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0. �¢¥¤¥­¨¥

�« ¤ª®¥ n-¬¥à­®¥ ¬­®£®®¡à §¨¥X ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  PN ­ §ë¢ ¥âáïâ ­£¥­æ¨ «ì­®
¢ëà®¦¤¥­­ë¬ ¨«¨ ¬­®£®®¡à §¨¥¬ á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬, ¥á«¨ à ­£ ¥£®
£ ãáá®¢  ®â®¡à ¦¥­¨ï 
 : X ! G (n;N) ¬¥­ìè¥ n, 0 � r = rank 
 < n. �¤¥áì x 2 X, 
(x) =
Tx(X), Tx(X) | ª á â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢® ª ¬­®£®®¡à §¨î X ¢ â®çª¥ x, à áá¬ âà¨¢ ¥¬®¥
ª ª n-¬¥à­®¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® Pn. �¨á«® r ­ §ë¢ ¥âáï â ª¦¥ à ­£®¬ ¬­®£®®¡à §¨ï
X, r = rankX. �«ãç © r = 0 ï¢«ï¥âáï âà¨¢¨ «ì­ë¬: ¢ íâ®¬ á«ãç ¥ ¬­®£®®¡à §¨¥ ï¢«ï¥âáï
n-¯«®áª®áâìî.

�ãáâì X � PN | n-¬¥à­®¥ £« ¤ª®¥ ¬­®£®®¡à §¨¥ á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬.
�à¥¤¯®«®¦¨¬, çâ® 0 < rank
 = r < n. �¡®§­ ç¨¬ ç¥à¥§ L á«®© £ ãáá®¢  ®â®¡à ¦¥­¨ï, L =

�1(Tx) � X; dimL = n� r = l. �¨á«® l ­ §ë¢ ¥âáï £ ãáá®¢ë¬ ¤¥ä¥ªâ®¬ ¬­®£®®¡à §¨ï X (á¬.
[1], á. 89; [2], á. 52) ¨«¨ ¨­¤¥ªá®¬ ®â­®á¨â¥«ì­®© ¤¥ä¥ªâ­®áâ¨ ¬­®£®®¡à §¨ï X ([3]).

�­®£®®¡à §¨¥ á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬ à ­£  r à áá« ¨¢ ¥âáï ­  ¯«®áª¨¥
á«®¨ L à §¬¥à­®áâ¨ l, ¢¤®«ì ª®â®àëå ª á â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢® Tx(X) ­¥ ¨§¬¥­ï¥âáï. �«®¥-
­¨¥ ­  ¬­®£®®¡à §¨¨ X á® á«®ï¬¨ L ­ §ë¢ ¥âáï á«®¥­¨¥¬ �®­¦ {�¬¯¥à  (á¬., ­ ¯à., [4]{[6]).

�¤­ ª® ¢ ®â«¨ç¨¥ ®â âà ¤¨æ¨®­­®£® ®¯à¥¤¥«¥­¨ï á«®¥­¨ï á«®¨ á«®¥­¨ï �®­¦ {�¬¯¥à  ¨¬¥-
îâ ®á®¡¥­­®áâ¨. �®íâ®¬ã ¢ ®¡é¥¬ á«ãç ¥ á«®¨ â ª®£® á«®¥­¨ï ­¥ ï¢«ïîâáï ¤¨ää¥®¬®àä­ë¬¨
áâ ­¤ àâ­®¬ã á«®î. � íâ®© à ¡®â¥ ¯à¥¤¯®« £ ¥âáï, çâ® ®á®¡ë¥ â®çª¨ ¯à¨­ ¤«¥¦ â á«®î L, ¨,
á«¥¤®¢ â¥«ì­®, á«®© ï¢«ï¥âáï l-¬¥à­ë¬ ¯®¤¯à®áâà ­áâ¢®¬ ¯à®áâà ­áâ¢  PN .

� á â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢® Tx(X) ­¥ ¨§¬¥­ï¥âáï, ª®£¤  â®çª  x ¯à®¡¥£ ¥â ¬­®¦¥áâ¢® à¥£ã-
«ïà­ëå â®ç¥ª á«®ï L. �® íâ®© ¯à¨ç¨­¥ ª á â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢® ®¡®§­ ç ¥âáï á«¥¤ãîé¨¬
®¡à §®¬: TL, L � TL. � à  (L; TL) ­  ¬­®£®®¡à §¨¨ X § ¢¨á¨â ®â r ¯ à ¬¥âà®¢.

�­®£®®¡à §¨ï à ­£  r < n ï¢«ïîâáï ¬­®£®¬¥à­ë¬¨  ­ «®£ ¬¨ à §¢¥àâë¢ îé¨åáï ¯®¢¥àå­®-
áâ¥© âà¥å¬¥à­®£® ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢ . �¯¥à¢ë¥ ®­¨ à áá¬ âà¨¢ «¨áì �.� àâ ­®¬ ¢ á¢ï§¨ á
¨§ãç¥­¨¥¬ ¬¥âà¨ç¥áª¨å ¤¥ä®à¬ æ¨© £¨¯¥à¯®¢¥àå­®áâ¥© [7] ¨ ¨§ãç¥­¨¥¬ ¬­®£®®¡à §¨© ¯®áâ®ï­-
­®© ªà¨¢¨§­ë [8], [9]. � ¯®á«¥¤­¥¥ ¢à¥¬ï ¬­®£®®¡à §¨ï á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬
à ­£  r < n ¨­â¥­á¨¢­® ¨§ãç îâáï ª ª á ¯à®¥ªâ¨¢­®© â®çª¨ §à¥­¨ï, â ª ¨ á ¥¢ª«¨¤®¢®©.

�§«®¦¥­¨¥ ®á­®¢­ëå à¥§ã«ìâ â®¢, ®â­®áïé¨åáï ª £¥®¬¥âà¨¨ ¬­®£®®¡à §¨© á ¢ëà®¦¤¥­­ë¬
£ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬,   â ª¦¥ ¡¨¡«¨®£à ä¨î à ¡®â ¯® íâ®© â¥¬ â¨ª¥ ¬®¦­® ­ ©â¨ ¢ ([10],
£«. 4; [11]).

� ([12], x 2, á. 383{393) à áá¬®âà¥­ë ¬­®£®®¡à §¨ï á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬ á
â®çª¨ §à¥­¨ï  «£¥¡à ¨ç¥áª®© £¥®¬¥âà¨¨. �«¥¤ãï [12], � ­¤á¡¥à£ ®¯ã¡«¨ª®¢ « ª­¨£ã [2], ª®â®à ï
¢ ­¥ª®â®à®¬ á¬ëá«¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ­®¢ãî ¢¥àá¨î à ¡®âë [12]. � §¤¥« 5 (á. 47{50) íâ®© ª­¨£¨
¯®á¢ïé¥­ ¬­®£®®¡à §¨ï¬ á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬.

� ç áâ­®áâ¨, ¢ [12] áä®à¬ã«¨à®¢ ­  áâàãªâãà­ ï â¥®à¥¬  ¤«ï ¬­®£®®¡à §¨© á ¢ëà®¦¤¥­-
­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬, ãâ¢¥à¦¤ ¥âáï, çâ® â ª¨¥ ¬­®£®®¡à §¨ï \áâà®ïâáï ¨§ ª®­ãá®¢ ¨
à §¢¥àâë¢ îé¨åáï ¯®¢¥àå­®áâ¥©", ¨ ¯à¨¢®¤¨âáï ¤®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥­¨ï ¢ á«ãç ¥
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n = 2. �â®â à¥§ã«ìâ â ®ª § «áï ¯®«­ë¬ ¢ á«ãç ¥ ¬­®£®®¡à §¨©, £ ãáá®¢ë ®â®¡à ¦¥­¨ï ª®-
â®àëå ¨¬¥îâ ®¤­®¬¥à­ë¥ á«®¨. �¤­ ª® ¤«ï â ­£¥­æ¨ «ì­® ¢ëà®¦¤¥­­ëå £¨¯¥à¯®¢¥àå­®áâ¥©,
£ ãáá®¢ë ®â®¡à ¦¥­¨ï ª®â®àëå ¨¬¥îâ á«®¨ à §¬¥à­®áâ¨, ¡®«ìè¥© ¥¤¨­¨æë, íâ® ãâ¢¥à¦¤¥­¨¥
ï¢«ï¥âáï ­¥¯®«­ë¬, â. ª. ®­® ­¥ ®å¢ âë¢ ¥â á«ãç © £¨¯¥à¯®¢¥àå­®áâ¥©. � [11] ¡ë«® ¯®ª § ­®,
çâ® áãé¥áâ¢ãîâ £¨¯¥à¯®¢¥àå­®áâ¨ á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬, ª®â®àë¥ ­¥ ¬®£ãâ
¡ëâì ¯®áâà®¥­ë ¨§ ª®­ãá®¢ ¨ à §¢¥àâë¢ îé¨åáï ¬­®£®®¡à §¨©.

� ¤ ­­®© à ¡®â¥ ®¯à¥¤¥«ïîâáï ¨ ¨§ãç îâáï ­®¢ë¥ â¨¯ë ¬­®£®®¡à §¨© á ¢ëà®¦¤¥­­ë¬ £ ãá-
á®¢ë¬ ®â®¡à ¦¥­¨¥¬,   ¨¬¥­­®, ¬­®£®®¡à §¨ï á ªà â­ë¬¨ ¯«®áª¨¬¨ ä®ªãá ¬¨ ¨, ¢ ç áâ­®áâ¨,
| áªàãç¥­­ë¥ ª®­ãáë.

1. �á­®¢­ë¥ ãà ¢­¥­¨ï £¨¯¥à¯®¢¥àå­®áâ¨ à ­£  r á r-ªà â­ë¬¨ ä®ª «ì­ë¬¨
£¨¯¥à¯«®áª®áâï¬¨

� [13] ¢ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ P
N à áá¬ âà¨¢ «¨áì n-¬¥à­ë¥ ¬­®£®®¡à §¨ï X á ¢ëà®-

¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬, ¨¬¥îé¨¥ à ­£ r ¨ ®¡« ¤ îé¨¥ ¤¢ã¬ï á¢®©áâ¢ ¬¨:

(i) ä®ªãá­ë¥ £¨¯¥à¯®¢¥àå­®áâ¨ FL ¬­®£®®¡à §¨ï X ¢ëà®¦¤ îâáï ¢ r-ªà â­ë¥ £¨¯¥à¯«®á-
ª®áâ¨;

(ii) á¨áâ¥¬  ¢â®àëå äã­¤ ¬¥­â «ì­ëå ä®à¬ ¬­®£®®¡à §¨ï X á®¤¥à¦¨â ¯® ªà ©­¥© ¬¥à¥ ¤¢¥
ä®à¬ë, �-ãà ¢­¥­¨¥ ª®â®àëå ¨¬¥¥â r à §«¨ç­ëå ª®à­¥©.

�ë«® ¤®ª § ­®, çâ® â ª¨¥ ¬­®£®®¡à §¨ï X ¯à¥¤áâ ¢«ïîâ á®¡®© ª®­ãáë ¢ ¯à®áâà ­áâ¢¥ P
N á

¢¥àè¨­®© à §¬¥à­®áâ¨ l � 1, £¤¥ l = n� r.
� ¤ ­­®© à ¡®â¥ â ª¦¥ à áá¬ âà¨¢ îâáï ¬­®£®®¡à §¨ï X á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®-

¡à ¦¥­¨¥¬ à §¬¥à­®áâ¨ n ¨ à ­£  r á r-ªà â­ë¬¨ ä®ª «ì­ë¬¨ £¨¯¥à¯«®áª®áâï¬¨, ®¤­ ª® ¯à¥¤-
¯®« £ ¥âáï, çâ® ã à áá¬ âà¨¢ ¥¬ëå ¬­®£®®¡à §¨© ¢á¥ ¢â®àë¥ äã­¤ ¬¥­â «ì­ë¥ ä®à¬ë ¯à®¯®à-
æ¨®­ «ì­ë, â. ¥. çâ® �-ãà ¢­¥­¨¥ «î¡®© ¯ àë ¢â®àëå äã­¤ ¬¥­â «ì­ëå ä®à¬ ¨¬¥¥â ®¤¨­ ª®¢ë¥
á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï.

�®áª®«ìªã ¯à¥¤¯®« £ ¥âáï, çâ® r � 2, ¨§ â¥®à¥¬ë �¥£à¥ ([10], â¥®à¥¬  2.2, á. 55) á«¥¤ã¥â, çâ®
â ª¨¥ ¬­®£®®¡à §¨ï ï¢«ïîâáï £¨¯¥à¯®¢¥àå­®áâï¬¨ ¢ ¯®¤¯à®áâà ­áâ¢¥ Pn+1. � ª ¡ã¤¥â ¯®ª § ­®
¤ «¥¥, â ª¨¥ £¨¯¥à¯®¢¥àå­®áâ¨ ¬®£ãâ ­¥ ï¢«ïâìáï ª®­ãá ¬¨.

� áá¬®âà¨¬ £¨¯¥à¯®¢¥àå­®áâì X á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬, ¨¬¥îéãî à §-
¬¥à­®áâì n ¨ à ­£ r, ä®ªãá­ë¥ £¨¯¥à¯®¢¥àå­®áâ¨ FL ª®â®à®© ï¢«ïîâáï r-ªà â­ë¬¨ £¨¯¥à¯«®á-
ª®áâï¬¨ à §¬¥à­®áâ¨ l� 1, £¤¥ l = n� r | à §¬¥à­®áâì á«®¥­¨ï �®­¦ {�¬¯¥à  ­  X. �¢ï¦¥¬
á £¨¯¥à¯®¢¥àå­®áâìî X à áá«®¥­¨¥ à¥¯¥à®¢ fAug, u = 0; 1; : : : ; n + 1, â ª®¥, çâ® â®çª  A0 = x
| à¥£ã«ïà­ ï â®çª  ®¡à §ãîé¥© L, â®çª¨ Aa, a = 1; : : : ; l, ¯à¨­ ¤«¥¦ â r-ªà â­®© ä®ªãá­®©
£¨¯¥à¯«®áª®áâ¨ FL � L, â®çª¨ Ap, p = l + 1; : : : ; n, «¥¦ â ¢ ª á â¥«ì­®© £¨¯¥à¯«®áª®áâ¨ TL(X),
  â®çª  An+1 à á¯®«®¦¥­  ¢­¥ íâ®© £¨¯¥à¯«®áª®áâ¨.

�à ¢­¥­¨ï ¨­ä¨­¨â¥§¨¬ «ì­®£® á¬¥é¥­¨ï ¯®¤¢¨¦­®£® à¥¯¥à  fAug ¨¬¥îâ ¢¨¤

dAu = !v
uAv; u; v = 0; 1; : : : ; n+ 1;

£¤¥ !v
u | 1-ä®à¬ë, ã¤®¢«¥â¢®àïîé¨¥ áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  PN :

d!v
u = !w

u ^ !v
w; u; v; w = 0; 1; : : : ; n+ 1:

� à¥§ã«ìâ â¥ ãª § ­­®© ¢ëè¥ á¯¥æ¨ «¨§ æ¨¨ ¯®¤¢¨¦­®£® à¥¯¥à  ¯®«ãç îâáï á«¥¤ãîé¨¥
®á­®¢­ë¥ ãà ¢­¥­¨ï £¨¯¥à¯®¢¥àå­®áâ¨ X:

!n+1
0 = 0; !n+1

a = 0; a = 1; : : : ; l; (1)

!n+1
p = bpq!

q; !p
a = cpaq!

q; p; q = l + 1; : : : ; n; (2)

¨

bsqc
s
ap = bspc

s
aq; (3)
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£¤¥ !q := !
q
0 | ¡ §¨á­ë¥ ä®à¬ë £¨¯¥à¯®¢¥àå­®áâ¨ X,   B = (bpq) | ­¥¢ëà®¦¤¥­­ ï á¨¬¬¥âà¨-

ç¥áª ï (r � r)-¬ âà¨æ  ([10], x 4.1).
�¡®§­ ç¨¬ ç¥à¥§ Ca (r � r)-¬ âà¨æë, ¢å®¤ïé¨¥ ¢ ãà ¢­¥­¨ï (2):

Ca = (cpaq):

�¢®¤ï ¤«ï ¥¤¨­¨ç­®© (r � r)-¬ âà¨æë ®¡®§­ ç¥­¨¥ C0 = (�pq ) ¨ ¯à¥¤¯®« £ ï, çâ® ¨­¤¥ªá i ¯à®-
¡¥£ ¥â §­ ç¥­¨ï 0; 1; : : : ; l (â. ¥. fig = f0; ag), ãà ¢­¥­¨ï bpq = bqp ¨ (3) ¬®¦­® ®¡ê¥¤¨­¨âì ¨
¯¥à¥¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬:

(BCi)
T = BCi; (4)

çâ® ®§­ ç ¥â á¨¬¬¥âà¨ç­®áâì ¬ âà¨æ Hi = BCi = (bqscsip).
�®áª®«ìªã â®çª¨ Aa, a = 1; : : : ; l, ¯à¨­ ¤«¥¦ â r-ªà â­®© ä®ªãá­®© (l � 1)-¯«®áª®áâ¨ FL,

íâ  (l� 1)-¯«®áª®áâì ¨¬¥¥â ãà ¢­¥­¨¥ (x0)r = 0. �® ¢ ®¡é¥¬ á«ãç ¥ ä®ªãá­ ï £¨¯¥à¯®¢¥àå­®áâì
FL ®¡à §ãîé¥© L ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨¥¬ det(�pqx

0 + cpaqx
a) = 0 ([10], ãà ¢­¥­¨¥ (4.19), á. 117).

�¢¨¤ã íâ®£® ¤«ï à áá¬ âà¨¢ ¥¬®© £¨¯¥à¯®¢¥àå­®áâ¨ X ¨¬¥¥¬ det(�pqx
0 + cpaqx

a) = (x0)r. �âáî¤ 
á«¥¤ã¥â, çâ® ª ¦¤ ï ¨§ ¬ âà¨æ Ca ¨¬¥¥â r-ªà â­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ 0 ¨, á«¥¤®¢ â¥«ì­®,
ï¢«ï¥âáï ­¨«ì¯®â¥­â­®©. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® íâ¨ ¬ âà¨æë ¨¬¥îâ á«¥¤ãîé¨© ¢¨¤:

Ca = (cpaq); £¤¥ cpaq = 0 ¯à¨ p � q: (5)

�¡®§­ ç¨¬ ç¥à¥§ r1 ¬ ªá¨¬ «ì­ë© à ­£ ¬ âà¨æë ¯ãçª  C = xaCa, r1 � r � 1.
�ç¥¢¨¤­®, íâ®â ¢¨¤ ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ¤«ï â®£®, çâ®¡ë ¢á¥ ä®ª «ì­ë¥ £¨¯¥à¯®¢¥àå­®áâ¨

FL ï¢«ï«¨áì r-ªà â­ë¬¨ £¨¯¥à¯«®áª®áâï¬¨. � [14] (á¬. â ª¦¥ [15], [16]) ¤®ª § ­®, çâ® ãá«®¢¨¥
(5) ï¢«ï¥âáï â ª¦¥ ­¥®¡å®¤¨¬ë¬ ¤«ï r = 2; 3; 4 ¨ à §«¨ç­ëå §­ ç¥­¨© ¬ ªá¨¬ «ì­®£® à ­£  r1
¬ âà¨æ ¯ãçª  xaCa. � ¬¥â¨¬, çâ® ãá«®¢¨¥ (5) ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ â ª¦¥ ¤«ï â®£®, çâ®¡ë ¯à¨
r � 4 ä®ªãá­ë¥ £¨¯¥à¯®¢¥àå­®áâ¨ FL � L ¡ë«¨ r-ªà â­ë¬¨ £¨¯¥à¯«®áª®áâï¬¨. �¤­ ª® ¢ [14]
¯à¨¢¥¤¥­ â ª¦¥ ª®­âà¯à¨¬¥à, ¯®ª §ë¢ îé¨©, çâ® ¯à¨ r > 4 ¢¨¤ (5) ­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬
¤«ï â®£®, çâ®¡ë ä®ªãá­ë¥ £¨¯¥à¯®¢¥àå­®áâ¨ FL ¡ë«¨ r-ªà â­ë¬¨ £¨¯¥à¯«®áª®áâï¬¨.

�¤¨­áâ¢¥­­ ï ¢â®à ï äã­¤ ¬¥­â «ì­ ï ä®à¬  £¨¯¥à¯®¢¥àå­®áâ¨ X ¢ ¥£® à¥£ã«ïà­®© â®çª¥
x = A0 ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥

�0 = bpq!
p!q:

�â  ä®à¬  ¨¬¥¥â à ­£ r. � á¨­£ã«ïà­ëå â®çª å Aa, ¯à¨­ ¤«¥¦ é¨å r-ªà â­®© ä®ª «ì­®© £¨-
¯¥à¯«®áª®áâ¨ FL, ¢â®à ï äã­¤ ¬¥­â «ì­ ï ä®à¬  £¨¯¥à¯®¢¥àå­®áâ¨ X ¨¬¥¥â ¢¨¤

�a = bpsc
s
aq!

p!q;

£¤¥ (bpscsaq) | á¨¬¬¥âà¨ç¥áª ï ¬ âà¨æ . � ªá¨¬ «ì­ë© à ­£ ¬ âà¨æ ¯ãçª  � = xa�a â ª¦¥
à ¢¥­ r1 � r � 1.

2. �¨¯¥à¯®¢¥àå­®áâ¨ á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬ à ­£  r á
®¤­®¬¥à­ë¬ á«®¥­¨¥¬ �®­¦ {�¬¯¥à  ¨ r-ªà â­ë¬¨ ä®ªãá ¬¨

�ãáâì A0A1 | á«®© á«®¥­¨ï �®­¦ {�¬¯¥à , A0 | à¥£ã«ïà­ ï â®çª  íâ®£® á«®ï,   A1 |
¥£® r-ªà â­ë© ä®ªãá. � íâ®¬ á«ãç ¥ ¢ ãà ¢­¥­¨ïå (2) ¨­¤¥ªáë ¯à¨­¨¬ îâ á«¥¤ãîé¨¥ §­ ç¥­¨ï:
a; b = 1; p; q = 2; : : : ; n,   á ¬¨ ãà ¢­¥­¨ï (2) ¯à¨­¨¬ îâ ¢¨¤

!n+1
p = bpq!

q; !
p
1 = cpq!

q: (6)

�®£« á­® ¯à¥¤¯®«®¦¥­¨î (5) ¬ âà¨æ  C = (cpq) ¨¬¥¥â ¢¨¤

C =

0
BB@
0 c23 : : : c2n
: : : : : : : : : : : : : :
0 0 : : : cn�1n

0 0 : : : 0

1
CCA ; (7)
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£¤¥ í«¥¬¥­âë c
p
p+1 6= 0. �â® ª á ¥âáï ¬ âà¨æë B = (bpq), â® ¨§ á®®â­®è¥­¨ï

(BC)T = BC (8)

(á¬. (4)) á«¥¤ã¥â, çâ® íâ  ¬ âà¨æ  ¨¬¥¥â ¢¨¤

B =

0
BB@

0 : : : 0 b2;n
0 : : : b3;n�1 b3;n
: : : : : : : : : : : : : : : : : :
bn;2 : : : bn;n�1 bnn

1
CCA (9)

¨ rankC = n� 2, rankB = n� 1. �à®¬¥ â®£®, ¨§ ãá«®¢¨ï (8) á«¥¤ã¥â, çâ® í«¥¬¥­âë ¬ âà¨æ B ¨
C á¢ï§ ­ë ­¥ª®â®àë¬¨ ¡¨«¨­¥©­ë¬¨ á®®â­®è¥­¨ï¬¨.

�®£« á­® (6), (7) ¨ (9) ­  £¨¯¥à¯®¢¥àå­®áâ¨ X ¨¬¥¥â ¬¥áâ® ãà ¢­¥­¨¥ !n
1 = 0. �®áª®«ìªã ­ 

£¨¯¥à¯®¢¥àå­®áâ¨ X â ª¦¥ ¨¬¥¥â ¬¥áâ® ãà ¢­¥­¨¥ (1), ¤¨ää¥à¥­æ¨ «ë â®ç¥ª A0 ¨ A1 ¯à¨­¨-
¬ îâ ¢¨¤

dA0 = !0

0A0 + !1

0A1 + !2

0A2 + � � �+ !n�1
0 An�1 + !n

0An;

dA1 = !0

1A0 + !1

1A1 + !2

1A2 + � � �+ !n�1
1 An�1:

(10)

�®à¬ë !2
1; !

3
1 ; : : : ; !

n�1
1 , ¢å®¤ïé¨¥ ¢ ãà ¢­¥­¨ï (10), «¨­¥©­® ­¥§ ¢¨á¨¬ë, ¨ ¢ á®®â¢¥âáâ¢¨¨ á (6)

¨ (7) íâ¨ ä®à¬ë ¢ëà ¦ îâáï â®«ìª® ç¥à¥§ ¡ §¨á­ë¥ ä®à¬ë !3; : : : ; !n. �®£ãâ ¯à¥¤áâ ¢¨âìáï
á«¥¤ãîé¨¥ âà¨ á«ãç ï:

1) 1-ä®à¬  !0
1 ­¥ § ¢¨á¨â ®â ä®à¬ !3; : : : ; !n ¨, á«¥¤®¢ â¥«ì­®, ®â ä®à¬ !2

1; : : : ; !
n�1
1 , â. ¥.

r-ªà â­ë© ä®ªãá A1 ¯àï¬®«¨­¥©­®© ®¡à §ãîé¥© L ®¯¨áë¢ ¥â ä®ª «ì­®¥ ¬­®£®®¡à §¨¥ G à §-
¬¥à­®áâ¨ r = n � 1. �­®£®®¡à §¨¥ G ¨¬¥¥â ª®à §¬¥à­®áâì ¤¢  ¢ ¯à®áâà ­áâ¢¥ P

n+1, ¢ ª®-
â®à®¥ ¢«®¦¥­  £¨¯¥à¯®¢¥àå­®áâì X. � á â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢® TA1

(G) ®¯à¥¤¥«ï¥âáï â®ç-
ª ¬¨ A1; A0; A2; : : : ; An�1. � â®çª¥ A1 ¬­®£®®¡à §¨¥ G ¨¬¥¥â ¤¢¥ ­¥§ ¢¨á¨¬ë¥ ¢â®àë¥ äã­¤ -
¬¥­â «ì­ë¥ ä®à¬ë. �«ï ®¯à¥¤¥«¥­¨ï íâ¨å ä®à¬ ¢ëç¨á«¨¬ ¢â®à®© ¤¨ää¥à¥­æ¨ « â®çª¨ A1:
d2A1 � !p

1!
n
pAn + !p

1!
n+1
p An+1 (mod TA1

(G)). �âáî¤  �n
1 = !p

1!
n
p ; �n+1

1 = !p
1!

n+1
p . �â®à ï ¨§

íâ¨å ä®à¬ á®¢¯ ¤ ¥â á® ¢â®à®© äã­¤ ¬¥­â «ì­®© ä®à¬®© �1 £¨¯¥à¯®¢¥àå­®áâ¨ X ¢ â®çª¥ A1.
� á®®â¢¥âáâ¢¨¨ á (7), ¥á«¨ !3 = � � � = !n = 0, â® 1-ä®à¬ë !

p
1 = 0. �«¥¤®¢ â¥«ì­®, ª¢ ¤à â¨ç­ë¥

ä®à¬ë �n
1 ¨ �n+1

1 ®¡à é îâáï ¢ ­ã«ì ­  ä®ª «ì­®¬ ¬­®£®®¡à §¨¨ G. �®íâ®¬ã ­ ¯à ¢«¥­¨¥
A1 ^A0 ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨¬ ­ ¯à ¢«¥­¨¥¬ ­  G.

2) 1-ä®à¬  !0
1 ï¢«ï¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥© ä®à¬ !2

1; : : : ; !
n�1
1 ¨, á«¥¤®¢ â¥«ì­®, «¨­¥©­®©

ª®¬¡¨­ æ¨¥© ä®à¬ !3; : : : ; !n. � íâ®¬ á«ãç ¥ ä®ªãá A1 ¯àï¬®«¨­¥©­®© ®¡à §ãîé¥© L ®¯¨áë¢ ¥â
ä®ª «ì­®¥ ¬­®£®®¡à §¨¥ G à §¬¥à­®áâ¨ n � 2, ª á â¥«ì­®¥ ¯®¤¯à®áâà ­áâ¢® ª®â®à®£® TA1

(G)
ï¢«ï¥âáï £¨¯¥à¯«®áª®áâìî ¢ ¯à®áâà ­áâ¢¥ A0^A1^A2^: : :^An�1. �à¨ !2

1 = � � � = !n�1
1 = 0 â®çª 

A1 ­¥¯®¤¢¨¦­ ,   ¯àï¬ ï L = A1 ^ A0 ®¯¨áë¢ ¥â ¤¢ã¬¥à­ë© ª®­ãá á ¢¥àè¨­®© A1. �â®â ª®­ãá
­ §ë¢ ¥âáï á«®¥¢ë¬ ª®­ãá®¬. �¨¯¥à¯®¢¥àå­®áâì X à áá« ¨¢ ¥âáï ­  (n � 2)-¯ à ¬¥âà¨ç¥áª®¥
á¥¬¥©áâ¢® â ª¨å á«®¥¢ëå ª®­ãá®¢. � ª ï £¨¯¥à¯®¢¥àå­®áâì ­ §ë¢ ¥âáï áªàãç¥­­ë¬ ª®­ãá®¬ á

¯àï¬®«¨­¥©­ë¬¨ ®¡à §ãîé¨¬¨.
� «¥¥, ¢ x 3 ¡ã¤¥â ¤®ª § ­®, çâ® ¯à¨ n = 3 á«®¥¢®© ª®­ãá ï¢«ï¥âáï ¯ãçª®¬ ¯àï¬ëå «¨­¨©.

�¥áì¬  ¢¥à®ïâ­®, çâ® íâ® ¢¥à­® ¨ ¤«ï «î¡®£® n.
3) �à¥¤¯®«®¦¨¬, çâ® (n�2)-¬¥à­®¥ ä®ª «ì­®¥ ¬­®£®®¡à §¨¥ G £¨¯¥à¯®¢¥àå­®áâ¨ X ¯à¨­ ¤-

«¥¦¨â £¨¯¥à¯«®áª®áâ¨ Pn ¯à®áâà ­áâ¢  Pn+1. �®¦­® ¯à¨­ïâì íâã £¨¯¥à¯«®áª®áâì §  ¡¥áª®­¥ç-
­® ã¤ «¥­­ãî £¨¯¥à¯«®áª®áâì Pn

1
¯à®áâà ­áâ¢  Pn+1. �à¨ íâ®¬ ¯à®áâà ­áâ¢® Pn+1 áâ ­®¢¨âáï

 ää¨­­ë¬ ¯à®áâà ­áâ¢®¬ A n+1 . � íâ®¬ á«ãç ¥ £¨¯¥à¯®¢¥àå­®áâì X áâ ­®¢¨âáï áªàãç¥­­ë¬
æ¨«¨­¤à®¬ ¢ A n+1 , ª®â®àë© à áá« ¨¢ ¥âáï ­  (n � 2)-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¤¢ã¬¥à­ëå
æ¨«¨­¤à®¢ á ¯àï¬®«¨­¥©­ë¬¨ ®¡à §ãîé¨¬¨. �¨¯¥à¯®¢¥àå­®áâì X á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬
®â®¡à ¦¥­¨¥¬ ­¥ ï¢«ï¥âáï æ¨«¨­¤à®¬ ¢ A n+1 ¨ ­¥ ¨¬¥¥â ®á®¡¥­­®áâ¥© ¢ íâ®¬ ¯à®áâà ­áâ¢¥.
� ª¨¬ ®¡à §®¬, X |  ää¨­­®-¯®«­ ï £¨¯¥à¯®¢¥àå­®áâì ¢ A n+1 , ­¥ ï¢«ïîé ïáï æ¨«¨­¤à®¬.
�à¨¬¥à â ª®© £¨¯¥à¯®¢¥àå­®áâ¨ ¢ ¯à®áâà ­áâ¢¥ A4 à áá¬ âà¨¢ «áï � ªáâ¥¤¥à®¬ ¨ �ãà£¥©­®¬
(á¬. [5], [6], [17]{[20]).
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�«¥¤ã¥â ®â¬¥â¨âì, çâ® £¨¯¥à¯®¢¥àå­®áâ¨ á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬ ¢ ¯à®-
áâà ­áâ¢¥ P

n+1, à áá¬®âà¥­­ë¥ ¢ íâ®¬ ¯ à £à ä¥, ï¢«ïîâáï á¢¥â®¯®¤®¡­ë¬¨ £¨¯¥à¯®¢¥àå­®-
áâï¬¨, ª®â®àë¥ ¨§ãç «¨áì  ¢â®à ¬¨ ¢ [21]{[24].

3. �¨¯¥à¯®¢¥àå­®áâ¨ á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬ á ¤¢®©­ë¬¨
ä®ªãá ¬¨ ¢ ¯à®áâà ­áâ¢¥ P4

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ £¨¯¥à¯®¢¥àå­®áâ¨ X á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥-
­¨¥¬ à ­£  r = 2 ¢ ¯à®áâà ­áâ¢¥ P4, ª®â®àë¥ ¨¬¥îâ ¥¤¨­áâ¢¥­­ë© ¤¢®©­®© ä®ªãá F ­  ª ¦¤®©
¯àï¬®«¨­¥©­®© ®¡à §ãîé¥© L. �á­®¢­ë¥ ãà ¢­¥­¨ï £¨¯¥à¯®¢¥àå­®áâ¨ X ¯® ®â­®è¥­¨î ª à¥¯¥-
àã ¯¥à¢®£® ¯®àï¤ª  ¨¬¥îâ ¢¨¤

!4

0 = 0; !4

1 = 0:

� §¨á­ë¬¨ ä®à¬ ¬¨ £¨¯¥à¯®¢¥àå­®áâ¨ X ï¢«ïîâáï ä®à¬ë !2
0
¨ !3

0
. � á®®â¢¥âáâ¢¨¨ á (2) ¨ (9)

¯® ®â­®è¥­¨î ª à¥¯¥àã ¢â®à®£® ¯®àï¤ª  ¨¬¥¥¬

!4
2 = b23!

3
0; !2

1 = c23!
3
0;

!4
3 = b32!

2
0 + b33!

3
0; !3

1 = 0; (11)

£¤¥ b23 = b32 6= 0 ¨ c23 6= 0. � ª¨¬ ®¡à §®¬,

B =
�
0 b23
b23 b33

�
; C =

�
0 c23
0 0

�
:

�¨ää¥à¥­æ¨ «ë â®ç¥ª A0 ¨ A1 ¨¬¥îâ ¢¨¤ (á¬. (10))

dA0 = !0

0A0 + !1

0A1 + !2

0A2 + !3

0A3;

dA1 = !0

1A0 + !1

1A1 + !2

1A2:

�®çª  A1 = FL ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ ä®ªãá®¬ ¯àï¬®«¨­¥©­®© ®¡à §ãîé¥© L.
�­¥è­¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ãà ¢­¥­¨© (11) ¤ ¥â á«¥¤ãîé¨¥ ¢­¥è­¨¥ ª¢ ¤à â¨ç­ë¥ ãà ¢-

­¥­¨ï:

� 2b23!
3

2 ^ !2

0 +�b23 ^ !3

0 = 0; (12)

�b23 ^ !2

0 +�b33 ^ !3

0 = 0; (13)

� (!0

1 + c23!
3

2) ^ !
2

0 +�c23 ^ !3

0 = 0; (14)

(!0

1 � c23!
3

2) ^ !3

0 = 0; (15)

£¤¥

�b23 = db23 + b23(!
0

0 � !2

2 � !3

3 + !4

4)� b33!
3

2;

�b33 = db33 + b33(!0

0 � 2!3

3 + !4

4) + b32c
2

3!
1

0 � b32!
2

3;

�c23 = dc23 + c23(!
0

0 � !1

1 + !2

2 � !3

3):

�§ ãà ¢­¥­¨© (12) ¨ (15) á«¥¤ã¥â, çâ® ä®à¬ë !3
2 ¨ !0

1 ï¢«ïîâáï «¨­¥©­ë¬¨ ª®¬¡¨­ æ¨ï¬¨
¡ §¨á­ëå ä®à¬ !2

0 ¨ !3
0 . �®§¬®¦­ë âà¨ á«ãç ï.

1) !0
1 ^ !3

0 6= 0. �§ ãà ¢­¥­¨© (11) á«¥¤ã¥â !0
1 ^ !2

1 6= 0, ¨, §­ ç¨â, ä®ªãá A1 ®¯¨áë¢ ¥â ¤¢ã-
¬¥à­ãî ä®ª «ì­ãî ¯®¢¥àå­®áâì G2. � á â¥«ì­®© ¯«®áª®áâìî ª G2 ¢ â®çª¥ A1 ¡ã¤¥â ¯«®áª®áâì
TA1

(G) = A1 ^A0 ^A2, ¨ ¯àï¬ ï L = A0 ^A1 ª á ¥âáï G2 ¢ íâ®© â®çª¥.
2)

!0

1 ^ !
3

0 = 0: (16)

T®çª  A1 ®¯¨áë¢ ¥â ä®ª «ì­ãî ªà¨¢ãî G1,   ¯àï¬ ï L = A0^A1 ¯¥à¥á¥ª ¥â ªà¨¢ãî G1 ¢ â®çª¥
A1. �¨¯¥à¯®¢¥àå­®áâì X à áá« ¨¢ ¥âáï ­  ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¤¢ã¬¥à­ëå ª®­ãá®¢
¨ ¯à¥¤áâ ¢«ï¥â á®¡®© áªàãç¥­­ë© ª®­ãá.
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3) �®¯à¨ª á îé ïáï £¨¯¥à¯«®áª®áâì ªà¨¢®© G1 ï¢«ï¥âáï ­¥¯®¤¢¨¦­®©.
� áá¬®âà¨¬ ¯®¤à®¡­® ãª § ­­ë¥ âà¨ á«ãç ï.
1) �®ª ¦¥¬ â¥®à¥¬ã áãé¥áâ¢®¢ ­¨ï, ¯à¨¬¥­ïï ªà¨â¥à¨© � àâ ­  (­ ¯à., [25]).

�¥®à¥¬  1. �¨¯¥à¯®¢¥àå­®áâ¨ X à ­£  ¤¢  ¢ ¯à®áâà ­áâ¢¥ P4, ¤«ï ª®â®àëå ¥¤¨­áâ¢¥­­ë©

ä®ªãá ¯àï¬®«¨­¥©­®© ®¡à §ãîé¥© L ®¯¨áë¢ ¥â ¤¢ã¬¥à­ãî ¯®¢¥àå­®áâì, áãé¥áâ¢ãîâ, ¨ ®¡é¥¥

à¥è¥­¨¥ á¨áâ¥¬ë, ®¯à¥¤¥«ïîé¥© â ª¨¥ £¨¯¥à¯®¢¥àå­®áâ¨, § ¢¨á¨â ®â ®¤­®© äã­ªæ¨¨ ¤¢ãå

¯¥à¥¬¥­­ëå. � ¯à ¢«¥­¨¥ A1 ^A0 ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨¬ ­ ¯à ¢«¥­¨¥¬ ­  ¯®¢¥àå­®áâïå

G2, ¨ £¨¯¥à¯®¢¥àå­®áâì X ®¡à §®¢ ­   á¨¬¯â®â¨ç¥áª¨¬¨ ª á â¥«ì­ë¬¨ ª ¯®¢¥àå­®áâï¬ G2.

�®ª § â¥«ìáâ¢®. �  à áá¬ âà¨¢ ¥¬®© £¨¯¥à¯®¢¥àå­®áâ¨ ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢®
!0
1
^!3

0
6= 0 ¨ ¢­¥è­¨¥ ª¢ ¤à â¨ç­ë¥ ãà ¢­¥­¨ï (12){(15). �ª § ­­ë¥ ãà ¢­¥­¨ï á®¤¥à¦ â ¯ïâì

ä®à¬: !3
2, �b23, �b33, !

0
1 ¨ �c23, ª®â®àë¥ ®â«¨ç­ë ®â ¡ §¨á­ëå ä®à¬ !2

0 ¨ !3
0. � ª¨¬ ®¡à §®¬,

¨¬¥¥¬ q = 5.
� à ªâ¥à s1 ¨áá«¥¤ã¥¬®© á¨áâ¥¬ë à ¢¥­ ç¨á«ã ­¥§ ¢¨á¨¬ëå ¢­¥è­¨å ª¢ ¤à â¨ç­ëå ãà ¢­¥-

­¨© (12){(15). � ª¨¬ ®¡à §®¬, ¨¬¥¥¬ s1 = 4. �â®à®© å à ªâ¥à íâ®© á¨áâ¥¬ë à ¢¥­ s2 = q�s1 = 1.
�âáî¤  ­ å®¤¨¬ ç¨á«® � àâ ­  Q = s1 + 2s2 = 6.

�ëç¨á«¨¬ â¥¯¥àì ç¨á«® S ¯ à ¬¥âà®¢, ®â ª®â®àëå § ¢¨á¨â ­ ¨¡®«¥¥ ®¡é¨© ¨­â¥£à «ì­ë©
í«¥¬¥­â ¨áá«¥¤ã¥¬®© á¨áâ¥¬ë (â. ¥. à §¬¥à­®áâì S ¯à®áâà ­áâ¢  ¨­â¥£à «ì­ëå í«¥¬¥­â®¢, ¯à®-
å®¤ïé¨å ç¥à¥§ â®çªã). �à¨¬¥­ïï «¥¬¬ã � àâ ­  ª ãà ¢­¥­¨ï¬ (12) ¨ (13), ¯®«ãç ¥¬8>><

>>:
�2b23!3

2 = b222!
2 + b223!

3;

�b23 = b232!
2 + b233!

3;

�b33 = b332!
2 + b333!

3

0:

(17)

�®áª®«ìªã ª®íää¨æ¨¥­âë ¯à¨ ¡ §¨á­ëå ä®à¬ å ¢ ¯à ¢ëå ç áâïå á®®â­®è¥­¨© (17) á¨¬¬¥âà¨ç-
­ë ¯® ­¨¦­¨¬ ¨­¤¥ªá ¬, ç¨á«® ­¥§ ¢¨á¨¬ëå ª®íää¨æ¨¥­â®¢ à ¢­® 4, S1 = 4.

�§ ãà ¢­¥­¨ï (15) á«¥¤ã¥â

!0

1 = c23!
3

2 + �!3

0: (18)

�®¤áâ ¢¨¬ íâ® ¢ëà ¦¥­¨¥ ¢ ãà ¢­¥­¨¥ (14). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

� 2(c23!
3

2 + �!3

0) ^ !2

0 +�c23 ^ !3

0 = 0: (19)

� á¨«ã (19) 1-ä®à¬ 

�c23 = �!2

0 + �!3

0 (20)

ï¢«ï¥âáï «¨­¥©­®© ª®¬¡¨­ æ¨¥© ¡ §¨á­ëå ä®à¬. � ª ª ª b23 6= 0, â® ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï (17)
¬®¦¥¬ ­ ©â¨ ä®à¬ã !3

2. �®¤áâ ¢«ïï ¯®«ãç¥­­®¥ ¢ëà ¦¥­¨¥ ¨ (20) ¢ (19), ­ å®¤¨¬�
c23b223

b23
� �

�
!3

0 ^ !2

0 + �!2

0 ^ !3

0 = 0:

�âáî¤  á«¥¤ã¥â

� =
c23b223

b23
� �:

� ª¨¬ ®¡à §®¬, ¨¬¥îâáï â®«ìª® ¤¢  ­¥§ ¢¨á¨¬ëå ª®íää¨æ¨¥­â  ¢ à §«®¦¥­¨ïå (18) ¨ (20),
S2 = 2. � à¥§ã«ìâ â¥ ¯®«ãç ¥¬ S = S1 + S2 = 6 ¨ S = Q. � ª¨¬ ®¡à §®¬, á®£« á­® ªà¨â¥à¨î
� àâ ­  ¨áá«¥¤ã¥¬ ï á¨áâ¥¬  ­ å®¤¨âáï ¢ ¨­¢®«îæ¨¨ ¨ ¥¥ ®¡é¥¥ à¥è¥­¨¥ § ¢¨á¨â ®â ®¤­®©
äã­ªæ¨¨ ¤¢ãå ¯¥à¥¬¥­­ëå.

� «¥¥, ­ ©¤¥¬ ¢â®àë¥ äã­¤ ¬¥­â «ì­ë¥ ä®à¬ë ¤¢ã¬¥à­®© ä®ª «ì­®© ¯®¢¥àå­®áâ¨ G2 £¨-
¯¥à¯®¢¥àå­®áâ¨ X á ¢ëà®¦¤¥­­ë¬ £ ãáá®¢ë¬ ®â®¡à ¦¥­¨¥¬. �«ï íâ®£® ¢ëç¨á«¨¬

d2A1 � (!0

1!
3

0 + !2

1!
3

2)A3 + !2

1!
4

2A4 (mod TA1
(G2)):
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� ª¨¬ ®¡à §®¬, ¢â®àë¥ äã­¤ ¬¥­â «ì­ë¥ ä®à¬ë ¯®¢¥àå­®áâ¨ G2 ¨¬¥îâ ¢¨¤

�3

1
= !0

1
!3

0
+ !2

1
!3

2
; �4

1
= !2

1
!4

2
:

� ¯à ¢«¥­¨¥ A1 ^ A0 ­  ¯®¢¥àå­®áâ¨ G2 ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨ï¬¨ !2
1
= 0. � á®®â¢¥âáâ¢¨¨

á (11) íâ® ãà ¢­¥­¨¥ íª¢¨¢ «¥­â­® ãà ¢­¥­¨î !3
0
= 0. � ª¨¬ ®¡à §®¬, �3

1
� 0 (mod !3

0
),

�4
1 � 0 (mod !3

0), ¨, á«¥¤®¢ â¥«ì­®, ­ ¯à ¢«¥­¨¥ A1 ^ A0 ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨¬ ­ ¯à -
¢«¥­¨¥¬ ä®ª «ì­®© ¯®¢¥àå­®áâ¨ G2.

2) �®ª ¦¥¬ á«¥¤ãîéãî â¥®à¥¬ã áãé¥áâ¢®¢ ­¨ï ¤«ï áªàãç¥­­ëå ª®­ãá®¢.

�¥®à¥¬  2. �á«¨ ãá«®¢¨¥ (16) ¢ë¯®«­¥­®, â® ¤¢®©­®© ä®ªãá A1 ®¡à §ãîé¥© A0 ^A1 ¬­®£®-

®¡à §¨ï X ®¯¨áë¢ ¥â ä®ª «ì­ãî ªà¨¢ãî, ¨ X ï¢«ï¥âáï áªàãç¥­­ë¬ ª®­ãá®¬. � ¯à®áâà ­áâ¢¥

P
4 áªàãç¥­­ë¥ ª®­ãáë áãé¥áâ¢ãîâ, ¨ ®¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë, ®¯à¥¤¥«ïîé¥© áªàãç¥­­ë¥ ª®-

­ãáë, § ¢¨á¨â ®â ¯ïâ¨ äã­ªæ¨© ®¤­®© ¯¥à¥¬¥­­®©.

�®ª § â¥«ìáâ¢®. � íâ®¬ á«ãç ¥ â®çª  A1 ®¯¨áë¢ ¥â ä®ª «ì­ãî ªà¨¢ãî G1. � á¨«ã (16)
á¨áâ¥¬  (11) ¤®«¦­  ¡ëâì à áè¨à¥­  ¯®áà¥¤áâ¢®¬ ¤®¡ ¢«¥­¨ï ãà ¢­¥­¨ï

!0

1 = a!3

0 : (21)

�à ¢­¥­¨¥ (21) íª¢¨¢ «¥­â­® (16). 1-ä®à¬  !3
0 ï¢«ï¥âáï ¡ §¨á­®© ­  ä®ª «ì­®© ªà¨¢®© G1. �

á®®â¢¥âáâ¢¨¨ á (21) ãà ¢­¥­¨¥ (15) ¯à¨­¨¬ ¥â ¢¨¤

!3

2 ^ !
3

0 = 0;

íª¢¨¢ «¥­â­ë© ãà ¢­¥­¨î (16). �âáî¤ 

!3

2 = b !3

0: (22)

�¥¯¥àì (12) ¨ (14) ¯à¨­¨¬ îâ ¢¨¤

(�b23 + 2b23 b !
2

0) ^ !3

0 = 0; (23)

(�c23 + (a+ b c23)!
2) ^ !3

0 = 0: (24)

�à ¢­¥­¨¥ (13) ¯à¨ íâ®¬ ­¥ ¬¥­ï¥âáï.
�¨ää¥à¥­æ¨àãï ¢­¥è­¨¬ ®¡à §®¬ ãà ¢­¥­¨ï (21) ¨ (22), ¯®«ãç ¥¬ ¢­¥è­¨¥ ª¢ ¤à â¨ç­ë¥

ãà ¢­¥­¨ï

(da+ a(2!0

0 � !1

1 � !3

3) + c23!
0

2 + ab!2

0) ^ !3

0 = 0; (25)

(db+ b(!0

0 � !2

2) + b23!
3

4 + b!2

0) ^ !3

0 = 0: (26)

�¥¯¥àì ¨¬¥¥¬ á¨áâ¥¬ã ¢­¥è­¨å ª¢ ¤à â¨ç­ëå ãà ¢­¥­¨©, á®áâ®ïéãî ¨§ ­¥§ ¢¨á¨¬ëå ãà ¢­¥­¨©
(13), (23){(26). � ª¨¬ ®¡à §®¬, s1 = 5. �à®¬¥ ¡ §¨á­ëå ä®à¬ !2

0 ¨ !3
0, íâ¨ ¢­¥è­¨¥ ãà ¢­¥­¨ï

á®¤¥à¦ â ä®à¬ë �b23, �b33, �c23, �a ¨ �b, £¤¥

�a = da+ a(2!0

0 � !1

1 � !3

3) + c23!
0

2 (27)

¨
�b = db+ b(!0

0 � !2

2) + b23!
3

4:

�¨á«® íâ¨å ä®à¬ à ¢­® q = 5. � ª¨¬ ®¡à §®¬, s2 = q � s1 = 0, ¨ ç¨á«® � àâ ­  à ¢­® Q =
s1 = 5. � å®¤ï ä®à¬ë �b23, �b33, �c23, �a ¨ �b ¨§ á¨áâ¥¬ë ãà ¢­¥­¨© (13), (23){(26), ¬ë
¢¨¤¨¬, çâ® ­ ¨¡®«¥¥ ®¡é¨© ¨­â¥£à «ì­ë© í«¥¬¥­â ¨áá«¥¤ã¥¬®© á¨áâ¥¬ë (â. ¥. à §¬¥à­®áâì S
¯à®áâà ­áâ¢  ¨­â¥£à «ì­ëå í«¥¬¥­â®¢, ¯à®å®¤ïé¨å ç¥à¥§ â®çªã) § ¢¨á¨â ®â S = 5 ¯ à ¬¥âà®¢.
� ª¨¬ ®¡à §®¬, S = Q, ¨áá«¥¤ã¥¬ ï á¨áâ¥¬  ­ å®¤¨âáï ¢ ¨­¢®«îæ¨¨, ¨ ¥¥ ®¡é¥¥ à¥è¥­¨¥ § ¢¨á¨â
®â ¯ïâ¨ äã­ªæ¨© ®¤­®© ¯¥à¥¬¥­­®©.
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� áá¬®âà¨¬ ä®ª «ì­ãî ªà¨¢ãî G1 áªàãç¥­­®£® ª®­ãá  X3 � P 4, ®¯¨áë¢ ¥¬ãî â®çª®© A1.
�¬¥¥¬

dA1 = !1

1A1 + (c23A2 + aA0)!
3

0 :

�®çª¨ eA2 = c23A2+aA0 ¨ A1 ®¯à¥¤¥«ïîâ ª á â¥«ì­ãî ª G1. �®¦­® á¯¥æ¨ «¨§¨à®¢ âì ¯®¤¢¨¦­®©
à¥¯¥à, ¢ë¡¨à ï ¢ ª ç¥áâ¢¥ ¥£® ¢¥àè¨­ë A2 â®çªã eA2 ¨ ­®à¬¨àãï à¥¯¥à ¯®áà¥¤áâ¢®¬ ãá«®¢¨ï
c23 = 1. � íâ®¬ á«ãç ¥ ¯®«ãç¨¬ dA1 = !1

1
A1+!3

0
A2. �à¨ íâ®¬ ¢ë¯®«­ïîâáï ãá«®¢¨ï a = 0, c23 = 1.

�§ íâ¨å ãá«®¢¨©,   â ª¦¥ ¨§ ãà ¢­¥­¨© (11), (21), (24) ¨ (27) á«¥¤ã¥â

!2

1
= !3

0
; !0

1
= 0;

�c23 = !0

0 � !1

1 + !2

2 � !3

3;

�a = !0

2
:

�®á«¥ ãª § ­­®© á¯¥æ¨ «¨§ æ¨¨ ¯àï¬ ï A1 ^ A2 áâ ­®¢¨âáï ª á â¥«ì­®© ª ä®ª «ì­®© ªà¨¢®©
G1. �à ¢­¥­¨ï (24) ¨ (25) â¥¯¥àì ¯à¨­¨¬ îâ ¢¨¤

(!0

0 � !1

1 + !2

2 � !3

3 + b !2

0) ^ !3

0 = 0;

!0

2 ^ !3

0 = 0:

�§ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï á«¥¤ã¥â

!0

2 = c !3

0: (28)

�®áª®«ìªã b23 6= 0, â® ¨§ ãà ¢­¥­¨ï (26) á«¥¤ã¥â, çâ®, á¯¥æ¨ «¨§¨àãï ¯®¤¢¨¦­ë© à¥¯¥à
¯®áà¥¤áâ¢®¬ ¯à¥®¡à §®¢ ­¨ï à¥¯¥à , ®¯à¥¤¥«ï¥¬®£® ä®à¬®© !3

4, ¢¥«¨ç¨­ã b ¬®¦­® ®¡à â¨âì ¢
­ã«ì. � à¥§ã«ìâ â¥ ãà ¢­¥­¨ï (22) ¨ (26) ¯à¨­¨¬ îâ á®®â¢¥âáâ¢¥­­® ¢¨¤

!3

2 = 0 (29)

¨

!3

4 ^ !
3

0 = 0: (30)

�§ ãà ¢­¥­¨ï (30) á«¥¤ã¥â

!3

4 = f !3

0: (31)

�¨ää¥à¥­æ¨àãï â®çªã A2 ¨ ¯à¨¬¥­ïï á®®â­®è¥­¨ï (11), (28) ¨ (29), ¯®«ãç¨¬

dA2 = !2

2A2 + !1

2A1 + (cA0 + b23A4)!3

0:

2-¯«®áª®áâì � = A1 ^ A2 ^ (cA0 + b23A4) ï¢«ï¥âáï á®¯à¨ª á îé¥©áï ¯«®áª®áâìî ªà¨¢®© G1

¢ â®çª¥ A1. �®¬¥áâ¨¬ â®çªã A4 ¯®¤¢¨¦­®£® à¥¯¥à  ¢ ¯«®áª®áâì � ¨ ®áãé¥áâ¢¨¬ ­®à¬¨à®¢ªã
b23 = 1. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ c = 0 ¨

!0

2 = 0; !4

2 = !3

0: (32)

�¥¯¥àì ¯«®áª®áâì � ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬: � = A1^A2^A4,   ¤¨ää¥à¥­æ¨ « â®çª¨
A2 ¯à¨­¨¬ ¥â ¢¨¤

dA2 = !2

2A2 + !1

2A1 + !3

0A4:

�¨ää¥à¥­æ¨àãï ¢­¥è­¨¬ ®¡à §®¬ ¯¥à¢®¥ ¨§ ãà ¢­¥­¨© (32), ¯®«ãç ¥¬

!0

4 ^ !
3

0 = 0;

®âªã¤ 

!0

4 = g!3

0: (33)

�ç¨âë¢ ï ãà ¢­¥­¨ï (29) ¨ (33), ­ å®¤¨¬

dA4 = !4

4A4 + !1

4A1 + !2

4A2 + (fA3 + gA0)!3

0 : (34)
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�à ¢­¥­¨ï (34) ®§­ ç îâ, çâ® 3-¯«®áª®áâì

� = A1 ^A2 ^A4 ^ (fA3 + gA0)

ï¢«ï¥âáï á®¯à¨ª á îé¥©áï £¨¯¥à¯«®áª®áâìî ä®ª «ì­®© ªà¨¢®© G1.
�¨ää¥à¥­æ¨àãï ¢­¥è­¨¬ ®¡à §®¬ ãà ¢­¥­¨ï (31) ¨ (33), ¯®«ãç ¥¬ ¢­¥è­¨¥ ª¢ ¤à â¨ç­ë¥

ãà ¢­¥­¨ï

(df + f(!0

0
� !4

4
)) ^ !3

0
= 0 (35)

¨

(dg + g(2!0

0
� !3

3
� !4

4
)� f!0

3
) ^ !3

0
= 0: (36)

� ª ¦¥, ª ª íâ® ¡ë«® ®áãé¥áâ¢«¥­® ¢ëè¥, ¯®áà¥¤áâ¢®¬ ¯à¥®¡à §®¢ ­¨ï à¥¯¥à , ®¯à¥¤¥«ï¥¬®£®
¢â®à¨ç­ë¬¨ ä®à¬ ¬¨ !0

0 � !4
4 ¨ !0

3, ¬®¦­® á¯¥æ¨ «¨§¨à®¢ âì ¯®¤¢¨¦­®© à¥¯¥à â ª¨¬ ®¡à §®¬,
çâ® ¡ã¤ãâ ¢ë¯®«­ïâìáï á®®â­®è¥­¨ï f = 1, g = 0. �à¨ íâ®¬ ãà ¢­¥­¨ï (31) ¨ (33) ¯à¨¬ãâ ¢¨¤

!3

4 = !3

0 ; !0

4 = 0; (37)

  á®¯à¨ª á îé ïáï £¨¯¥à¯«®áª®áâì � ä®ª «ì­®© ªà¨¢®© G1 ¡ã¤¥â ®¯à¥¤¥«ïâìáï á«¥¤ãîé¨¬
®¡à §®¬: � = A1 ^A2 ^A4 ^A3.

�®¤áâ ¢«ïï §­ ç¥­¨ï f = 1 ¨ g = 0 ¢ (35) ¨ (36), ¯®«ãç¨¬

(!0

0 � !4

4) ^ !
3

0 = 0 (38)

¨

!0

3 ^ !
3

0 = 0: (39)

�â¬¥â¨¬, çâ® ãà ¢­¥­¨ï (38) ¨ (39) ¬®£ãâ â ª¦¥ ¡ëâì ¯®«ãç¥­ë ¢­¥è­¨¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬
ãà ¢­¥­¨© (37).

� à¥§ã«ìâ â¥ ãª § ­­®© ¢ëè¥ á¯¥æ¨ «¨§ æ¨¨ ¯®¤¢¨¦­®£® à¥¯¥à  ¯®«ãç ¥¬ á«¥¤ãîéãî á¨-
áâ¥¬ã ãà ¢­¥­¨©, ®¯à¥¤¥«ïîéãî áªàãç¥­­ë¥ ª®­ãáë X ¢ ¯à®áâà ­áâ¢¥ P4:8>>>>>>>><

>>>>>>>>:

!4
2 = !3

0 ; !4
3 = !2;

!2
1 = !3

0 ; !3
1 = 0;

!0
1 = 0; !3

2 = 0;

!0
2 = 0; !4

2 = !3;

!3
4 = !3

0 ; !0
4 = 0:

(40)

� ¬¥â¨¬, çâ® ¢ ¤®¯®«­¥­¨¥ ª® ¢á¥¬ ®áãé¥áâ¢«¥­­ë¬ ¢ëè¥ á¯¥æ¨ «¨§ æ¨ï¬ ¢ ãà ¢­¥­¨ïå (40)
¡ë«  ®áãé¥áâ¢«¥­  ¥é¥ ®¤­  á¯¥æ¨ «¨§ æ¨ï b33 = 0, ª®â®à ï ¤®áâ¨£ ¥âáï ¯®áà¥¤áâ¢®¬ ¯à¥®¡à -
§®¢ ­¨ï à¥¯¥à , ®¯à¥¤¥«ï¥¬®£® ¢â®à¨ç­®© ä®à¬®© !1

0 � !2
3 (á¬. âà¥âì¥ ¨§ ãà ¢­¥­¨© (17)).

�¨ää¥à¥­æ¨àãï ¢­¥è­¨¬ ®¡à §®¬ ãà ¢­¥­¨ï (40), ¯®«ãç ¥¬ á«¥¤ãîé¨¥ ¢­¥è­¨¥ ª¢ ¤à -
â¨ç­ë¥ ãà ¢­¥­¨ï: 8>>>>>>>><

>>>>>>>>:

(!0
0 � !2

2 � !3
3 + !4

4) ^ !3
0 = 0;

(!0
0 � !2

2 � !3
3 + !4

4) ^ !2
0 + (!1

0 � !2
3) ^ !3

0 = 0;

(!0
0 � !1

1 + !2
2 � !3

3) ^ !3
0 = 0;

(!0
0 � !4

4) ^ !3
0 = 0;

!0
3 ^ !3

0 = 0:

(41)

�­¥è­¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ®áâ ¢è¨åáï ¯ïâ¨ ãà ¢­¥­¨© á¨áâ¥¬ë (40) ¯à¨¢®¤¨â ª â®¦¤¥áâ¢ ¬.
�¨áâ¥¬  ãà ¢­¥­¨© (41) íª¢¨¢ «¥­â­  á¨áâ¥¬¥ (13), (23){(26), ¨§ ª®â®à®© (41) ¯®«ãç ¥âáï

¢ à¥§ã«ìâ â¥ á¯¥æ¨ «¨§ æ¨¨ ¯®¤¢¨¦­®£® à¥¯¥à . �«ï á¨áâ¥¬ë ãà ¢­¥­¨© (41), â ª ¦¥, ª ª ¨
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¤«ï ¨áå®¤­®© á¨áâ¥¬ë ãà ¢­¥­¨© (13), (23){(26), ¨¬¥¥¬ q = 5, s1 = 5, s2 = 0, Q = S = 5. �â 
á¨áâ¥¬  ­ å®¤¨âáï ¢ ¨­¢®«îæ¨¨, ¨ ¥¥ ®¡é¥¥ à¥è¥­¨¥ áãé¥áâ¢ã¥â ¨ § ¢¨á¨â ®â ¯ïâ¨ äã­ªæ¨©
®¤­®© ¯¥à¥¬¥­­®©.

�áá«¥¤ã¥¬ â¥¯¥àì áâà®¥­¨¥ á«®¥¢ëå ª®­ãá®¢ áªàãç¥­­®£® ª®­ãá  X � P
4. �«®¥¢®© ª®­ãá C

­  X ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨¥¬

!3

0
= 0: (42)

�§ (42) ¨ (40) á«¥¤ã¥â

dA0 = !0

0
A0 + !1

0
A1 + !2

0
A2: (43)

�«¥¤®¢ â¥«ì­®, ¯«®áª®áâì A0 ^ A1 ^ A2 ª á ¥âáï C ¢¤®«ì ¥£® ®¡à §ãîé¥© L = A0 ^ A1. � á®®â-
¢¥âáâ¢¨¨ á (42) ¨ (40) ¨¬¥¥¬

dA2 = !1

2A1 + !2

2A2; (44)

dA1 = !1

1A1: (45)

�à ¢­¥­¨ï (43){(45) ¯®ª §ë¢ îâ, çâ® ª á â¥«ì­ ï ¯«®áª®áâì 
 = A0^A1^A2 ª C ­¥ ¨§¬¥­ï¥âáï
¯à¨ ¤¢¨¦¥­¨¨ ®¡à §ãîé¥© L = A0 ^ A1 ¢¤®«ì C. �âáî¤  á«¥¤ã¥â, çâ® C ¯à¥¤áâ ¢«ï¥â á®¡®©
¯ãç®ª ¯àï¬ëå «¨­¨© á æ¥­âà®¬ ¢ â®çª¥ A1, à á¯®«®¦¥­­ë© ¢ ¯«®áª®áâ¨ 
.

� ª¨¬ ®¡à §®¬, ¤®ª § ­ 

�¥®à¥¬  3. �ªàãç¥­­ë© ª®­ãá X ¢ ¯à®áâà ­áâ¢¥ P4 à áá« ¨¢ ¥âáï ­  ®¤­®¯ à ¬¥âà¨ç¥-

áª®¥ á¥¬¥©áâ¢® ¯ãçª®¢ ¯àï¬ëå «¨­¨© á æ¥­âà ¬¨ ­  ä®ª «ì­®© ªà¨¢®© G1 ª®­ãá  X, à á¯®«®-

¦¥­­ëå ¢ ª á â¥«ì­ëå ¯«®áª®áâïå ª G1.

�¬¥­­® â ªãî ª àâ¨­ã ¬®¦­® ã¢¨¤¥âì ¢ ¯à¨¬¥à¥ � ªáâ¥¤¥à {�ãà£¥©­  ([20]). �¤­ ª® §¤¥áì
íâ  â¥®à¥¬  ¤®ª § ­  ¤«ï ®¡é¥£® á«ãç ï.

�¥¯¥àì ¤®ª ¦¥¬ ®¡à â­®¥ ãâ¢¥à¦¤¥­¨¥: £« ¤ª®¥ ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¤¢ã¬¥à-
­ëå ¯«®áª®áâ¥© 
(t) ®¡é¥£® ¢¨¤  ¢ ¯à®áâà ­áâ¢¥ P4 ®¡à §ã¥â âà¥å¬¥à­ë© áªàãç¥­­ë© ª®­ãá X.
�¥©áâ¢¨â¥«ì­®, íâ® á¥¬¥©áâ¢® ®£¨¡ ¥â ªà¨¢ãî G1, ®¡à §®¢ ­­ãî ®¡é¨¬¨ â®çª ¬¨ A ¯«®áª®-
áâ¥© 
(t) ¨ 
(t + dt), â. e. A(t) = 
(t) \ 
(t + dt). �®çª  A(t) ¨ ¯«®áª®áâì 
(t) ®¯à¥¤¥«ïîâ ¯ãç®ª
(A; 
)(t) ¯àï¬ëå «¨­¨© á æ¥­âà®¬ A(t), à á¯®«®¦¥­­ë© ¢ ¯«®áª®áâ¨ 
(t). �­®¦¥áâ¢® ¯ãçª®¢
(A; 
)(t) ®¡à §ã¥â âà¥å¬¥à­ãî «¨­¥©ç âãî ¯®¢¥àå­®áâì X, ¯àï¬®«¨­¥©­ë¥ ®¡à §ãîé¨¥ L ª®â®-
à®© ¯à¨­ ¤«¥¦ â íâ¨¬ ¯ãçª ¬. �à®¬¥ â®£®, ª á â¥«ì­®¥ ¯à®áâà ­áâ¢® T (X) ¯®áâ®ï­­® ¢¤®«ì
¯àï¬®«¨­¥©­®© ®¡à §ãîé¥© L. �«¥¤®¢ â¥«ì­®, à ­£ ¬­®£®®¡à §¨ï X à ¢¥­ ¤¢ã¬.

�®áª®«ìªã à §¬¥à­®áâì £à áá¬ ­¨ ­  G (2; 4), á®áâ®ïé¥£® ¨§ ¤¢ã¬¥à­ëå ¯«®áª®áâ¥© ¯à®-
áâà ­áâ¢  P4, à ¢­  è¥áâ¨ ([10], x 1.4, á. 297), â® ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® â ª¨å ¯«®á-
ª®áâ¥© § ¢¨á¨â ®â ¯ïâ¨ äã­ªæ¨© ®¤­®© ¯¥à¥¬¥­­®©. � â ª¨¬ ¦¥ ¯à®¨§¢®«®¬ ®¯à¥¤¥«ïîâáï ¨
áªàãç¥­­ë¥ ª®­ãáë ¢ P

4, çâ® ¡ë«® ãáâ ­®¢«¥­® ­ ¬¨ à ­¥¥ ¯à¨ ¨§ãç¥­¨¨ á¨áâ¥¬ë ãà ¢­¥­¨©,
§ ¤ îé¥© áªàãç¥­­ë© ª®­ãá (á¬. â¥®à¥¬ã 2).

3) �¯à¥¤¥«¨¬, ¯à¨ ª ª®¬ ãá«®¢¨¨ áªàãç¥­­ë© ª®­ãá áâ ­®¢¨âáï áªàãç¥­­ë¬ æ¨«¨­¤à®¬. �â®
ãá«®¢¨¥ íª¢¨¢ «¥­â­o ãá«®¢¨î, ¯à¨ ª®â®à®¬ á®¯à¨ª á îé ïáï £¨¯¥à¯«®áª®áâì � ä®ª «ì­®©
ªà¨¢®© G1 ­¥ ¨§¬¥­ï¥âáï ¯à¨ ¤¢¨¦¥­¨¨ â®çª¨ A1 ¢¤®«ì G1. �®áª®«ìªã � = A1 ^A2 ^A3 ^A4 ¨

dA3 = !0

3A0 + !1

3A1 + !2

3A2 + !3

3A3 + !4

3A4;

â® ®¯à¥¤¥«ï¥¬®¥ ãá«®¢¨¥ ¨¬¥¥â ¢¨¤

!0

3 = 0: (46)

�á«¨ ¯à¨­ïâì ¯®áâ®ï­­ãî á®¯à¨ª á îéãîáï £¨¯¥à¯«®áª®áâì � ªà¨¢®© G1 §  ¡¥áª®­¥ç­® ã¤ -
«¥­­ãî £¨¯¥à¯«®áª®áâì H

1
¯à®áâà ­áâ¢  P4, â® P4 ¯à¥¢à é ¥âáï ¢  ää¨­­®¥ ¯à®áâà ­áâ¢® A 4 .

�à¨ íâ®¬ £¨¯¥à¯®¢¥àå­®áâì X áâ ­®¢¨âáï áªàãç¥­­ë¬ æ¨«¨­¤à®¬ eX , ª®â®àë© ¯® â¥®à¥¬¥ 3
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à áá« ¨¢ ¥âáï ­  ®¤­®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¯«®áª¨å ¯ãçª®¢ ¯ à ««¥«ì­ëå ¯àï¬ëå «¨-

­¨©. �¨¯¥à¯®¢¥àå­®áâì X ­¥ ¨¬¥¥â ®á®¡¥­­®áâ¥© ¢ ¯à®áâà ­áâ¢¥ A
4 ¨ ï¢«ï¥âáï ¯®«­®© £« ¤ª®©

­¥æ¨«¨­¤à¨ç¥áª®© £¨¯¥à¯®¢¥àå­®áâìî à ­£  ¤¢ .

�¥âàã¤­® ¤®ª § âì áãé¥áâ¢®¢ ­¨¥ áªàãç¥­­ëå æ¨«¨­¤à®¢ ¢  ää¨­­®¬ ¯à®áâà ­áâ¢¥ A 4 .

�¥®à¥¬  4. �ªàãç¥­­ë¥ æ¨«¨­¤àë ¢ ¯à®áâà ­áâ¢¥ A 4 áãé¥áâ¢ãîâ, ¨ ®¡é¥¥ à¥è¥­¨¥ á¨-

áâ¥¬ë ãà ¢­¥­¨©, ®¯à¥¤¥«ïîé¥© â ª¨¥ æ¨«¨­¤àë, § ¢¨á¨â ®â ç¥âëà¥å äã­ªæ¨© ®¤­®© ¯¥à¥-

¬¥­­®©.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, áªàãç¥­­ë© æ¨«¨­¤à ¢ A
4 ®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© ãà ¢-

­¥­¨© (40) ¨ (46). �§ (46) á«¥¤ã¥â, çâ® ¯®á«¥¤­¥¥ ¨§ ãà ¢­¥­¨© (41) áâ ­®¢¨âáï â®¦¤¥áâ¢®¬.
�­¥è­¥¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ãà ¢­¥­¨ï (46) â ª¦¥ ¯à¨¢®¤¨â ª â®¦¤¥áâ¢ã. � ª¨¬ ®¡à §®¬, ¢
á¨áâ¥¬¥ ¢­¥è­¨å ª¢ ¤à â¨ç­ëå ãà ¢­¥­¨© (43) â®«ìª® ç¥âëà¥ ãà ¢­¥­¨ï ï¢«ïîâáï ­¥§ ¢¨á¨-
¬ë¬¨. �«¥¤®¢ â¥«ì­®, s1 = 4, ¨ ãà ¢­¥­¨ï (41) á®¤¥à¦ â â®«ìª® ç¥âëà¥ 1-ä®à¬ë, ®â«¨ç­ë¥ ®â
¡ §¨á­ëå ä®à¬. �âáî¤  q = 4. �®íâ®¬ã s2 = q � s1 = 0, Q = s1 + 2s2 = 4. �§ ãà ¢­¥­¨© (41)
â ª¦¥ á«¥¤ã¥â S = 4. �®áª®«ìªã Q = S, â® á¨áâ¥¬  ­ å®¤¨âáï ¢ ¨­¢®«îæ¨¨, ¨ ¥¥ ®¡é¥¥ à¥è¥­¨¥
§ ¢¨á¨â ®â ç¥âëà¥å äã­ªæ¨© ®¤­®© ¯¥à¥¬¥­­®©.

� § ª«îç¥­¨¥ ãª ¦¥¬ ª®­áâàãªæ¨î, ®¯à¥¤¥«ïîéãî áªàãç¥­­ë¥ æ¨«¨­¤àë ®¡é¥£® ¢¨¤  ¢
 ää¨­­®¬ ¯à®áâà ­áâ¢¥ A 4 . �ãáâì P3 | ¯à®¨§¢®«ì­ ï £¨¯¥à¯«®áª®áâì ¢ ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­-
áâ¢¥ P4, G1 | ¯à®¨§¢®«ì­ ï ªà¨¢ ï ¢ P3. � áá¬®âà¨¬ á¥¬¥©áâ¢® ¯«®áª®áâ¥© 
(t), ª®â®àë¥ ª -
á îâáï ªà¨¢®© G1, ­® ­¥ ¯à¨­ ¤«¥¦ â P3, â ª®¥, çâ® ¤¢¥ ¡¥áª®­¥ç­® ¡«¨§ª¨¥ ¯«®áª®áâ¨ 
(t) ¨

(t + dt) íâ®£® á¥¬¥©áâ¢  ­¥ «¥¦ â ¢ âà¥å¬¥à­®¬ ¯®¤¯à®áâà ­áâ¢¥ ¯à®áâà ­áâ¢  P4. �®£¤  íâ¨
¤¢¥ ¯«®áª®áâ¨ ¨¬¥îâ â®«ìª® ®¤­ã ®¡éãî â®çªã A(t) = 
(t) \ 
(t + dt), ¯à¨­ ¤«¥¦ éãî G1, ¨
¯«®áª®áâ¨ 
(t) ®¡à §ãîâ áªàãç¥­­ë© ª®­ãá ¢ ¯à®áâà ­áâ¢¥ P4. �á«¨ ¯à¨­ïâì £¨¯¥à¯«®áª®áâì P3

§  ¡¥áª®­¥ç­® ã¤ «¥­­ãî £¨¯¥à¯«®áª®áâì ¯à®áâà ­áâ¢  P4, â® ¯à®áâà ­áâ¢® P4 ¯à¥¢à é ¥âáï ¢
 ää¨­­®¥ ¯à®áâà ­áâ¢® A 4 ,   áªàãç¥­­ë¥ ª®­ãáë, ®¡à §®¢ ­­ë¥ ¯«®áª®áâï¬¨ 
(t), áâ ­®¢ïâáï
áªàãç¥­­ë¬¨ æ¨«¨­¤à ¬¨ ¯à®áâà ­áâ¢  A4. � ª ï ª®­áâàãªæ¨ï à áá¬ âà¨¢ « áì ¢ [26].
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