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� à ¡®â¥, á«¥¤ãï [1], ¤«ï ®¤­®à®¤­ëå ¯à®áâà ­áâ¢ M = eG=G ¢ëç¨á«ï¥¬  «£¥¡àë EndeG T (M)
¨­¢ à¨ ­â­ëå  ää¨­®à®¢ (â. ¥. â¥­§®à­ëå ¯®«¥© â¨¯  (1.1) ¨«¨ í­¤®¬®àä¨§¬®¢ ª á â¥«ì­®£®
à áá«®¥­¨ï) ¢ á«ãç ¥, ª®£¤  eG | ®¤­  ¨§ ¯à®áâëå ¢¥é¥áâ¢¥­­ëå £àã¯¯ �¨ â¨¯  Al,   G |
á¢ï§­ ï à¥£ã«ïà­ ï ¯®«ã¯à®áâ ï ¯®¤£àã¯¯  £àã¯¯ë eG. �«£¥¡à  EndeG T (M) ï¢«ï¥âáï ¢ ¦­®©
å à ªâ¥à¨áâ¨ª®© ¯à®áâà ­áâ¢  M , ¥¥ §­ ­¨¥ ¯®§¢®«ï¥â, ­ ¯à¨¬¥à, ¢ë¤¥«¨âì â¥ ¯à®áâà ­áâ¢ 
ãª § ­­®£® ¢ëè¥ â¨¯ , ª®â®àë¥ ¤®¯ãáª îâ ¨­¢ à¨ ­â­ë¥ ¯®çâ¨ ª®¬¯«¥ªá­ãî, ¯®çâ¨ ª¢ â¥à­¨-
®­­ãî ¨ ¤àã£¨¥ ç áâ® ¢áâà¥ç îé¨¥áï ¢ £¥®¬¥âà¨¨  ää¨­®à­ë¥ áâàãªâãàë.

1. �¥£ã«ïà­ë¥ ¯®¤ «£¥¡àë ¨ ¯®¤£àã¯¯ë

�®¤ «£¥¡à  g ¢¥é¥áâ¢¥­­®© ¯®«ã¯à®áâ®©  «£¥¡àë �¨ eg ­ §ë¢ ¥âáï à¥£ã«ïà­®© [2], ¥á«¨ áã-
é¥áâ¢ã¥â ¯®¤ «£¥¡à  � àâ ­  eh  «£¥¡àë eg â ª ï, çâ® ª®¬¯«¥ªá¨ä¨ª æ¨ï gC  «£¥¡àë g ­®à¬ -
«¨§ã¥âáï ¯®¤ «£¥¡à®© � àâ ­  ehC ª®¬¯«¥ªá­®© ¯®«ã¯à®áâ®©  «£¥¡àë egC , â. ¥. [ehC ; gC ] � gC . �á«¨
¯®âà¥¡®¢ âì ¤®¯®«­¨â¥«ì­® ¯®«ã¯à®áâ®âã  «£¥¡àë g, â® ¥¥ à¥£ã«ïà­®áâì ®§­ ç ¥â, çâ®

gC =
X
�2R0

�
[eg�; eg��] + eg��

¤«ï ­¥ª®â®à®© à¥£ã«ïà­®© (â. ¥. § ¬ª­ãâ®© ®â­®á¨â¥«ì­® á«®¦¥­¨ï ¨ á¨¬¬¥âà¨ç­®©) ¯®¤á¨áâ¥-
¬ë R0 á¨áâ¥¬ë ª®à­¥© R  «£¥¡àë egC ®â­®á¨â¥«ì­® ¯®¤ «£¥¡àë � àâ ­  ehC ; §¤¥áì eg� | ª®à­¥¢®¥
¯®¤¯à®áâà ­áâ¢® ¢ egC , ®â¢¥ç îé¥¥ ª®à­î � 2 R. �®¤£àã¯¯  G ¢¥é¥áâ¢¥­­®© ¯®«ã¯à®áâ®© £àã¯-
¯ë �¨ eG ­ §ë¢ ¥âáï à¥£ã«ïà­®©, ¥á«¨  «£¥¡à  �¨ g £àã¯¯ë G ï¢«ï¥âáï à¥£ã«ïà­®© ¯®¤ «£¥¡à®©
 «£¥¡àë �¨ eg £àã¯¯ë eG.

�®«ã¯à®áâë¥ à¥£ã«ïà­ë¥ ¯®¤ «£¥¡àë ª®¬¯«¥ªá­ëå ¯à®áâëå  «£¥¡à �¨ ª« áá¨ä¨æ¨à®¢ ­ë
¢ [2]. �á­®¢ë¢ ïáì ­  ¬¥â®¤¥ ª« áá¨ä¨ª æ¨¨ à¥£ã«ïà­ëå ¯®¤ «£¥¡à ¢ ¢¥é¥áâ¢¥­­®¬ á«ãç ¥,
¯à¥¤«®¦¥­­®¬ ¢ [1], ®¯¨è¥¬ ¯®«ã¯à®áâë¥ à¥£ã«ïà­ë¥ ¯®¤ «£¥¡àë ¢¥é¥áâ¢¥­­ëå ä®à¬  «£¥¡àë
�¨ sl(l + 1; C ).

�ãáâì � |  ­â¨¨­¢®«îæ¨ï ª®¬¯«¥ªá­®© ¯®«ã¯à®áâ®©  «£¥¡àë �¨ g, § ¤ îé ï ¢¥é¥áâ¢¥­-
­ãî ä®à¬ã g�, ¨ ¯ãáâì h | ¯®¤ «£¥¡à  � àâ ­   «£¥¡àë g â ª ï, çâ® �(h) = h. �®£¤  ¯à¥®¡à -
§®¢ ­¨¥ �� ¯à®áâà ­áâ¢  h�, § ¤ ­­®¥ ä®à¬ã«®©

(���)(H) = �(�(H)) 8H 2 h; � 2 h�;

¨­¤ãæ¨àã¥â  ¢â®¬®àä¨§¬ ¢â®à®£® ¯®àï¤ª  � á¨áâ¥¬ë ª®à­¥© R = R(g; h). � ¦¤®© ¯®«ã¯à®áâ®©
¯®¤ «£¥¡à¥  «£¥¡àë g�, à¥£ã«ïà­®© ®â­®á¨â¥«ì­® ¯®¤ «£¥¡àë � àâ ­  h�  «£¥¡àë g�, á®®â¢¥â-
áâ¢ã¥â à¥£ã«ïà­ ï ¯®¤á¨áâ¥¬  R0 á¨áâ¥¬ë ª®à­¥© R, ¤«ï ª®â®à®© �(R0) = R0. �á«¨ ¤¢¥ â ª¨¥
à¥£ã«ïà­ë¥ ¯®¤ «£¥¡àë á®¯àï¦¥­ë ¢ g�, â® á®®â¢¥âáâ¢ãîé¨¥ ¨¬ à¥£ã«ïà­ë¥ ¯®¤á¨áâ¥¬ë ¯¥-
à¥¢®¤ïâáï ¤àã£ ¢ ¤àã£  í«¥¬¥­â ¬¨ £àã¯¯ë �¥©«ï W = W (R), ¯¥à¥áâ ­®¢®ç­ë¬¨ á �, â. ¥.
¯à¨­ ¤«¥¦ é¨¬¨ æ¥­âà «¨§ â®àã ZW (�).
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�ãáâì "1; : : : ; "l+1 | ª ­®­¨ç¥áª¨© ¡ §¨á ¯à®áâà ­áâ¢  Rl+1 , R = f�("i�"j) j 1 6 i < j 6 l+1g
| á¨áâ¥¬  ª®à­¥© â¨¯  Al. �§¢¥áâ­®, çâ® £àã¯¯  �¥©«ï W (R) ®â®¦¤¥áâ¢«ï¥âáï á á¨¬¬¥âà¨ç¥-
áª®© £àã¯¯®© Sl+1, ¯à¨ íâ®¬  ¢â®¬®àä¨§¬ fs 2W , á®®â¢¥âáâ¢ãîé¨© ¯®¤áâ ­®¢ª¥ s 2 Sl+1, ®¯à¥-
¤¥«ï¥âáï ä®à¬ã«®© fs("i � "j) = "s(i) � "s(j). �âáî¤  á«¥¤ã¥â, çâ® ª ¦¤ë© ¨§®¬®àä¨§¬ ¢â®à®£®
¯®àï¤ª  á¨áâ¥¬ë ª®à­¥© R â¨¯  Al W -á®¯àï¦¥­ ¥¤¨­áâ¢¥­­®¬ã  ¢â®¬®àä¨§¬ã � = �w(k;m),
£¤¥

w(k;m) = (1; k + 1)(2; k + 2) � � � (k; 2k); 2k +m = l + 1;

ï¢«ï¥âáï ¯à®¨§¢¥¤¥­¨¥¬ k ­¥§ ¢¨á¨¬ëå âà ­á¯®§¨æ¨©.
� ¦¤ ï à¥£ã«ïà­ ï ¯®¤á¨áâ¥¬  R0 á¨áâ¥¬ë ª®à­¥© R ¥áâì ª®­¥ç­ ï áã¬¬  ­¥¯à¨¢®¤¨¬ëå

¯®¤á¨áâ¥¬ ¢¨¤  A(T ) = f"i � "j j i 6= j; i; j 2 Tg ¤«ï ­¥ª®â®à®£® ­ ¡®à  ¯®¯ à­® ­¥ ¯¥à¥á¥ª î-
é¨åáï ¯®¤¬­®¦¥áâ¢ T ¬­®¦¥áâ¢  f1; : : : ; l+1g; jT j > 2 [1]. �á«¨ jT j = s+1, â® ¯®¤á¨áâ¥¬  A(T )
¨¬¥¥â â¨¯ As. �¡®§­ ç¨¬ ç¥à¥§ A(u;v)

s ¯®¤á¨áâ¥¬ã ¢¨¤  A(T ) â ªãî, çâ®

jT \ f1; : : : ; kgj = u; jT \ f2k + 1; : : : ; l + 1gj = v;

T \ fk + 1; : : : ; 2kg = �
i+ k j i 2 T \ f1; : : : ; kg	:

�¥£ª® ¢¨¤¥âì, çâ® «î¡ ï ­¥¯à¨¢®¤¨¬ ï à¥£ã«ïà­ ï �-¨­¢ à¨ ­â­ ï ¯®¤á¨áâ¥¬  á®¢¯ ¤ ¥â á
A(u;v)
s . �à®¨§¢®«ì­ ï à¥£ã«ïà­ ï �-¨­¢ à¨ ­â­ ï ¯®¤á¨áâ¥¬  ¥áâì áã¬¬  ­¥¯à¨¢®¤¨¬ëå �-

¨­¢ à¨ ­â­ëå,   â ª¦¥ ¯ à à¥£ã«ïà­ëå ­¥¯à¨¢®¤¨¬ëå ¯®¤á¨áâ¥¬ R0+R0
0 â ª¨å, çâ® �(R0) = R0

0,
�(R0

0) = R0, £¤¥ R0 = A(T ), T � f1; : : : ; kg, R0
0 = A(T 0), T 0 = fi + k j i 2 Tg. �¡®§­ ç¨¬ â ªãî

¯ àã At +A0
t, ¥á«¨ jT j = t+ 1. � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬

�à¥¤«®¦¥­¨¥ 1. � ¦¤ ï à¥£ã«ïà­ ï ¯®¤á¨áâ¥¬  R0 á¨áâ¥¬ë ª®à­¥© R â¨¯  Al, ¨­¢ à¨-

 ­â­ ï ®â­®á¨â¥«ì­®  ¢â®¬®àä¨§¬  ¢â®à®£® ¯®àï¤ª  � = �w(k;m), ¨¬¥¥â ¢¨¤

R0 =
pX
i=1

A(ui;vi)
si

+
rX

j=1

(Atj +A0
tj
);

2ui + vi = si + 1; 0 6
pX
i=1

ui +
rX

j=1

(tj + 1) 6 k; 0 6
pX
i=1

vi 6 m; 2k +m = l + 1:

�¢¥ ¯®¤á¨áâ¥¬ë ¢¨¤  ZW (�) á®¯àï¦¥­ë ¢ R â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ã ­¨å á®¢¯ ¤ îâ

­ ¡®àë ¯ à ç¨á¥« f(ui; vi)g, i = 1; : : : ; p, ¨ ­ ¡®àë ç¨á¥« ftjg, j = 1; : : : ; r.

� «ì­¥©è¥¥ à áá¬®âà¥­¨¥ ¯à®¢¥¤¥¬ ®â¤¥«ì­® ¤«ï ª ¦¤®£® â¨¯  A I{A III ¢¥é¥áâ¢¥­­ëå
ä®à¬ g�  «£¥¡àë �¨ g = sl(l + 1; C ). �à¨ íâ®¬ ¢®á¯®«ì§ã¥¬áï ®¯¨á ­¨¥¬ ¯®¤ «£¥¡à � àâ ­ 
¢ ¢¥é¥áâ¢¥­­ëå ¯®«ã¯à®áâëå  «£¥¡à å �¨ ¢ à ¡®â å [3] ¨ [4].

�¨¯ A I. g� = sl(l + 1;R), � : sl(l + 1; C ) ! sl(l + 1; C ), X ! X | ¯¥à¥å®¤ ª ª®¬¯«¥ªá­®-
á®¯àï¦¥­­®© ¬ âà¨æ¥. �  «£¥¡à¥ �¨ sl(l+1;R) ¨¬¥¥âáï

�
l+1
2

�
+1 ª« áá®¢ á®¯àï¦¥­­ëå ¯®¤ «£¥¡à

� àâ ­ , ¯à¥¤áâ ¢¨â¥«¥© íâ¨å ª« áá®¢ ¬®¦­® ¢§ïâì ¢ ¢¨¤¥

hk =
�
H = diag

��
diag(h1; : : : ; hk) diag(�hk+1; : : : ;�h2k)
diag(hk+1; : : : ; h2k) diag(h1; : : : ; hk)

�
;

hk+1; : : : ; hl+1

� ���hi 2 R; TrH = 0
�
; k = 0; : : : ;

�
l + 1
2

�
:

� ¯®¬®éìî ¢­ãâà¥­­¥£®  ¢â®¬®àä¨§¬  X ! SXS�1, £¤¥

S =

0@ 1p
2

�
Ek iEk

�iEk Ek

�
0

0 Em

1A ;

 «£¥¡àë sl(l + 1; C ) ¯¥à¥¢¥¤¥¬ ¯®¤ «£¥¡àã � àâ ­  hCk ¢ áâ ­¤ àâ­ãî ¯®¤ «£¥¡àã � àâ ­  hC0 =
fdiag(h1; : : : ; hl+1) j hi 2 C ;

P
hi = 0g ¨ ®â®¦¤¥áâ¢¨¬ á¨áâ¥¬ã ª®à­¥© R(g; hCk ) á á¨áâ¥¬®© ª®à­¥©

R = f�("i�"j) j 1 6 i < j 6 l+1g = R(g; hC0 ); §¤¥áì "i
�
diag(h1; : : : ; hl+1)

�
= hi, i = 1; : : : ; l+1. �à¨
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íâ®¬ ®â®¦¤¥áâ¢«¥­¨¨ ¯®«ã¨­¢®«îæ¨ï � ¨­¤ãæ¨àã¥â  ¢â®¬®àä¨§¬ �� = w(k;m) á¨áâ¥¬ë ª®à­¥©
R(g; hCk ). � «¥¥ ¤«ï ¯à®¨§¢®«ì­®© à¥£ã«ïà­®© �

�-¨­¢ à¨ ­â­®© ¯®¤á¨áâ¥¬ë R0 ¨§ ¯à¥¤«®¦¥­¨ï 1
áâà®¨¬ ¯®¤ «£¥¡àã

g(R0)C =
X
�2R0

�
[g�; g��] + g�

�
¨, ¢ë¡¨à ï �-­¥¯®¤¢¨¦­ë¥ í«¥¬¥­âë ¢ g(R0)C , ­ å®¤¨¬ à¥£ã«ïà­ãî ¯®«ã¯à®áâãî ¯®¤ «£¥¡àã ¢
sl(l+1;R), ®â¢¥ç îéãî ¯®¤ «£¥¡à¥ � àâ ­  hk ¨ à¥£ã«ïà­®© ¯®¤á¨áâ¥¬¥ R0. �¯ãáª ï ®ç¥¢¨¤­ë¥
¢ëç¨á«¥­¨ï, áä®à¬ã«¨àã¥¬ ®ª®­ç â¥«ì­ë© à¥§ã«ìâ â.

�¥®à¥¬  1. � ¦¤ ï à¥£ã«ïà­ ï ¯®«ã¯à®áâ ï ¯®¤ «£¥¡à   «£¥¡àë �¨ sl(l + 1;R) á â®ç­®-

áâìî ¤® ¢­ãâà¥­­¥£®  ¢â®¬®àä¨§¬   «£¥¡àë sl(l + 1;R) ¥áâì  «£¥¡à 

g =
� pM

i=1

sl(si;R)
�
�
� rM
j=1

sl(tj ; C )
�
;

ª ­®­¨ç¥áª¨ ¢«®¦¥­­ ï ¢ sl(l + 1;R),

pX
i=1

Ai +
rX

j=1

(Bj +
p�1Cj) �! diag

�
A1; : : : ; Ap;

�
B1 �C1

C1 B1

�
; : : : ;

�
Br �Cr

Cr Br

�
; 0
�
;

0 <
pX

i=1

si + 2
rX

j=1

tj 6 l + 1:

�¨¯ A II. l + 1 = 2k,

g� = sl(k; H ) =
��

A B
�B A

� ���A;B 2 gl(k; C ); ReTrA = 0
�
;

� : sl(2k; C ) ! sl(2k; C ); X !
�
0 �Ek

Ek 0

�
X

�
0 Ek

�Ek 0

�
:

�á¥ ¯®¤ «£¥¡àë � àâ ­  ¢ sl(k; H ) á®¯àï¦¥­ë; ¥á«¨ ¢§ïâì ¯®¤ «£¥¡àã � àâ ­  ¢ ¢¨¤¥

h0 =
n
H = diag(h1; : : : ; hk; h1; : : : ; hk)

���hi 2 C ; Re
� kX
i=1

hi
�
= 0

o
;

â® hC0 ¥áâì áâ ­¤ àâ­ ï ¯®¤ «£¥¡à  � àâ ­  ¢ sl(l+1; C ). � íâ®¬ á«ãç ¥ �� = w(k; 0); ¢ëç¨á«¥­¨ï,
 ­ «®£¨ç­ë¥ á«ãç î A I, ¯®ª §ë¢ îâ, çâ® á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. � ¦¤ ï à¥£ã«ïà­ ï ¯®«ã¯à®áâ ï ¯®¤ «£¥¡à   «£¥¡àë �¨ sl(k; H ) á â®ç­®áâìî

¤® ¢­ãâà¥­­¥£®  ¢â®¬®àä¨§¬   «£¥¡àë sl(k; H ) ¥áâì  «£¥¡à 

g =
� pM

i=1

sl(ki; H )
�
�
� rM
j=1

sl(tj ; C )
�
;

¢«®¦¥­­ ï ¢ sl(l + 1; H ) á«¥¤ãîé¨¬ ®¡à §®¬:

pX
i=1

�
Ai Bi

�Bi Ai

�
+

rX
j=1

Cj �!
�
diag(A1; : : : ; Ap; C1; : : : ; Cr; 0) diag(B1; : : : ; Bp; 0)
diag(�B1; : : : ;�Bp; 0) diag(A1; : : : ; Ap; C1; : : : ; Cr; 0)

�
;

0 <
pX

i=1

ki + 2
rX

j=1

tj 6 2k:
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�¨¯ A III. �ãé¥áâ¢ãîâ
�
l+1
2

�
+1 ­¥¨§®¬®àä­ëå ¢¥é¥áâ¢¥­­ëå ä®à¬  «£¥¡àë sl(l+1; C ) â¨¯ 

A III

g�m=su(m; q)=
��

A B
tB C

� ���A2gl(m; C ); A+ tA = 0; C2gl(q; C ); C + tC = 0; B2L(m; q; C )
�
;

�m : sl(l + 1; C ) ! sl(l + 1; C ); X ! �
�
Em 0
0 �Eq

�
tX

�
Em 0
0 �Eq

�
; m=0; 1; : : : ;

�
l+1
2

�
; m+q= l+1:

�  «£¥¡à¥ su(m; q) ¨¬¥¥âáï m+ 1 ª« áá®¢ á®¯àï¦¥­­ëå ¯®¤ «£¥¡à � àâ ­ , ¯à¥¤áâ ¢¨â¥«¥©
ª®â®àëå ¬®¦­® ¢§ïâì ¢ ¢¨¤¥

hm;k =
�
H = diag

��
diag(u1; : : : ; um) diag(h1; : : : ; hk; 0; : : : ; 0)
diag(h1; : : : ; hk; 0; : : : ; 0) diag(u1; : : : ; uk; um+k+1; : : : ; u2m)

�
;

u2m+1; : : : ; ul+1

� ���hi 2 R; ui 2
p�1R; TrH = 0

�
; k = 0; : : : ;m:

�­ãâà¥­­¨©  ¢â®¬®àä¨§¬ X ! SXS�1, £¤¥

S =

0BBB@
ip
2
Ek � 1p

2
Ek

Em�k
ip
2
Ek

1p
2
Ek

E

1CCCA ;

 «£¥¡àë su(m; q) ¯¥à¥¢®¤¨â  «£¥¡àã hCk;m ¢ áâ ­¤ àâ­ãî ¯®¤ «£¥¡àã � àâ ­  hC0  «£¥¡àë sl(l +
1; C ). �ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ® ��m = �w(k; l + 1� 2k) ¨ çâ® ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  3. � ¦¤ ï à¥£ã«ïà­ ï ¯®«ã¯à®áâ ï ¯®¤ «£¥¡à   «£¥¡àë �¨ su(m; q) á â®ç­®áâìî

¤® ¢­ãâà¥­­¥£®  ¢â®¬®àä¨§¬   «£¥¡àë su(m; q) ¥áâì  «£¥¡à 

g =
� pM

i=1

su(mi; qi)
�
�
� rM
j=1

sl(tj ; C )
�
;

¢«®¦¥­­ ï ¢ su(m; q) á«¥¤ãîé¨¬ ®¡à §®¬:

pX
i=1

�
Ai Bi
tBi Ci

�
+

rX
j=1

Dj �!

�!

�
diag(A1; : : : ; Ap; D1 �

tD1; : : : ; Dr �
tDr; 0) diag(B1; : : : ; Bp; D1 +

tD1; : : : ; Dr +
tDr; 0)

diag(tB1; : : : ;
tBp; D1 +

tD1; : : : ; Dr +
tDr; 0) diag(C1; : : : ; Cp; D1 �

tD1; : : : ; Dr �
tDr; 0)

�
;

0 <

pX
i=1

mi +

rX
j=1

tj 6 m; 0 <

pX
i=1

qi +

rX
j=1

tj 6 q:

�¢ï§­ãî ¯®¤£àã¯¯ã G £àã¯¯ eG = SL(l+1;R); eG = SL(m; H ), 2m = l+1; eG = SU(a; b), a+ b =
l + 1, ®â¢¥ç îéãî ¯®¤ «£¥¡à¥ g ¢ â¥®à¥¬ å 1{3 á®®â¢¥âáâ¢¥­­®, ¡ã¤¥¬ ­ §ë¢ âì ª ­®­¨ç¥áª¨

¢«®¦¥­­®© ¢ eG.
2. �«£¥¡à  g-¨­¢ à¨ ­â­ëå í­¤®¬®àä¨§¬®¢ Endg(V )

ª®­¥ç­®¬¥à­®£® ¬®¤ã«ï V ­ ¤ ¯®«ã¯à®áâ®© ¢¥é¥áâ¢¥­­®©  «£¥¡à®© �¨ g

�ãáâì V | ª®­¥ç­®¬¥à­ë© ¢¥é¥áâ¢¥­­ë© ¬®¤ã«ì ­ ¤ ¯®«ã¯à®áâ®© ¢¥é¥áâ¢¥­­®©  «£¥¡à®©
�¨ g. �®£¤  V ¯®«ã¯à®áâ ¨, á«¥¤®¢ â¥«ì­®, ¤®¯ãáª ¥â ®¤­®§­ ç­®¥ à §«®¦¥­¨¥ V = V1�� � ��Vn
¢ áã¬¬ã ¨§®â¨¯­ëå ª®¬¯®­¥­â Vi, i = 1; : : : ; n, Vi = Vi1� : : :�Vimi

| à §«®¦¥­¨¥ ­  ¯à®áâë¥ ¯®¤-
¬®¤ã«¨, Vi1 �= � � � �= Vimi

, i = 1; : : : ; n; Vij 6�= Vkl, ¥á«¨ i 6= k. �¨á«® ¯à®áâëå á« £ ¥¬ëå mi ®¯à¥¤¥-
«ï¥âáï ®¤­®§­ ç­® ¨ ­ §ë¢ ¥âáï ¤«¨­®© ¨§®â¨¯­®© ª®¬¯®­¥­âë Vi. �® «¥¬¬¥�ãà  ¤«ï ª ¦¤®£®
¯à®áâ®£® ¢¥é¥áâ¢¥­­®£® g-¬®¤ã«ï W  «£¥¡à  EndgW ï¢«ï¥âáï â¥«®¬ ­ ¤ R ¨, á«¥¤®¢ â¥«ì­®,
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¨§®¬®àä­  R, C ¨«¨ H . � á®®â¢¥âáâ¢¨¨ á íâ¨¬ W ¡ã¤¥â ­ §ë¢ âìáï ¯à®áâë¬ g-¬®¤ã«¥¬ â¨¯ 

R, C ¨«¨ H ;  ­ «®£¨ç­® ®¯à¥¤¥«ï¥âáï â¨¯ ¨§®â¨¯­®© ª®¬¯®­¥­âë. �á«¨ V =W1 �W2 | áã¬¬ 
¯à®áâëå g-¬®¤ã«¥©, â® Endg V �= EndgW1 � EndgW2 ¯à¨ W1 6�= W2, ¨ Endg V �= Mat2(EndgW1)
¯à¨ W1

�= W2. �áå®¤ï ¨§ ¢ëè¥áª § ­­®£®,  «£¥¡àã g-¨­¢ à¨ ­â­ëå í­¤®¬®àä¨§¬®¢ Endg V ¢
á«ãç ¥ ¢¥é¥áâ¢¥­­®£® ¯®«ã¯à®áâ®£® g-¬®¤ã«ï V ¬®¦­® ®¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬: ¯ãáâì

V =
� rM

i=1

U li
i

�
�
� sM
j=1

V
mj

j

�
�
� tM
k=1

W nk
k

�
| à §«®¦¥­¨¥ ­  ¯à®áâë¥ ¯®¤¬®¤ã«¨, U li

i , V
mj

j , W nk
k | ¨§®â¨¯­ë¥ ª®¬¯®­¥­âë â¨¯  R, C , H

á®®â¢¥âáâ¢¥­­®, li, mj , nk | ¨å ¤«¨­ë. �®£¤ 

Endg V �=
� rY

i=1

Mat(li;R)
�
�
� sY

j=1

Mat(mj ; C )
�
�
� tY

k=1

Mat(nk; H )
�
: (1)

�®áª®«ìªã ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥  «£¥¡à  �¨ g ¯®«ã¯à®áâ , ã¤®¡­® ¢®á¯®«ì§®¢ âìáï
å®à®è® à §¢¨â®© â¥®à¨¥© ¯®«ã¯à®áâëå ª®¬¯«¥ªá­ëå  «£¥¡à �¨. �®¬¯«¥ªá­ãî ¯®«ã¯à®áâãî
 «£¥¡àã �¨, ï¢«ïîéãîáï ª®¬¯«¥ªá¨ä¨ª æ¨¥© g, ¨ ª®¬¯«¥ªá¨ä¨ª æ¨î ¢¥é¥áâ¢¥­­®£® g-¬®¤ã«ï
V ¡ã¤¥¬ ®¡®§­ ç âì á®®â¢¥âáâ¢¥­­® á¨¬¢®« ¬¨ gC ¨ V C . �«ï ª®¬¯«¥ªá­®£® g-¬®¤ã«ï (¨«¨ gC -
¬®¤ã«ï) V á¨¬¢®«®¬ V ¡ã¤¥¬ ®¡®§­ ç âì á®¯àï¦¥­­ë© ¬®¤ã«ì. V á®¢¯ ¤ ¥â á V ª ª  ¡¥«¥¢ 
£àã¯¯ ,   § ª®­ ã¬­®¦¥­¨ï í«¥¬¥­â®¢ ¨§ V ­  ª®¬¯«¥ªá­ë¥ ç¨á«  ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬
®¡à §®¬: c � v = �cv, v 2 V , c 2 C . �à¥¤áâ ¢«¥­¨¥, á®®â¢¥âáâ¢ãîé¥¥ ¬®¤ã«î V , ¨¬¥¥â ¢¨¤ ��C :
gC ! gl(V ), X 7! �(X), £¤¥ � | ¯à¥¤áâ ¢«¥­¨¥, á®®â¢¥âáâ¢ãîé¥¥ ¬®¤ã«î V ,   ç¥àâ  ­ ¤ X
®§­ ç ¥â á®¯àï¦¥­¨¥ ¢ gC ®â­®á¨â¥«ì­® g. �à®áâë¥ á ¬®á®¯àï¦¥­­ë¥ g-¬®¤ã«¨ ¤¥«ïâáï ­  ¤¢ 
ª« áá  ¢ § ¢¨á¨¬®áâ¨ ®â §­ ç¥­¨ï ¨­¤¥ªá  � àâ ­  "(V ) [5], ª®â®àë© ¬®¦¥â ¯à¨­¨¬ âì §­ ç¥­¨ï
1 ¨«¨ �1. � íâ¨å â¥à¬¨­ å ¬®¦­® ®å à ªâ¥à¨§®¢ âì â¨¯ ¯à®áâ®£® ¢¥é¥áâ¢¥­­®£® g-¬®¤ã«ï V ¯®
¥£® ª®¬¯«¥ªá¨ä¨ª æ¨¨ V C á«¥¤ãîé¨¬ ®¡à §®¬.

�ãáâì W | ¯à®áâ®© ¯®¤¬®¤ã«ì V C . �®£¤ 

(i) V â¨¯  R () V C =W () W �=W ¨ "(W ) = 1;
(ii) V â¨¯  C () V C �=W �W , W 6�=W ;
(iii) V â¨¯  H () V C �=W �W , W �=W ¨ "(W ) = �1.
�à®áâ®© ª®¬¯«¥ªá­ë© g-¬®¤ã«ì W ¡ã¤¥¬ ­ §ë¢ âì g-¬®¤ã«¥¬ â¨¯  R, C ¨«¨ H , ¥á«¨ W

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î, ¯®¤ç¥àª­ãâ®¬ã á®®â¢¥âáâ¢¥­­® ¢ (i){(iii).
�®¤¢®¤ï ¨â®£ áª § ­­®¬ã ¢ x 2, áä®à¬ã«¨àã¥¬ ¢ ã¤®¡­®¬ ¤«ï ­ á ¢¨¤¥ ®¯¨á ­¨¥  «£¥¡àë

Endg(V ).

�¥®à¥¬  4. �ãáâì g | ¢¥é¥áâ¢¥­­ ï  «£¥¡à  �¨, V | ¯®«ã¯à®áâ®© ¢¥é¥áâ¢¥­­ë© g-

¬®¤ã«ì. �®£¤  V C â ª¦¥ ¯®«ã¯à®áâ; ¥£® à §«®¦¥­¨¥ ­  ¨§®â¨¯­ë¥ ª®¬¯®­¥­âë ¨¬¥¥â ¢¨¤

V C =
� rM

i=1

U li
i

�
�
� sM
j=1

(V mj

j � V
mj

j )
�
�
� tM
k=1

W 2nk
k

�
;

£¤¥ Ui, Vj, Wk | ¯à®áâë¥ ¯®¯ à­® ­¥¨§®¬®àä­ë¥ ª®¬¯«¥ªá­ë¥ g-¬®¤ã«¨ â¨¯  R, C ¨ H

á®®â¢¥âáâ¢¥­­®; á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥ (1).

3. �ëç¨á«¥­¨¥  «£¥¡àë EndeGT (M)

�ãáâì eg| ®¤­  ¨§  «£¥¡à sl(l+1;R), sl(m; H ), su(p; q)T, 2m = p+q = l+1, g| ¯®«ã¯à®áâ ï à¥-
£ã«ïà­ ï ¯®¤ «£¥¡à  eg, m | g-¨­¢ à¨ ­â­®¥ ¤®¯®«­¥­¨¥ ª g ¢ eg, à áá¬ âà¨¢ ¥¬®¥ ª ª g-¬®¤ã«ì
®â­®á¨â¥«ì­® ad jg. � á ¡ã¤¥â ¨­â¥à¥á®¢ âì  «£¥¡à  g-¨­¢ à¨ ­â­ëå í­¤®¬®àä¨§¬®¢ Endg(m)
g-¬®¤ã«ï m, ª®â®à ï ¨§®¬®àä­   «£¥¡à¥ EndeG T (M) ¢ á«ãç ¥, ª®£¤  M = eG=G, £¤¥ eG | ®¤­ 
¨§ £àã¯¯ SL(l+1;R), SL(m; H ), SU(p; q),   G | á¢ï§­ ï ¯®¤£àã¯¯  ¢ eG, ®â¢¥ç îé ï ¯®¤ «£¥¡à¥
g. � ª ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 4,  «£¥¡àã Endg(m) ¬®¦­® ¢ëç¨á«¨âì, ¥á«¨ §­ âì à §«®¦¥­¨¥ ­ 
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¯à®áâë¥ ¯®¤¬®¤ã«¨ ª®¬¯«¥ªá­®£® gC -¬®¤ã«ï mC . �âà®¥­¨¥ ¬®¤ã«ï â ª®£® â¨¯  ¨áá«¥¤®¢ «®áì ¢
[1], [6], ¯à¨ íâ®¬ ¨á¯®«ì§®¢ «®áì à §«®¦¥­¨¥ R mod R0 á¨áâ¥¬ë ª®à­¥© R  «£¥¡àë egC ¯® ¬®¤ã«î
¥¥ à¥£ã«ïà­®© ¯®¤á¨áâ¥¬ë R0, á¢ï§ ­­®© á  «£¥¡à®© gC . �ãáâì ¢ á®®â¢¥âáâ¢¨¨ á x 1

R = f"i � "j j 1 6 i; j 6 l + 1; i 6= jg;

R0 ¥áâì ¯®¤á¨áâ¥¬  â¨¯  Al1 + � � �+Alk , ®â¢¥ç îé ï ­ ¡®àã ¯®¯ à­® ­¥¯¥à¥á¥ª îé¨åáï ¯®¤¬­®-
¦¥áâ¢ T1; : : : ; Tk, jT�j = l� + 1, ¬­®¦¥áâ¢  T = f1; : : : ; l + 1g;

R0 = f"i � "j j i; j 2 T�; i 6= j; � = 1; kg:

�¨á« , ¯à¨­ ¤«¥¦ é¨¥ ¬­®¦¥áâ¢ã T
� k[
�=1

T�, § ­ã¬¥àã¥¬ ¨­¤¥ªá ¬¨ k+1; : : : ; k+s ¨ ¡ã¤¥¬ áç¨-

â âì ®¤­®í«¥¬¥­â­ë¬¨ ¯®¤¬­®¦¥áâ¢ ¬¨ Tk+1; : : : ; Tk+s ¬­®¦¥áâ¢  T . �®«ãç¨¬ à §¡¨¥­¨¥ ¬­®-

¦¥áâ¢  T : T =
k+s[
�=1

T�. �¡®§­ ç¨¬ R�� = f"i � "j j i 2 T�; j 2 T�; � 6= �g, â®£¤ 

R mod R0 = R0 [
� k+s[
�;�=1

R��

�
:

� §«®¦¥­¨¥ egC ª ª gC -¬®¤ã«ï ®â­®á¨â¥«ì­® ad jgC ®¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬.

�à¥¤«®¦¥­¨¥ 2 ([1], [6]).

egC = gC � h?R0
�

k+sX
�;�=1

g��;

£¤¥ h?R0
| ®àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ ¢  «£¥¡à¥ � àâ ­  h  «£¥¡àë egC ¯®¤ «£¥¡àë � àâ ­  h0

 «£¥¡àë gC ®â­®á¨â¥«ì­® ä®à¬ë �¨««¨­£ , g�� =
P


2R��
g
, g
 | ª®à­¥¢®¥ ¯®¤¯à®áâà ­áâ¢®,

®â¢¥ç îé¥¥ ª®à­î 
 2 R(egC ; h). �à¨ íâ®¬ ¯®¤¬®¤ã«¨ g�� ¯à®áâë,   h?r0 âà¨¢¨ «¥­.

� «¥¥, ¤«ï â®£® çâ®¡ë ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 4, ­¥®¡å®¤¨¬® §­ âì, ª ª¨¥ ¨§ ¯à®áâëå
¯®¤¬®¤ã«¥© g�� ¨§®¬®àä­ë ¨ ª ª®¢ ¨å â¨¯. �ç¨â ¥¬, çâ® ­ ¡®àë ¨­¤¥ªá®¢ T�, � = 1; : : : ; k + s,
¥áâ¥áâ¢¥­­® ã¯®àï¤®ç¥­ë, â. ¥. ¥á«¨ � < �, â® ¤«ï «î¡ëå i 2 T�, j 2 T� ¢ë¯®«­ï¥âáï ãá«®¢¨¥
i < j. �®áª®«ìªã ª ¦¤ë© ¯®¤¬®¤ã«ì g�� ¥áâì áã¬¬  ª®à­¥¢ëå ¯®¤¯à®áâà ­áâ¢, â® ¢¥á  gC -¬®¤ã«ï
g�� ï¢«ïîâáï ®£à ­¨ç¥­¨ï¬¨ ­  h0 ª®à­¥© 
 2 R��. �®íâ®¬ã áâ àè¨© ¢¥á !(g��) gC -¬®¤ã«ï g��
¥áâì "i0 � "j0jh0 , £¤¥

1) i0 = minT�, j0 = maxT�, ¥á«¨ � < �;
2) i0 = maxT�, j0 = minT�, ¥á«¨ � > �.

�¡®§­ ç¨¬ ç¥à¥§ !�
m m-© äã­¤ ¬¥­â «ì­ë© ¢¥á ¯®¤ «£¥¡àë g� â¨¯  Al� ¨§ à §«®¦¥­¨ï

gC = g1 � � � � � gk ®â­®á¨â¥«ì­® ¡ §¨á  á¨áâ¥¬ë ª®à­¥© R(gC ; h0), ¥áâ¥áâ¢¥­­® ¯®«ãç îé¥£®áï
¨§ ª ­®­¨ç¥áª®£® ¡ §¨á  á¨áâ¥¬ë ª®à­¥© R(egC ; h). �®£¤  ¤«ï ­¥âà¨¢¨ «ì­ëå ¯®¤¬®¤ã«¥© g��
áâ àè¨¥ ¢¥á  ¨¬¥îâ ¢¨¤

!(g��) =

(
!�
1 + !�

l�
; ¥á«¨ � < �;

!�
l�
+ !�

1 ; ¥á«¨ � < �; ¯à¨ jT�j > 1; jT�j > 1;

!(g��) =

(
!�
1 ; ¥á«¨ � < �;

!�
l�
; ¥á«¨ � < �; ¯à¨ jT�j > 1; jT�j = 1:

(2)
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�âáî¤  ¢ëâ¥ª ¥â, çâ® ¬¥¦¤ã ­¥âà¨¢¨ «ì­ë¬¨ ¯®¤¬®¤ã«ï¬¨ g�� ¨¬¥îâáï â®«ìª® á«¥¤ãîé¨¥
¨§®¬®àä¨§¬ë:

g�� �=
(
g�
 ; ¥á«¨ jT�j = jT
 j = 1;

g
�; ¥á«¨ jT�j = jT
 j = 1;

g�� �=
(
g��; ¥á«¨ jT�j = jT�j = 2;

g
�; ¥á«¨ jT�j = 2; jT
 j = jT�j = 1:

(3)

�«ï ®¯à¥¤¥«¥­¨ï â¨¯  ¯à®áâ®£® ¯®¤¬®¤ã«ï g�� (R, C ¨«¨ H ) ­¥®¡å®¤¨¬® §­ âì ª®­ªà¥â­ë©
¢¨¤ à¥£ã«ïà­®© ¯®¤ «£¥¡àë.

�¨¯ A I. eg = sl(n+ 1;R),

g = sl(2;R) � � � � � sl(2;R)| {z }
p à §

�sl(n1 + 1;R) � � � � � sl(nk + 1;R) �

� sl(2; C ) � � � � � sl(2; C )| {z }
q à §

�sl(m1 + 1; C ) � � � � � sl(mt + 1; C );

ni;mj > 1; l = n�
�
2p+

kX
i=1

(ni + 1) + 4q + 2
tX

j=1

(mi + 1)
�
> 0: (4)

�®¤á¨áâ¥¬  R0 á¨áâ¥¬ë ª®à­¥© R ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

R0 = pA1 +
kX
i=1

Ani + q(A1 +A0
1) +

tX
j=1

(Amj
+A0

mj
): (5)

�ãáâì ¨­¤¥ªáë �, � á®®â¢¥âáâ¢ãîâ ¯¥à¢ë¬ ¤¢ã¬ £àã¯¯ ¬ á« £ ¥¬ëå ¢ (5) «¨¡® ®¤¨­ ¨§ ¨­¤¥ª-
á®¢ á®®â¢¥âáâ¢ã¥â ¯¥à¢ë¬ ¤¢ã¬ £àã¯¯ ¬ á« £ ¥¬ëå ¢ (5), ¤àã£®© ¯à¨­ ¤«¥¦¨â ®¤­®í«¥¬¥­â­®¬ã
¯®¤¬­®¦¥áâ¢ã. �®£¤  ¯®¤¬®¤ã«ì g�� á ¬®á®¯àï¦¥­ ¨ ¥£® ¨­¤¥ªá � àâ ­  "(g��) à ¢¥­ ¥¤¨­¨æ¥.
� ª¨¬ ®¡à §®¬, ¢á¥ â ª¨¥ ¯®¤¬®¤ã«¨ ¨¬¥îâ â¨¯ R. �®¤¬®¤ã«ì g��, £¤¥ ®¤¨­ ¨§ ¨­¤¥ªá®¢ á®®â-
¢¥âáâ¢ã¥â âà¥âì¥© ¨«¨ ç¥â¢¥àâ®© £àã¯¯¥ á« £ ¥¬ëå ¢ (5), ï¢«ï¥âáï á ¬®á®¯àï¦¥­­ë¬ â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  ¥£® áâ àè¨© ¢¥á á®¤¥à¦¨â ¢ ª ç¥áâ¢¥ á« £ ¥¬ëå ®¤­¨ ¨ â¥ ¦¥ áâ àè¨¥ ¢¥á 
¤«ï ¨¤¥ «®¢ As ¨ A0

s. �§ ä®à¬ã« (2) ¢ëâ¥ª ¥â, çâ® íâ® ¢®§¬®¦­® â®«ìª® ¤«ï ¯®¤¬®¤ã«¥© ¢¨¤ 
g��0 ¨ g�0�, � á®®â¢¥âáâ¢ã¥â âà¥âì¥© £àã¯¯¥ á« £ ¥¬ëå ¢ (5). � íâ®¬ á«ãç ¥ "(g��0) = "(g�0�) = 1
¨, á«¥¤®¢ â¥«ì­®, ®â¬¥ç¥­­ë¥ ¯®¤¬®¤ã«¨ ¨¬¥îâ â¨¯ R. �á¥ ®áâ «ì­ë¥ ¯®¤¬®¤ã«¨ g�� ­¥ ï¢«ï-
îâáï á ¬®á®¯àï¦¥­­ë¬¨ ¨, §­ ç¨â, ¨¬¥îâ â¨¯ C . � ãç¥â®¬ ¨§®¬®àä­®áâ¨ (3), ¯®«ãç¨¬ ®¯¨á ­¨¥
 «£¥¡àë Endg(m),   á«¥¤®¢ â¥«ì­®, ¨  «£¥¡àë EndeG T (M).

�¥®à¥¬  5. �ãáâì M = SL(n+ 1;R)=G ¨

G = SL(2;R)p �
kY
i=1

SL(ni + 1;R) � SL(2; C )q �
tY

j=1

SL(mj + 1; C )

| ¯à®¨§¢®«ì­ ï á¢ï§­ ï ¯®«ã¯à®áâ ï à¥£ã«ïà­ ï ¯®¤£àã¯¯  £àã¯¯ë eG = SL(n + 1;R) ¨ ¢ë-

¯®«­ï¥âáï (4) á § ¬¥­®© n ­  n + 1. �®£¤   «£¥¡à  ¨­¢ à¨ ­â­ëå  ää¨­®à®¢ ­  ®¤­®à®¤­®¬

¯à®áâà ­áâ¢¥ M ¨¬¥¥â ¢¨¤

EndeG T (M) �= R
k2�k+2pk �Mat(2;R)1=2(p

2�p)+q �Mat(l1;R) �
�Mat(l;R)2k �Mat(2l;R)p � C

l2 �Mat(2; C )q
2�q+pq �Mat(l; C )2t �Mat(2l; C )q ;

£¤¥

l1 = l2 + p+ k + 2(q + t)� 1; l2 = 2t2 � t+ 2t(p+ k) + 2qk + 4tq:
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�«¥¤áâ¢¨¥. �¤­®à®¤­®¥ ¯à®áâà ­áâ¢® M = SL(n+1;R)=G á® á¢ï§­®© ¯®«ã¯à®áâ®© à¥£ã«ïà-
­®© ¯®¤£àã¯¯®© ¨§®âà®¯¨¨ G ¤®¯ãáª ¥â ¨­¢ à¨ ­â­ãî áâàãªâãàã ãª § ­­ëå ­¨¦¥ â¨¯®¢ â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  G á®¯àï¦¥­  ®â­®á¨â¥«ì­® £àã¯¯ë ¢­ãâà¥­­¨å  ¢â®¬®àä¨§¬®¢ SL(n+1;R)
®¤­®© ¨§ á«¥¤ãîé¨å ¯®¤£àã¯¯:

(i) ¤«ï ¯®çâ¨ ª®¬¯«¥ªá­®© áâàãªâãàë

G = SL(2;R)p �
tY

j=1

SL(mj + 1; C ); n� p ç¥â­®¥;

«¨¡® G = SL(n1 + 1;R) �
tY

j=1

SL(mj + 1; C ); n1 > 1; n� n1 ç¥â­®¥;

(ii) ¤«ï ¯®çâ¨ ª¢ â¥à­¨®­­®© áâàãªâãàë

G = SL(n1 + 1;R); n1 > 1; n� n1 ªà â­® ç¥âëà¥¬;

«¨¡® G = SL(2;R); n ­¥ç¥â­®¥;

(iii) ¤«ï ¯®çâ¨ ª á â¥«ì­®© áâàãªâãàë

G = SL(n1 + 1;R); n1 > 1; n� n1 ç¥â­®¥;

«¨¡® G = SL(2;R)p � SL(2; C )q ; n� p ç¥â­®¥:

�® ¢á¥å á«ãç ïå ¯®¤£àã¯¯  G ¢«®¦¥­  ¢ SL(n+ 1;R) ª ­®­¨ç¥áª¨¬ ®¡à §®¬.

� ¤®ª § â¥«ìáâ¢¥ á«¥¤áâ¢¨ï ¨á¯®«ì§ã¥âáï

�¥®à¥¬  6 ([1], ¯. 10.3.1). �ãáâì g� | ¢¥é¥áâ¢¥­­ ï ä®à¬  ¯®«ã¯à®áâ®© ª®¬¯«¥ªá­®©  «-

£¥¡àë �¨ g ¨ g�0 | ¥¥ ¯®«ã¯à®áâ ï ¯®¤ «£¥¡à , à¥£ã«ïà­ ï ®â­®á¨â¥«ì­® ¯®¤ «£¥¡àë � àâ ­ 

h â ª®©, çâ® �(h) = h, R0 | à¥£ã«ïà­ ï ¯®¤á¨áâ¥¬  á¨áâ¥¬ë ª®à­¥© R = R(g; h), á®®â¢¥â-

áâ¢ãîé ï ¯®¤ «£¥¡à¥ g�0 . �®£¤ 

a) ¤«ï â®£® çâ®¡ë ¯ à  (g; g�0 ) ¤®¯ãáª «  ¯®çâ¨ ª®¬¯«¥ªá­ãî áâàãªâãàã, ­¥®¡å®¤¨¬® ¨

¤®áâ â®ç­®, çâ®¡ë dimg� � dim g�0 = 2k ¨ ¤«ï ª ¦¤®£® ­¥®¤­®í«¥¬¥­â­®£® ª« áá  Ri 2
R mod R0, á®®â¢¥âáâ¢ãîé¥£® ¯®¤¬®¤ã«î g�� â¨¯  R, ç¨á«® [Ri] íª¢¨¢ «¥­â­ëå ¥¬ã

ª« áá®¢ ¡ë«® ç¥â­®;
b) ¤«ï â®£® çâ®¡ë ¯ à  (g; g�0 ) ¤®¯ãáª «  ¯®çâ¨ ª¢ â¥à­¨®­­ãî áâàãªâãàã, ­¥®¡å®¤¨¬® ¨

¤®áâ â®ç­®, çâ®¡ë dimg��dim g�0 = 4m ¨ ¤«ï ª ¦¤®£® ­¥®¤­®í«¥¬¥­â­®£® ª« áá  Ri 2 R
mod R0, á®®â¢¥âáâ¢ãîé¥£® ¯®¤¬®¤ã«î g�� â¨¯  R, ç¨á«® [Ri] ¡ë«® ªà â­® ç¥âëà¥¬,

  ¤«ï ª ¦¤®£® ª« áá  Ri 2 R mod R0, á®®â¢¥âáâ¢ãîé¥£® ¯®¤¬®¤ã«î g�� â¨¯  C , ç¨á«®

[Ri] ¡ë«® ç¥â­ë¬;
c) ¤«ï â®£® çâ®¡ë ¯ à  (g; g�0 ) ¤®¯ãáª «  ¯®çâ¨ ª á â¥«ì­ãî áâàãªâãàã, ­¥®¡å®¤¨¬® ¨

¤®áâ â®ç­®, çâ®¡ë dimg��dimg�0 = 2n ¨ ¤«ï ª ¦¤®£® ­¥®¤­®í«¥¬¥­â­®£® ª« áá  Ri 2 R
mod R0 ç¨á«® [Ri] ¡ë«® ç¥â­ë¬.

�á«®¢¨ï â¥®à¥¬ë 6 ­ ª« ¤ë¢ îâ á«¥¤ãîé¨¥ ®£à ­¨ç¥­¨ï ­  ç¨á«  p, q, k, t, ni, mj , l:

(i) ¤«ï C -áâàãªâãàë k2 � k + 2pk = 0, l1 ç¥â­®¥;
(ii) ¤«ï H -áâàãªâãàë k2� k+2pk = 0, 1=2(p2� p)+ q = 0, l1 ªà â­® ç¥âëà¥¬, l2 = 0, l ç¥â­®¥;
(iii) ¤«ï T-áâàãªâãàë k2 � k + 2pk = 0, l1 ç¥â­®¥, l2 = 0, l ç¥â­®¥.

�¨¯ A II. eg = sl(m; H ), 2m = n+ 1;

g = p � sl(1; H ) �
kX
i=1

sl(ni; H ) � q � sl(2; C ) �
tX

j=1

sl(mj + 1; C );

ni;mj > 1; l = (n+ 1)� 2
�
p+

kX
i=1

ni + 2q +
tX

j=1

(mi + 1)
�
> 0:
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�®¤á¨áâ¥¬  R0, á®®â¢¥âáâ¢ãîé ï ¯®¤ «£¥¡à¥ g, á¨áâ¥¬ë ª®à­¥© R = An ¨¬¥¥â ¢ íâ®¬ á«ãç ¥
¢¨¤

R0 = pA1 +
kX
i=1

A2ni�1 + q(A1 +A0
1) +

tX
j=1

(Amj
+A0

mj
): (6)

� ¦¤ë© ¯®¤¬®¤ã«ì g��, £¤¥ � ¨ � á®®â¢¥âáâ¢ãîâ ¯¥à¢ë¬ ¤¢ã¬ £àã¯¯ ¬ á« £ ¥¬ëå ¢ (6),
ï¢«ï¥âáï á ¬®á®¯àï¦¥­­ë¬, ¨ ¥£® ¨­¤¥ªá � àâ ­  à ¢¥­ ¥¤¨­¨æ¥. � ª¨¬ ®¡à §®¬, ¢á¥ â ª¨¥
¯®¤¬®¤ã«¨ ¨¬¥îâ â¨¯ R. � ¦¤ë© ¯®¤¬®¤ã«ì g��, £¤¥ ®¤¨­ ¨§ ¨­¤¥ªá®¢ á®®â¢¥âáâ¢ã¥â ¯¥à¢®©
¨«¨ ¢â®à®© £àã¯¯¥ á« £ ¥¬ëå ¢ (6),   ¤àã£®© | ®¤­®í«¥¬¥­â­®¬ã ¯®¤¬­®¦¥áâ¢ã, á ¬®á®¯àï¦¥­,
¨ ¥£® ¨­¤¥ªá � àâ ­  à ¢¥­ �1. � ª¨¬ ®¡à §®¬, ¢á¥ â ª¨¥ ¯®¤¬®¤ã«¨ ¨¬¥îâ â¨¯ H . �®¤¬®¤ã«ì
g��, £¤¥ ®¤¨­ ¨§ ¨­¤¥ªá®¢ á®®â¢¥âáâ¢ã¥â âà¥âì¥© ¨«¨ ç¥â¢¥àâ®© £àã¯¯¥ á« £ ¥¬ëå ¢ (6), ï¢«ï¥âáï
á ¬®á®¯àï¦¥­­ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥£® áâ àè¨© ¢¥á á®¤¥à¦¨â ¢ ª ç¥áâ¢¥ á« £ ¥¬ëå
®¤­¨ ¨ â¥ ¦¥ áâ àè¨¥ ¢¥á  ¤«ï A ¨ A0. �â® ¢®§¬®¦­® â®«ìª® ¤«ï ¯®¤¬®¤ã«¥© ¢¨¤  g��0 ¨ g�0�, �
®â¢¥ç ¥â âà¥âì¥© £àã¯¯¥ á« £ ¥¬ëå ¢ (6). � íâ®¬ á«ãç ¥ ãª § ­­ë¥ ¯®¤¬®¤ã«¨ ¨¬¥îâ â¨¯ R. �á¥
®áâ «ì­ë¥ ¯®¤¬®¤ã«¨ g�� ­¥ ï¢«ïîâáï á ¬®á®¯àï¦¥­­ë¬¨ ¨, §­ ç¨â, ¨¬¥îâ â¨¯ C . �á¯®«ì§ãï
ãá«®¢¨ï ¨§®¬®àä­®áâ¨ (3), ¯®«ãç ¥¬ ®¯¨á ­¨¥  «£¥¡àë Endg(m) �= EndeG T (M).

�¥®à¥¬  7. �ãáâì M = SL(m; H )=G, £¤¥

G = SL(1; H )p �
kY
i=1

SL(ni; H ) � SL(2; C )q �
tY

j=1

SL(mj + 1; C )

| ¯à®¨§¢®«ì­ ï á¢ï§­ ï ¯®«ã¯à®áâ ï à¥£ã«ïà­ ï ¯®¤£àã¯¯  £àã¯¯ë eG = SL(m; H ). �®£¤   «£¥¡à 
¨­¢ à¨ ­â­ëå  ää¨­®à®¢ ­  ®¤­®à®¤­®¬ ¯à®áâà ­áâ¢¥ M ¨¬¥¥â ¢¨¤

EndeG T (M) �= R
k2�k+2pk �Mat(2;R)1=2(p

2�p)+q �Mat(l1;R) � C
l2 �

�Mat(2; C )q
2�q+pq �Mat(l; C )2t �Mat(2l; C )q �Mat(l=2; H )2k �Mat(l; H )p ;

§¤¥áì

l1 = l2 + p+ q + 2(q + t)� 1; l2 = 2t2 � t+ 2t(p+ k) + 2qk + 4tq:

�«¥¤áâ¢¨¥. �¤­®à®¤­®¥ ¯à®áâà ­áâ¢®M = SL(m; H )=G á® á¢ï§­®© ¯®«ã¯à®áâ®© à¥£ã«ïà­®©
¯®¤£àã¯¯®© ¨§®âà®¯¨¨ G ¤®¯ãáª ¥â ¨­¢ à¨ ­â­ãî áâàãªâãàã ãª § ­­ëå ­¨¦¥ â¨¯®¢ â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  G á®¯àï¦¥­  ®â­®á¨â¥«ì­® £àã¯¯ë ¢­ãâà¥­­¨å  ¢â®¬®àä¨§¬®¢ SL(m; H )
®¤­®© ¨§ á«¥¤ãîé¨å ¯®¤£àã¯¯, ¢«®¦¥­­ëå ¢ SL(m; H ) ª ­®­¨ç¥áª¨,

(i) ¤«ï ¯®çâ¨ ª®¬¯«¥ªá­®© áâàãªâãàë

G = SL(1; H )p �
tY

j=1

SL(mj + 1; C ); mj > 1; p ­¥ç¥â­®¥;

«¨¡® G = SL(n1; H ) �
tY

j=1

SL(mj + 1; C ); n1 > 1; mj > 1;

(ii) ¤«ï ¯®çâ¨ ª¢ â¥à­¨®­­®© áâàãªâãàë

G = SL(n1; H ); n1 > 1;

(iii) ¤«ï ¯®çâ¨ ª á â¥«ì­®© áâàãªâãàë

G = SL(1; H )p � SL(2; C )q ; p ­¥ç¥â­®¥,

«¨¡® G = SL(n1; H ); n1 > 1; m� n1 ç¥â­®¥:
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�¨¯ A III. eg = su(a; b), a+ b = n+ 1;

g = p � su(1; 1) � q � su(2; 0) �
kX
i=1

su(ai; bi)� r � sl(2; C ) �
tX

j=1

sl(mj + 1; C );

ai + bi = ni + 1 > 2; l = (n+ 1)�
�
2p+ 2q +

kX
i=1

(ai + bi) + 4r + 2
tX

j=1

(mi + 1)
�
> 0:

�®¤á¨áâ¥¬  R0 ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

R0 = pA1 + qA1 +
kX
i=1

Ani + r(A1 +A0
1) +

tX
j=1

(Amj
+A0

mj
): (7)

� ¦¤ë© ¯®¤¬®¤ã«ì g��, £¤¥ � ¨ � á®®â¢¥âáâ¢ãîâ ¯¥à¢ë¬ ¤¢ã¬ £àã¯¯ ¬ á« £ ¥¬ëå ¢ (7), ¯à¨ç¥¬
� ¨ � ¨§ ®¤­®© £àã¯¯ë, á ¬®á®¯àï¦¥­, ¨ ¥£® ¨­¤¥ªá � àâ ­  à ¢¥­ ¥¤¨­¨æ¥. �«¥¤®¢ â¥«ì­®,
¢á¥ â ª¨¥ ¯®¤¬®¤ã«¨ ¨¬¥îâ â¨¯ R. � ¦¤ë© ¯®¤¬®¤ã«ì g��, � ¨ � á®®â¢¥âáâ¢ãîâ ¯¥à¢ë¬ ¤¢ã¬
£àã¯¯ ¬ á« £ ¥¬ëå ¢ (7), ¯à¨ç¥¬ � ¨ � ¨§ à §­ëå £àã¯¯, á ¬®á®¯àï¦¥­, ¨ ¥£® ¨­¤¥ªá � àâ ­ 
à ¢¥­ �1. �® ¦¥ á ¬®¥ ®â­®á¨âáï ª ¯®¤¬®¤ã«ï¬ g��, £¤¥ ®¤¨­ ¨§ ¨­¤¥ªá®¢ á®®â¢¥âáâ¢ã¥â ¢â®à®©
£àã¯¯¥ á« £ ¥¬ëå ¢ (7),   ¤àã£®© | ®¤­®í«¥¬¥­â­®¬ã ¯®¤¬­®¦¥áâ¢ã. �«¥¤®¢ â¥«ì­®, ¢á¥ â ª¨¥
¯®¤¬®¤ã«¨ ¨¬¥îâ â¨¯ H . �®¤¬®¤ã«ì g��, £¤¥ ®¤¨­ ¨§ ¨­¤¥ªá®¢ á®®â¢¥âáâ¢ã¥â ç¥â¢¥àâ®© ¨«¨
¯ïâ®© £àã¯¯¥ á« £ ¥¬ëå ¢ (7), ï¢«ï¥âáï á ¬®á®¯àï¦¥­­ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥£®
áâ àè¨© ¢¥á á®¤¥à¦¨â ¢ ª ç¥áâ¢¥ á« £ ¥¬ëå ®¤­¨ ¨ â¥ ¦¥ áâ àè¨¥ ¢¥á  ¤«ï A ¨ A0. �â® ¢®§¬®¦­®
â®«ìª® ¤«ï ¯®¤¬®¤ã«¥© ¢¨¤  g��0 ¨ g�0�, � á®®â¢¥âáâ¢ã¥â ç¥â¢¥àâ®© ¨«¨ ¯ïâ®© £àã¯¯¥ á« £ ¥¬ëå
¢ (7). � ¬®á®¯àï¦¥­­ë¥ ¯®¤¬®¤ã«¨ g��0 ¨ g�0� ¨¬¥îâ â¨¯ R. �á¥ ®áâ «ì­ë¥ ¯®¤¬®¤ã«¨ g�� ­¥
ï¢«ïîâáï á ¬®á®¯àï¦¥­­ë¬¨ ¨, á«¥¤®¢ â¥«ì­®, ¨¬¥îâ â¨¯ C . � ãç¥â®¬ ãá«®¢¨© ¨§®¬®àä­®áâ¨
(3) ¯®«ãç ¥¬ ®¯¨á ­¨¥  «£¥¡àë Endg(m) �= EndeG T (M).

�¥®à¥¬  8. �ãáâì M = SU(a; b)=G, £¤¥

G = SU(1; 1)p � SU(2; 0)q �
kY
i=1

SU(ai; bi)� SL(2; C )r �
tY

j=1

SL(mj + 1; C )

| ¯à®¨§¢®«ì­ ï á¢ï§­ ï ¯®«ã¯à®áâ ï à¥£ã«ïà­ ï ¯®¤£àã¯¯  £àã¯¯ë eG = SU(a; b). �®£¤   «£¥¡à 

¨­¢ à¨ ­â­ëå  ää¨­®à®¢ ­  ®¤­®à®¤­®¬ ¯à®áâà ­áâ¢¥ M ¨¬¥¥â ¢¨¤

EndeG T (M) �= R
2t �Mat(2;R)1=2(p

2+q2�p�q)+r �Mat(2l;R)p �Mat(l1;R) � C
l2 �

�Mat(2; C )r
2�r+(p+q)r �Mat(l; C )k+2t �Mat(2l; C )r � H

pq �Mat(l; H )q ;

§¤¥áì

l1 = l2 + p+ q + k + 2(r + t)� 1; l2 = 1=2(k2 � k) + k(p+ q + 2r) + 2(t2 � t) + 2t(p+ q + k + 2r):

�«¥¤áâ¢¨¥. �¤­®à®¤­®¥ ¯à®áâà ­áâ¢® M = SU(a; b)=G á® á¢ï§­®© ¯®«ã¯à®áâ®© à¥£ã«ïà­®©
¯®¤£àã¯¯®© ¨§®âà®¯¨¨ G ¤®¯ãáª ¥â ¨­¢ à¨ ­â­ãî áâàãªâãàã ãª § ­­ëå ­¨¦¥ â¨¯®¢ â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  G á®¯àï¦¥­  ®â­®á¨â¥«ì­® £àã¯¯ë ¢­ãâà¥­­¨å  ¢â®¬®àä¨§¬®¢ SU(a; b) ®¤-
­®© ¨§ á«¥¤ãîé¨å ¯®¤£àã¯¯, ¢«®¦¥­­ëå ¢ SU(a; b) ª ­®­¨ç¥áª¨,

(i) ¤«ï ¯®çâ¨ ª®¬¯«¥ªá­®© áâàãªâãàë

G =
sY

i=1

SU(ai; bi)� SL(2; C )r ; n�
sX

i=1

(ai + b1 � 1) ç¥â­®;

(ii) ¤«ï ¯®çâ¨ ª¢ â¥à­¨®­­®© áâàãªâãàë

G = SU(a0; b0); n� (a0 + b0) ­¥ç¥â­®;
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(iii) ¤«ï ¯®çâ¨ ª á â¥«ì­®© áâàãªâãàë

G = SU(a0; b0); a0 + b0 > 2; n� (a0 + b0) ­¥ç¥â­®;

«¨¡® G = SU(1; 1)p � SU(2; C )r ; n� p ç¥â­®¥;

«¨¡® G = SU(2; 0)q � SU(2; C )r ; n; q ­¥ç¥â­ë¥:
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