë ¤«ï ¡®«¥¥ è¨à®ª®-
£® ª« áá  § ¤ ç, ¨ ¨å ¥¯®áà¥¤áâ¢¥®¥ ¯à¨¬¥¥¨¥ ª ãà ¢¥¨î (1) ï¢«ï¥âáï ¤®¢®«ì®-â ª¨
á«®¦®© § ¤ ç¥©.

� [3] ¯à¥¤«®¦¥ ¬¥â®¤ à¥¤ãªæ¨¨ ¨áå®¤®© § ¤ ç¨ ª á¨áâ¥¬¥ ¢â®à®£® à®¤ . �«ï ®áãé¥áâ¢«¥¨ï
â ª®© à¥¤ãªæ¨¨ ¥®¡å®¤¨¬® ¨áá«¥¤®¢ âì k-à áè¨à¥ãî á¨áâ¥¬ã à §¬¥à®¬
(kn� (k + 1)n).

2. �¢®©áâ¢  ¯®«ã®¡à âëå ¬ âà¨æ ¨ �-¬ âà¨æ

�¯à¥¤¥«¥¨¥ 1 ([4]). � âà¨æ , ®¡®§ ç ¥¬ ï ¢ ¤ «ì¥©è¥¬ ª ª A�,  §ë¢ ¥âáï ¯®«ã®¡à â-
®© ª ¬ âà¨æ¥ A, ¥á«¨ ®  ã¤®¢«¥â¢®àï¥â ¬ âà¨ç®¬ã ãà ¢¥¨î

AA�A = A:

�¥¬¬  1 ([4]). �¨áâ¥¬  «¨¥©ëå ãà ¢¥¨© By = c ¨¬¥¥â à¥è¥¨¥ â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ¢ë¯®«¥® ãá«®¢¨¥

(E �BB�)c = 0:

�¥¬¬  2 ([5]). �ãáâì n�n-¬ âà¨æ  A ¨¬¥¥â à £ r,   ¥®á®¡¥ ï n�n-¬ âà¨æ  L ¨¬¥¥â

¡«®çë© ¢¨¤

LA =
�
A1 A2

0 0

�
;

£¤¥ (A1A2) | r� n-¬ âà¨æ  ¨ rank(A1A2) = r. �®£¤  ¬ âà¨æ  L(E �AA�)L�1 ¨¬¥¥â ¡«®çë©

¢¨¤

L(E �AA�)L�1 =
�
0 S
0 En�r

�
:

�¤¥áì ¨ ¢áî¤ã ¤ «¥¥ ç¥à¥§ Es ¡ã¤¥¬ ®¡®§ ç âì ¥¤¨¨çãî ¬ âà¨æã à §¬¥à®áâ¨ s.

�¯à¥¤¥«¥¨¥ 2 ([6]). � âà¨æ  ¢¨¤ 

A(�) = �kA0 + �k�1A1 + � � �+Ak;

£¤¥ A0; A1; : : : ; Ak | ¯®áâ®ïë¥ ¬ âà¨æë ®¤¨ ª®¢ëå à §¬¥à®¢, �| áª «ïà, A0 6= 0,  §ë¢ ¥âáï
�-¬ âà¨æ¥© áâ¥¯¥¨ k.

�áî¤ã ¢ ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢á¥ ¬ âà¨æë ª¢ ¤à âë¥, ¥á«¨ ¥ ®£®¢®à¥®
¯à®â¨¢®¥.

�¯à¥¤¥«¥¨¥ 3 ([6]). � âà¨æ  A(�)  §ë¢ ¥âáï à¥£ã«ïà®©, ¥á«¨ detA(�) 6� 0.
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�¯à¥¤¥«¥¨¥ 4 ([3]). �®¯ãáâ¨¬, çâ® ¯ãç®ª ¬ âà¨æ �A0+A1 ã¤®¢«¥â¢®àï¥â ªà¨â¥à¨î \à £{
áâ¥¯¥ì" (¨¬¥¥â ¯à®áâãî áâàãªâãàã), ¥á«¨

deg det(�A0 +A1) = rankA0:

�¤¥áì ¨ ¢áî¤ã ¢ ¤ «ì¥©è¥¬ deg(�) ®§ ç ¥â ¯®ª § â¥«ì áâ¥¯¥¨ ¬®£®ç«¥  (�).

�¥¬¬  3. �ãç®ª ¬ âà¨æ �(E �AA�) +E ¨¬¥¥â ¯à®áâãî áâàãªâãàã.

�®ª § â¥«ìáâ¢®. �ãáâì rankA = r ¨ ¬ âà¨æ  L â  ¦¥, çâ® ¨ ¢ «¥¬¬¥ 2, â®£¤  ¢ á¨«ã
«¥¬¬ë 2 rank(E �AA�) = n� r ¨ áâ¥¯¥ì ¬®£®ç«¥ 

det(�(E �AA�) +E) = det(�L(E �AA�)L�1 +E) = det
�
�

�
0 S
0 En�r

�
+
�
Er 0
0 En�r

��

â ª¦¥ à ¢  n� r.

�¯à¥¤¥«¥¨¥ 5. �ã¤¥¬ £®¢®à¨âì, çâ® �-¬ âà¨æ 

A(�) =
kX

i=0

�k�iAi; A0 6= 0;

®¡« ¤ ¥â ¤®¬¨ âë¬ á¢®©áâ¢®¬ (��), ¥á«¨

deg detA(�) � k rankA0:

� ¯à¨¬¥à, ¬ âà¨æ  ( � 1
1 0 ) ¥ ®¡« ¤ ¥â íâ¨¬ á¢®©áâ¢®¬,   ¬ âà¨æ 

�
�2 �
� �

�
¯à¨ d 6= 1 ®¡« ¤ ¥â.

�â¬¥â¨¬, çâ® ¢¢¨¤ã ®£à ¨ç¥®áâ¨ ®¡ê¥¬  áâ âì¨ ¥ª®â®àë¥ à¥§ã«ìâ âë ¨ á¢®©áâ¢  �-
¬ âà¨æ ¯à¨¢¥¤¥ë ¡¥§ ¤®ª § â¥«ìáâ¢ .

�¢®©áâ¢® 1. �á«¨ A(�) | à¥£ã«ïà ï ¬ âà¨æ , ¥ ®¡« ¤ îé ï ��, â® áãé¥áâ¢ã¥â æ¥«®¥
¯®«®¦¨â¥«ì®¥ ç¨á«® l â ª®¥, çâ® ¬ âà¨æ  �lA(�) ®¡« ¤ ¥â ��.

�¢®©áâ¢® 2. �á«¨ áâ¥¯¥ì �-¬ âà¨æë A(�) à ¢  k, â® ¨ áâ¥¯¥ì �-¬ âà¨æë (�(E�A0A
�

0 )+
E)A(�) â ª¦¥ à ¢  k.

�¢®©áâ¢® 3. �á«¨ ¬ âà¨æ  A(�) ®¡« ¤ ¥â ��, â® ¨ ¬ âà¨æ  (�(E �A0A
�

0 ) +E)A(�) â ª¦¥
®¡« ¤ ¥â ��.

�¢®©áâ¢® 4. deg detA(�) � kn. �à¨ íâ®¬ à ¢¥áâ¢® ¤®áâ¨£ ¥âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
detA0 6= 0.

�¡à §ã¥¬ æ¥¯®çªã ¬ âà¨æ ¯® à¥ªãàà¥â®¬ã á®®â®è¥¨î

A(i)(�) = (�(E �A
(i�1)
0 A

(i�1)�
0 ) +E)A(i�1)(�); (5)

£¤¥ A(0)
0 = A0, A(0)(�) = A(�), A(i�1)

0 A(i�1)�
0 A(i�1)

0 = A(i�1)
0 ,   ¢¥àå¨© ¨¤¥ªá ã ¯®áâ®ïëå ¬ âà¨æ

®§ ç ¥â ®¬¥à ¨â¥à æ¨¨.
� ¤ «ì¥©è¥¬ ¨§«®¦¥¨¨ ¢ ¦ãî à®«ì ¨£à ¥â á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  1. �ãáâì ¬ âà¨æ  A(�) =
kP

i=1
�k�1Ai ®¡« ¤ ¥â �� ¨ rankA0 = r < n. �®£¤  ã

¬ âà¨æë A(k)(�), ®¯à¥¤¥«¥®© ¯® à¥ªãàà¥â®© ä®à¬ã«¥ (5), detA(k))
0 6= 0.
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�®ª § â¥«ìáâ¢®. �ãáâì deg detA(�) = kr + S � kr. �®£¤  ¢ á¨«ã «¥¬¬ë 3 ¨ á¢®©áâ¢  3
á¯à ¢¥¤«¨¢®

deg detA(1)(�) = kr + S + n� r � k(r + s1);

£¤¥ r + s1 = rankA(1)
0 . �à®¤®«¦ ï íâã æ¥¯®çªã ¥à ¢¥áâ¢, ¯®«ãç¨¬

deg detA(i)(�) = kr + S + (n� r) + (n� r � s1) + � � �+ (n� r � s1 � � � � � si�1) �

� k(r + s1 + s2 + � � � + si); (6)

£¤¥ r + s1 + s2 + � � �+ si = rankA(i)
0 . �ëç¨â ï ¨§ i-£® ¥à ¢¥áâ¢  (6) (i� 1)-¥,  ©¤¥¬

si � (n� (r + s1 + s2 + � � �+ si�1))=k � (n� r)=k: (7)

�®¤áâ ¢«ïï ¢ ¯à ¢ãî ç áâì ¥à ¢¥áâ¢  (6) § ç¥¨ï i = k, sj � (n � r)=k, j = 1; 2; : : : ; k,
¯®«ãç¨¬

deg detA(k)(�) � k(r + s1 + s2 + � � � + sk) � kn: (8)

�§ á¢®©áâ¢  4 ¢ëâ¥ª ¥â, çâ® detA(k)
0 6= 0.

3. �¥¤ãªæ¨ï ¢ëà®¦¤¥ëå á¨áâ¥¬

�¯¨è¥¬ à¥¤ãªæ¨î ¨áå®¤®£® ãà ¢¥¨ï (1) ª á¨áâ¥¬¥ ¨â¥£à «ìëå ãà ¢¥¨© ¢â®à®£® à®¤ .
� ª ª ª detA = 0, â® áãé¥áâ¢ã¥â ¥ã«¥¢ ï ¬ âà¨æ  p0 â ª ï, çâ® p0A = 0. �à®¤¨ää¥à¥æ¨àã¥¬
á¨áâ¥¬ã (1) ¨ ã¬®¦¨¬ ¥¥   ¬ âà¨æã p0. �®«ãç¨¬

p0K(0)x(t) +
Z t

0

p0K
0

t(t� �)x(�)d� = p0f
0(t); t 2 [0; 1]: (9)

�¬®¦¨¬ à ¢¥áâ¢® (1)   ¥ª®â®àãî ¬ âà¨æã p1 ¨ á«®¦¨¬ ¥£® á ãà ¢¥¨¥¬ (9). � à¥§ã«ìâ â¥
¨¬¥¥¬

(p0K(0) + p1A)x(t) +
Z t

0
(p0K

0

t(t� �) + p1K(t� �))x(�)d� = p0f
0(t) + p1f(t); t 2 [0; 1]; (10)

â. ¥. ä ªâ¨ç¥áª¨ ¯®¤¥©áâ¢ã¥¬   â®¦¤¥áâ¢® (1) ®¯¥à â®à®¬ d

dt
p0 + p1 = p0

d

dt
+ p1, £¤¥ p0 ¨ p1

| ¥ª®â®àë¥ n � n-¬ âà¨æë ¨ p0A = 0. �®«ãç¥®¥ ãà ¢¥¨¥ (10) ¬®¦¥â ®ª § âìáï \«ãçè¥"
¨áå®¤®£® (¡ëâì ¢â®à®£® à®¤ ),   ¬®¦¥â ¨ \åã¦¥" (¨¬¥âì ¬®¦¥áâ¢® à¥è¥¨©). �®ïá¨¬ íâ®  
¯à®áâ®¬ ¯à¨¬¥à¥

�
1 0
0 0

�
x(t) +

Z t

0

�
0 0
0 1

�
x(�)d� =

 
f1(t)
f2(t)

!
; f2(t) 2 C1; f2(0) = 0; f1(t) 2 C1; (11)

à¥è¥¨¥¬ ª®â®à®£® ï¢«ï¥âáï ¢¥ªâ®à-äãªæ¨ï

x(t) = (f1(t); f
0

2(t))
>:

�¥©áâ¢ãï   ãà ¢¥¨¥ (11) ®¯¥à â®à®¬ d

dt
( 0 0
0 c ) + ( d 0

0 0 ) (c 6= 0, d 6= 0), ¯®«ãç¨¬ á¨áâ¥¬ã

�
d 0
0 c

� 
x1(t)
x2(t)

!
=

 
d f1(t)
c f 02(t)

!
;

ª®â®à ï ¯®¯ ¤ ¥â ¢ ª« áá ¨â¥£à «ìëå ãà ¢¥¨© ¢â®à®£® à®¤ .
�á«¨ ¢ ª ç¥áâ¢¥ ®¯¥à â®à  d

dt
po + p1 ¢§ïâì ®¯¥à â®à

d

dt

�
0 1
0 0

�
+
�
d 0
0 0

�
; d 6= 0;
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â® ¯®«ãç¨¬ á¨áâ¥¬ã �
d 1
0 0

� 
x1(t)
x2(t)

!
=

 
d f1 + f 02(t)

0

!
;

ª®â®à ï ¨¬¥¥â ¬®¦¥áâ¢® à¥è¥¨© ¢¨¤  x(t) = ((d f1(t) + f 02(t) � v(t))=d; v(t))> , £¤¥ v(t) | ¯à®-
¨§¢®«ì ï äãªæ¨ï.

�ë¡¨à ï ¬ âà¨æë p0 ¨ p1 ª ª ( 0 1
0 0 ) ¨ ( 1 0

0 1 ) á®®â¢¥âáâ¢¥®, ¢®¢ì ¯®«ãç¨¬ ¢ëà®¦¤¥ãî
á¨áâ¥¬ã ¨â¥£à «ìëå ãà ¢¥¨©�

1 1
0 0

�
x(t) +

Z t

0

�
0 0
0 1

�
x(�)d� =

 
f1(t) + f 02(t)

f2(t)

!
:

�®¦¥â ®ª § âìáï â ª, çâ® ¥ áãé¥áâ¢ã¥â ¬ âà¨æ p0 ¨ p1 â ª¨å, çâ® ãà ¢¥¨¥ ¢¨¤ �
d

dt
p0 + p1

��
Ax(t) +

Z t

0

K(t� �)x(�)d�
�
= p0f

0(t) + p1f(t); t 2 [0; 1];

¡ã¤¥â á¨áâ¥¬®© ¢â®à®£® à®¤  (á¬. (4)), ® áãé¥áâ¢ã¥â «¨¥©ë© ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à
áâ¥¯¥¨ k > 1 ¢¨¤  (2), ª®â®àë© ®¡« ¤ ¥â á¢®©áâ¢®¬ (3).

�¥à¥¤ ä®à¬ã«¨à®¢ª®© ®á®¢®£® à¥§ã«ìâ â  ¯à¨¢¥¤¥¬ ¨§¢¥áâë© ä ªâ (á¬.  ¯à., [4]).

�¥¬¬  4. � ¤ ç 

B0x
0(t) +B1x(t) = 0; t 2 [0; 1]; x(0) = 0;

£¤¥ B0 ¨ B1 | n�n-¯®áâ®ïë¥ ¬ âà¨æë, ¨¬¥¥â â®«ìª® âà¨¢¨ «ì®¥ à¥è¥¨¥ â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  ¯ãç®ª ¬ âà¨æ �B0 +B1 à¥£ã«ïàë©.

�¡®§ ç¨¬ ç¥à¥§

A0 = A; Ai = K
(i�1)
ti�1 (0); i = 1; 2; : : : ; k; (12)

£¤¥ A ¨ K(u) | â¥ ¦¥ ¬ âà¨æë, çâ® ¨ ¢ ¨áå®¤®¬ ãà ¢¥¨¨ (1).

�¯à¥¤¥«¥¨¥ 6. �¨¨¬ «ì®¥ ç¨á«® k, ¯à¨ ª®â®à®¬ ¬ âà¨æ  A(�) ®¡« ¤ ¥â ��, £¤¥ Ai,
i = 0; 1; : : : ; k, ®¯à¥¤¥«¥ë ¯® ä®à¬ã«¥ (12) ,  §®¢¥¬ ¨¤¥ªá®¬ á¨áâ¥¬ë (1).

�¡à §ã¥¬ æ¥¯®çªã ãà ¢¥¨©

A(i)x(t) +
Z t

0
Ki(t� �)x(�)d� = fi(t); t 2 [0; 1]; (13)

£¤¥

A(i) = A(i�1) + Vi�1Ki�1(0);

Ki(u) = Ki�1(u) + Vi�1K
0

i�1(u); u = t� �;

fi(t) = fi�1(t) + Vi�1f
0

i�1(t);

Vi�1 = E �A(i�1)A(i�1)�; A(i�1)A(i�1)�A(i�1) = A(i�1);

A(0) = A; K0(u) = K(u); f0(t) = f(t):

�¥®à¥¬  2. �ãáâì

1) ¨¤¥ªá á¨áâ¥¬ë (1) à ¢¥ k;
2) K(u); f(t) 2 Ck;
3) Vifi(0) = 0, i = 0; 1; : : : ; k � 1.

�®£¤  á¨áâ¥¬  (13) ¯à¨ i = k ï¢«ï¥âáï á¨áâ¥¬®© ¢â®à®£® à®¤ , ¨ ¨áå®¤ ï § ¤ ç  (1) ¨¬¥¥â
¥¤¨áâ¢¥®¥ ¥¯à¥àë¢®¥ à¥è¥¨¥.
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�®ª § â¥«ìáâ¢®. �¯ãáª ï ¢ëª« ¤ª¨, § ¬¥â¨¬, çâ® ¨§ ä®à¬ã«ë (5) á«¥¤ã¥â

A
(k)
0 = A0 + (V0 + V1 + � � �+ Vk+1)A1 +

+ (Vk�1Vk�2 + Vk�1Vk�3 + � � � + Vk�1V0 + Vk�2Vk�3 + � � �+ Vk�2V0 + � � �+ V1V0)A2 +

+ (Vk�1Vk�2Vk�3 + Vk�1Vk�2Vk�4 + � � �+ Vk�1Vk�2V0 + Vk�2Vk�3Vk�4 +

+ Vk�2Vk�3Vk�5 + � � �+ Vk�2Vk�3V0 + � � � + V2V1V0)A3 + � � � + Vk�1Vk�2Vk�3 : : : V0Ak; (14)

£¤¥ Vi = E�A
(i)
0 A

(i)�
0 , i = 0; 1; : : : ; k�1. �® â¥®à¥¬¥ 1 detA(k)

0 6= 0, ¥á«¨ ¬ âà¨æ  A(�) =
kP

i=0
�k�iAi

®¡« ¤ ¥â ��. �ç¨âë¢ ï (12), § ¬¥â¨¬, çâ® ¬ âà¨æ  ¢ (13) á®¢¯ ¤ ¥â á ¬ âà¨æ¥©A(k)
0 ¢ (14). �â ª,

¢ á¨«ã ãá«®¢¨ï 1) â¥®à¥¬ë á¨áâ¥¬  (13) ¯à¨ i = k ï¢«ï¥âáï á¨áâ¥¬®© ¢â®à®£® à®¤ .
�ã¤¥¬ á¬®âà¥âì   i-¥ ãà ¢¥¨¥ (13) ª ª   áã¯¥à¯®§¨æ¨î ®¯¥à â®à®¢

Gi�1(x) =
�
d

dt
Vi�1 +E

�
x(t) = Vi�1x

0(t) + x(t); x(0) = 0

¨

Wi�1(x) = A(i�1)x(t) +
Z t

0
Ki�1(t� �)x(�)d� = fi�1(t); i = 1; 2; : : : ; k:

�®¤áâ ¢«ïï ¢ à ¢¥áâ¢  (13) § ç¥¨¥ t = 0, ¯®«ãç¨¬

A(i)x(0) = fi(0); i = 0; 1; : : : ; k � 1: (15)

�® «¥¬¬¥ 1 á¨áâ¥¬ë (15) ¨¬¥îâ à¥è¥¨¥ â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  ¢ë¯®«¥® ãá«®¢¨¥ 3) â¥®-
à¥¬ë. � á¨«ã «¥¬¬ë 4 ®¯¥à â®àë¥ ãà ¢¥¨ï Gi�1(x) = 0 ¨¬¥îâ â®«ìª® âà¨¢¨ «ì®¥ à¥è¥¨¥.

�â ª, ¨áå®¤®¥ ãà ¢¥¨¥ (1) ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© 1) ¨ 3) â¥®à¥¬ë ¨¬¥¥â â® ¦¥ à¥è¥-
¨¥, çâ® ¨ ãà ¢¥¨¥ (13). �®, ª ª ¡ë«® ¯®ª § ® ¢ëè¥, ãà ¢¥¨¥ (13) ¯à¨ i = k ï¢«ï¥âáï
á¨áâ¥¬®© ãà ¢¥¨© ¢â®à®£® à®¤ ,   â ª¨¥ á¨áâ¥¬ë ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï 2) â¥®à¥¬ë ¨¬¥îâ
¥¤¨áâ¢¥®¥ ¥¯à¥àë¢®¥ à¥è¥¨¥ [1].

�«ï ¨««îáâà æ¨¨ ¤ ®£® à¥§ã«ìâ â  ¯à¨¢¥¤¥¬ ¯à¨¬¥à.

�
1 0
0 0

�
x(t) +

Z t

0

�
0 1
1 d(t� �)

�
x(�)d� =

 
f1(t)
f2(t)

!
; d 2 R: (16)

�¯ãáª ï ¥á«®¦ë¥ ¢ëª« ¤ª¨, ¥âàã¤® ¯®ª § âì, çâ® ¤  ï á¨áâ¥¬  ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¥-
¯à¥àë¢®¥ à¥è¥¨¥ x1 = f 02� d(f1� f 02)=(1� d), x2 = (f 01� f 002 )=(1� d) â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤ 
d 6= 1, f2(0) = 0, f1(0) = f 02(0), f2 2 C2, f1 2 C1.

�à®¢¥à¨¬ ãá«®¢¨ï â¥®à¥¬ë. � ©¤¥¬ ¨¤¥ªá á¨áâ¥¬ë (16). � âà¨æ  �A + K(0) = ( � 1
1 0 ) ¥

®¡« ¤ ¥â ��,   ¬ âà¨æ  �2 + �K(0) +K 0(0) =
�
�2 �
� d

�
(d 6= 1) | ®¡« ¤ ¥â. � ç¨â, ¨¤¥ªá íâ®©

á¨áâ¥¬ë à ¢¥ ¤¢ã¬.
� £ 1.

�á«®¢¨¥ 3) â¥®à¥¬ë ¤ ¥â ( 0 0
0 1 )

�
f1(0)
f2(0)

�
= 0, â. ¥. f2(0) = 0.

�¨áâ¥¬  A(1)x(t) +
tR
0

K1(t� �)x(�)d� = f1(t) ¨¬¥¥â ¢¨¤

�
1 0
1 0

�
x(t) +

Z t

0

�
0 1
1 d(t� � + 1)

�
x(�)d� =

 
f1

f2 + f 02

!
:

(�¤¥áì ¤«ï ¯à®áâ®âë ¢ëç¨á«¥¨© ¢ ª ç¥áâ¢¥ ¯®«ã®¡à âëå ¬ âà¨æ ¢§ïâë ¯á¥¢¤®®¡à âë¥.)
� £ 2.

V1 = E �A(1)A(1)� =
�

0:5 �0:5
�0:5 0:5

�
:
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�á«®¢¨¥ 3) â¥®à¥¬ë ¤ ¥â�
0:5 �0:5

�0:5 0:5

� 
f1(0)

f2(0) + f 02(0)

!
=
�

0:5 �0:5
�0:5 0:5

� 
f1(0)
f 02(0)

!
= 0;

â. ¥. f1(0) = f 02(0).
�¨áâ¥¬ 

A(2)x(t) +
Z t

0

K2(t� �)x(�)d� =
�
0:5 (1� d)=2
1:5 (d� 1)=2

�
x(t) +

+
Z t

0

�
0 1� d=2
1 d(t� � + 1:5)

�
x(�)d� =

 
f1 + 0:5 f 01 � 0; 5(f 002 + f 02)
f2 + 1:5 f 02 � 0:5(f 01 � f 002 )

!

ï¢«ï¥âáï á¨áâ¥¬®© ¢â®à®£® à®¤ . �¥¯®áà¥¤áâ¢¥®© ¯à®¢¥àª®© ã¡¥¦¤ ¥¬áï, çâ® ¥¥ à¥è¥¨¥ á®-
¢¯ ¤ ¥â á à¥è¥¨¥¬ á¨áâ¥¬ë (16).

4. �ëà®¦¤¥ë¥ á¨áâ¥¬ë ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

� áá¬®âà¨¬ § ¤ çã

pX
i=0

Bix
(p�i)(t) = g(t); t 2 [0; 1]; (17)

x(j)(0) = aj ; j = 0; 1; : : : ; p� 1; (18)

£¤¥ Bi, i = 0; 1; : : : ; p, | n�n-¯®áâ®ïë¥ ¬ âà¨æë, g(t) | n-¬¥à ï ¤®áâ â®ç® £« ¤ª ï ¢¥ªâ®à-
äãªæ¨ï, detB0 = 0. �¢®¤ï ®¡®§ ç¥¨¥ y(t) = (x(p�1)(t); x(p�2)(t); : : : ; x(t))>, § ¯¨è¥¬ § ¤ çã
(17), (18) ¢ ¢¨¤¥

�0y
0(t) + �1y(t) = q(t); t 2 [0; 1]; (19)

y(0) = �; (20)

£¤¥ �0 ¨ �1 | np� np-¯®áâ®ïë¥ ¬ âà¨æë ¢¨¤ 

�0 =

0
BB@
0 E 0 : : : 0
0 0 E : : : 0
: : : : : : : : : : : : : : : : : : : :
B0 B1 B2 : : : Bp�1

1
CCA ; �1 =

0
BB@
�E 0 0 : : : 0
0 �E 0 : : : 0
: : : : : : : : : : : : : : : : : : :
0 0 0 : : : Bp

1
CCA ;

q(t) = (0; 0; : : : ; 0; g(t)>; � = (ap�1; ap�2; : : : ; a0)
>:

�§ «¥¬¬ë 4 á«¥¤ã¥â, çâ® ¥á«¨ § ¤ ç  (19), (20) ¨¬¥¥â à¥è¥¨¥, â® ®® ¥¤¨áâ¢¥® â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  ¯ãç®ª ¬ âà¨æ ��0+�1 à¥£ã«ïàë©. �¯ãáª ï ¢ëª« ¤ª¨, ¬®¦® ¯®ª § âì, çâ®

¯ãç®ª ��0 + �1 à¥£ã«ïàë© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¬ âà¨æ 
pP

i=0
�p�iBi à¥£ã«ïà ï. � ª¨¬

®¡à §®¬, ¥á«¨ § ¤ ç  (17), (18) ¨¬¥¥â à¥è¥¨¥, â® ®® ¥¤¨áâ¢¥® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

¬ âà¨æ 
pP

i=0
�p�iBi à¥£ã«ïà ï.

�®«®¦¨¬, ¥á«¨ ¯®âà¥¡ã¥âáï, Bj = 0, j = p+ 1; p+ 2; : : : ; k.

�¯à¥¤¥«¥¨¥ 7. �ãáâì ¬ âà¨æ  B(�) =
pP

i=0
�p�iBi ã á¨áâ¥¬ë (17) à¥£ã«ïà ï. �®£¤  ¨-

¤¥ªá®¬ íâ®© á¨áâ¥¬ë  §®¢¥¬ ¬¨¨¬ «ì®¥ ç¨á«® k, ¯à¨ ª®â®à®¬ ¬ âà¨æ 
kP

i=0
�k�iBi ®¡« ¤ ¥â

��.

�«¥¤áâ¢¨¥¬ â¥®à¥¬ë 1 ï¢«ï¥âáï
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�¥®à¥¬  3. �ãáâì ¨¤¥ªá á¨áâ¥¬ë (17) à ¢¥ k ¨ g(t) 2 Ck. �®£¤ , ¤¥©áâ¢ãï   á¨áâ¥¬ã

(17) ®¯¥à â®à®¬

Pk =
kY

i=1

�
d

dt
(E �B

(k�i)
0 B

(k�i)�
0 ) +E

�
;

¯®«ãç¨¬ á¨áâ¥¬ã
pX

i=0

B
(k)
i x(p�i)(t) = gk(t); t 2 [0; 1];

á ¥¢ëà®¦¤¥®© ¬ âà¨æ¥© ¯¥à¥¤ áâ àè¥© ¯à®¨§¢®¤®©.

�¤¥áì
B(i)

j = B(i�1)
j + (E �B(i�1)

0 B(i�1)�
0 )B(i�1)

j+1 ; B(0)
j = Bj :

�à¨¢¥¤¥¬ § ç¥¨¥ ¨¤¥ªá  á¨áâ¥¬ë (17), ã ª®â®à®© ¬ âà¨æ  B(�) =
pP

i=0
�p�iBi à¥£ã«ïà ï ¨ ¥

®¡« ¤ ¥â ��. �¯ãáª ï à ááã¦¤¥¨ï, ¯®«ãç¨¬

k =

8>><
>>:
np� s

n� r
; np� s ªà â® n� r;

hnp� s

n� r

i
+ 1 ¢ ¯à®â¨¢®¬ á«ãç ¥;

(21)

£¤¥ [ ] | æ¥« ï ç áâì ç¨á« , s = deg detB(�), r = rankB0.
� § ª«îç¥¨¥ áâ âì¨ ®â¬¥â¨¬, çâ® ¯à¨ ¨§ãç¥¨¨ á¨áâ¥¬ ¯¥à¢®£® ¯®àï¤ª  ¢¨¤  (17) ¢ ¦ãî

à®«ì ¨£à ¥â ¨¤¥ªá ¯ãçª  �B0 + B1, â. ¥. ¬¨¨¬ «ì®¥ æ¥«®¥ ¥®âà¨æ â¥«ì®¥ ç¨á«® k, ¯à¨
ª®â®à®¬ á¯à ¢¥¤«¨¢® à ¢¥áâ¢® [4]

rank((�B0 +B1)
�1B0)

k = rank((�B0 +B1)
�1B0)

k+1:

�®à¬ã«  (21) ¤ ¥â ¤àã£®©, ¡®«¥¥ ¯à®áâ®© á¯®á®¡ ¢ëç¨á«¥¨ï ¨¤¥ªá  ¯ãçª  �B0 + B1,  
¨¬¥®

k =

8>><
>>:
n� s

n� r
; n� s ªà â® n� r;

hn� s

n� r

i
+ 1 ¢ ¯à®â¨¢®¬ á«ãç ¥;

£¤¥ s = deg det(�B0 +B1), r = rankB0.
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