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1. �¢¥¤¥¨¥

� £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ H à áá¬ âà¨¢ ¥âáï ®¯¥à â®à®¥ ãà ¢¥¨¥

Au = f; (1)

£¤¥ A : H ! H | «¨¥©ë© ¥¯à¥àë¢ë© á ¬®á®¯àï¦¥ë© ¥®âà¨æ â¥«ìë© ®¯¥à â®à, â. ¥.
A� = A, (Au; u) � 0 8u 2 H. �à¥¤¯®« £ ¥âáï, çâ® ¢ (1) ¯à ¢ ï ç áâì f 2 R(A), £¤¥ R(A) = fv 2
H : v = Au, u 2 Hg ¥áâì ®¡à § ®¯¥à â®à  A. �  è¨å ãá«®¢¨ïå ¬®¦¥áâ¢® U� à¥è¥¨© ãà ¢¥¨ï
(1) ¥¯ãáâ®. � ¬ªãâ®áâì ®¡à §  R(A) ¢ ¤ «ì¥©è¥¬ ¥ ¯à¥¤¯®« £ ¥âáï, â ª çâ® § ¤ ç  (1)
ï¢«ï¥âáï ¥ª®àà¥ªâ®© ([1], á. 9). �®à®è® ¨§¢¥áâ®, çâ® ¤«ï ®âëáª ¨ï à¥è¥¨ï ¯®¤®¡ëå § ¤ ç
¥®¡å®¤¨¬® ¨á¯®«ì§®¢ âì ¬¥â®¤ë à¥£ã«ïà¨§ æ¨¨ ( ¯à., [1]{[3]), á¯¥æ¨ «ì® ãç¨âë¢ îé¨¥ íâã
¨å ®á®¡¥®áâì.

� à ¡®â¥ ¨áá«¥¤ã¥âáï ª« áá ¬¥â®¤®¢ ãáâ®©ç¨¢®£® à¥è¥¨ï ãà ¢¥¨ï (1) ([1], £«. 2; [2], £«. 2),
ª®â®àë¥ ¯à¨ ®âáãâáâ¢¨¨ ¯®£à¥è®áâ¥© ¢ ¨áå®¤ëå ¤ ëå A, f § ¯¨áë¢ îâáï ¢ ¢¨¤¥

ur = (I �Agr(A))u0 + gr(A)f; r � r0 (r0 > 0): (2)

�¤¥áì ¨ ¤ «¥¥ u0 | ä¨ªá¨à®¢ ®¥  ç «ì®¥ ¯à¨¡«¨¦¥¨¥, r | ¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨,
fgr(�)gr2[r0;+1) | á¥¬¥©áâ¢® ¨§¬¥à¨¬ëå ¯® �®à¥«î äãªæ¨©   ®âà¥§ª¥ [0;M ], á®¤¥à¦ é¥¬
á¯¥ªâà �(A) ®¯¥à â®à  A. �«¥¤ãï ([2], á. 28), ¯à¥¤¯®« £ ¥¬, çâ® äãªæ¨¨ gr(�) ã¤®¢«¥â¢®àïîâ
ãá«®¢¨î

sup
�2[0;M ]

�pj1� �gr(�)j � Cr�p 8r � r0; C = C(p); p 2 [0; p0]; p0 > 0: (3)

�à¨ à áá¬®âà¥¨¨ § ¤ ç á ¯®£à¥è®áâï¬¨ ¢ ¤ ëå  àï¤ã á (3) ¡ã¤¥â ¨á¯®«ì§®¢ âìáï ãá«®¢¨¥

sup
�2[0;M ]

j�qgr(�)j � Crd 8r � r0; d 2 [0; 1]; d = d(q); q � 0: (4)

� ¨¡®«ìè¥¥ § ç¥¨¥ ¯ à ¬¥âà  p0, ¤«ï ª®â®à®£® ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® (3),  §ë¢ ¥âáï
ª¢ «¨ä¨ª æ¨¥© ¬¥â®¤  (2), ¯à¨ç¥¬ ¥ ¨áª«îç ¥âáï ¨ á«ãç © p0 = 1. � íâ¨å ¨ ¯®á«¥¤ãîé¨å
á®®â®è¥¨ïå ç¥à¥§ C ®¡®§ ç îâáï ¯®«®¦¨â¥«ìë¥  ¡á®«îâë¥ ¯®áâ®ïë¥, ¢®®¡é¥ £®¢®àï,
à §«¨çë¥.

�« ááã ¬¥â®¤®¢ (2) ¯à¨ ¤«¥¦¨â, ¢ ç áâ®áâ¨, £àã¯¯  ¨â¥à æ¨®ëå ¯à®æ¥¤ãà

un+1 = un � g(A)(Aun � f); n = 0; 1; : : : ; (5)

á®®â¢¥âáâ¢ãîé¨å á¯¥æ¨ «ì®¬ã ¢ë¡®àã ¯®à®¦¤ îé¨å äãªæ¨© gr(�) (á¬.( 17)), ¯à¨ íâ®¬ ¯ -
à ¬¥âà à¥£ã«ïà¨§ æ¨¨ ¯à®¡¥£ ¥â § ç¥¨ï r = n 2 N, £¤¥ N = f1; 2; : : : g. �à¥¤¯®« £ ¥âáï, çâ®
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äãªæ¨ï g(�) ¢ (5) ¨§¬¥à¨¬  ¯® �®à¥«î, ®£à ¨ç¥  ¨ ¥¯à¥àë¢  ¢ â®çª¥ � = 0, g(0) > 0, ¨
¢ë¯®«ï¥âáï á®®â®è¥¨¥

sup
�2[";M ]

j1� �g(�)j < 1 8" 2 (0;M): (6)

�§¢¥áâ® ([2], á. 42), çâ® ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© (3), (6) ¢ëà ¡ âë¢ ¥¬ë¥ ¢ á®®â¢¥âáâ¢¨¨ á (2),
(5) ¯à¨¡«¨¦¥¨ï furg ¨ fung áå®¤ïâáï ¢ ®à¬¥ ¯à®áâà áâ¢ H ª à¥è¥¨î u� = u�(u0) ãà ¢¥¨ï
(1), ®¯à¥¤¥«ï¥¬®¬ã á®®â®è¥¨ï¬¨

u� 2 U�; ku� � u0k = minfku� u0k : u 2 U�g: (7)

� â® ¦¥ ¢à¥¬ï, á«¥¤áâ¢¨¥¬ ¥ª®àà¥ªâ®áâ¨ ãà ¢¥¨ï (1) ï¢«ï¥âáï ®âáãâáâ¢¨¥ ª¢ «¨ä¨æ¨à®-
¢ ëå ¯® r, n ®æ¥®ª áª®à®áâ¨ áå®¤¨¬®áâ¨ furg, fung ª u�, ¢ë¯®«ïîé¨åáï à ¢®¬¥à® ¯®
u�, ku�k � C. �«ï ¯®«ãç¥¨ï â ª¨å ®æ¥®ª   ¨áª®¬®¥ à¥è¥¨¥ u� âà ¤¨æ¨®®  « £ îâáï
¤®¯®«¨â¥«ìë¥ ãá«®¢¨ï ¨áâ®ª®¯à¥¤áâ ¢¨¬®áâ¨  ç «ì®© ¥¢ï§ª¨ ¢¨¤ 

u� � u0 = Apv; p > 0: (8)

�¥ã«ãçè ¥¬®áâì íâ¨å ®æ¥®ª   ¢á¥¬ ª« áá¥ § ¤ ç (1), à¥è¥¨ï ª®â®àëå ã¤®¢«¥â¢®àïîâ ãá«®-
¢¨î (8), ¯®¤à®¡® ¨áá«¥¤®¢   ¢ [1]{[3]. � ¤ ®© à ¡®â¥ ¨§ãç ¥âáï ¢®¯à®á ® â®¬, ¢ ª ª®© ¬¥à¥
ãá«®¢¨¥ (8), ¤®áâ â®ç®¥ ¤«ï ¢ë¯®«¥¨ï ã¯®¬ïãâëå ®æ¥®ª, ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ¯à¨¬¥-
¨â¥«ì® ª ¨¤¨¢¨¤ã «ì®© § ¤ ç¥ (1). �áâ  ¢«¨¢ îâáï ãá«®¢¨ï   ¯®à®¦¤ îé¨¥ äãªæ¨¨
gr(�), g(�), ¯à¨ ¢ë¯®«¥¨¨ ª®â®àëå ãª § ®¥ ãá«®¢¨¥ ®ª §ë¢ ¥âáï ¢¥áì¬  ¡«¨§ª¨¬ ª ¥-
®¡å®¤¨¬®¬ã. �®ª §ë¢ ¥âáï, çâ® ¬®£¨¥ ¨§¢¥áâë¥ ¯à®æ¥¤ãàë à¥£ã«ïà¨§ æ¨¨, ¢ª«îç ï ¬¥â®¤
�.�.� ¢à¥âì¥¢  ¨ ¥£® ¨â¥à¨à®¢ ë© ¢ à¨ â, ¬¥â®¤ ãáâ ®¢«¥¨ï, ª« áá¨ç¥áª¨¥ ¨â¥à æ¨®-
ë¥ ¬¥â®¤ë ([2], £«. 2), ã¤®¢«¥â¢®àïîâ íâ¨¬ ãá«®¢¨ï¬. � áá¬ âà¨¢ ¥âáï â ª¦¥ á«ãç © ¯à¨¡«¨-
¦¥®£® § ¤ ¨ï ¯à ¢®© ç áâ¨ f ãà ¢¥¨ï (1).

2. �¡à âë¥ â¥®à¥¬ë ® áª®à®áâ¨ áå®¤¨¬®áâ¨ ¬¥â®¤®¢ à¥£ã«ïà¨§ æ¨¨

�«¥¤ãï ([4], á. 366),  ¯®¬¨¬, çâ® äãªæ¨¨ ®â á ¬®á®¯àï¦¥®£® ®¯¥à â®à  A (¢ â®¬ ç¨á«¥
¢ (2), (5), (8)) ®¯à¥¤¥«ïîâáï á ¨á¯®«ì§®¢ ¨¥¬ ¯®à®¦¤ ¥¬®£® ¨¬ á¥¬¥©áâ¢  á¯¥ªâà «ìëå ¯à®¥ª-
â®à®¢ fP (�)g, � 2 [0;M ], ¯® á«¥¤ãîé¥© áå¥¬¥. �ãáâì äãªæ¨ï ' ¨§¬¥à¨¬ , ª®¥ç  ¨ ®¯à¥¤¥«¥ 
¯®çâ¨ ¢áî¤ã   [0;M ] ®â®á¨â¥«ì® á¥¬¥©áâ¢  fP (�)g, â. ¥. ®â®á¨â¥«ì® ¬¥à �¥¡¥£ {�â¨«ìâì¥á ,
¯®à®¦¤¥ëå ¢á¥¬¨ äãªæ¨ï¬¨ ¢¨¤  	u(�) = kP (�)uk2, u 2 H. �®£¤ 

'(A) =
Z M

0

'(�)dP (�);

k'(A)uk2 =
Z M

0

j'(�)j2dkP (�)uk2; u 2 D('(A)):

(9)

�¡« áâì ®¯à¥¤¥«¥¨ï ®¯¥à â®à  '(A) ¨¬¥¥â ¢¨¤

D('(A)) =
�
u 2 H :

Z M

0

j'(�)j2dkP (�)uk2 <1
�
: (10)

�à¨ íâ®¬

k'(A)kL(H;H) = vrai sup
fP (�)g

j'(�)j: (11)

� â¥®à¨¨ «¨¥©ëå ¥ª®àà¥ªâëå § ¤ ç å®à®è® ¨§¢¥áâ®

�à¥¤«®¦¥¨¥ 1 ([2], á. 42). �ãáâì ¢ë¯®«ï¥âáï ãá«®¢¨¥ (8). �®£¤  ¤«ï ¢á¥å q � 0 â ª¨å,

çâ® p+ q � p0, á¯à ¢¥¤«¨¢  ®æ¥ª 

kAq(ur � u�)k � Cr�(p+q) 8r � r0; u� = u�(u0); (12)

£¤¥ C = C(M;p; q; kvk).

40



�«¥¤ãîé ï â¥®à¥¬  ¯®ª §ë¢ ¥â, çâ® ãá«®¢¨¥ ¨áâ®ª®¯à¥¤áâ ¢¨¬®áâ¨ (8), ¤®áâ â®ç®¥ ¤«ï
¢ë¯®«¥¨ï ®æ¥ª¨ (12), ¢ àï¤¥ á«ãç ¥¢ ¡«¨§ª® ª ¥®¡å®¤¨¬®¬ã ¨, â ª¨¬ ®¡à §®¬, ¥ ¬®¦¥â
¡ëâì áãé¥áâ¢¥® ®á« ¡«¥®.

�¥®à¥¬  1. �ãáâì äãªæ¨ï gr(�) á ¥ª®â®àë¬ m 2 (0;M ] ã¤®¢«¥â¢®àï¥â ãá«®¢¨îZ 1

r0

r2��1j1� �gr(�)j2dr � C

�2�
8� 2 (0;m]; 8� 2 (0; p0); (13)

£¤¥ C = C(�); ¤«ï ä¨ªá¨à®¢ ëå A, f , u0 ¨ § ¤ ëå p, q â ª¨å, çâ® p > 0, q � 0, p+ q � p0,

¢ë¯®«ï¥âáï ®æ¥ª  (12) á ª®áâ â®© C, ¥ § ¢¨áïé¥© ®â r. �®£¤  á¯à ¢¥¤«¨¢® ¢ª«îç¥¨¥

u� � u0 2 R(As) 8s 2 (0; p): (14)

�®ª § â¥«ìáâ¢®. �§ (2), (12) á ãç¥â®¬ à ¢¥áâ¢  f = Au�  å®¤¨¬

kAq(ur � u�)k2 = kAq(I �Agr(A))(u0 � u�)k2 � C

r2(p+q)
: (15)

�  ®á®¢ ¨¨ (9) ¨§ (15) ¯®«ãç ¥¬Z
(0;m]

r2(p+q)�1���2qj1� �gr(�)j2dkP (�)(u� � u0)k2 �

�
Z
(0;M ]

r2(p+q)�1���2qj1� �gr(�)j2dkP (�)(u� � u0)k2 � C

r1+�
8� 2 (0; 2p):

�à®¨â¥£à¨à®¢ ¢ ®¡¥ ç áâ¨ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¯® r 2 [r0;+1), ¡ã¤¥¬ ¨¬¥âìZ 1

r0

Z
(0;m]

r2(p+q)�1���2qj1� �gr(�)j2dkP (�)(u� � u0)k2dr <1:

� ª ª ª ¯®¤¨â¥£à «ì ï äãªæ¨ï ¢ ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ ¥®âà¨æ â¥«ì ,   ®á®¢ ¨¨ â¥-
®à¥¬ë �ã¡¨¨ ([5], á. 318) ¨¬¥¥¬Z

(0;m]

�2q
�Z 1

r0

r2(p+q)�1��j1� �gr(�)j2dr
�
dkP (�)(u� � u0)k2 <1: (16)

�®« £ ï ¢ ¥à ¢¥áâ¢¥ (13) � = p+ q � �
2
, ¤«ï ¢ãâà¥¥£® ¨â¥£à «  ¢ (16) ¯®«ãç ¥¬ ®æ¥ªãZ 1

r0

r2(p+q)�1��j1� �gr(�)j2dr � C

�2(p+q)��
8� 2 (0;m]:

�®áª®«ìªã ¢ á¨«ã (7) í«¥¬¥â (u0�u�)?N(A), £¤¥ N(A) = fu 2 H : Au = 0g, äãªæ¨ï kP (�)(u��
u0)k2 ¥¯à¥àë¢  ¢ â®çª¥ � = 0. �®íâ®¬ã ¬¥à  dkP (�)(u� � u0)k2 ®¤®â®ç¥ç®£® ¬®¦¥áâ¢  f0g
à ¢  ã«î, ¨ ¨§ (16) á«¥¤ã¥â, çâ®Z

(0;m]

��(2p��)dkP (�)(u� � u0)k2 =
Z
[0;m]

��(2p��)dkP (�)(u� � u0)k2 <1:

�âáî¤ , ãç¨âë¢ ï, çâ® äãªæ¨ï ��(2p��) ¥¯à¥àë¢    [m;M ], ¯®«ãç ¥¬Z
[0;M ]

��(2p��)dkP (�)(u� � u0)k2 =

=
Z
[0;m]

��(2p��)dkP (�)(u� � u0)k2 +
Z
(m;M ]

��(2p��)dkP (�)(u� � u0)k2 <1:

�®á«¥¤¥¥ ¢«¥ç¥â u� � u0 2 R(Ap��=2) (á¬. (10)), çâ® ¢ á¨«ã ¯à®¨§¢®«ì®áâ¨ � 2 (0; 2p) ¤ ¥â
u� � u0 2 R(As) 8s 2 (0; p).
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� ¬¥ç ¨¥ 1. �¥®à¥¬  1 á § ¬¥®© ¢ (13) ¨â¥à¢ «  (0;m]   [m0;m] n f0g, £¤¥ m0 < 0,
®áâ ¥âáï ¢ á¨«¥ ¨ ¢ á«ãç ¥ § ª®¯¥à¥¬¥®£® ®¯¥à â®à  A = A�. �à¨ íâ®¬ ¢¥àå¨¥ £à ¨ ¢ (3),
(4) á«¥¤ã¥â ¡à âì ¯® ¯®¤å®¤ïé¥¬ã ®âà¥§ªã [M0;M ] � �(A), £¤¥ M0 < 0; � ¢ ¯à ¢®© ç áâ¨ (13)
á«¥¤ã¥â § ¬¥¨âì   j�j.

�®ªà¥â¨§¨àã¥¬ áª § ®¥ ¢ëè¥ ¯à¨¬¥¨â¥«ì® ª ¥ª®â®àë¬ ª« áá¨ç¥áª¨¬ ¯à®æ¥¤ãà ¬ à¥-
£ã«ïà¨§ æ¨¨.

�à¨¬¥à 1. 1) �¥â®¤ �.�.� ¢à¥âì¥¢  r�1ur + Aur = f ®¯à¥¤¥«ï¥âáï á¥¬¥©áâ¢®¬ ¯®à®-
¦¤ îé¨å äãªæ¨© gr(�) = (r�1 + �)�1. �®£« á® ([2], á. 30) ãá«®¢¨ï (3), (4) ¢ ¤ ®¬ á«ãç ¥
¢ë¯®«ïîâáï, ¯à¨ íâ®¬ ª¢ «¨ä¨ª æ¨ï ¬¥â®¤  p0 = 1. �®« £ ï ¢ (13) ¤«ï ¯à®áâ®âë r0 = 1,
¯®«ãç ¥¬ Z 1

1

r2��1j1� �gr(�)j2dr =
Z 1

1

r2��1

(1 + r�)2
dr � C(�)

�2�
;

C(�) =
Z 1

M

t2��1

(1 + t)2
dt 8� 2 (0;M ] (� 2 (0; 1)):

�¤¥áì ¯à¨ ®æ¥ª¥ ¨â¥£à «  ¯® r ¨á¯®«ì§®¢ « áì ¯®¤áâ ®¢ª  r = t
�
.

2) � à¨ â ¬¥â®¤  �.�.� ¢à¥âì¥¢  ir�1ur +Aur = f , i =
p�1, ¯à¥¤ § ç¥ë© ¤«ï á«ã-

ç ï ª®¬¯«¥ªá®£® ¯à®áâà áâ¢  H ¨ § ª®¯¥à¥¬¥®£® ®¯¥à â®à  A, ®¯à¥¤¥«ï¥âáï á¥¬¥©áâ¢®¬
gr(�) = (r�1i + �)�1. � ¤ ®¬ á«ãç ¥ ãá«®¢¨ï (3), (4) â ª¦¥ ¢ë¯®«ïîâáï, ¯à¨ç¥¬ p0 = 1 (á¬.
[2], á. 23). �®« £ ï ¢ (13) r0 = 1, á ãç¥â®¬ § ¬¥ç ¨ï 1 ¯®«ãç ¥¬ ®æ¥ªãZ 1

1

r2��1j1� �gr(�)j2dr � C(�)
j�j2� ; C(�) =

Z 1

M 0

t2��1

1 + t2
dt;

M 0 = maxfM; jM0jg 8� 2 [M0;M ] n f0g (� 2 (0; 1)):

3) �¥âàã¤® ¯à®¢¥à¨âì, çâ® ãá«®¢¨¥ (13) ¢ë¯®«ï¥âáï ¨ ¤«ï ¨â¥à¨à®¢ ®£® ¢ à¨ â  ¬¥â®¤ 
�.�.� ¢à¥âì¥¢  ur = uN;r, u0;r = u0, r�1un;r + Aun;r = r�1un�1;r + f , n = 1; : : : ; N , á®®â¢¥â-
áâ¢ãîé¥£® á¥¬¥©áâ¢ã ¯®à®¦¤ îé¨å äãªæ¨© gr(�) = [1 � (1 + r�)�N ]��1. � ¤ ®¬ á«ãç ¥
ª¢ «¨ä¨ª æ¨ï p0 = N ([2], á. 22). �á«®¢¨¥ (13) ¢ë¯®«ï¥âáï â ª¦¥ ¤«ï ¬¥â®¤  ãáâ ®¢«¥¨ï
([2], á. 24), ¢ ª®â®à®¬ ¯à¨¡«¨¦¥¨¥ ur áâà®¨âáï ¢ ¢¨¤¥ ur = u(r), £¤¥ u = u(t) | à¥è¥¨¥ § -
¤ ç¨ �®è¨ u0(t) + Au(t) = f , u(0) = u0. �¤¥áì ª¢ «¨ä¨ª æ¨ï p0 = 1, ¯®à®¦¤ îé¥¥ á¥¬¥©áâ¢®
äãªæ¨© fgr(�)g ¨¬¥¥â ¢¨¤

gr(�) =

(
(1� e�r�)��1; � 6= 0;

r; � = 0:

� ª¨¬ ®¡à §®¬, ¤«ï à áá¬®âà¥ëå ¢ ¯à¨¬¥à¥ 1 ¬¥â®¤®¢ ¢ª«îç¥¨¥ (14) ¥®¡å®¤¨¬® ¤«ï
¢ë¯®«¥¨ï ®æ¥®ª (12). �â¬¥â¨¬ ¡«¨§®áâì (14) ¨ ãá«®¢¨ï (8), ¤®áâ â®ç®£® ¤«ï á¯à ¢¥¤«¨¢®áâ¨
íâ¨å ®æ¥®ª.

�¡à â¨¬áï â¥¯¥àì ª   «¨§ã áå®¤¨¬®áâ¨ ¨â¥à æ¨®ëå ¯à®æ¥¤ãà ¢¨¤  (5), á®®â¢¥âáâ¢ãîé¨å
á¨áâ¥¬¥ ¯®à®¦¤ îé¨å äãªæ¨©

gr(�) =
1
�
[1� (1� �g(�))r ]; r = n 2 N: (17)

�æ¥ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ íâ¨å ¯à®æ¥¤ãà ãáâ  ¢«¨¢ ¥â ¨§¢¥áâ®¥

�à¥¤«®¦¥¨¥ 2 ([2], á. 37). �ãáâì ¢ë¯®«ï¥âáï ãá«®¢¨¥ (8). �®£¤  ¤«ï «î¡®£® q � 0 ¢¥à 

®æ¥ª 

kAq(un � u�)k � Cn�(p+q); n = 1; 2; : : : ; u� = u�(u0); (18)

£¤¥ C = C(M;p; q; kvk).
� «®£¨ç® ¯. 1 á¯à ¢¥¤«¨¢® ¨ ®¡à â®¥ ãâ¢¥à¦¤¥¨¥.

42



�¥®à¥¬  2. �ãáâì äãªæ¨ï g(�) á ¥ª®â®àë¬ m 2 (0;M ] ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

1X
n=1

n2��1j1� �g(�)j2n � C

�2�
8� 2 (0;m]; 8� > 0; (19)

£¤¥ C = C(�); ¤«ï ä¨ªá¨à®¢ ëå A, f , u0 ¨ ¥ª®â®àëå p > 0, q � 0 ¢ë¯®«ï¥âáï ®æ¥ª  (18) á
ª®áâ â®© C, ¥ § ¢¨áïé¥© ®â n. �®£¤  á¯à ¢¥¤«¨¢® ¢ª«îç¥¨¥ (14).

�®ª § â¥«ìáâ¢®. �®£« á® ([2], á. 37) ¨¬¥¥â ¬¥áâ®   «®£¨ç®¥ (2) ¯à¥¤áâ ¢«¥¨¥

un = (I �Agn(A))u0 + gn(A)f;

£¤¥ äãªæ¨¨ gn(�) ®¯à¥¤¥«¥ë ¢ (17). �§ (18) á ãç¥â®¬ (9) á«¥¤ã¥â

kAq(un � u�)k2 = kAq(I �Agn(A))(u0 � u�)k2 =
=
Z
[0;M ]

�2qj1� �gn(�)j2dkP (�)(u� � u0)k2 � C

n2(p+q)
: (20)

� «ì¥©è¨¥ à ááã¦¤¥¨ï   «®£¨çë ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1 á § ¬¥®© ¨â¥£à¨à®¢ ¨ï ¯®
r 2 [r0;+1) áã¬¬¨à®¢ ¨¥¬ ¯® n 2 N. �§ (20) ¯®«ãç ¥¬ ®æ¥ªãZ

(0;m]

n2(p+q)�1���2qj1� �gn(�)j2dkP (�)(u0 � u�)k2 � C

n1+�
8� 2 (0; 2p):

�ã¬¬¨àãï ¯®á«¥¤¨¥ ¥à ¢¥áâ¢ , § ª«îç ¥¬, çâ®
1X
n=1

Z
(0;m]

n2(p+q)�1���2qj1� �gn(�)j2dkP (�)(u0 � u�)k2 <1:

�á¯®«ì§ãï â¥®à¥¬ã �.�¥¢¨ ([5], á. 305) ¨ ¯®« £ ï ¢ (19) � = p+q� �
2
,   «®£¨ç® ¤®ª § â¥«ìáâ¢ã

â¥®à¥¬ë 1  å®¤¨¬Z
[0;M ]

��(2p��)dkP (�)(u0 � u�)k2 =

=
Z
[0;m]

��(2p��)dkP (�)(u0 � u�)k2 +
Z
(m;M ]

��(2p��)dkP (�)(u0 � u�)k2 <1:

�®«ãç¥®¥ ¥à ¢¥áâ¢®, ª ª ¨ ¢ëè¥, ¯à¨¢®¤¨â ª âà¥¡ã¥¬®¬ã ¢ª«îç¥¨î u� � u0 2 R(As) 8s 2
(0; p).

� ª ¯®ª §ë¢ îâ ¯à¨¬¥àë ¨§ [6], ¢ª«îç¥¨¥ s 2 (0; p) ¢ â¥®à¥¬ å 1, 2 ¥ ¬®¦¥â ¡ëâì ¢ ®¡é¥¬
á«ãç ¥ § ¬¥¥® à ¢¥áâ¢®¬ s = p. � â® ¦¥ ¢à¥¬ï ¢ á«ãç ¥ p = p0 â ª ï § ¬¥  ¢®§¬®¦  (á¬.
[7], á. 83).

�¥à¥©¤¥¬ ª   «¨§ã ¥ª®â®àëå ¨§¢¥áâëå ¨â¥à æ¨®ëå ¯à®æ¥¤ãà.

�à¨¬¥à 2. 1) �ãªæ¨¨ g(�) � � 2 (0; 2
M
) ¨ g(�) = 1

�+�
, � > 0, ¯®à®¦¤ îâ á®®â¢¥âáâ¢¥®

ï¢ãî ¨ ¥ï¢ãî ¨â¥à æ¨®ë¥ áå¥¬ë

un = un�1 � �(Aun�1 � f); �un +Aun = �un�1 + f ; n = 1; 2; : : :

�«ï ï¢®© áå¥¬ë ¢ëà ¦¥¨¥ ¢ «¥¢®© ç áâ¨ (19) ¯à¨¨¬ ¥â ¢¨¤
1P
n=1

j1���j2n

n�2�+1
. �á¯®«ì§ãï ®æ¥ªã

1P
n=1

xn

nt
� �(1�t)

(1�x)1�t
(t < 1) ([8], á. 233), á¯à ¢¥¤«¨¢ãî ¯à¨ x! 1, ¨ ¯à¨¨¬ ï x = j1���j2, t = �2�+1,

¯®«ãç ¥¬
1X
n=1

j1� ��j2n
n�2�+1

� C
�(2�)

�2�(�(2 � ��))2�
� C(�)

�2�
8� 2 (0;m]
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á ¤®áâ â®ç® ¬ «ë¬m > 0. �¤¥áì � ®¡®§ ç ¥â �-äãªæ¨î �©«¥à . � ª¨¬ ®¡à §®¬, ãá«®¢¨¥ (19)
¢ ¤ ®¬ á«ãç ¥ ¢ë¯®«ï¥âáï. � «®£¨ç® ãáâ  ¢«¨¢ ¥âáï, çâ® ®® ¢ë¯®«¥® ¨ ¤«ï ¥ï¢®©
áå¥¬ë.

2) �à¥¤¨ ¨â¥à æ¨®ëå ¬¥â®¤®¢ (5) á «¨¥©ë¬¨ äãªæ¨ï¬¨ g(�) ¢ ([2], á. 41) ¢ë¤¥«¥ ¬¥â®¤
á ¯®à®¦¤ îé¥© äãªæ¨¥© g(�) = 3

M
� 9

4M2�, � 2 [0;M ], ®¡« ¤ îé¨© ®¯â¨¬ «ìë¬¨ ¢ ¥ª®â®à®¬
á¬ëá«¥ á¢®©áâ¢ ¬¨. � íâ®¬ á«ãç ¥ ãá«®¢¨¥ (19) â ª¦¥ ¢ë¯®«¥®.

� ç¨â, ¤«ï ¨â¥à æ¨®ëå ¯à®æ¥¤ãà ¨§ ¯à¨¬¥à  2 ¢ª«îç¥¨¥ (14) ¥®¡å®¤¨¬® ¤«ï ¢ë¯®«¥-
¨ï ®æ¥®ª (18).

� ¬¥ç ¨¥ 2. �á«¨ ãà ¢¥¨¥ (1) à áá¬ âà¨¢ ¥âáï ¢ ¯ à¥ ¯à®áâà áâ¢ (H;F ), £¤¥ f 2 F ,  
A 2 L(H;F ) | ¯à®¨§¢®«ìë© ®¯¥à â®à, â® á ¨á¯®«ì§®¢ ¨¥¬ á¨¬¬¥âà¨§ æ¨¨ � ãáá  ¯¥à¥å®¤¨¬
ª ãà ¢¥¨î A�Au = A�f á ¥®âà¨æ â¥«ìë¬ á ¬®á®¯àï¦¥ë¬ ®¯¥à â®à®¬ A�A 2 L(H;H).
�®¦¥áâ¢® V� à¥è¥¨© ¯®á«¥¤¥£® á®¢¯ ¤ ¥â á ¬®¦¥áâ¢®¬ à¥è¥¨© ãà ¢¥¨ï Au = Pf , £¤¥
P | ®àâ®¯à®¥ªâ®à   § ¬ëª ¨¥ ®¡à §  R(A) � F . �à¨ íâ®¬ ¢ á«ãç ¥ U� 6= ; ¨¬¥¥¬ V� = U�, ¨
ª á¨¬¬¥âà¨§®¢ ®¬ã ãà ¢¥¨î ¯à¨¬¥¨¬ë ¢á¥ ¯®«ãç¥ë¥ ¢ëè¥ à¥§ã«ìâ âë.

� ¬¥ç ¨¥ 3. �â¢¥à¦¤¥¨¥ â¥®à¥¬ë 1 ®áâ ¥âáï ¢ á¨«¥, ¥á«¨ áç¨â âì, çâ® ®æ¥ª  (12) ¯®
  «®£¨¨ á (18) ¢ë¯®«ï¥âáï ¥ ¤«ï ¢á¥å r 2 [r0;1),   «¨èì ¤«ï ¤¨áªà¥â®£® ¬®¦¥áâ¢  § ç¥-
¨© ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ r 2 [r0;1)\ N. �à¨ íâ®¬ ãá«®¢¨¥ (13) á«¥¤ã¥â § ¬¥¨âì âà¥¡®¢ -
¨¥¬

1X
n=1

n2��1j1� �gn(�)j2 � C(�)
�2�

8� 2 (0;m]:

� á«ãç ¥ ¯®à®¦¤ îé¥£® á¥¬¥©áâ¢  (17) ¯®á«¥¤¥¥ ãá«®¢¨¥ ¯à¨¨¬ ¥â ¢¨¤ (19).

3. �«ãç © ¯®£à¥è®áâ¥© ¢ ¨áå®¤ëå ¤ ëå

�¡à â¨¬áï â¥¯¥àì ª á«ãç î, ª®£¤  ¢¬¥áâ® â®ç®© ¯à ¢®© ç áâ¨ f ¢ (1) ¤®áâã¯  «¨èì ¥ª®-
â®à ï ¥¥  ¯¯à®ªá¨¬ æ¨ï f� 2 H, kf� � fk � �, £¤¥ � | ¨§¢¥áâë© ãà®¢¥ì ¯®£à¥è®áâ¨, � > 0.
�®£« á® ([2], á. 49) ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ ãà ¢¥¨ï (1), ®â¢¥ç îé¥¥ ¥â®ç®© ¯à ¢®© ç áâ¨
f�, ¬®¦¥â ¡ëâì ¢§ïâ® ¢ ¢¨¤¥ ur(�) ¨ un(�) á®®â¢¥âáâ¢¥®, £¤¥ ur ¨ un ®¯à¥¤¥«¥ë ¢ (2), (5).

�§¢¥áâ® ([2], á. 49), çâ® ¥á«¨ ¯ à ¬¥âà à¥£ã«ïà¨§ æ¨¨ á®£« á®¢  á ¯®£à¥è®áâìî � â ª, çâ®
r(�) ! 1, �r(�) ! 0 (n(�) ! 1, �n(�) ! 0) ¯à¨ � ! 0, â® ¨¬¥¥â ¬¥áâ® áå®¤¨¬®áâì lim

�!0
kur(�) �

u�k = 0 (lim
�!0

kun(�) � u�k = 0). � áá¬®âà¨¬ ¢ ª ç¥áâ¢¥ ¯à¨¬¥à  á«¥¤ãîé¨©  ¯à¨®àë© á¯®á®¡
á®£« á®¢ ¨ï ¯ à ¬¥âà  à¥£ã«ïà¨§ æ¨¨ á ¯®£à¥è®áâìî:

r(�) = r1�
�a; � 2 (0; �0]; (21)

£¤¥ r1 > 0, 0 < a < 1. �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï ¨áâ®ª®¯à¥¤áâ ¢¨¬®áâ¨ (8) ¨¬¥¥â ¬¥áâ®   -
«®£¨ç ï ¯à¥¤«®¦¥¨ï¬ 1, 2 ®æ¥ª  áª®à®áâ¨ áå®¤¨¬®áâ¨ ¯à¨¡«¨¦¥¨© ur(�), un(�) ª à¥è¥¨î
u�.

�à¥¤«®¦¥¨¥ 3. �ãáâì ¢ë¯®«ïîâáï á®®â®è¥¨ï (3), (4), (8), £¤¥ q � 0, p + q � p0.

�®£¤  á¯à ¢¥¤«¨¢  ®æ¥ª 

kAq(ur(�) � u�)k � C�s; u� = u�(u0); (22)

£¤¥ C = C(M;p; q; kvk),
s = minfa(p+ q); �ad(q) + 1g: (23)

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¯® áå¥¬¥ ¨§ ([2], á. 49). �®£« á® (2)

ur(�) � u� = (I �Agr(�)(A))(u0 � u�) + gr(�)(A)(f� � f): (24)
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�§ (24) á«¥¤ã¥â ¥à ¢¥áâ¢®

kAq(ur(�) � u�)k � kAq(I �Agr(�)(A))(u0 � u�)k+ kAqgr(�)(A)(f� � f)k: (25)

� á«ãç ¥  ç «ì®© ¯®£à¥è®áâ¨ (8)   ®á®¢ ¨¨ (3) ¨¬¥¥¬

kAq(I �Agr(�)(A))(u0 � u�)k = kAp+q(I �Agr(�)(A))vk � Cr�(p+q)(�): (26)

�§ (4) á«¥¤ã¥â

kAqgr(�)(A)k � Crd(q)(�):

�¡ê¥¤¨ïï ®æ¥ª¨ (25), (26) ¨ ¯®á«¥¤¥¥ ¥à ¢¥áâ¢®, á ãç¥â®¬ (21) ¯®«ãç ¥¬

kAq(ur(�) � u�)k � C(�a(p+q) + ��ad(q)+1) � C�s;

£¤¥ ¢¥«¨ç¨  s ®¯à¥¤¥«¥  ¢ (23). �

� ¬¥ç ¨¥ 4. �à¥¤«®¦¥¨¥ 3 ®áâ ¥âáï ¢¥àë¬, ¥á«¨ ãá«®¢¨¥ (4) § ¬¥¨âì ¥à ¢¥áâ¢®¬

sup
�2[0;M ]

jgr(�)j � Cr: (27)

�§ á®®â®è¥¨© (3), (11) ¨ (27) á«¥¤ã¥â, çâ® ¢ íâ®¬ á«ãç ¥ ¢ (4) ¬®¦® ¯®«®¦¨âì d(q) =
maxf0; 1 � qg.

�«¥¤ãîé ï â¥®à¥¬  ãª §ë¢ ¥â   ¢®§¬®¦®áâì ¢®ááâ ®¢«¥¨ï ¯®àï¤ª  ¨áâ®ª®¯à¥¤áâ ¢¨-
¬®áâ¨  ç «ì®© ¥¢ï§ª¨ u��u0 ¯®  ¡«î¤ ¥¬®© áª®à®áâ¨ áå®¤¨¬®áâ¨ ¯à¨¡«¨¦¥¨© ur(�), � ! 0.

�¥®à¥¬  3. �ãáâì ¢ë¯®«ïîâáï (4), (13), ¨ ¤«ï ä¨ªá¨à®¢ ëå A, f , u0 ¨ ¥ª®â®àëå

q � 0, s > 0 ¢ë¯®«ï¥âáï ®æ¥ª  (22) á ª®áâ â®© C, ¥ § ¢¨áïé¥© ®â �. �®£¤  ¨¬¥¥â ¬¥áâ®

¢ª«îç¥¨¥

u� � u0 2 R(At) 8t 2 (0; b); (28)

£¤¥

b = min
�
s

a
;
1
a
� d(q)

�
; (29)

¢¥«¨ç¨  d(q) ®¯à¥¤¥«¥  ¢ (4).

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ¢ á¨«ã ®£à ¨ç¥¨©   a, d(q) ¢¥«¨ç¨  b > 0. �§ (2), (22)
¯®«ãç ¥¬ ®æ¥ªã

kAq(I �Agr(�)(A))(u0 � u�)k � kAq(ur(�) � u�)k+ kAqgr(�)(A)(f� � f)k � C�s + kAqgr(�)(A)k�:
�¤¥áì ¢ëà ¦¥¨¥ kAqgr(�)(A)k ®æ¥¨¢ ¥âáï   «®£¨ç® ¤®ª § â¥«ìáâ¢ã ¯à¥¤«®¦¥¨ï 3. � ¨á-

¯®«ì§®¢ ¨¥¬ ¢ëâ¥ª îé¥£® ¨§ (21) ¯à¥¤áâ ¢«¥¨ï � =
� r(�)
r1

��1=a
 å®¤¨¬

kAq(I �Agr(�)(A))(u0 � u�)k � C(�s + rd(q)�) � C(r�s=a(�) + r�(1=a�d(q))(�)) � Cr�b(�): (30)

�®áª®«ìªã ¯à¨ � 2 (0; �0] ¢¥«¨ç¨ë r(�) = r1�
�a ¯à¨¨¬ îâ ¢á¥ § ç¥¨ï ¨§ ¨â¥à¢ «  [r0;+1),

r0 = r1�
�a
0 , ®æ¥ª  (30), ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¢«¥ç¥â ¢ª«îç¥¨¥ u� � u0 2 R(At)

8t 2 (0; b).

�«ï ¨â¥à æ¨®ëå ¬¥â®¤®¢ (5) ¡ã¤¥¬ ¢ë¡¨à âì ªà¨â¥à¨© ®áâ ®¢  ¢ ¢¨¤¥ n(�) = [r2��a];
� 2 (0; �0], r2 > 0, 0 < a < 1, £¤¥ [x] ®¡®§ ç ¥â æ¥«ãî ç áâì x. �¥¯®áà¥¤áâ¢¥ë¬ á«¥¤áâ¢¨¥¬
¯à¥¤«®¦¥¨ï 3 ï¢«ï¥âáï
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�à¥¤«®¦¥¨¥ 4. �ãáâì ¨¬¥îâ ¬¥áâ® á®®â®è¥¨ï (3), (4), (8). �®£¤  ¤«ï «î¡®£® q � 0
¢¥à  ®æ¥ª 

kAq(un(�) � u�)k � C�s; u� = u�(u0); (31)

£¤¥ C = C(M;p; q; kvk), ¢¥«¨ç¨  s ®¯à¥¤¥«¥  ¢ (23).

�«ï ¬¥â®¤  (5) ¯à¨  «¨ç¨¨ ¯®£à¥è®áâ¨ â ª¦¥ á¯à ¢¥¤«¨¢  ®¡à â ï â¥®à¥¬  ® ¯®àï¤ª¥
¨áâ®ª®¯à¥¤áâ ¢¨¬®áâ¨  ç «ì®© ¥¢ï§ª¨ u� � u0 ¯à¨ § ¤ ®© áª®à®áâ¨ áå®¤¨¬®áâ¨ un(�) ª u�.

�¥®à¥¬  4. �ãáâì ¢ë¯®«ïîâáï (4), (19), ¨ ¤«ï ä¨ªá¨à®¢ ëå A, f , u0 ¨ ¥ª®â®àëå

q � 0, s > 0 ¢ë¯®«ï¥âáï ®æ¥ª  (31) á ª®áâ â®© C, ¥ § ¢¨áïé¥© ®â �. �®£¤  ¨¬¥¥â ¬¥áâ®

¢ª«îç¥¨¥ (28), £¤¥ ¢¥«¨ç¨  b ®¯à¥¤¥«¥  ¢ (29).

�®ª § â¥«ìáâ¢®. � ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3, ¨§ (5), (31) ¯®«ãç ¥¬

kAq(I �Agn(�)(A))(u0 � u�)k � C�s + kAqgn(�)(A)k�:
�âáî¤  ¨ ¨§ (4) á«¥¤ã¥â

kAq(I �Agn(�)(A))(u0 � u�)k � Cn�b(�):

�®áª®«ìªã ¯à¨ � 2 (0; �0] ¢¥«¨ç¨ë n(�) = [r2��a] ¯à¨¨¬ îâ ¢á¥ æ¥«ë¥ § ç¥¨ï,  ç¨ ï á
n0 = [r2�

�a
0 ], âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥ ï¢«ï¥âáï ¥¯®áà¥¤áâ¢¥ë¬ á«¥¤áâ¢¨¥¬ â¥®à¥¬ë 2.

4. � ª«îç¨â¥«ìë¥ § ¬¥ç ¨ï

�¥ã«ãçè ¥¬®áâì ®æ¥®ª áª®à®áâ¨ áå®¤¨¬®áâ¨ è¨à®ª®£® ª« áá  ¬¥â®¤®¢ à¥£ã«ïà¨§ æ¨¨ à ¢-
®¬¥à® ®â®á¨â¥«ì® ¢ à¨ æ¨¨  ç «ìëå ¤ ëå A, f ¨  ç «ì®£® ¯à¨¡«¨¦¥¨ï u0 ¢ à ¬ª å
ãá«®¢¨ï ¨áâ®ª®¯à¥¤áâ ¢¨¬®áâ¨ (8) ãáâ ®¢«¥  à §«¨çë¬¨ ¬¥â®¤ ¬¨ ¢ ([1], á. 35; [2], á. 50; [9]).
� ®â«¨ç¨¥ ®â íâ¨å à¥§ã«ìâ â®¢ â¥®à¥¬ë 1, 2 ®â®áïâáï ª ¨¤¨¢¨¤ã «ì®© § ¤ ç¥ (1) á ä¨ªá¨-
à®¢ ë¬  ç «ìë¬ ¯à¨¡«¨¦¥¨¥¬. �¨ ¯®ª §ë¢ îâ, çâ® £ à â¨à®¢ ë© ¯®àï¤®ª áª®à®-
áâ¨ áå®¤¨¬®áâ¨ à áá¬ âà¨¢ ¥¬ëå ¬¥â®¤®¢ æ¥«¨ª®¬ ®¯à¥¤¥«ï¥âáï  ¯à¨®à®© ¨ä®à¬ æ¨¥© ® ¯®-
àï¤ª¥ ¨áâ®ª®¯à¥¤áâ ¢¨¬®áâ¨ ¥¨§¢¥áâ®£® à¥è¥¨ï. �á¯®«ì§®¢  ï ¢ëè¥ â¥å¨ª  ¯®«ãç¥¨ï
®¡à âëå â¥®à¥¬ à §¢¨¢ ¥â ¬¥â®¤¨ªã à ¡®âë [6], £¤¥ ãâ¢¥à¦¤¥¨ï â¥®à¥¬ 1, 2 ¡ë«¨ ¤®ª § ë
¯à¨¬¥¨â¥«ì® ª ¯®à®¦¤ îé¨¬ äãªæ¨ï¬ gr(�) ç áâ®£® ¢¨¤  ¯à¨ q = 0. �«ï á«ãç ï q = 0
ãâ¢¥à¦¤¥¨ï íâ¨å â¥®à¥¬ ¤àã£¨¬¨ ¬¥â®¤ ¬¨ ¯®«ãç¥ë â ª¦¥ ¢ [7], ¯à¨ íâ®¬ ãá«®¢¨ï (13), (19)
§ ¬¥ïîâáï âà¥¡®¢ ¨¥¬ (27). �®¤ç¥àª¥¬, çâ® ¯à ªâ¨ç¥áª®¥ ¨á¯®«ì§®¢ ¨¥ â¥®à¥¬ 1, 2 ¯à¨
q = 0 § âàã¤¨â¥«ì® ¢¢¨¤ã â®£®, çâ® «¥¢ë¥ ç áâ¨ ®æ¥®ª (12), (18) á®¤¥à¦ â ¥¨§¢¥áâ®¥ à¥-
è¥¨¥ u�. � á«ãç ¥ ¦¥ q > 0 ãª §  ï âàã¤®áâì ¬®¦¥â ¡ëâì áïâ . � ç áâ®áâ¨, ¯®« £ ï
q = 1, ¡ã¤¥¬ ¨¬¥âì ¢ «¥¢ëå ç áâïå ã¯®¬ïãâëå ¥à ¢¥áâ¢ ¥¢ï§ª¨ kAur � fk, ¤®áâã¯ë¥ ¢
¯à®æ¥áá¥ ç¨á«¥®© à¥ «¨§ æ¨¨ à áá¬ âà¨¢ ¥¬ëå ¬¥â®¤®¢. �¥§ã«ìâ âë à ¡®âë ãª §ë¢ îâ á¯®-
á®¡ ç¨á«¥®£® ®¯à¥¤¥«¥¨ï ¯ à ¬¥âà®¢ £« ¤ª®áâ¨ ¥¨§¢¥áâ®£® à¥è¥¨ï ¯ à ««¥«ì® á ¥£®
¯à¨¡«¨¦¥ë¬  å®¦¤¥¨¥¬ ¢ à ¬ª å áå¥¬ë (2).

�¢â®àë ¯à¨§ â¥«ìë ¯à®ä. �.�. � ªãè¨áª®¬ã §  ¯®«¥§ë¥ ®¡áã¦¤¥¨ï à¥§ã«ìâ â®¢  -
áâ®ïé¥© à ¡®âë.
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