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1. �¢¥¤¥¨¥. �à¨ à¥è¥¨¨ è¨à®ª®£® ª« áá  ¯à¨ª« ¤ëå § ¤ ç ¢®§¨ª ¥â ¥®¡å®¤¨¬®áâì
¯®áâà®¥¨ï â ª  §ë¢ ¥¬ëå ¯ à ¬¥âà¨§®¢ ëå (¨§¢¥áâëå á â®ç®áâìî ¤® ¯ à ¬¥âà®¢)   -
«¨â¨ç¥áª¨å à¥è¥¨©, ª®â®àë¥ á ¤®¯ãáâ¨¬®© ¯®£à¥è®áâìî ã¤®¢«¥â¢®àïîâ à áá¬ âà¨¢ ¥¬ë¬
®¯¥à â®àë¬ ãà ¢¥¨ï¬ ¤«ï § ¤ ëå ®¡« áâ¥© ¢®§¬®¦ëå § ç¥¨© å à ªâ¥àëå ¯ à ¬¥-
âà®¢ ¨áá«¥¤ã¥¬ëå § ¤ ç.

�¨¦¥ ¨§« £ ¥âáï ¥¤¨ë© ¯®¤å®¤ ª ¯®áâà®¥¨î ¯ à ¬¥âà¨§®¢ ëå   «¨â¨ç¥áª¨å à¥è¥¨©
«¨¥©ëå ®¯¥à â®àëå ãà ¢¥¨© ( «£¥¡à ¨ç¥áª¨å, ¤¨ää¥à¥æ¨ «ìëå, ¨â¥£à «ìëå ¨ â.¤.),
¢ ®á®¢ã ª®â®à®£® ¯®«®¦¥  ¥¯à¥àë¢ ï § ¢¨á¨¬®áâì à¥è¥¨© ®â ¯ à ¬¥âà®¢ ¨ ¢¯¥à¢ë¥ ®¯ã-
¡«¨ª®¢  ï ¢ áâ âìïå [1], [2], [3] ¨¤¥ï ¨á¯®«ì§®¢ ¨ï ®¯®àëå à¥è¥¨©. � §¢¨â¨¥ â¥®à¨¨ ®áã-
é¥áâ¢«ï¥âáï ¢ ®¢®© ¯à®¥ªâ¨¢®-¯ à ¬¥âà¨ç¥áª®© ¯®áâ ®¢ª¥, ï¢«ïîé¥©áï ®¡®¡é¥¨¥¬ â¥®à¨¨
¯à®¥ªæ¨®ëå ¬¥â®¤®¢ â¨¯  � «¥àª¨  [4]{[7]   à áá¬ âà¨¢ ¥¬ë©  ¢â®à®¬ á«ãç ©.

2. �à®¥ªâ¨¢®-¯ à ¬¥âà¨ç¥áª ï ¯®áâ ®¢ª  § ¤ ç¨. �ãáâì ¨¬¥îâáï ¤¢  ®à¬¨à®¢ -
ëå ¯à®áâà áâ¢  X ¨ Y ¨ ¢ ª ¦¤®¬ ¨§ ¨å ¢ë¤¥«¥® ¯®«®¥ ¯®¤¯à®áâà áâ¢® eX � X ¨ eY � Y .
�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¨¬¥¥âáï ¥¯à¥àë¢ë© «¨¥©ë© ®¯¥à â®à e�(!), ¯à®¥ªâ¨àãîé¨© Y  eY ,   â ª¦¥ «¨¥©®¥ ®¯¥à â®à®¥ ãà ¢¥¨¥ (ª®â®à®¥ ¯®   «®£¨¨ á [4] ¡ã¤¥¬  §ë¢ âì â®çë¬)

K1(!)x(!) � G(!)x(!)� �T (!)x(!) = y(!); x 2 X; y 2 Y; (1)

£¤¥ G(!) ¨ T (!) | ¥¯à¥àë¢ë¥ «¨¥©ë¥ ¯ à ¬¥âà¨§®¢ ë¥ ®¯¥à â®àë, ®â®¡à ¦ îé¨¥X ¢ Y
¨ § ¢¨áïé¨¥ ®â ¢¥é¥áâ¢¥®£® ¢¥ªâ®à®£® ¯ à ¬¥âà  ! 2 
 � RM (
 | ®âªàëâ ï ®£à ¨ç¥ ï
á¢ï§ ï ®¡« áâì, M 2 f1; 2; : : : g), � | ª®áâ â .

�à®¬¥ â®£®, ®â®á¨â¥«ì® ®¯¥à â®à  G(!) ¤«ï ¢á¥å ! 2 
 ¡ã¤¥¬ ¯à¥¤¯®« £ âì

1) ®¯¥à â®à G(!) ¨¬¥¥â ¥¯à¥àë¢ë© ®¡à âë©;
2) ®¯¥à â®à G(!) ãáâ  ¢«¨¢ ¥â ¢§ ¨¬® ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã eX ¨ eY , â. ¥.

G(!) eX = eY , ¨, á«¥¤®¢ â¥«ì®, G�1(!)eY = eX.
� àï¤ã á (1) à áá¬®âà¨¬ ¯à¨¡«¨¦¥®¥ ãà ¢¥¨¥

fK1(!)ex(!) � G(!)ex(!)� � eT (!)ex(!) = e�(!)y(!); (2)

£¤¥ eT (!) | ¥¯à¥àë¢ë© «¨¥©ë© ¯ à ¬¥âà¨§®¢ ë© ®¯¥à â®à ¨§ eX ¢ eY .
�¢¥¤¥¬ ¤«ï ¢á¥å ! 2 
 á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) ¤«ï ¢áïª®£® ex(!) 2 eX ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

ke�(!)T (!)ex(!)� eT (!)ex(!)k � �0kex(!)k; (3)

2) ¤«ï ª ¦¤®£® x(!) 2 X  ©¤¥âáï â ª®¥ ey1(!) 2 eY , çâ®
kT (!)x(!)� ey1(!)k � �1kx(!)k; (4)
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3) áãé¥áâ¢ã¥â â ª®© í«¥¬¥â ey2(!) 2 eY , çâ®
ky(!)� ey2(!)k � �2ky1(!)k: (5)

�¥á«®¦® ¯®ª § âì, çâ® ¯à¨ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå ¨§ãç¥¨¥ ãà ¢¥¨© (1) ¨ (2) á¢®¤¨âáï
ª ¨§ãç¥¨î á«¥¤ãîé¨å ãà ¢¥¨© | â®ç®£®

K(!)x(!) � G�1(!)K1(!)x(!) � x(!)� �G�1(!)T (!)x(!) = G�1(!)y(!) (6)

¨ á®®â¢¥âáâ¢ãîé¥£® ¥¬ã ¯à¨¡«¨¦¥®£®

fK(!)ex(!) � G�1(!)fK1(!)ex(!) � ex(!)� �G�1(!) eT (!)ex(!) = G�1(!)e�(!)y(!): (7)

�ãáâì â¥¯¥àì ¨¬¥¥âáï ¯®á«¥¤®¢ â¥«ì®áâì ¯à¨¡«¨¦¥ëå ãà ¢¥¨© ¨ ¯®«ãç¥ëå á ¨å
¯®¬®éìî ¯à¨¡«¨¦¥ëå à¥è¥¨©. �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï eX = Xn, fK(!) = Kn(!),eT (!) = Tn(!), e�(!) = �n(!), £¤¥ n = 1; 2; : : : � íâ®¬ á«ãç ¥ ¢¬¥áâ® (6) ¨ (7) ¬®¦® ®£à ¨ç¨âì-
áï ¡®«¥¥ ª®¬¯ ªâ®© ¨ ã¤®¡®©   ¯à ªâ¨ª¥ ä®à¬®© ¯à¥¤áâ ¢«¥¨ï â®ç®£® ¨ ¯à¨¡«¨¦¥®£®
ãà ¢¥¨© | â®ç®¥

K(!)x(!) � x(!)� �F (!)x(!) = f(!); x 2 X; (8)

¨ ¯à¨¡«¨¦¥®¥

Kn(!)xn(!) � xn(!)� �Fn(!)xn(!) = Pn(!)f(!); xn 2 X; (9)

£¤¥

F (!) = G�1(!)T (!); f(!) = G�1(!)y1(!);

Fn(!) = G�1(!)Tn(!); Pn(!) = G�1(!)�n(!)G(!):

� ¤ ¤¨¬ â¥¯¥àì ¯®á«¥¤®¢ â¥«ì®áâì fZng ¯®«ëå ¯à®áâà áâ¢ Zn, ª®â®àë¥ ¢ ç áâ®¬ á«ãç ¥
¬®£ãâ á®¢¯ ¤ âì á § ¬ªãâë¬¨ ¯®¤¯à®áâà áâ¢ ¬¨ Xn ¯à®áâà áâ¢  X. �ã¤¥¬ áç¨â âì, çâ® ¢
¯®«®¬ ¯à®áâà áâ¢¥ Xn � X ®¯à¥¤¥«¥ ¥¯à¥àë¢ë© «¨¥©ë© ¯ à ¬¥âà¨§®¢ ë© ®¯¥à â®à
Hn(!), ®â®¡à ¦ îé¨© Xn ¢§ ¨¬® ®¤®§ ç®   ¯®«®¥ ¯à®áâà áâ¢® Zn. � á¨«ã ¥£® ¥¯à¥àë¢-
®áâ¨ ¨ ¯®«®âë á«¥¤ã¥â ¥¯à¥àë¢®áâì ®¡à â®£® ®¯¥à â®à  H�1

n (!) ¤«ï ¢á¥å ! 2 
. �®« £ ¥¬
â ª¦¥ áãé¥áâ¢®¢ ¨¥ ¥¯à¥àë¢®£® «¨¥©®£® ®¯¥à â®à  eHn(!), ï¢«ïîé¥£®áï ¯à®¤®«¦¥¨¥¬
®¯¥à â®à  Hn(!)   ¢á¥ X, â. ¥. eHn(!) ®â®¡à ¦ ¥â X   Zn ¨ á®¢¯ ¤ ¥â á Hn(!)   Xn ¤«ï ¢á¥å
! 2 
.

�ãáâì ¥¯à¥àë¢ë© «¨¥©ë© ®¯¥à â®à Pn(!) ¯à®¥ªâ¨àã¥â X   Xn, ¯à¨ íâ®¬ P 2(!)X = Xn,
P 2
n(!) = Pn(!), £¤¥ ! 2 
. � íâ®¬ á«ãç ¥ ¢ ª ç¥áâ¢¥ eHn(!) ¬®¦® ¯à¨ïâì eHn(!) = Hn(!)Pn(!),

®âªã¤  Pn(!) = H�1
n (!) eHn(!).

�¢¨¤ã  «¨ç¨ï ¢§ ¨¬®®¤®§ ç®£® á®®â¢¥âáâ¢¨ï ¬¥¦¤ã í«¥¬¥â ¬¨ ¯à®áâà áâ¢ Xn ¨ Zn

¢¬¥áâ® (9) ¬®¦® à áá¬ âà¨¢ âì ¤àã£®¥ ¯à¨¡«¨¦¥®¥ ãà ¢¥¨¥

Ln(!)zn(!) � zn(!)� �Bn(!)zn(!) = eHn(!)f(!) (10)

á ¥¯à¥àë¢ë¬ «¨¥©ë¬ ®¯¥à â®à®¬ Bn(!), ¤¥©áâ¢ãîé¨¬ ¢ ¯à®áâà áâ¢¥ Zn. �à¨ íâ®¬
Bn(!) = Hn(!)Fn(!)H�1

n (!), Ln(!) = Hn(!)Kn(!)H�1
n (!).

�á«¨  ©¤¥® â®ç®¥ à¥è¥¨¥
�
zn(!) 2 Zn ãà ¢¥¨ï (10), â® ¢ ª ç¥áâ¢¥ ¯à¨¡«¨¦¥®£®

à¥è¥¨ï ãà ¢¥¨ï (8) á«¥¤ã¥â ¯à¨ïâì xn(!) = H�1
n (!)

�
zn(!), £¤¥ xn(!) 2 Xn, ! 2 
. � á«ãç ¥,

ª®£¤  Zn = Xn, â. ¥. Hn(!) à áá¬ âà¨¢ ¥âáï ¢ ª ç¥áâ¢¥ ¥¤¨¨ç®£® ®¯¥à â®à , ãà ¢¥¨ï (9) ¨
(10)   â ª¦¥ ¨å à¥è¥¨ï á®¢¯ ¤ îâ.

� ®¡« áâ¨ 
 � RM § ¤ ¤¨¬ á®¢®ªã¯®áâì â®ç¥ª (ã§«®¢) f!(i)g, £¤¥ !(i) = (!(i)1; : : : ; !(i)M ),
i = 1; 2; : : : ; N , N = N(n), N 2 f1; 2; : : : g. �®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥  ¡®àã f!(i)g á¥¬¥©áâ¢®
f
�
zn(!(i))g ç áâëå à¥è¥¨© ãà ¢¥¨ï (10) â ª, çâ®

Ln(!(i))
�
zn(!(i)) �

�
zn(!(i))� �Bn(!(i))

�
zn(!(i)) = eHn(!(i))f(!(i)):
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� ë¥ à¥è¥¨ï (ª®â®àë¥ ¯®   «®£¨¨ á [1], [2], [3] ¡ã¤¥¬  §ë¢ âì ®¯®àë¬¨) áâà®ïâáï § à ¥¥
á ¨á¯®«ì§®¢ ¨¥¬ ¢ëá®ª®â®çëå ç¨á«¥ëå ¬¥â®¤®¢ ¨ ¬®£ãâ åà ¨âìáï ¢ ¯ ¬ïâ¨ ���.

�à¥¡ã¥âáï   ¡ §¥ ¤ ®£® á¥¬¥©áâ¢  ¯®áâà®¨âì ¯à¨¡«¨¦¥®¥ ¯ à ¬¥âà¨§®¢ ®¥ à¥è¥¨¥bzn(!) 2 Zn ãà ¢¥¨ï (10), ª®â®à®¥ ¬®¦® ¡ë«® ¡ë ¨á¯®«ì§®¢ âì ¤«ï  å®¦¤¥¨ï ¯à¨¡«¨¦¥-
®£® à¥è¥¨ï bxn(!) = H�1

n (!)bzn(!) ¨áå®¤®£® ®¯¥à â®à®£® ãà ¢¥¨ï (8). �à¨ íâ®¬ ¤®«¦®
¢ë¯®«ïâìáï ¥à ¢¥áâ¢®

k
�
x(!)� bxn(!)k = k

�
x(!)�H�1

n (!)bzn(!)k � �; bxn 2 X; ! 2 
;

£¤¥
�
x(!) | â®ç®¥ ¯ à ¬¥âà¨§®¢ ®¥ à¥è¥¨¥ ãà ¢¥¨ï (8), � | ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï.
�ç¥¢¨¤®, ª®«¨ç¥áâ¢® ¨ ¯®àï¤®ª à á¯®«®¦¥¨ï ãª § ëå ¢ëè¥ ã§«®¢ f!(i)g § ¢¨áïâ ®â

â¨¯  ¨á¯®«ì§ã¥¬ëå ®à¬¨à®¢ ëå ¯à®áâà áâ¢, ¢ë¡®à  ®¡« áâ¨ 
 � RM , á¢®©áâ¢ â®ç®£® ¨
¯à¨¡«¨¦¥®£® ãà ¢¥¨©,   â ª¦¥ âà¥¡ã¥¬®© â®ç®áâ¨ ¯®áâà®¥¨ï ¯à¨¡«¨¦¥®£® ¯ à ¬¥âà¨-
§®¢ ®£® à¥è¥¨ï ãà ¢¥¨ï (8).

�®   «®£¨¨ á (3), (4) ¨ (5) ¯à®áâà áâ¢  X, Zn ¨ ®¯¥à â®àë F (!), Bn(!) ¤«ï ¢á¥å ! 2 

á¢ï¦¥¬ á«¥¤ãîé¨¬¨ ãá«®¢¨ï¬¨:

1) ¤«ï «î¡®£® xn(!) 2 Xn

kBn(!)Hn(!)xn(!)� eHn(!)F (!)xn(!)k � e�nkxn(!)k; (11)

2) ¤«ï «î¡®£® x(!) 2 X  ©¤¥âáï í«¥¬¥â xn(!) 2 X â ª®©, çâ®

kF (!)x(!)� xn(!)k � "nkx(!)k; (12)

3) ¯à¨ ¥ª®â®à®¬ fn(!) 2 Xn

kf(!)� fn(!)k � nkf(!)k; (13)

£¤¥ ª®áâ â  n, ¢ ®â«¨ç¨¥ ®â ª®áâ â e�n ¨ "n, ¢ ®¡é¥¬ á«ãç ¥ § ¢¨á¨â ®â f(!).
�à¨¬¥¨â¥«ì® ¦¥ ª § ¤ ç¥ (8), (9), ª®£¤  ¢ ª ç¥áâ¢¥ ¯à¨¡«¨¦¥®£® à¥è¥¨ï ãà ¢¥-

¨ï (8) à áá¬ âà¨¢ ¥âáï â®ç®¥ à¥è¥¨¥ ãà ¢¥¨ï (9), ¢¬¥áâ® ãá«®¢¨ï (11) ¨á¯®«ì§ã¥âáï ®-
¢®¥ ãá«®¢¨¥: ¤«ï «î¡®£® xn(!) 2 Xn ¨¬¥¥¬ kPn(!)F (!)xn(!) � Fn(!)xn(!)k � �nkxn(!)k, £¤¥
�n = e�nkH�1

n (!)k. �á«®¢¨ï (12), (13) ¥ § âà £¨¢ îâ ®¯¥à â®à®¢ Fn(!) ¨ Pn(!), ¯®íâ®¬ã ¯à¨¬¥-
¨â¥«ì® ª ãà ¢¥¨î (9) ¥ ¨§¬¥ïîâáï.

3. �®áâà®¥¨¥ ¯ à ¬¥âà¨§®¢ ëå à¥è¥¨©. �®¯ãáâ¨¬, çâ® ¤«ï á¥¬¥©áâ¢  ®¯®àëå
à¥è¥¨© f

�
zn(!(i))g (£¤¥

�
zn(!(i)) 2 Zn) á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥¨ï

�
zn(!(i)) = 'n(!(i); u(i)); !(i) 2 
 � RM ;

u(i) 2 U � RK ; i = 1; 2; : : : ; N; K = K(n); K 2 f1; 2; : : : g; (14)

£¤¥ 'n | ®â®¡à ¦¥¨¥, ¥¯à¥àë¢®¥ ¢ ª ¦¤®© ¨§ â®ç¥ª (!; u) 2 
 � U , U | ®£à ¨ç¥®¥ ®â-
ªàëâ®¥ á¢ï§®¥ ¬®¦¥áâ¢®; u(i) = (u(i)1; : : : ; u(i)K) | ¢¥ªâ®à á ¢¥é¥áâ¢¥ë¬¨ ª®íää¨æ¨¥â ¬¨.

�«ï ä¨ªá¨à®¢ ®£® k 2 f1; 2; : : : ;Kg ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ á¥¬¥©áâ¢ã ã§«®¢ !(1); : : : ; !(N)

 ¡®à ª®íää¨æ¨¥â®¢ u(1)k; : : : ; u(N)k. �à®¢¥¤¥¬ ¨â¥à¯®«ïæ¨î ¤ ®£®  ¡®à , á®¯®áâ ¢¨¢ ¥¬ã
áª «ïàãî ¢¥é¥áâ¢¥ãî äãªæ¨î buk(!) ¨§¢¥áâ®£® ª« áá  á® § ç¥¨ï¬¨ ¢ R1, ¥¯à¥àë¢ãî
¯® ! 2 
 [8], [9], [10]:

buk(!) = �(!; vk); vk 2 Vk � RN ; ! 2 
 � RM ; (15)

£¤¥ ª®¬¯®¥âë ¢¥ªâ®à  vk = (v(1)k; : : : ; v(N)k)  å®¤ïâáï ¯ãâ¥¬ à¥è¥¨ï á«¥¤ãîé¥© á¨áâ¥¬ë
(ª ª ¯à ¢¨«®, «¨¥©®©)  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨©:

buk(!(i)) = �(!(i); vk) = u(i)k; i = 1; 2; : : : ; N; k 2 f1; 2; : : : ;Kg: (16)

�¤¥áì ¨ ¤ «¥¥ ¯®« £ ¥¬, çâ® á®®â¢¥âáâ¢ãîé¨¥ ¨â¥à¯®«ïæ¨®ë¥ § ¤ ç¨ à §à¥è¨¬ë ¨ ¨¬¥-
îâ ¥¤¨áâ¢¥®¥ à¥è¥¨¥. �¥¯¥àì ¯®   «®£¨¨ á (15), (16) ¯à®¢®¤¨âáï ¨â¥à¯®«ïæ¨ï ¤«ï ¢á¥å
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k = 1; 2; : : : ;K, â. ¥.  å®¤¨âáï á®¢®ªã¯®áâì ¯ à ¬¥âà¨§®¢ ëå ª®íää¨æ¨¥â®¢ fbuk(!)g, ¥-
¯à¥àë¢ëå ¯® ¯ à ¬¥âàã ! 2 
. � ãç¥â®¬ íâ®£® ¯à¨¡«¨¦¥®¥ ¯ à ¬¥âà¨§®¢ ®¥ à¥è¥¨¥
ãà ¢¥¨ï (10), á¯à ¢¥¤«¨¢®¥ ¤«ï ¢á¥å ! 2 
, ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥

bzn(!) = 'n(!; bu(!)); bu(!) 2 U; bzn(!) 2 Zn; (17)

£¤¥ bu(!) = (bu1(!); : : : ; buK(!)) | ¢¥ªâ®à ï äãªæ¨ï á® § ç¥¨ï¬¨ ¢ RK ¥¯à¥àë¢ ï ¢ 
.
�ç¥¢¨¤® ¢ë¯®«¥¨¥ á«¥¤ãîé¨å å à ªâ¥à¨áâ¨ç¥áª¨å á¢®©áâ¢:

bu(!(i)) = u(i); bzn(!(i)) = 'n(!(i); bu(i)) = 'n(!(i); u(i)) =
�
zn(!(i)); i = 1; 2; : : : ; N:

� ë¥ á¢®©áâ¢  ¯®ª §ë¢ îâ, çâ® ¯®áâà®¥®¥ ¯ à ¬¥âà¨§®¢ ®¥ à¥è¥¨¥ (17) á®¢¯ ¤ ¥â á
®¯®àë¬¨ à¥è¥¨ï¬¨ á¥¬¥©áâ¢  f

�
zn(!(i))g ¯à¨ ä¨ªá¨à®¢ ëå ã§« å ¨â¥à¯®«ïæ¨¨ f!(i)g, £¤¥

!(i) 2 
, i = 1; 2; : : : ; N .
�®   «®£¨¨ á (17) ¤«ï â®ç®£® à¥è¥¨ï ãà ¢¥¨ï (10) ¬®¦® ¢®á¯®«ì§®¢ âìáï ¯à¥¤áâ ¢«¥-

¨¥¬
�
zn(!) = 'n(!; u(!)); u(!) 2 U;

�
zn(!) 2 Zn; (18)

£¤¥ u(!) = (u1(!); : : : ; uK(!)), ¯à¨ íâ®¬ u(!(i)) = u(i), i = 1; 2; : : : ; N .
�á«¨ ¯®áâà®¥® ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ bzn(!) ãà ¢¥¨ï (10), â® ¢ ª ç¥áâ¢¥ ¯à¨¡«¨¦¥®£®

à¥è¥¨ï bxn(!) ãà ¢¥¨ï (8) á«¥¤ã¥â ¯à¨ïâì bxn(!) = H�1
n (!)bzn(!), £¤¥ bxn(!) 2 Xn. �æ¥ª 

¡«¨§®áâ¨ ¯à¨¡«¨¦¥®£® à¥è¥¨ï bxn(!) ãà ¢¥¨ï (8) ª â®ç®¬ã à¥è¥¨î �
x(!) ãáâ  ¢«¨¢ ¥âáï

¢ á«¥¤ãîé¥© â¥®à¥¬¥.

�¥®à¥¬  1. �á«¨ ¢ë¯®«¥ë ãá«®¢¨ï (11), (12) ¨ (13), áãé¥áâ¢ã¥â ¥¯à¥àë¢ë© ®¯¥à â®à

L�1
n (!) ¨ ãà ¢¥¨¥ (8) ¨¬¥¥â ¥¯à¥àë¢®¥ ¢ ®¡« áâ¨ 
 â®ç®¥ à¥è¥¨¥

�
x(!), â® ¨ ¯à¨¡«¨-

¦¥®¥ à¥è¥¨¥ bxn(!) â ª¦¥ ¥¯à¥àë¢® ¢ ®¡« áâ¨ 
, ¨ ¤«ï ¢á¥å ! 2 
 á¯à ¢¥¤«¨¢  ®æ¥ª 

k
�
x(!)� bxn(!)k = k

�
x(!)�H�1

n (!)bzn(!)k � epnk�x(!)k + kH�1
n (!)k k�'n(!)k; (19)

£¤¥

�'n(!) = 'n(!; u(!)) � 'n(!; bu(!)); �'n(!) 2 Zn; (20)

epn = [1 + j�j"n + nkK(!)k]j�je�nkH�1
n (!)L�1

n (!)k+

+ [j�j"n + nkK(!)k][1 + kH�1
n (!)L�1

n (!) eHn(!)K(!)k]: (21)

�®ª § â¥«ìáâ¢®. � á¨«ã ãá«®¢¨© â¥®à¥¬ë á®£« á® [4] ¤«ï ä¨ªá¨à®¢ ®£® ! 2 
 á¯à ¢¥¤-
«¨¢  ®æ¥ª 

k
�
x(!)� xn(!)k = k

�
x(!)�H�1

n (!)
�
zn(!)k � epnk�x(!)k; (22)

£¤¥ ª®áâ â  epn ®¯à¥¤¥«ï¥âáï ¢ á®®â¢¥âáâ¢¨¨ á (21),   äãªæ¨ï xn(!) ï¢«ï¥âáï ¥¯à¥àë¢®© ¢
®¡« áâ¨ 
. � «¥¥, á ãç¥â®¬ ¥à ¢¥áâ¢  âà¥ã£®«ì¨ª 

k
�
x(!)� bxn(!)k � k

�
x(!)� xn(!)k+ kxn(!)� bxn(!)k;

®âªã¤ , ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ (17), (18) ¨ (22), ¯®«ãç ¥¬

k
�
x(!)� bxn(!)k = k

�
x(!)�H�1

n (!)bzn(!)k �
� epnk�x(!)k+ kH�1

n (!)'n(!; u(!)) �H�1
n (!)'n(!; bu(!))k: (23)

� ª ª ª «¨¥©ë© ¥¯à¥àë¢ë© ®¯¥à â®à Hn(!), ¤¥©áâ¢ãîé¨© ¨§ ¡  å®¢  ¯à®áâà áâ¢ 
Xn ¢§ ¨¬® ®¤®§ ç®   ¡  å®¢® ¯à®áâà áâ¢® Zn, ¨¬¥¥â ¥¯à¥àë¢ë© (  á«¥¤®¢ â¥«ì®,
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®£à ¨ç¥ë©) ®¡à âë© ®¯¥à â®à H�1
n (!), â® á ãç¥â®¬ (20) ¬®¦® ¢®á¯®«ì§®¢ âìáï ®ç¥¢¨¤ë¬

¥à ¢¥áâ¢®¬

kH�1
n (!)'n(!; u(!))�H�1

n (!)'n(!; bu(!))k �
� kH�1

n (!)k k'n(!; u(!)) � 'n(!; bu(!))k = kH�1
n (!)k k�'n(!)k; ! 2 
:

�âáî¤  á ãç¥â®¬ (23) ¯à¨å®¤¨¬ ª ®æ¥ª¥ (19).

�  ®á®¢ ¨¨ ¤ ®© â¥®à¥¬ë «¥£ª® ¯®«ãç¨âì ®æ¥ªã ¯à¨¡«¨¦¥®£® ¨ â®ç®£® à¥è¥¨©, ¥
¨á¯®«ì§ãîéãî ¤ ëå, ®â®áïé¨åáï ª â®ç®¬ã à¥è¥¨î

�
x(!) 2 X

k
�
x(!)� bxn(!)k � epn

1� epn kbxn(!)k+ kH�1
n (!)k k�'n(!)k; ep < 1; ! 2 
:

�à¨ § ¤ ®¬ N ¨ ®¯â¨¬ «ì®¬ à á¯®«®¦¥¨¨ ã§«®¢ ¨â¥à¯®«ïæ¨¨ f!(i)g ¢ ®¡« áâ¨ 
 (¯®
  «®£¨¨ á [1], [2], [3]) ¢¥«¨ç¨  k

�
x(!)� bxn(!)k ¤®áâ¨£ ¥â  ¨¬¥ìè¥£® § ç¥¨ï

sup
!

inf
f!(i)g

k
�
x(!)� bxn(!)k � sup

!

inf
f!(i)g

[epnk�x(!)k+ kH�1
n (!)k k�'n(!)k] � �:

�á«®¢¨ï áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ fbxn(!)g ª â®ç®¬ã à¥è¥¨î
�
x(!) ãà ¢¥¨ï (8)

ãáâ  ¢«¨¢ ¥â

�¥®à¥¬  2. �á«¨ ®¯¥à â®à K(!) ¨¬¥¥â ¥¯à¥àë¢ë© ®¡à âë©, ¨ ¯à¨ ª ¦¤®¬ n = 1; 2; : : :
¢ë¯®«¥ë ãá«®¢¨ï (11), (12) ¨ (13), ¯à¨ç¥¬

lim e�nkHn(!)k = lim "nkH
�1
n (!) eHn(!)k = limnkH

�1
n (!) eHn(!)k = 0

¯à¨ n ! 1 ¨ lim kH�1
n (!)k k�'n(!)k = 0 ¯à¨ n;N;K ! 1, â® ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å n

¤«ï ¢á¥å ! 2 
 ¨¬¥¥â ¬¥áâ® áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ à¥è¥¨© fbxn(!)g ª â®ç®¬ã

à¥è¥¨î
�
x(!) ¨ á¯à ¢¥¤«¨¢  ®æ¥ª 

k
�
x(!)� bxn(!)k � cn0e�nkH�1

n (!)k+ cn1"nkH
�1
n (!) eHn(!)k+

+ cn2nkH
�1
n (!) eHn(!)k+ kH�1

n (!)k k�'n(!)k:

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2 ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â ¨§ ¥à ¢¥áâ¢  âà¥ã£®«ì¨ª  ¨ á®®â¢¥â-
áâ¢ãîé¨å ®æ¥®ª, ¯à¨¢¥¤¥ëå ¢ [4]. �®®â®è¥¨¥ lim kH�1

n (!)k k�'n(!)k = 0 ¯à¨ n;N;K !1
ãª §ë¢ ¥â   â®, çâ® ¬¥â®¤ë ¨â¥à¯®«ïæ¨¨, ¨á¯®«ì§ã¥¬ë¥ ¯à¨ ¯®áâà®¥¨¨ ¯ à ¬¥âà¨§®¢ ®£®
à¥è¥¨ï bxn(!), ï¢«ïîâáï áå®¤ïé¨¬¨áï.

� ¬¥ç ¨¥ 1. �à¨ ¯®áâà®¥¨¨ ¯ à ¬¥âà¨§®¢ ëå à¥è¥¨© ®¯¥à â®àëå ãà ¢¥¨© ®¯¨-
á ë¬ ¢ëè¥ á¯®á®¡®¬ ¢¬¥áâ® à áá¬®âà¥ëå ¢ëè¥ ¯à®æ¥¤ãà ¨â¥à¯®«ïæ¨¨ ¬®£ãâ ¨á¯®«ì§®-
¢ âìáï ¨§¢¥áâë¥ ¯à®æ¥¤ãàë  ¯¯à®ªá¨¬ æ¨¨ (¯à¨¡«¨¦¥¨ï). �ç¥¢¨¤®, çâ® ¢ íâ®¬ á«ãç ¥ ®â¬¥-
ç¥ë¥ à ¥¥ å à ªâ¥à¨áâ¨ç¥áª¨¥ á¢®©áâ¢  ¬®£ãâ ¥ ¢ë¯®«ïâìáï, ¯à¨ íâ®¬ ¢ ª ç¥áâ¢¥ k�'n(!)k
à áá¬ âà¨¢ îâáï ®à¬ë á®®â¢¥âáâ¢ãîé¨å ®áâ â®çëå ç«¥®¢  ¯¯à®ªá¨¬ æ¨¨.

� ¬¥ç ¨¥ 2. �á«¨ à áá¬®âà¥ë© ¢ëè¥ ¯®¤å®¤ ª ¯®áâà®¥¨î ¯ à ¬¥âà¨§®¢ ëå à¥è¥-
¨© ¯à¨¬¥ï¥âáï ¥¯®áà¥¤áâ¢¥® ª ãà ¢¥¨î (9), â® ¥®¡å®¤¨¬® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥  -
¡®àã ã§«®¢ f!(i)g á¥¬¥©áâ¢® f

�
xn(!(i))g ®¯®àëå à¥è¥¨© íâ®£® ãà ¢¥¨ï. �®   «®£¨¨ á (14){(18)

â®ç®¥ ¨ ¯à¨¡«¨¦¥®¥ à¥è¥¨ï ãà ¢¥¨ï (9) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥
�
xn(!) = �n(!; (!)),bxn(!) = �n(!; b (!)), £¤¥ b (!) = ( b 1(!); : : : ; b K(!)), b k(!) = �(!;wk), wk 2 Wk � RN ,

k 2 f1; 2; : : : ;Kg. �¤¥áì ª®¬¯®¥âë ¢¥ªâ®à  wk = (w(1)k; : : : ; w(N)k)  å®¤ïâáï ¨§ á¨áâ¥¬ë ãà ¢-
¥¨© b k(!(i)) = �(!(i); wk) =  (i)k, i = 1; 2; : : : ; N , k 2 f1; 2; : : : ;Kg. �«ï ®æ¥ª¨ ¡«¨§®áâ¨

�
x(!)

¨ bxn(!) ¬®¦® ¢®á¯®«ì§®¢ âìáï ®æ¥ª®© k
�
x(!) � bxn(!)k � pnk

�
x(!)k + k��n(!)k, £¤¥ ��n(!) =

�n(!; (!)) � �n(!; b (!)), pn = 2j�j�nkK�1
n (!)k + [j�j"n + nkK(!)k][1 + kK�1

n (!)Pn(!)K(!)k].
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4. � à ¬¥âà¨§®¢ ë¥ à¥è¥¨ï ¬¥â®¤  � «¥àª¨ . �áâ ®¢¨¬áï ¯®¤à®¡¥¥   ¢ ¦®¬
¤«ï ¯à ªâ¨ª¨ á«ãç ¥, ª®£¤  Zn = Xn,   ¢ ª ç¥áâ¢¥ Fn(!) à áá¬ âà¨¢ ¥âáï ®¯¥à â®à Pn(!)F (!),
çâ® ¯®§¢®«ï¥â ¯¥à¥©â¨ ®â (9) ª ®¢®¬ã ¯à¨¡«¨¦¥®¬ã ãà ¢¥¨î

Kn(!)xn(!) � xn(!)� �Pn(!)F (!)xn(!) = Pn(!)f(!): (24)

�ç¥¢¨¤®, çâ® ¢ íâ®¬ á«ãç ¥ ¬®¦® ¯®«®¦¨âì e�n = 0, ¨, á«¥¤®¢ â¥«ì®, ä®à¬ã«¨à®¢ª¨ ¯à¨¢¥-
¤¥ëå ¢ëè¥ â¥®à¥¬ ã¯à®é îâáï.

�ãáâì Xn | ª®¥ç®¬¥à®¥ (à §¬¥à®áâ¨ n) ¯à®áâà áâ¢® X. � ¦¤ë© í«¥¬¥â xn(!) 2 Xn

á ãç¥â®¬ ¢â®à®£® § ¬¥ç ¨ï ¯®   «®£¨¨ á (18) ¥¤¨áâ¢¥ë¬ ®¡à §®¬ ¯à¥¤áâ ¢¨¬ ¢ ä®à¬¥ (¯à¨
íâ®¬ K = n)

xn(!) =
nX

k=1

 k(!)�k; �k 2 Xn; (25)

£¤¥  (!) = ( 1(!); : : : ;  n(!)) | ¢¥ªâ®à ¨áª®¬ëå ¯ à ¬¥âà¨§®¢ ëå ª®íää¨æ¨¥â®¢,   á®¢®-
ªã¯®áâì f�kg ®¡à §ã¥â ¡ §¨á ¢ Xn.

� áá¬®âà¨¬ ¯®«ãî ¢ Xn á¨áâ¥¬ã fQj(!)g «¨¥©ëå ¯ à ¬¥âà¨§®¢ ëå äãªæ¨® «®¢
Qj(!) â ª¨å, çâ® ¨§ à ¢¥áâ¢ Qj(!)xn(!) = 0, j = 1; 2; : : : ; n, á«¥¤ã¥â xn(!) = 0. � íâ®¬ á«ã-
ç ¥ ¢¬¥áâ® (24) ¬®¦® ®£à ¨ç¨âìáï à áá¬®âà¥¨¥¬ á¨áâ¥¬ë à ¢¥áâ¢

Qj(!)Pn(!)K(!)xn(!) = Qj(!)Pn(!)f(!); j = 1; 2; : : : ; n:

� §ëáª¨¢ ï à¥è¥¨¥ ãà ¢¥¨ï (24) ¢ ä®à¬¥ (25), ¯à¨å®¤¨¬ ª ¯ à ¬¥âà¨§®¢ ®© á¨áâ¥¬¥ «¨-
¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© ¬¥â®¤  � «¥àª¨     ¡áâà ªâ®© ä®à¬¥ (¯®   «®£¨¨ á [4],
[5])

nX
k=1

 k(!)Qj(!)�k � �
nX

k=1

 k(!)Qj(!)Pn(!)F (!)�k = Qj(!)Pn(!)f(!); j = 1; 2; : : : ; n: (26)

�á«¨ á¨áâ¥¬  äãªæ¨® «®¢ fQj(!)g ¡¨®àâ®£® «ì  ¡ §¨áã f�kg, â® á ãç¥â®¬ (26) ¯®«ãç ¥¬

 j(!)� �
nX

k=1

 k(!)Qj(!)Pn(!)F (!)�k = Qj(!)Pn(!)f(!); j = 1; 2; : : : ; n:

� ç áâ®áâ¨, ¥á«¨ X | £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®,   Pn(!) | ®¯¥à â®à ®àâ®£® «ì®£® ¯à®¥ª-
â¨à®¢ ¨ï, â®, ¯à¥¤¯®« £ ï á¨áâ¥¬ã f�kg ®àâ®®à¬ «ì®©, ¨¬¥¥¬

 j(!)� �
nX

k=1

 k(!)hF (!)�k ; �ji = hf(!); �ji; j = 1; 2; : : : ; n; (27)

£¤¥ h�; �i | á¨¬¢®« áª «ïà®£® ¯à®¨§¢¥¤¥¨ï.
�¥è ï á¨áâ¥¬ã ãà ¢¥¨© (27) ®â®á¨â¥«ì® f k(!)g ¤«ï á®¢®ªã¯®áâ¨ ã§«®¢ f!(i)g (£¤¥

i = 1; 2; : : : ; N),  ©¤¥¬ á¥¬¥©áâ¢® ®¯®àëå à¥è¥¨© f
�
xn(!(i))g ãà ¢¥¨ï (24), ª®â®à®¥ á ãç¥-

â®¬ ¢â®à®£® § ¬¥ç ¨ï ¯®   «®£¨¨ á (14) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥ f
�
xn(!(i)) = � T

(i)g,
£¤¥ � = (�1; : : : ; �n) | ¢¥ªâ®à ¡ §¨áëå äãªæ¨©,  (i) = ( (i)1; : : : ;  (i)n) | ¢¥ªâ®à ¨áª®¬ëå ª®íä-
ä¨æ¨¥â®¢, ª®â®àë¥  å®¤ïâáï ¨§ (27) ¤«ï ã§«  !(i) 2 
, ¯à¨ íâ®¬  (i)k =  k(!(i)), k = 1; 2; : : : ; n;
T | á¨¬¢®« âà á¯®¨à®¢ ¨ï.

�®   «®£¨¨ á (15), (16) á ãç¥â®¬ ¢â®à®£® § ¬¥ç ¨ï ¬®¦® ¢®á¯®«ì§®¢ âìáï á«¥¤ãîé¥©
¨â¥à¯®«ïæ¨¥©:

b k(!) = NX
j=1

w(j)k�(j)(!); k = 1; 2; : : : ; n; (28)
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£¤¥ á®¢®ªã¯®áâì ª®íää¨æ¨¥â®¢ w(1)k; : : : ; w(N)k ¤«ï ä¨ªá¨à®¢ ®£® k  å®¤¨âáï ª ª à¥è¥¨¥
á¨áâ¥¬ë ãà ¢¥¨©

b k(!(i)) =
NX
j=1

w(i)k�(j)(!(i)) =  (i)k; i = 1; 2; : : : ; N: (29)

�à¨¡«¨¦¥®¥ ¯ à ¬¥âà¨§®¢ ®¥ à¥è¥¨¥ ãà ¢¥¨ï (24) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥® ¢ ¢¨¤¥bxn(!) = � b T (!), £¤¥ b (!) = ( b 1(!); : : : ; b n(!)). �à¨ íâ®¬ bxn(!(i)) = � b T (!(i)) = � T
(i) =

�
xn(!(i)),

i = 1; 2; : : : ; N . �á«¨ ¢ ª ç¥áâ¢¥ â®ç®£® à¥è¥¨ï ãà ¢¥¨ï (24) ¯à¨ïâì
�
xn(!) = � T (!), â® á

ãç¥â®¬ ¢â®à®£® § ¬¥ç ¨ï k
�
x(!) � bxn(!)k � pnk

�
x(!)k + k�� T (!)k, £¤¥ � (!) =  (!) � b (!),

pn = [j�j"n + nkK(!)k][1 + kK�1
n (!)Pn(!)K(!)k].

�®¦® ¢®á¯®«ì§®¢ âìáï ¥áª®«ìª® ¨ë¬ ¯®¤å®¤®¬ ª ¯®áâà®¥¨î ¯ à ¬¥âà¨§®¢ ®£® à¥-
è¥¨ï bxn(!) ¯® áà ¢¥¨î á à áá¬®âà¥ë¬ ¢ëè¥. �«ï íâ®£® ¯à¥¤áâ ¢¨¬ bxn(!) ¢ á«¥¤ãîé¥¬
¢¨¤¥

bxn(!) = NX
j=1

nX
k=1

w(j)k�(j)(!)�k: (30)

� ¤ ¢è¨áì á®¢®ªã¯®áâìî ã§«®¢ f!(i)g, á®áâ ¢¨¬ á ãç¥â®¬ (27) ¨ (30) á¨áâ¥¬ã «¨¥©ëå  «£¥-
¡à ¨ç¥áª¨å ãà ¢¥¨© ®â®á¨â¥«ì® ¬ áá¨¢  fw(j)kg ¨áª®¬ëå ª®íää¨æ¨¥â®¢ w(j)k

NX
p=1

w(p)j�(p)(!(i))� �
nX

k=1

NX
d=1

w(d)k�(d)(!(i))hF (!(i))�k; �ji =

= hf(!(i)); �ji; j = 1; 2; : : : ; n; i = 1; 2; : : : ; N: (31)

�à¥¤¯®« £ ¥âáï, çâ® ¯à¨ ¢ë¡à ®© á®¢®ªã¯®áâ¨ ã§«®¢ f!(i)g á¨áâ¥¬  (31) ¥ ¢ëà®¦¤¥ .

5. �à¨¬¥à. �®   «®£¨¨ á [4] à áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã ¤«ï ®¡ëª®¢¥®£® ¤¨ää¥à¥æ¨-
 «ì®£® ãà ¢¥¨ï

x(2P )(!; t)� �
2PX
r=1

pr(!; t)x(2P�r)(!; t) = y(!; t); t 2 [a; b] � R1; ! 2 [c; d] � R1 (32)

¯à¨ ®¤®à®¤ëå ªà ¥¢ëå ãá«®¢¨ïå

x(r)(!; a) = x(r)(!; b) = 0; r = 0; 1; : : : ; P � 1; (33)

£¤¥ ¤«ï ä¨ªá¨à®¢ ®£® ! 2 
 ¢ë¯®«ï¥âáï á«¥¤ãîé¥¥: x(!; t) 2 X = C(2P )[a; b], pr(!; t) 2
C(1)[a; b], y(!; t) 2 Y = C(1)[a; b]. �ã¤¥¬ à áá¬ âà¨¢ âì ãà ¢¥¨¥ (32) ª ª äãªæ¨® «ì®¥ ¢ ¯à®-
áâà áâ¢¥ 2P -¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ëå ¯® t äãªæ¨© x(!; t), ã¤®¢«¥â¢®àïîé¨å ªà ¥¢ë¬
ãá«®¢¨ï¬ (33). � íâ®¬ á«ãç ¥ á ãç¥â®¬ (1) ¨¬¥¥¬ x(!) = x(!; t), G(!) = G, Gx(!; t) = x(2P )(!; t),

T (!)x(!; t) =
2PX
r=1

pr(!; t)x(2P�r)(!; t):

�®« £ ¥¬ â ª¦¥, çâ® ¢ë¯®«ïîâáï ãá«®¢¨ï â¥®à¥¬ë ® ¥ï¢®© äãªæ¨¨, ®¡¥á¯¥ç¨¢ îé¨¥ âà¥-
¡ã¥¬ãî £« ¤ª®áâì à¥è¥¨ï

�
x(!; t) § ¤ ç¨ (32), (33) ¯® ¯ à ¬¥âàã ! ¢ § ¬ªãâ®¬ è à¥ 
 = [c; d].

�  Xn ¯à¨¬¥¬ (á ãç¥â®¬ (25)) ¬®¦¥áâ¢® äãªæ¨© ¢¨¤ 

xn(!; t) = (t� a)P (b� t)P
nX

k=1

 k(!)tk�1 =
nX

k=1

 k(!)�k(t); (34)

â ª çâ® ªà ¥¢ë¥ ãá«®¢¨ï (33) ã¤®¢«¥â¢®àïîâáï  ¢â®¬ â¨ç¥áª¨.
�á«¨ ¢®á¯®«ì§®¢ âìáï ¨â¥à¯®«ïæ¨®ë¬ ¬¥â®¤®¬ (¨ ç¥ ¬¥â®¤®¬ á®¢¯ ¤¥¨ï (ª®««®ª æ¨¨)

[4]), â® ª®íää¨æ¨¥âë  (i)k =  k(!(i)), k = 1; 2; : : : ; n, á®®â¢¥âáâ¢ãîé¨¥ i-¬ã ®¯®à®¬ã à¥è¥¨î
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�
xn(!(i); t), ¬®£ãâ ¡ëâì  ©¤¥ë ¨§ ãá«®¢¨ï ã¤®¢«¥â¢®à¥¨ï ãà ¢¥¨ï (32) ¢ ¥ª®â®à®© § ¤ ®©
á¨áâ¥¬¥ â®ç¥ª (ã§«®¢) ª®««®ª æ¨¨ t1; t2; : : : ; tn

x(2P )
n (!(i); tj)� �

2PX
r=1

pr(!(i); tj)x
(2P�r)(!(i); tj) = y(!(i)tj); j = 1; 2; : : : ; n: (35)

�¥è ï á¨áâ¥¬ã (35) ¤«ï ª ¦¤®£® i 2 f1; 2; : : : ; Ng, ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥  ¡®àã f!(i)g

á¥¬¥©áâ¢® f
�
xn(!(i); t)g ç áâëå à¥è¥¨© ãà ¢¥¨ï (2), ª®â®à®¥ ¢  è¥¬ á«ãç ¥ ¯à¨¨¬ ¥â á«¥-

¤ãîé¨© ¢¨¤: Gxn(!)� ��nTxn(!) = �ny(!), £¤¥ xn(!) = xn(!; t), xn(!) = ex(!), �n = e�(!). �â®-
¡à ¦¥¨¥ �n ¯à®áâà áâ¢  Y   eY = Yn ®¯à¥¤¥«¨¬, ¯à¨¨¬ ï ¢ ª ç¥áâ¢¥ yn(!; t) = �ny(!; t) ¤«ï
ä¨ªá¨à®¢ ®£® ! ¨â¥à¯®«ïæ¨®ë© ¯®«¨®¬ (n� 1)-© áâ¥¯¥¨, ¨¬¥îé¨© ¢ ã§« å t1; t2; : : : ; tn
â¥ ¦¥ § ç¥¨ï, çâ® ¨ y(!; t).

�®   «®£¨¨ á [1]{[3], ¨á¯®«ì§ãï ¨â¥à¯®«ïæ¨î   ®á®¢¥ ¬®£®ç«¥  � £à ¦  á ãç¥â®¬
(28), (29) ¨¬¥¥¬

b k(!) = NX
j=1

w(j)k�(j)(!) =
NX
j=1

 (j)kL(j)(!); (36)

£¤¥

w(j)k =  (j)k; �(j)(!) = L(j)(!);

L(j)(!) =
NY
s=1
s6=j

! � !(s)

!(j) � !(s)

; !(j); !(s) 2 
 = [c; d];

b k(!(i)) =
NX
j=1

 (j)kL(j)(!(i)) =  (j)k; i = 1; 2; : : : ; N; k = 1; 2; : : : ; n:

� ª¨¬ ®¡à §®¬, ¢ á¨«ã (34), (36) ¯à¨¡«¨¦¥®¥ ¯ à ¬¥âà¨§®¢ ®¥ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨
(32), (33) ¨¬¥¥â ¢¨¤

bxn(!; t) = (t� a)P (b� t)P
nX

k=1

tk�1
NX
j=1

 (j)k

NY
s=1

! � !(s)

!(j) � !(s)

; (37)

¯à¨ íâ®¬ bxn(!(i); tr) =
�
xn(!(i); tr), i = 1; 2; : : : ; N , r = 1; 2; : : : ; n.

�à¨¬¥¨â¥«ì® ª ¤ ®¬ã ¯à¨¬¥àã ãá«®¢¨ï (3), (4) ¨ (5) ¢ë¯®«¥ë á®®â¢¥âáâ¢¥® á ª®-
áâ â ¬¨ �0 = 0, �1 = O(1=n) ¨ �2 = O(1=n), ¥á«¨ ¢á¯®¬¨âì, çâ® ¯® ãá«®¢¨î y(!; t) | ¤¢ ¦¤ë
¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï (¯® t) äãªæ¨ï. � á«ãç ¥, ª®£¤  ã§«ë ftrg ç¥¡ëè¥¢áª¨¥, á¯à -
¢¥¤«¨¢® k

�
x(!; t)�

�
xn(!; t)k = O(lnn=n).

�®   «®£¨¨ á [2], [3] ¤«ï ®æ¥ª¨ ¯®£à¥è®áâ¨ ¨â¥à¯®«ïæ¨¨ ¬®¦® ¢®á¯®«ì§®¢ âìáï ¥à -
¢¥áâ¢®¬

j k(!)� b k(!)j � QN

N !

NY
i=1

j! � !(i)j; ! 2 [c; d]; (38)

¯à¨ íâ®¬ ã§«ë f!(i)g ï¢«ïîâáï ç¥¡ëè¥¢áª¨¬¨, â. ¥.

!(i) =
d+ c

2
�
d� c

2
cos
�
2i� 1
2N

�

�
;

â®

max
!2[c;d]

NY
i=1

j! � !(i)j =
(d� c)N

22N�1
:
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� ª¨¬ ®¡à §®¬, á ãç¥â®¬ (34), (37) ¨ (38) ¨¬¥¥¬ ®æ¥ªã

j
�
xn(!; t)� bxn(!; t)j � j(t� a)P (b� t)P j

QN

N !
(d� c)N

22N�1

nX
k=1

jtjk�1

¯à¨ íâ®¬ j
�
xn(!; t) � bxn(!; t)j ! 0 ¯à¨ n;N ! 1 ¤«ï ¢á¥å ! 2 [c; d] ¨ t 2 [a; b]. � ª¨¬ ®¡à §®¬,

à ¢®¬¥à ï áå®¤¨¬®áâì

max
t;!

j
�
x(!; t)� bxn(!; t)j ! 0; t 2 [a; b]; ! 2 [c; d];

¯à¨ n;N ! 1, á ãç¥â®¬ á¢®©áâ¢ £« ¤ª®áâ¨ ¯à¨¡«¨¦¥®£® ¨ â®ç®£® à¥è¥¨© § ¤ ç¨ (32),
(33), á«¥¤ã¥â ¨§ áå®¤¨¬®áâ¨ ¬¥â®¤  ª®««®ª æ¨¨ ¨ áå®¤¨¬®áâ¨ ¬¥â®¤  ¨â¥à¯®«ïæ¨¨ ¬®£®ç«¥ 
� £à ¦ .
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