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1. �¢¥¤¥¨¥

� ç¨ ï á ¨§¢¥áâëå à ¡®â �.�.�ï¯ã®¢ , �.�ã ª à¥ ¨ �.�¬¨¤â , â¥®à¨ï ¢¥â¢«¥¨ï
à¥è¥¨© ¥«¨¥©ëå ãà ¢¥¨©  å®¤¨â ¯à¨«®¦¥¨ï ¢ ¥áâ¥áâ¢¥ëå  ãª å ¢ â¥ç¥¨¥ ¯®á«¥¤-
¨å 100 «¥â (L. Lichtenstein, �.�.�¥ªà á®¢, �.�.� § à®¢, �.�.�¥¬ëæª¨©, �.�.�à á®á¥«ìáª¨©,
�.�. � ©¡¥à£, �.�.�à¥®£¨, �.�.�¤®¢¨ç, Melvin Berger ¨ Marion Berger, J. Cronin, J. Toland
¨ ¤à.)

�¨¬¬¥âà¨©ë¥ ¬¥â®¤ë ¢ â¥®à¨¨ ¢¥â¢«¥¨ï ¢¯¥à¢ë¥ ¡ë«¨ ¨á¯®«ì§®¢ ë �.�.�¤®¢¨ç¥¬
(1967), § â¥¬ �.�.�®£¨®¢ë¬ ¨ �.�. �à¥®£¨ë¬ (1971), D. Ruelle (1973). � 80{90-¥ £®¤ë ¡ë«¨
®¯ã¡«¨ª®¢ ë ¬®®£à ä¨¨, á®¤¥à¦ é¨¥ ¯à¨«®¦¥¨ï ¬¥â®¤  �ï¯ã®¢ {�¬¨¤â  (D. Sattinger,
1979; �.�.�®£¨®¢, 1985; A.Vanderbauwhede, 1982; M.Golubitsky, D. Schae�er, I. Stewart, 1984{
1986) ¨ ¬¥â®¤ë æ¥âà «ì®£® ¬®£®®¡à §¨ï (A.Mielke, 1991; J. Iooss, M.Adelmeyer, 1992; J. Iooss,
P. Chossat, 1994) ¢ ãá«®¢¨ïå £àã¯¯®¢®© á¨¬¬¥âà¨¨. � ¡®«ìè¨áâ¢¥ à ¡®â ¯® íª¢¨¢ à¨ â®©
â¥®à¨¨ ¢¥â¢«¥¨ï ¯à¥¤¯®« £ ¥âáï, çâ® ï¤à® «¨¥ à¨§®¢ ®£® äà¥¤£®«ì¬®¢  ®¯¥à â®à  ¨¢ -
à¨ â® ¯à¨ ¤¥©áâ¢¨¨ £àã¯¯ë á¨¬¬¥âà¨¨. A.Vanderbauwhede (1980) ¨ N.Dancer (1982, 1986)
¤®ª § «¨ G-¨¢ à¨ âãî ¡¥áª®¥ç®¬¥àãî â¥®à¥¬ã ® ¥ï¢ëå äãªæ¨ïå ¢ ®¡é¥¬ á«ãç ¥ ¥-
¨¢ à¨ â®£® ï¤à  ¢ ¯à¥¤¯®«®¦¥¨¨ ª®¬¯ ªâ®áâ¨ ¤®¯ãáª ¥¬®© £àã¯¯ë.

�â¬¥â¨¬ ®¡é¨¥ à¥§ã«ìâ âë ® ª®¥ç®¬¥àëå à¥¤ãªæ¨ïå ¯à¨ ¢ à¨ æ¨®®© ä®à¬ã«¨à®¢ª¥
¥«¨¥©ëå § ¤ ç: �.�. Tà¥®£¨, �.�. �¨¤®à®¢ (1992), ®¡é ï â¥®à¥¬  ® ¯®â¥æ¨ «ì®áâ¨ ãà ¢-
¥¨ï à §¢¥â¢«¥¨ï (��) á ¯à¨¬¥¥¨¥¬ â¥®à¨¨ �®àá {�®«¨; �.�.� ¯à®®¢ (1991, 1996), ª®-
¥ç®¬¥àë¥ à¥¤ãªæ¨¨ ¢ £« ¤ª¨å íªáâà¥¬ «ìëå § ¤ ç å.

�«ãç © ¥¨¢ à¨ â®£® ï¤à  «¨¥ à¨§®¢ ®£® ®¯¥à â®à  ¢®§¨ª ¥â ¢ § ¤ ç¥ ® ¥á¨¬¬¥-
âà¨çëå «®ª «¨§®¢ ëå ¢®«®¢ëå áâàãªâãà å ¢ áâà â¨ä¨æ¨à®¢ ®© ¦¨¤ª®áâ¨ [1], [2]. �ª -
§ «®áì, çâ® ¢ ¢ à¨ æ¨®®¬ á«ãç ¥ á ¨¢ à¨ âë¬ äãªæ¨® «®¬ �� �ï¯ã®¢ {�¬¨¤â  ¤¥©-
áâ¢¨¥¬ £àã¯¯ë ¬®¦¥â ¡ëâì à¥¤ãæ¨à®¢ ® ª á¨áâ¥¬¥ ¬¥ìè¥© à §¬¥à®áâ¨. �¥®à¥¬ë ®  á«¥¤®-
¢ ¨¨ ãà ¢¥¨¥¬ à §¢¥â¢«¥¨ï £àã¯¯®¢®© á¨¬¬¥âà¨¨ ®¡é¥© ¥«¨¥©®© § ¤ ç¨ ¡ë«¨ ãáâ ®-
¢«¥ë ¢ [3], [4]. �¥«ìî ¤ ®© à ¡®âë ï¢«ï¥âáï à §¢¨â¨¥ íâ¨å à¥§ã«ìâ â®¢ ¤«ï ¥ª®¬¯ ªâëå
£àã¯¯ á¨¬¬¥âà¨© ¢ ¢ à¨ æ¨®®¬ á«ãç ¥.

� ¢¥é¥áâ¢¥ëå ¡  å®¢ëå äãªæ¨® «ìëå ¯à®áâà áâ¢ å E1 ¨ E2 ¨§ãç ¥âáï ®¡é ï § ¤ ç 
â¥®à¨¨ ¢¥â¢«¥¨ï

F (x; ") = 0; F (x0; 0) = 0; Bx0 = �F 0
x(x0; 0); (1)

£¤¥ Bx0 | äà¥¤£®«ì¬®¢ ®¯¥à â®à, N (Bx0) = spanf'igni=1 | ¯®¤¯à®áâà áâ¢® ã«¥© (ï¤à®) ®¯¥-
à â®à  B, N �(Bx0) = spanf igni=1 | ¯®¤¯à®áâà áâ¢® ¤¥ä¥ªâëå äãªæ¨® «®¢, figni=1 2 E�

1 ,
h'i; ji = �ij , fzjgni=1 2 E2, hzi;  ji = �ij , | á¨áâ¥¬ë, ¡¨®àâ®£® «ìë¥ á®®â¢¥âáâ¢¥® f'igni=1 ¨
f igni=1. �à¥¤¯®« £ ¥âáï, çâ® ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ë© ¯® x ¨ ¤®áâ â®ç® £« ¤ª¨© ¯® "

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 01-01-00019.
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¢ ®ªà¥áâ®áâ¨ â®çª¨ ¢¥â¢«¥¨ï (x0; 0) ®¯¥à â®à F (�; ") ¤®¯ãáª ¥â £àã¯¯ã G, â. ¥. áãé¥áâ¢ãîâ ¥¥
¯à¥¤áâ ¢«¥¨ï Lg ¢ E1 ¨ Kg ¢ E2, á¯«¥â îé¨¥ ®¯¥à â®à F

KgF (x; ") = F (Lgx; "): (2)

�¨ää¥à¥æ¨à®¢ ¨¥ â®¦¤¥áâ¢  (2) ¯® x ¢ â®çª¥ ¢¥â¢«¥¨ï x0 ¤ ¥â á®®â®è¥¨¥

KgF
0
x(x0; ") = F 0

x(Lgx0; ")Lg; (3)

¨§ ª®â®à®£® á«¥¤ã¥â, çâ® äà¥¤£®«ì¬®¢ ®¯¥à â®à Bx0 ®¡« ¤ ¥â á¨¬¬¥âà¨¥© «¨èì ®â®á¨â¥«ì®
áâ æ¨® à®© ¯®¤£àã¯¯ë â®çª¨ x0.

� [1], [2] ¤«ï ¯®â¥æ¨ «ì®£® ®¯¥à â®à  F (x; ") ¤®ª §   â¥®à¥¬  ® à¥¤ãªæ¨¨ (¯®¨¦¥¨¨
¯®àï¤ª ) á®®â¢¥âcâ¢ãîé¥£® ��. �¤¥áì à áá¬®âà¥  ¡®«¥¥ ®¡é ï § ¤ ç  ¢¥â¢«¥¨ï á �� ¯®â¥-
æ¨ «ì®£® â¨¯ , ª®£¤  ¥£® «¥¢ ï ç áâì ï¢«ï¥âáï ¯á¥¢¤®£à ¤¨¥â®¬ ¥ª®â®à®£® äãªæ¨® «  |
¯®â¥æ¨ «  ��. �áâ ®¢«¥ë ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï ¨¢ à¨ â®áâ¨ ¯®â¥æ¨ « .
�®«ãç¥® ª®á¨¬¬¥âà¨ç¥áª®¥ â®¦¤¥áâ¢® «¥¢®© ç áâ¨ �� á ®¯¥à â®à ¬¨  «£¥¡àë �¨ ¯à¥¤áâ ¢«¥-
¨ï Lg(a), ¯®§¢®«ïîé¥¥ ¤®ª § âì â¥®à¥¬ã ® à¥¤ãªæ¨¨ ��.

�«ï G-¨¢ à¨ â®£® ï¤à  ®¯¥à â®à  Bx0 íâ® ¤ ¥â ®¢ë© ¬¥â®¤ ¯®áâà®¥¨ï ®¡é¥£® ¢¨¤ 
�� ¯® ¤®¯ãáª ¥¬®© £àã¯¯¥ á¨¬¬¥âà¨¨, ®á®¡¥® íää¥ªâ¨¢ë© ¤«ï ¡¨äãàª æ¨®ëå § ¤ ç ®
 àãè¥¨¨ á¨¬¬¥âà¨¨.

�á¯®«ì§®¢ ë â¥à¬¨®«®£¨ï ¨ ®¡®§ ç¥¨ï [5]{[10].

2. �¥®à¥¬  ®  á«¥¤®¢ ¨¨ á¨¬¬¥âà¨¨, �� ¯®â¥æ¨ «ì®£® â¨¯ ,
ª®á¨¬¬¥âà¨ç¥áª®¥ â®¦¤¥áâ¢®

�áî¤ã ¤ «¥¥ ¯à¥¤¯®« £ ¥âáï, çâ® £àã¯¯  �¨ G = Gr = Gr(a), a = (a1; : : : ; ar), ï¢«ï¥âáï
r-¬¥àë¬ ¤¨ää¥à¥æ¨àã¥¬ë¬ ¬®£®®¡à §¨¥¬, ã¤®¢«¥â¢®àïîé¨¬ á«¥¤ãîé¨¬ ãá«®¢¨ï¬ [1], [2],
[11].

c1) �â®¡à ¦¥¨¥ a ! Lg(a)x0, ¤¥©áâ¢ãîé¥¥ ¨§ ®ªà¥áâ®áâ¨ Gr(a) ¥¤¨¨ç®£® í«¥¬¥â  ¢
¯à®áâà áâ¢® E1, ¯à¨ ¤«¥¦¨â ª« ááã C1, ¯®íâ®¬ã Xx0 2 E1 ¤«ï ¢á¥å ¨ä¨¨â¥§¨¬ «ìëå
®¯¥à â®à®¢ Xu = lim

t!0
t�1[Lg(a(t))u� u] ¢ ª á â¥«ì®¬ ª Lg(a) ¬®£®®¡à §¨¨ T r

g(a).

c2) �â æ¨® à ï ¯®¤£àã¯¯  í«¥¬¥â  x0 ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ L(Gs) «®ª «ì®© £àã¯-
¯ë �¨ Gs � Gr, s < r, á s-¬¥à®© ¯®¤ «£¥¡à®© T s

g(a) ¨ä¨¨â¥§¨¬ «ìëå ®¯¥à â®à®¢. � ª¨¬
®¡à §®¬, í«¥¬¥âë ¢¨¤  ' = Xx0, X 2 T r

g(a), ®¡à §ãîâ ¢ N (Bx0) ¥ª®â®à®¥ m = (r � s)-
¬¥à®¥ ¯®¤¯à®áâà áâ¢®, â. ¥. ¡ §¨áë ¢ N (Bx0) ¨ ¢  «£¥¡à¥ T r

g(a) ¬®¦® ã¯®àï¤®ç¨âì â ª, çâ®
'k = 'k(x0) = Xkx0, 1 � k � m, ¨ Xkx0 = 0 ¤«ï k � m+ 1.

� ª ¨ ¢ [1], [2], ¯à¥¤¯®« £ ¥¬, çâ® ¨¬¥îâ ¬¥áâ® ¯«®âë¥ ¢«®¦¥¨ïE1 � E2 � H ¢ £¨«ì¡¥àâ®¢®
¯à®áâà áâ¢® H á ®æ¥ª ¬¨ kukH � �2kukE2

� �1kukE1
.

c3) �«ï ª ¦¤®£® X 2 T r
g(a) ®â®¡à ¦¥¨¥ X : E1 ! H ®£à ¨ç¥® ¢ L(E1;H)-â®¯®«®£¨¨.

� ¤ ç  ®âëáª ¨ï ¬ «ëå à¥è¥¨© ãà ¢¥¨ï (1) ¯à¨ " ! 0 íª¢¨¢ «¥â  [5] ®âëáª ¨î
¬ «ëå à¥è¥¨© ª®¥ç®¬¥à®© ¥«¨¥©®© á¨áâ¥¬ë,  §ë¢ ¥¬®© �� �ï¯ã®¢ {�¬¨¤â . � á-
á¬®âà¨¬ ¯®áâà®¥¨¥ �� �.�.�ï¯ã®¢  ¤«ï ¥«¨¥©®© § ¤ ç¨ (1) ¢ ãá«®¢¨ïå £àã¯¯®¢®© á¨¬-
¬¥âà¨¨ (2).

�®«®¦¨¬ BLgx0 = �F 0
x(Lgx0; 0) ¨ R(x0; x � x0; ") = F (x; ") � F (x0; 0) � F 0

x(x0; 0)(x � x0), £¤¥
F (x0; 0) = 0, â. ª. (x0; 0) | â®çª  ¢¥â¢«¥¨ï. �®£¤  á®®â®è¥¨¥ (3) ¯à¨¬¥â ¢¨¤KgBx0 = BLgx0Lg.
�«¥¤®¢ â¥«ì®,

'i(Lgx0) = Lg'i(x0); 'i(x0) = 'i; j(Lgx0) = L�g
�1
j ; j(x0) = j ; i; j = 1; : : : ; n; (4)

KgR(x0; x� x0; ") = F (Lgx; ")� F (Lgx0; 0) � F 0
x(Lgx0; 0)Lg(x� x0) = R(Lgx0; Lg(x� x0); "):

�«ï ®¡« áâ¨ § ç¥¨© R ®¯¥à â®à  F 0
x(x0; 0) ¢ë¯®«ï¥âáï á®®â®è¥¨¥

R(F 0
x(Lgx0; 0)) = R(KgF

0
x(x0; 0)L

�1
g ) = KgR(F 0

x(x0; 0)):
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�®£¤  ¤«ï ï¤à  á®¯àï¦¥®£® ®¯¥à â®à  ¨¬¥¥¬

N �(Bx0) = spanf 1; : : : ;  ng ) N �(BL0x0) = spanfK�
g
�1 1; : : : ;K

�
g
�1 ng;

zi(Lgx0) = Kgzi(x0) = Kgzi; i = 1; : : : ; n:
(5)

�¢¥¤¥¬ ¯à®¥ªâ®àë

Px0 =
nX

j=1

h�; ji'j : E1 ! En
1 (x0); Qx0 =

nX
j=1

h�;  jizj : E2 ! E2;n(x0);

¤«ï ª®â®àëå á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

PLgx0 = LgPx0L
�1
g ¨«¨ PLgx0Lg = LgPx0 ;

QLgx0 = KgQx0K
�1
g ¨«¨ QLgx0Kg = KgQx0 :

(6)

�¥â®¤ �ï¯ã®¢ {�¬¨¤â  ¨á¯®«ì§ã¥â à §«®¦¥¨ï ¡  å®¢ëå ¯à®áâà áâ¢ E1 ¨ E2 ¢ ¯àï¬ë¥
áã¬¬ë

E1 = En
1 (x0)uE

1�n
1 (x0); E2 = E2;n(x0)uE2;1�n(x0); (7)

ã¤®¢«¥â¢®àïîé¨¥ á«¥¤ãîé¨¬ á¢®©áâ¢ ¬:

En
1 (Lgx0) = LgE

n
1 (x0);

E1�n
1 (Lgx0) = (I � PLgx0)E1 = Lg(I � Px0)L

�1
g E1 = Lg(I � Px0)E1 = LgE

1�n
1 (x0); (8)

E2;n(Lgx0) = KgE2;n(x0); E2;1�n(Lgx0) = KgE2;1�n(x0):

� á®®â¢¥âáâ¢¨¨ á à §«®¦¥¨ï¬¨ (7) § ¯¨è¥¬ ãà ¢¥¨¥ (1) ¢ ¯à®¥ªæ¨ïå

bBx0u � Bx0(I � Px0)u = (I �Qx0)R(x0; v(x0; �) + u(x0); ");

0 = Qx0R(x0; v(x0; �) + u(x0); ");

£¤¥ v(x0; �) =
nP

j=1
�j'j(x0) 2 En

1 (x0), u(x0) 2 E1�n
1 (x0). �®£¤  á®£« á® â¥®à¥¬¥ ® ¥ï¢ëå ®¯¥à -

â®à å [5] ¨§ ¯¥à¢®£® ãà ¢¥¨ï á¨áâ¥¬ë  å®¤¨¬ u(x0) = u(x0; v(x0; �); "). �®¤áâ ¢«ïï u(x0) ¢®
¢â®à®¥ ãà ¢¥¨¥, ¯®«ãç ¥¬ �� �.�.�ï¯ã®¢ 

f(x0; v(x0; �); ") �
nX

j=1

fj(x0; v(x0; �); ")'j = Qx0R(x0; v(x0; �) + u(x0; v(x0; �); "); ") = 0: (9)

� «®£¨ç® ¯à¨¬¥¥¨¥ «¥¬¬ë �¬¨¤â  [5] ¯®§¢®«ï¥â § ¯¨á âì ãà ¢¥¨¥ (1) ¢ ¢¨¤¥ á¨áâ¥¬ë

_

Bx0(x� x0) � Bx0(x� x0) +
nX
i=1

hx� x0; i(x0)izi(x0) = R(x0; x� x0; ") +
nX
i=1

�izi(x0);

�j = hx� x0; i(x0)i:

�®¤áâ ¢«ïï x� x0 = v(x0; �) + w ¢ ¯¥à¢®¥ ãà ¢¥¨¥
_

Bx0w = R(x0; v(x0; �) + w; "), ¯® â¥®à¥¬¥ ®
¥ï¢ëå ®¯¥à â®à å  å®¤¨¬ w = w(x0; v(x0; �); "). �®¤áâ ®¢ª  w ¢® ¢â®à®¥ ãà ¢¥¨¥ ¤ ¥â ��
�¬¨¤â 

t(x0; v(x0; �); ") �
nX

j=1

tj(x0; v(x0; �); ")'j = Px0w(x0; v(x0; �); ") = 0: (10)

�ë¯®«¥ë¥ ¯®áâà®¥¨ï ¯®§¢®«ïîâ ¤®ª § âì â¥®à¥¬ã ®  á«¥¤®¢ ¨¨ á¨¬¬¥âà¨¨ ¤«ï �� (9)
¨ (10).
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�¥®à¥¬  1 ([3]). �¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

f(Lgx0; Lgv(x0; �); ") = f(Lgx0; v(Lgx0; �); ") = Kgf(x0; v(x0; �); "); (11)

t(Lgx0; Lgv(x0; �); ") = t(Lgx0; v(Lgx0; �); ") = Lgt(x0; v(x0; �); "): (12)

�®ª § â¥«ìáâ¢®. �®£« á® (7), (8) § ¯¨è¥¬ (1) ¢ â®çª¥ ¢¥â¢«¥¨ï (Lgx0; 0) ¢ ¯à®¥ªæ¨ïå

bBLgx0 eu = (I �QLgx0)R(Lgx0; v(Lgx0; �) + eu; ");
0 = QLgx0R(Lgx0; v(Lgx0; �) + eu; "): (13)

�«ï áã¦¥¨ï ®¯¥à â®à  Bx0   ¯®¤¯à®áâà áâ¢® E
1�n
1 (x0) ¢ë¯®«¥® á®®â®è¥¨¥ á¨¬¬¥âà¨¨

Kg
bBx0 = KgBx0(I � Px0)

(3)
= BLgx0Lg(I � Px0)

(6)
= BLgx0(I � PLgx0)Lg = bBLgx0Lg: (14)

�à¨¬¥ïï K�1
g = Kg�1 ª ¯¥à¢®¬ã ãà ¢¥¨î (13), ¯®«ãç¨¬

K�1
g
bBLgx0 eu (14)

= bBx0L
�1
g eu (6)

= (I �Qx0)K
�1
g R(Lgx0; v(Lgx0; �) + eu; ") =

= (I �Qx0)R(x0; v(x0; �) + L�1
g eu; "):

� á¨«ã â¥®à¥¬ë ® ¥ï¢ëå ®¯¥à â®à å  å®¤¨¬ ¥£® ¥¤¨áâ¢¥®¥ à¥è¥¨¥

L�1
g eu = u(x0; v(x0; �); ") 2 E1�n

1 (x0) =) eu = Lgu(x0; v(x0; �); "):

�®¤áâ ®¢ª   ©¤¥®£® à¥è¥¨ï ¢® ¢â®à®¥ ãà ¢¥¨¥ (13) ¤ ¥â �� �ï¯ã®¢  ¢ â®çª¥ ¢¥â¢«¥¨ï
(Lgx0; 0) ¨ ¥£® £àã¯¯®¢ãî á¨¬¬¥âà¨î (11)

f(Lgx0; v(Lgx0; �); ") � QLgx0R(Lgx0; v(Lgx0; �) + Lgu(x0; v(x0; �); "); ")
(4); (6)
=

(4); (6)
= KgQx0R(x0; v(x0; �) + u(x0; v(x0; �); "); ") = Kgf(x0; v(x0; �); "):

�«ï ¤®ª § â¥«ìáâ¢  á®®â®è¥¨ï (12) § ¯¨è¥¬ ãà ¢¥¨¥ (1) ¢ â®çª¥ ¢¥â¢«¥¨ï (Lgx0; 0) ¢
¢¨¤¥ á¨áâ¥¬ë

_

BLgx0Lg(x� x0) = R(Lgx0; Lg(x� x0); ") +
nX
i=1

�izi(Lgx0);

�j = hLg(x� x0); j(Lgx0)i:
(15)

�®« £ ï Lg(x� x0) = Lgv(x0; �) + ew = v(Lgx0; �) + ew, ¢ á¨«ã £àã¯¯®¢®© á¨¬¬¥âà¨¨ _

Bx0

Kg

_

Bx0h = KgBx0h+
nX
i=1

hh; i(x0)iKgzi(x0)
(3){(5)
= BLgx0Lgh+

+
nX
i=1

hLgh; i(Lgx0)izi(Lgx0) =
_

BLgx0Lgh

 å®¤¨¬

0 =
_

BLgx0 ew �R(Lgx0; Lgv(x0; �) + ew; ") = Kg[
_

Bx0L
�1
g ew �R(x0; v(x0; �) + L�1

g ew; ")]:
�âáî¤  á«¥¤ã¥â L�1

g ew = w(x0; v(x0; �); ") ¨«¨ ew = Lgw(x0; v(x0; �); "). �®£¤  ¨§ ¢â®à®£® ãà ¢¥-
¨ï (15) ¯®«ãç ¥¬ �� �¬¨¤â  ¢ â®çª¥ (Lgx0; 0) ¨ ¥£® £àã¯¯®¢ãî á¨¬¬¥âà¨î (12)

t(Lgx0; Lgv(x0; �); ") � PLgx0 ew (6)
= LgPx0w(x0; v(x0; �); ") = Lgt(x0; v(x0; �); "): �
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� ¬¥ç ¨¥ 1. �ãáâì x0 | ¨§®«¨à®¢  ï â®çª  ¢¥â¢«¥¨ï ãà ¢¥¨ï (1). �®£¤  ï¤à®

N (Bx0) ¨¢ à¨ â® ®â®á¨â¥«ì® ¬ âà¨ç®£® ¯à¥¤áâ ¢«¥¨ï Ag(a): Ag(a)'i =
nP

j=1
�ji(a)'j )

e�i = Ag(a)�i =
nP

j=1
�ij(a)�j ¨ v(Lgx0; �) = Lgv(x0; �) = v(x0; e�) = v(x0;Ag(a)�). � «®£¨ç® ¯®¤¯à®-

áâà áâ¢® N �(Bx0) ¨¢ à¨ â® ®â®á¨â¥«ì® ¯à¥¤áâ ¢«¥¨ï Bg(a): Bg(a) k =
nP

j=1
�kj(a) j .

�«¥¤áâ¢¨¥ 1 ([7]). �«ï ¨¢ à¨ â®£® ï¤à  â¥®à¥¬  ®  á«¥¤®¢ ¨¨ á¨¬¬¥âà¨¨ �� ¯à¨¨-
¬ ¥â ¢¨¤ f(A(a)�; ") = B(a)f(�; ") ¤«ï �� �ï¯ã®¢  ¨ t(A(a)�; ") = A(a)t(�; ") ¤«ï �� �¬¨¤â .

�®¤®¡® [12]{[15] ¨ [10] (£«. 4.2.4, 5.3.2) ¢¢¥¤¥¬

�¯à¥¤¥«¥¨¥. �� (9) (á®®â¢¥âáâ¢¥® (10)) ï¢«ï¥âáï ãà ¢¥¨¥¬ ¯®â¥æ¨ «ì®£® â¨¯ ,
¥á«¨ ¢ ®ªà¥áâ®áâ¨ â®çª¨ (x0; 0) ¢ë¯®«ï¥âáï à ¢¥áâ¢®

f(y; v(y; �); ") = d grady U(y; �; "); (16)

£¤¥ d | ®¡à â¨¬ë© ®¯¥à â®à. �®£¤  äãªæ¨® « U(y; �; ")  §ë¢ ¥âáï ¯®â¥æ¨ «®¬ �� (9) (á®-
®â¢¥âáâ¢¥® (10)),   ®¯¥à â®à f (á®®â¢¥âáâ¢¥® t) | ¯á¥¢¤®£à ¤¨¥â®¬ äãªæ¨® «  U .

�¥®à¥¬  2. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï c1){ c3) ¨ �� (9) ¯®â¥æ¨ «ì®£® â¨¯ . �£® ¯®â¥-
æ¨ « U ¨¢ à¨ â¥ ®â®á¨â¥«ì® ¯à¥¤áâ ¢«¥¨ï Lg(a) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

L�gd
�1Kg = d�1: (17)

�®ª § â¥«ìáâ¢®. � á¨«ã ¯®â¥æ¨ «ì®áâ¨ �� (9) ¨ â¥®à¥¬ë � £à ¦  ® ª®¥çëå ¯à¨à -
é¥¨ïå ¨¬¥¥¬

U(y; �; ") =
Z 1

0
hd�1f(�y; v(�y; �); "); yiHd�;

U(Lgy; �; ") =
Z 1

0
hd�1f(Lg�y; v(Lg�y; �); "); LgyiHd�:

�®£« á® (11), (16) d grady U(y; �; ") = K�1
g f(Lgy; v(Lgy; �); "), ®âªã¤  ¯® â¥®à¥¬¥ � £à ¦ 

U(y; �; ") =
1R
0

hd�1K�1
g f(Lg�y; v(Lg�y; �); "); yiHd�. �®â¥æ¨ « U(y; �; ") Lg-¨¢ à¨ â¥, ¥á«¨

U(y; �; ") = U(Lgy; �; "), çâ® ¢®§¬®¦® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ Z 1

0

h(L�gd�1 � d�1K�1
g )f(Lg�y; v(Lg�y; �); "); yiHd� = 0:

�®á«¥¤¥¥ á®®â®è¥¨¥ íª¢¨¢ «¥â® à ¢¥áâ¢ã (17).

�«¥¤áâ¢¨¥ 2. �¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ ¨¢ à¨ â®áâ¨ ¯®â¥æ¨ «  ¤«ï ��
(10) ¯®â¥æ¨ «ì®£® â¨¯  ï¢«ï¥âáï à ¢¥áâ¢® L�gd

�1 = d�1L�1
g .

�«¥¤áâ¢¨¥ 3 ([10], [15]). �ãáâì x0 |¨§®«¨à®¢  ï â®çª  ¢¥â¢«¥¨ïG-¨¢ à¨ â®£® ãà ¢-
¥¨ï (1) ¨ á®®â¢¥âáâ¢ãîé¥¥ �� �ï¯ã®¢  (�¬¨¤â ) ï¢«ï¥âáï ãà ¢¥¨¥¬ ¯®â¥æ¨ «ì®£® â¨-
¯ , â. ¥. f(�; ") = d grad� U(�; ") (t(�; ") = d grad� U(�; ")) á ¥ª®â®à®© ®¡à â¨¬®© ¬ âà¨æ¥© d. �®£¤ 
¯®â¥æ¨ « �� U(�; ") ï¢«ï¥âáï ¨¢ à¨ â®¬ ¯à¥¤áâ ¢«¥¨ï Ag(a) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
A0

g(a)d
�1Bg(a) = d�1 ¤«ï �� �ï¯ã®¢  ¨ A0

g(a)d
�1Ag(a) = d�1 ¤«ï �� �¬¨¤â .

�«ï �� (9), (10) ¨¬¥¥â ¬¥áâ®
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�¥¬¬ . �á¥¢¤®£à ¤¨¥â f (á®®â¢¥âáâ¢¥® t) ¨¢ à¨ â®£® äãªæ¨® «  ï¢«ï¥âáï

(Lg;Kg)- (á®®â¢¥âáâ¢¥® (Lg; Lg)-) íª¢¨¢ à¨ â®¬ ¢ á¬ëá«¥ (2). �«ï ¢á¥å X 2 T r
g(a) ¢ ¥-

ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ (x0; 0) á¯à ¢¥¤«¨¢® ª®á¨¬¬¥âà¨ç¥áª®¥ â®¦¤¥áâ¢®

hd�1f(y; v(y; �); ");X(y + v(y; �) + u(y; v(y; �); "))iH = 0

(hd�1t(y; v(y; �); ");X(y + v(y; �) + u(y; v(y; �); "))iH = 0):
(18)

�®ª § â¥«ìáâ¢®. �ãáâì ®à¬  khkE1
¤®áâ â®ç® ¬ « . � ª ª ª ®¯¥à â®à f «¥¢®© ç áâ¨ ��

(9) ¯®â¥æ¨ «ì®£® â¨¯ , â. ¥. ¢¥à® à ¢¥áâ¢® (16), â®

U(y + �L�1
g h; �; ") � U(y; �; ") = �hd�1f(y; v(y; �); "); L�1

g hiH + o(k�L�1
g hkE1

);

U(Lgy + �h; �; ") � U(Lgy; �; ") = �hd�1f(Lgy; v(Lgy; �); "); hiH + o(k�hkE1
):

� á¨«ã ¨¢ à¨ â®áâ¨ ¯®â¥æ¨ «  U «¥¢ë¥ ç áâ¨ íâ¨å à ¢¥áâ¢ á®¢¯ ¤ îâ. �®£¤ 

hL��1
g d�1f(y; v(y; �); ") � d�1f(Lgy; v(Lgy; �); "); hiH (17)

=
(17)
= hd�1(Kgf(y; v(y; �); ") � f(Lgy; v(Lgy; �); ")); hiH = 0;

®âªã¤  á«¥¤ã¥â ¯¥à¢ ï ç áâì «¥¬¬ë.
�ãáâì X 2 T r

g(a) ¨ Lg(a(t)) | ®¤®¯ à ¬¥âà¨ç¥áª ï ¯®¤£àã¯¯  Lg(a). � á¨«ã ¨¢ à¨ â®áâ¨
äãªæ¨® «  U ¨¬¥¥¬

0 = U(Lg(a(t))y; �; ")�U(y; �; ") = hd�1f(y; v(y; �); "); (Lg(a(t)) � I)(y+ v(y; �) + u(y; v(y; �); "))iH +

+ o(k(Lg(a(t)) � I)(y + v(y; �) + u(y; v(y; �); "))kE1
):

�¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨ khkE1
! 0, ¯®«ãç ¥¬ (18).

� «®£¨ç® ¤®ª §ë¢ ¥âáï á®®â¢¥âáâ¢ãîé¥¥ ãâ¢¥à¦¤¥¨¥ ¤«ï �� �¬¨¤â  (10).

�«¥¤áâ¢¨¥ 4. �«ï á«ãç ï ¨¢ à¨ â®£® ï¤à  �� ¯®â¥æ¨ «ì®£® â¨¯  (9) ¨ (10) ã¤®¢«¥-
â¢®àïîâ ª®á¨¬¬¥âà¨ç¥áª®¬ã â®¦¤¥áâ¢ã

hd�1f(�; ");Xj�i�n = 0 ¨ hd�1t(�; "); Xj�i�n = 0; (19)

£¤¥ Xj , j = 1; : : : ; l, | ¨ä¨¨â¥§¨¬ «ìë¥ ®¯¥à â®àë l-¬¥à®£® ¯à¥¤áâ ¢«¥¨ï Ag(a) ¢ n-
¬¥à®¬ ¯à®áâà áâ¢¥ �n ª®íää¨æ¨¥â®¢ � = (�1; : : : ; �n) ¢ à §«®¦¥¨¨ ¯à®¨§¢®«ì®£® í«¥¬¥â 
' 2 N (Bx0) ¯® ¡ §¨áã f'jgn1 .

3. �¥®à¥¬  ® à¥¤ãªæ¨¨ ��

�«¥¤ãï [1], [2], ¯®«ãç¨¬ ¤®áâ â®ç®¥ ãá«®¢¨¥ à¥¤ãªæ¨¨ �� ¯®â¥æ¨ «ì®£® â¨¯  ¢ ãá«®¢¨ïå
£àã¯¯®¢®© á¨¬¬¥âà¨¨ (2) ¥«¨¥©®£® ãà ¢¥¨ï (1).

�¥®à¥¬  3. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï c1){ c3), �� (9) (á®®â¢¥âáâ¢¥® (10)) ¯®â¥æ¨ «ì-
®£® â¨¯ , ¥£® ¯®â¥æ¨ « ¯à¨ ¤«¥¦¨â ª« ááã C2 ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ â®çª¨ ¢¥â¢«¥¨ï

(x0; 0) ¨ ï¢«ï¥âáï ¨¢ à¨ â®¬ ¯à¥¤áâ ¢«¥¨ï Lg £àã¯¯ë Gr(a), s | à §¬¥à®áâì áâ æ¨® à-

®© ¯®¤£àã¯¯ë í«¥¬¥â  x0, ¯à¨ç¥¬ m = r � s > 0. �®£¤ 

1. ¥á«¨ m = n, â® ¤«ï ¢á¥å (�("); ") (¨«¨ (v(x0; �(")); ")) ¨§ ¥ª®â®à®© ®ªà¥áâ®áâ¨ ã«ï ¢

R
n+1 �� (9) (á®®â¢¥âáâ¢¥® (10)) ¢ë¯®«¥® â®¦¤¥áâ¢¥®;

2. ¥á«¨ m < n ¨ n � 2, â® ¨¬¥¥â ¬¥áâ® ç áâ¨ç ï à¥¤ãªæ¨ï �� : m ¨§ ¥£® ãà ¢¥¨©

ï¢«ïîâáï «¨¥©ë¬¨ ª®¬¡¨ æ¨ï¬¨ ®áâ «ìëå (n�m).
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�®ª § â¥«ìáâ¢®. �à¨¬¥¬ á®£« è¥¨¥ ® ã¬¥à æ¨¨ í«¥¬¥â®¢ ¡ §¨á  ¢ N (Bx0) ¯. 2. �®£¤ 
á®£« á® ª®á¨¬¬¥âà¨ç¥áª®¬ã â®¦¤¥áâ¢ã (18) ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ ã«ï ¢ Rn+1 ¨¬¥¥¬

0 = hdf(x0; v(x0; �); ");Xk(x0 + v(x0; �) + u(x0; v(x0; �); "))iH =

=
nX

j=1

fj(x0; v(x0; �); ")[hdzj ; 'kiH + hdzj ;Xk(v(x0; �) + u(x0; v(x0; �); "))iH ];

£¤¥ k = 1; : : : ;m, ¯à¨ç¥¬ à £ n�m-¬ âà¨æë [hdzj ; 'kiH ] (á®®â¢¥âáâ¢¥® [hd'j ; 'kiH ] ¤«ï �� (10))
à ¢¥ m.

� ¬¥ç ¨¥ 2. �¥®à¥¬ë 2, 3 ¨ «¥¬¬  á¯à ¢¥¤«¨¢ë â ª¦¥ ¢ ãá«®¢¨ïå ®¡ëç®© ¯®â¥æ¨ «ì-
®áâ¨ �� (9), â. ¥. ¯à¨ d = I. �á«¨ ¢ë¯®«ïîâáï ¤®áâ â®çë¥ ãá«®¢¨ï ¯®â¥æ¨ «ì®áâ¨ [8], [9],
â® hzj ; 'kiH = �jk.

� ¬¥ç ¨¥ 3. �¥§ã«ìâ âë [1], [2] ¢¥àë, ¥á«¨ ¥«¨¥©®¥ ãà ¢¥¨¥ (1) ï¢«ï¥âáï ãà ¢¥¨-
¥¬ ¯®â¥æ¨ «ì®£® â¨¯  [16].

� ¬¥ç ¨¥ 4. �á«®¢¨¥ ¯«®â®áâ¨ ¢«®¦¥¨ï E1 � E2 ®ª §ë¢ ¥âáï ¨§«¨è¨¬ ¢ á«ãç ¥ £¥«ì-
¤¥à®¢ëå ¯à®áâà áâ¢.

� ¬¥ç ¨¥ 5. �«ï ¨¢ à¨ â®£® ï¤à  ¯®«ãç ¥¬ à¥¤ãªæ¨î [15], [10], [6], [17] �� ¯®â¥æ¨-
 «ì®£® â¨¯ , ¯®â¥æ¨ « ª®â®à®£® ï¢«ï¥âáï ¨¢ à¨ â®¬ l-¬¥à®£® ¯à¥¤áâ ¢«¥¨ï Ag(a), ¨¬¥î-
é¥£® ¯®«ãî á¨áâ¥¬ã fIj(�)gl11 , n� l1 � l, äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå ¨¢ à¨ â®¢.

�¥©áâ¢¨â¥«ì®, ¥á«¨ U(�; ") = F (I1(�); : : : ; Il1(�); "), â® �� �ï¯ã®¢  (�¬¨¤â ) ¯à¨¨¬ ¥â
¢¨¤ f(�; ") = d grad� U(�; ") = d grad� F (I1(�); : : : ; Il1(�); "). �®áª®«ìªã ¬ âà¨æ  d ®¡à â¨¬  ¨ á¨-
áâ¥¬  ¨¢ à¨ â®¢ fIj(�)gl11 äãªæ¨® «ì® ¥§ ¢¨á¨¬ , â® �� à¥¤ãæ¨àã¥âáï ª l1 � l1-á¨áâ¥¬¥
@

@Ij
F (I1(�); : : : ; Il1(�); ") = 0.

4. �à¨«®¦¥¨ï ª § ¤ ç ¬ ®  àãè¥¨¨ á¨¬¬¥âà¨¨

�ãáâì x0 | ¨§®«¨à®¢  ï â®çª  ¢¥â¢«¥¨ï, â. ¥. Lgx0 = x0 ¨ ¯®â¥æ¨ « �� ï¢«ï¥âáï

¨¢ à¨ â®¬ ¬ âà¨ç®£® ¯à¥¤áâ ¢«¥¨ï Ag: Ag'i =
nP

j=1
�ji(a)'j ) e�i = Ag�i =

nP
j=1

�ij(a)�j .

�¤¥áì «¥¢ ï ç áâì �� ¯à¥¤áâ ¢«ï¥â á®¡®© ¥«¨¥©ë© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¢ ª®¥ç®¬¥àëå
¯®¤¯à®áâà áâ¢ å, ¨¢ à¨ âëå ¯à¨ ¤¥©áâ¢¨¨ ¯à¥¤áâ ¢«¥¨© Lg;Kg. �¯¥à â®à Kg ¯®à®¦¤ ¥â
ª®¥ç®¬¥à®¥ ¯à¥¤áâ ¢«¥¨¥ Bg = k�ij(a)kni;j=1 ¢ ¯®¤¯à®áâà áâ¢¥ ¤¥ä¥ªâëå äãªæ¨® «®¢
N �(Bx0) = spanf 1; : : : ;  ng. � ª¨¬ ®¡à §®¬, ¢®§¨ª ¥â § ¤ ç  ¯®áâà®¥¨ï ®¡é¥£® ¢¨¤  �� ¯®
¤®¯ãáª ¥¬®© £àã¯¯¥ á¨¬¬¥âà¨¨ [6], [7], [10], [17].

�®á¨¬¬¥âà¨ç¥áª®¥ â®¦¤¥áâ¢® (18) ¯®§¢®«ï¥â ¤ âì ®¢ë© ¯®¤å®¤ ª ¥¥ à¥è¥¨î.
� áá¬®âà¨¬ ¤¢  ¯à®áâëå ¯à¨¬¥à  ¯®â¥æ¨ «ìëå (¯®â¥æ¨ «ì®£® â¨¯ ) �� á á¨¬¬¥âà¨ï¬¨

£àã¯¯ ¢à é¥¨© SO(2) ¨ SH(2).

4.1. �¢ã¬¥à®¥ �� á £àã¯¯®© á¨¬¬¥âà¨¨ SO(2).

�¥®à¥¬  4 ([7], [10], [17]). �¢ã¬¥à®¥ ¢¥é¥áâ¢¥®¥ ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®¥ ¯®â¥-

æ¨ «ì®¥ �� á á¨¬¬¥âà¨¥© SO(2) ¤®¯ãáª ¥â á¨¬¬¥âà¨î O(2) ¨ ¢ ª®¬¯«¥ªá®¬ ¡ §¨á¥ ¯®¤¯à®-

áâà áâ¢  N (B) ¨¬¥¥â ¢¨¤

f1(�; ") � �1j�j�1u(j�j; ") = 0; f2(�; ") � �2j�j�1u(j�j; ") = 0;

�2 = �1; j�j = p
�1�2; U(�; ") = U(j�j; ") =

Z j�j

0
u(s; ")ds:

(20)
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�®®â¢¥âáâ¢¥® ¢ ¢¥é¥áâ¢¥®¬ ¡ §¨á¥ N (B)

f1(�; ") � �1j� j�1u(j� j; ") = 0; f2(�; ") � �2j� j�1u(j� j; ") = 0;

j� j = p� 21 + � 22 ; U(�; ") =
Z j� j

0

u(s; ")ds:
(21)

�¤¥áì äãªæ¨ï u(s; ") ¨ ¥¥ ¯à®¨§¢®¤ ï ¯® s ¥¯à¥àë¢ë ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ ã«ï (0; 0) ¨
ï¢«ïîâáï ¡¥áª®¥ç® ¬ «ë¬¨ ¯à¨ s! 0, "! 0.

�®ª § â¥«ìáâ¢®. �«ï £àã¯¯ë ¢à é¥¨© SO(2) ¨ ¢¥é¥áâ¢¥®£® ¥¯à¥àë¢® ¤¨ää¥à¥æ¨-
àã¥¬®£® �� ¢ ª®¬¯«¥ªá®¬ ¡ §¨á¥ '1 = exp(i�x), '2 = exp(�i�x) â¥®à¥¬  ®  á«¥¤®¢ ¨¨ á¨¬-
¬¥âà¨¨ ¨¬¥¥â ¢¨¤

f(A(a)�; ") = A(a)f(�; "); A(a) =
�
ei�a 0
0 e�i�a

�
;

X� =
�
� �2

@

@�1
+ �1

@

@�2

� 
�1

�2

!
=

 
��2
�1

!
=
�
0 �1
1 0

� 
�1

�2

!
:

�®£« á® ª®á¨¬¬¥âà¨ç¥áª®¬ã â®¦¤¥áâ¢ã 0 = hf(�; ");X�i = ��2f1(�; ") + �1f2(�; "). �«¥¤®¢ -
â¥«ì®, ®â®è¥¨ï f1(�;")

�1
= f2(�;")

�2
à ¢ë ¯à®¨§¢®«ì®© ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨

w(
p
�1�2; "), § ¢¨áïé¥© ®â ¥¤¨áâ¢¥®£® ¨¢ à¨ â  I(�) =

p
�1�2 = j�j. �ë¯®«¥® ¥®¡å®¤¨¬®¥

¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ ¯®â¥æ¨ «ì®áâ¨ á¨áâ¥¬ë à §¢¥â¢«¥¨ï @f1
@�2

= w0(j�j; ") �1�2
2j�j

= @f2
@�1

. �®-
« £ ï w(j�j; ") = j�j�1u(j�j; "), £¤¥ u(j�j; ") | ¯à®¨§¢®«ì ï äãªæ¨ï á ãª § ë¬¨ á¢®©áâ¢ ¬¨

£« ¤ª®áâ¨, ¯®«ãç ¥¬ U(�; ") = U(j�j; ") =
j�jR
0

u(s; ")ds ¨ �� (20).

� «®£¨ç® ¢ ¢¥é¥áâ¢¥®¬ ¡ §¨á¥ N (B)

A(a) =
�
cos a � sina
sina cos a

�
; X� =

�
� �2

@

@�1
+ �1

@

@�2

�
� =

 
��2
�1

!
=
�
0 �1
1 0

� 
�1

�2

!
:

�§ ª®á¨¬¬¥âà¨ç¥áª®£® â®¦¤¥áâ¢  á«¥¤ã¥â, çâ® ®â®è¥¨ï f1(�;")
�1

= f2(�;")
�2

à ¢ë ¯à®¨§¢®«ì®©
¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨ w(j� j; ") ¨ @f1

@�2
= @f2

@�1
. �â® ®§ ç ¥â, çâ® �� ¯®â¥æ¨-

 «ì®. �®« £ ï w(j� j; ") = j� j�1u(j� j; "), £¤¥ äãªæ¨ï u(j� j; ") ®¡« ¤ ¥â ãª § ë¬¨ á¢®©áâ¢ ¬¨
£« ¤ª®áâ¨, ¯®«ãç ¥¬ (21), ¨ á®£« á® [18]

U(�; ") =
2X

k=1

Z 1

0
fk(t�1; t�2)�kdt =

Z 1

0

u(tj� j; ")(t� 21 + t� 22 )dtp
(t�1)2 + (t�2)2

=
Z 1

0
u(tj� j; ")d(tj� j) =

Z j� j

0
u(s; ")ds: �

4.2. �¢ã¬¥à®¥ �� á £àã¯¯®© á¨¬¬¥âà¨¨ SH(2). � áá¬®âà¨¬ ¢¥é¥áâ¢¥®¥ ¥¯à¥àë¢® ¤¨ä-
ä¥à¥æ¨àã¥¬®¥ ��, ¨¢ à¨ â®¥ ®â®á¨â¥«ì® £àã¯¯ë £¨¯¥à¡®«¨ç¥áª¨å ¯®¢®à®â®¢ A(a) =
( cosh a sinh a
sinh a cosh a ). �¤¥áì f(A(a)�; ") = A(a)f(�; ") ¨ X� = ��2 @

@�1
+ �1

@

@�2

�
� = ( �2�1 ) = ( 0 1

1 0 ) (
�1
�2 ).

�¥®à¥¬  5. �¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®¥ ¤¢ã¬¥à®¥ �� ¯®â¥æ¨ «ì®£® â¨¯  á á¨¬¬¥-

âà¨¥© SH(2) ¤®¯ãáª ¥â á¨¬¬¥âà¨î H(2) ¨ ¨¬¥¥â ¢¨¤

f1(�; ") � �1j� j�1u(j� j; ") = 0; f2(�; ") � �2j� j�1u(j� j; ") = 0; j� j =
q
j� 21 � � 22 j; (22)

£¤¥ äãªæ¨ï u(s; ") ¨ ¥¥ ¯à¨§¢®¤ ï ¯® s ¥¯à¥àë¢ë ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ (0; 0) ¨ ¡¥áª®¥ç®
¬ «ë ¯à¨ s! 0, "! 0. �®â¥æ¨ « �� (¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï   á. 34) à ¢¥

U(�; ") =
Z j� j

0

u(s; ")ds: (23)
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�®ª § â¥«ìáâ¢®. �á«®¢¨¥ (17) â¥®à¥¬ë 2 ¢ë¯®«¥®, ¥á«¨

A�(a)dA(a) = d; d =
�
1 0
0 �1

�
:

�®£¤  ¤«ï ¤¢ã¬¥à®£® �� ¯®â¥æ¨ «ì®£® â¨¯  ¨§ ª®á¨¬¬¥âà¨ç¥áª®£® â®¦¤¥áâ¢  á«¥¤ã¥â
0 = hdf(�; ");X�i = f1(�; ")�2 � f2(�; ")�1. �®íâ®¬ã ®â®è¥¨ï f1(�;")

�1
= f2(�;")

�2
à ¢ë ¯à®¨§¢®«ì®©

¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨ w(j� j; "), § ¢¨áïé¥© ®â ¥¤¨áâ¢¥®£® ¨¢ à¨ â  j� j.
� ª¨¬ ®¡à §®¬, ¢ë¯®«¥® ¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ ¯®â¥æ¨ «ì®áâ¨ �� @U

@�1
= f1,

@U

@�2
= �f2 , @f1

@�2
= �@f2

@�1
. �®« £ ï w(j� j; ") = j� j�1u(j� j; "), £¤¥ äãªæ¨ï u(j� j; ") ®¡« ¤ ¥â ãª § -

ë¬¨ ¢ëè¥ á¢®©áâ¢ ¬¨, ¯®«ãç ¥¬ (22), (23) ¨

U(�; ")
[18]
=
Z 1

0
(f1(t�1; t�2)�1 � f2(t�1; t�2)�2)dt =

Z 1

0

u(tj� j; ")jt� 21 � t� 22 jdtpj(t�1)2 � (t�2)2j
=

=
Z 1

0

u(tj� j; ")d(tj� j) =
Z j� j

0

u(s; ")ds: �

4.3.�®£®¬¥àë¥ § ¤ ç¨ ®  àãè¥¨¨ á¨¬¬¥âà¨¨. �®«¥¥ á«®¦ë¥ á«ãç ¨ ç áâ¨ç® ¯®â¥æ¨-
 «ìëå (¯®â¥æ¨ «ì®£® â¨¯ ) �� ¢áâà¥ç îâáï ¢ ¡¨äãàª æ¨®ëå § ¤ ç å ®  àãè¥¨¨ á¨¬¬¥-
âà¨¨ [7], [10], [15], [17], [19]. � â ª¨å § ¤ ç å ¥«¨¥©®¥ ãà ¢¥¨¥ ¤®¯ãáª ¥â £àã¯¯ë ¢à é¥¨©
(¥¢ª«¨¤®¢ëå ¨«¨ £¨¯¥à¡®«¨ç¥áª¨å) ¨ ¯à¨ ¯¥à¥å®¤¥ ¡¨äãàª æ¨®®£® ¯ à ¬¥âà  ç¥à¥§ ªà¨â¨ç¥-
áª®¥ § ç¥¨¥ à®¦¤ îâáï à¥è¥¨ï á ªà¨áâ ««®£à ä¨ç¥áª®© £àã¯¯®© á¨¬¬¥âà¨¨.

�¢¥¤¥¬ á«¥¤ãîé¥¥ á®£« è¥¨¥ ® ã¬¥à æ¨¨ ¢¥àè¨ í«¥¬¥â à®© ïç¥©ª¨ ¯¥à¨®¤¨ç®áâ¨:
¥á«¨ ®¤®© ¨§ ¢¥àè¨ ®â¢¥ç ¥â ¥ç¥âë© ®¬¥à, â® ¯à®â¨¢®¯®«®¦®© | ¯®á«¥¤ãîé¨© ç¥âë©.
�à¨ â ª®¬ á®£« è¥¨¨ �� ®ª §ë¢ ¥âáï ç áâ¨ç® ¯®â¥æ¨ «ìë¬ (¯®â¥æ¨ «ì®£® â¨¯ )¤«ï
ª ¦¤®© ¯ àë ¯¥à¥¬¥ëå �2k�1, �2k [7], [10], [15], [17], [19].

�¥®à¥¬  6. �¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬®¥ �� à §¬¥à®áâ¨ 2l á á¨¬¬¥âà¨ï¬¨ SO(2)
(SH(2)) ¢ i-© ¯ à¥ ¯¥à¥¬¥ëå �2i�1; �2i ¯à¨ ¥§ ¢¨á¨¬ëå £àã¯¯®¢ëå ¯ à ¬¥âà å ¤«ï à §«¨ç-

ëå i ¨ 2l-¬¥à®£® ¯à¥¤áâ ¢«¥¨ï £àã¯¯ë l-¬¥à®£® ªã¡  ¨¬¥¥â ¢¨¤

f2k�1(�; ") � �2k�1j� j
k

�1
u
�j� j
k

; j� j
2

; : : : ; j� j
k�1

; j� j
1

; j� j
k+1

; : : : ; j� j
l

; "
�
= 0;

f2k(�; ") � �2kj� j
k

�1
u
�j� j
k

; j� j
2

; : : : ; j� j
k�1

; j� j
1

; j� j
k+1

; : : : ; j� j
l

; "
�
= 0; k = 1; : : : ; l;

(24)

£¤¥ j� j
k

=
q
� 22k�1 + � 22k

�j� j
k

=
q
j� 22k�1 � � 22kj ¤«ï á¨¬¬¥âà¨¨ SH(2)

�
. �ãªæ¨ï u ¨¢ à¨ â  ®â-

®á¨â¥«ì® ¯®¯ àëå ¯¥à¥áâ ®¢®ª  à£ã¬¥â®¢ á ®¬¥à ¬¨, ¡®«ìè¨¬¨ ¥¤¨¨æë, ¨ ¢¬¥áâ¥ á ¥¥

¯à®¨§¢®¤ë¬¨ ¯® ª ¦¤®¬ã  à£ã¬¥âã j� j
s

ï¢«ï¥âáï ¡¥áª®¥ç® ¬ «®© ¯à¨ j� j
s

! 0, s = 1; : : : ; l,

" ! 0. �� (24) ®¡« ¤ ¥â ç áâ¨ç®© ¯®â¥æ¨ «ì®áâìî ¢ â®¬ á¬ëá«¥, çâ® k-ï ¯ à  ãà ¢¥-

¨© ¯®â¥æ¨ «ì  (¯®â¥æ¨ «ì®£® â¨¯ ) ¯® k-© ¯ à¥ ¯¥à¥¬¥ëå (�2k�1; �2k). �á«¨ U
1
(�; ") =

U
�j� j

1

; j� j
2

; : : : ; j� j
l

; "
�
=

j� j
1R
0

u(s; j� j
2

; : : : ; j� j
l

; ")ds, â® U
k
(�; ") = U

�j� j
k

; j� j
2

; : : : ; j� j
k�1

; j� j
1

; j� j
k+1

; : : : ; j� j
l

; "
�
, ¯à¨-

ç¥¬ U
�j� j

1

; : : : ; j� j
i

; : : : ; j� j
j

; : : : ; j� j
l

; "
�
= U

�j� j
1

; : : : ; j� j
j

; : : : ; j� j
i

; : : : ; j� j
l

; "
�
.

�¥©áâ¢¨â¥«ì®, §¤¥áì ¨¬¥¥âáï l ¨¢ à¨ â®¢ j� j
k

, à®¢® áâ®«ìª® ¦¥, áª®«ìª® ¯ à ¯¥à¥¬¥ëå.

�®íâ®¬ã ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¯® â®© ¦¥ áå¥¬¥, çâ® ¨ ¤«ï â¥®à¥¬ 4, 5.
�«ï á¨¬¬¥âà¨© SO(2) á«ãç © l = 2 á®®â¢¥âáâ¢ã¥â ç¥âëà¥å¬¥à®¬ã ¢ëà®¦¤¥¨î ¢ § ¤ ç å ®

ª ¯¨««ïà®-£à ¢¨â æ¨®ëå ¯®¢¥àå®áâëå ¢®« å ¢ ¯à®áâà áâ¢¥®¬ á«®¥ ¦¨¤ª®áâ¨ á ¯àï-
¬®ã£®«ì®© à¥è¥âª®© ¯¥à¨®¤¨ç®áâ¨ [7], [10], [15], [17]. �«ãç © l = 3 á®®â¢¥âáâ¢ã¥â § ¤ ç¥ ®
ªà¨áâ ««¨§ æ¨¨ ¦¨¤ª®£® ä §®¢®£® á®áâ®ï¨ï ¢ áâ â¨áâ¨ç¥áª®© â¥®à¨¨ ªà¨áâ ««  á ¯à®áâ®© ªã-
¡¨ç¥áª®© à¥è¥âª®© ¨ í«¥¬¥â à®© ïç¥©ª®© ¯¥à¨®¤¨ç®áâ¨ ¢ ¢¨¤¥ ®ªâ í¤à  [7], [10], [15], [17].
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�à¨ ¢ëà®¦¤¥¨ïå ¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢ (¡®«ìè¨å 2l) á¨áâ¥¬  äãªæ¨® «ì® ¥§ ¢¨á¨¬ëå
¨¢ à¨ â®¢ ¥ ¨áç¥à¯ë¢ ¥âáï ¨¢ à¨ â ¬¨ ¢¨¤  j� j

k

, k = 1; : : : ; l, çâ® ¥ ¤ ¥â ¢®§¬®¦®áâ¨

¯à¥¤áâ ¢¨âì ç áâ¨çë¥ ¯®â¥æ¨ «ë ¥¤¨®®¡à §®© äãªæ¨¥©. �â® ¯à®ï¢«ï¥âáï ã¦¥ ¯à¨ l = 3 ¨
ªã¡¨ç¥áª®© í«¥¬¥â à®© ïç¥©ª¥ ¯¥à¨®¤¨ç®áâ¨: ¤«ï ¢ëà®¦¤¥¨ï 8-£® ¯®àï¤ª  á¨áâ¥¬  äãª-
æ¨® «ì® ¥§ ¢¨á¨¬ëå ¨¢ à¨ â®¢ á®¤¥à¦¨â â ª¦¥ \ã£«®¢ë¥" ¨¢ à¨ âë.

� ¬¥ç ¨¥ 6. � «®£¨ç® ¬®¦® à áá¬®âà¥âì á«ãç ¨ á¬¥è ëå á¨¬¬¥âà¨©, ¥¢ª«¨¤®¢ëå
¨ £¨¯¥à¡®«¨ç¥áª¨å ¢à é¥¨©.

� ¬¥ç ¨¥ 7. � à ¡®â¥ [19] ¯®«ãç¥ ®¡é¨© ¢¨¤ ¤¢ã¬¥àëå ¨ 2l-¬¥àëå   «¨â¨ç¥áª¨å ��
á á¨¬¬¥âà¨ï¬¨ SO(2) ¨ SH(2).

�¢â®àë ¢ëà ¦ îâ ¡« £®¤ à®áâì à¥æ¥§¥âã §  ¯®«¥§ë¥ § ¬¥ç ¨ï.
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