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� ¡®â  ï¢«ï¥âáï ¥áâ¥áâ¢¥­­ë¬ ¯à®¤®«¦¥­¨¥¬ à ¡®â [1]{[5] ¯® á¯« ©­-âà¨£®­®¬¥âà¨ç¥áª®¬ã
¬¥â®¤ã � «�¥àª¨­ , ¯à¥¤«®¦¥­­®¬ã ¢ [1]. �¤¥áì ¤ ¥âáï â¥®à¥â¨ç¥áª®¥ ®¡®á­®¢ ­¨¥ ãª § ­­®£® ¬¥-
â®¤  ¤«ï á« ¡®á¨­£ã«ïà­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï I à®¤  á à §­®áâ­ë¬¨ «®£ à¨ä¬¨ç¥áª¨¬¨
ï¤à ¬¨ ¢ £« ¢­®© ç áâ¨ ¨­â¥£à «ì­®£® ®¯¥à â®à 
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h(s; �; �; �)x(�; �)d� d� = y(s; �); (1)

£¤¥ h(s; �; �; �) ¨ y(s; �) | ¤ ­­ë¥ ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨, 2�-¯¥à¨®¤¨ç¥áª¨¥ ®â­®á¨â¥«ì­®  à£ã-
¬¥­â®¢ s ¨ �,   x(s; �) | ¨áª®¬ ï äã­ªæ¨ï ¨§ L2([��; �]2).

1. �ëç¨á«¨â¥«ì­ ï áå¥¬ 

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ ¤¢ã¬¥à­®£® á¯« ©­ 

xnm(s; �) =
nX

k=�n

mX
j=�m

�kj'kn(s)'jm(�); n;m 2 N; (2)

£¤¥ 'kn(s) ¨ 'jm(�) áãâì 2�-¯¥à¨®¤¨ç¥áª¨¥ äã­¤ ¬¥­â «ì­ë¥ á¯« ©­ë ¯¥à¢®© áâ¥¯¥­¨ ¯® á¨áâ¥-
¬ ¬ ã§«®¢ á®®â¢¥âáâ¢¥­­®

skn =
2k�
2n+ 1

; k = �n; n; �jm =
2j�

2m+ 1
; j = �m;m: (3)

�¥¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë �kj 2 R (k = �n; n, j = �m;m) ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ á¨áâ¥¬ë
«¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (����)

nX
k=�n

mX
j=�m

�kjcrl(A'kn'jm) = crl(y); r = �n; n; l = �m;m; (4)

£¤¥

crl(f) =
1
4�2

Z �

��

Z �

��
f(s; �)e�i(rs+l�)ds d�; r = 0;�1; : : : ; l = 0;�1; : : : ; (5)

| ¤¢®©­ë¥ ª®íää¨æ¨¥­âë �ãàì¥ ¢ ª®¬¯«¥ªá­®© ä®à¬¥ äã­ªæ¨¨ f 2 L2([��; �]2).
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2. �á­®¢­®© à¥§ã«ìâ â

�¡®§­ ç¨¬ ç¥à¥§ X = L2([��; �]2) ¯à®áâà ­áâ¢® ª¢ ¤à â¨ç­®-áã¬¬¨àã¥¬ëå ¯® �¥¡¥£ã ¢ ª¢ -
¤à â¥ [��; �;��; �] � [��; �]2 äã­ªæ¨© x = x(s; �) á ­®à¬®©

kxkX =
�

1
4�2

Z �

��

Z �

��

jx(s; �)j2ds d�
�1=2

; x 2 X:

�ãáâì Y = fW 1;2;1
2 ([��; �]2) | ¬­®¦¥áâ¢® ¢á¥å ­¥¯à¥àë¢­ëå 2�-¯¥à¨®¤¨ç¥áª¨å ¯® ª ¦¤®© ¨§

¯¥à¥¬¥­­ëå äã­ªæ¨© y = y(s; �), ¨¬¥îé¨å ®¡®¡é¥­­ë¥ ¯à®¨§¢®¤­ë¥ ¯® �®¡®«¥¢ã

@
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; y 2 Y;

¬­®¦¥áâ¢® Y ¯à¥¢à é ¥âáï ¢ ¯®«­®¥ «¨­¥©­®¥ ­®à¬¨à®¢ ­­®¥ ¯à®áâà ­áâ¢®. �¡®§­ ç¨¬ ç¥à¥§

Enm(')X = inf
�kj2R





'(s; �)�
nX

k=�n

mX
j=�m

�kj'kn(s)'jm(�)





X

­ ¨«ãçè¥¥ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨¨ '(s; �) 2 X ¢á¥¢®§¬®¦­ë¬¨ á¯« ©­ -
¬¨ ¢¨¤  (2).

�«ï ¢ëç¨á«¨â¥«ì­®© áå¥¬ë (1){(4) á¯à ¢¥¤«¨¢  á«¥¤ãîé ï

�¥®à¥¬  1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

 ) y(s; �) 2 Y ,   h(s; �; �; �) 2 Y ¯® ¯¥à¥¬¥­­®© (s; �) 2 [��; �]2 à ¢­®¬¥à­® ®â­®á¨â¥«ì­®

(�; �) 2 [��; �]2 ¨ h(s; �; �; �) 2 X ¯® ¯¥à¥¬¥­­®© (�; �) 2 [��; �]2 à ¢­®¬¥à­® ®â­®á¨â¥«ì-
­® (s; �) 2 R

2 ;
¡) ãà ¢­¥­¨¥ (1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x�(s; �) 2 X ¯à¨ «î¡®© ¯à ¢®© ç áâ¨

y(s; �) 2 Y .

�®£¤  ¯à¨ ¢á¥å n ¨ m 2 N, å®âï ¡ë ¤®áâ â®ç­® ¡®«ìè¨å, ���� (4) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥

à¥è¥­¨¥ ��kj (k = �n; n, j = �m;m). �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï

x�nm(s; �) =
nX

k=�n

mX
j=�m

��kj'kn(s)'jm(�) (2�)

áå®¤ïâáï ¯à¨ n!1, m!1 ª â®ç­®¬ã à¥è¥­¨î x�(s; �) ¢ ¯à®áâà ­áâ¢¥ X á® áª®à®áâìî

kx�(s; �)� x�nm(s; �)kX = OfEnm(x�)Xg: (6)

�®ª § â¥«ìáâ¢®. � ãá«®¢¨ïå  ) â¥®à¥¬ë á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ (1) íª¢¨¢ -
«¥­â­® «¨­¥©­®¬ã ®¯¥à â®à­®¬ã ãà ¢­¥­¨î

Ax � Gx+ Tx = y (x 2 X; y 2 Y ); (7)

£¤¥

G(x; s; �) =
1
4�2

Z �

��

Z �

��
ln
���� sin � � s

2

���� ln
���� sin � � �

2

����x(�; �)d� d�;
T (x; s; �) =

1
4�2

Z �

��

Z �

��
h(s; �; �; �)x(�; �)d� d�;

¯à¨ç¥¬ G : X ! Y ï¢«ï¥âáï ­¥¯à¥àë¢­® ®¡à â¨¬ë¬,   T : X ! Y | ¢¯®«­¥ ­¥¯à¥àë¢­ë¬ ®¯¥-
à â®à ¬¨. �®íâ®¬ã (7) ï¢«ï¥âáï ãà ¢­¥­¨¥¬, ¯à¨¢®¤ïé¨¬áï ¢ á¬ëá«¥ ([6], £«. 14) ª ãà ¢­¥­¨î
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¢â®à®£® à®¤  ¢ ¯®«­®¬ «¨­¥©­®¬ ­®à¬¨à®¢ ­­®¬ ¯à®áâà ­áâ¢¥ X. �âáî¤  ¨ ¨§ ãá«®¢¨ï ¡) â¥®-
à¥¬ë á«¥¤ã¥â, çâ® ®¯¥à â®àë A : X ! Y ¨ G�1A : X ! X ï¢«ïîâáï ­¥¯à¥àë¢­® ®¡à â¨¬ë¬¨,
¯à¨ç¥¬

kA�1kY!X � a1 � 1; k(G�1A)�1kX!X = kA�1GkX!X � a2 <1;

kG�1kY!X � a3 <1; kGkX!Y < a0 <1; (8)

£¤¥ ai | (§¤¥áì ¨ ¤ «¥¥) ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥.
�¡®§­ ç¨¬ ç¥à¥§ Xnm ¬­®¦¥áâ¢® ¢á¥å 2�-¯¥à¨®¤¨ç¥áª¨å á¯« ©­®¢ ¢¨¤  (2), ­ ¤¥«¥­­®¥ ­®à-

¬®© ¯à®áâà ­áâ¢  X. �®£¤ 

Xnm � X ¨ dimXnm = (2n+ 1)(2m+ 1) <1: (9)

�ãáâì Ynm | ¬­®¦¥áâ¢® ¢á¥å ¤¢ã¬¥à­ëå âà¨£®­®¬¥âà¨ç¥áª¨å ¯®«¨­®¬®¢ ¢¨¤ 
nX

k=�n

mX
j=�m

�kje
i(ks+j�); �kj 2 R; n;m 2 N;

­ ¤¥«¥­­®¥ ­®à¬®© ¯à®áâà ­áâ¢  Y . �®£¤ 

Ynm � Y ¨ dimYnm = (2n+ 1)(2m + 1) <1: (10)

�¢¥¤¥¬ ®¯¥à â®à ¯à®¥ªâ¨à®¢ ­¨ï �nm : Y ! Ynm ¯® ä®à¬ã«¥

�nm(f ; s; �) =
nX

k=�n

mX
j=�m

ckj(f)ei(ks+j�); f 2 Y; (11)

£¤¥ ª®íää¨æ¨¥­âë ckj(f) ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã«¥ (5).
�§¢¥áâ­® (á¬., ­ ¯à., [7], [8]), çâ® �nm ï¢«ï¥âáï «¨­¥©­ë¬ ¯à®¥ªæ¨®­­ë¬ ®¯¥à â®à®¬ ¨

k�nmk = 1; �nm : Y ! Y (n+ 1;m+ 1 2 N): (12)

�®«¥¥ â®£®, ®¯¥à â®àë �nm ®¯à¥¤¥«¥­ë â ª¦¥ ¢ ¯à®áâà ­áâ¢¥ X ¨

k�nmk = 1; �nm : X ! X (n+ 1;m+ 1 2 N): (12�)

�¥âàã¤­® ¤®ª § âì, çâ® ���� (4) íª¢¨¢ «¥­â­  ®¯¥à â®à­®¬ã ãà ¢­¥­¨î

Anmxnm � �nmGxnm +�nmTxnm = �nmy (xnm 2 Xnm; �nmy 2 Ynm); (13)

£¤¥ ¢ á¨«ã áª § ­­®£® ¢ëè¥ ®¡ ãà ¢­¥­¨¨ (7) ¨ ®¯¥à â®à å �nm ®¯¥à â®à Anm : Xnm ! Ynm
ï¢«ï¥âáï «¨­¥©­ë¬ ­¥¯à¥àë¢­ë¬ à ¢­®¬¥à­® ®â­®á¨â¥«ì­® n ¨ m 2 N. �âáî¤  ¢¨¤­®, çâ® (13)
­¥ ï¢«ï¥âáï ãà ¢­¥­¨¥¬, ¯à¨¢®¤ïé¨¬áï ª ãà ¢­¥­¨î II à®¤  ¢ ®¡ëç­®¬ á¬ëá«¥ (á¬., ­ ¯à., [6],
£«. 14, x 2). �¥¬ ­¥ ¬¥­¥¥ ¤®ª ¦¥¬, çâ® (13) ï¢«ï¥âáï ãà ¢­¥­¨¥¬, ¯à¨¢®¤ïé¨¬áï ª ãà ¢­¥­¨î
II à®¤  ¢ ®¡®¡é¥­­®¬ á¬ëá«¥. � íâ®© æ¥«ìî à áá¬®âà¨¬ å à ªâ¥à¨áâ¨ç¥áª¨¥ ãà ¢­¥­¨ï ¢¨¤ 

Gx = y (x 2 X; y 2 Y ); (7�)

Gnmxmn � �nmGxnm = �nmy (xnm 2 Xnm; �nmy 2 Ynm): (13�)

�®ª ¦¥¬, çâ® ­¥ â®«ìª® ®¯¥à â®à G : X ! Y , ­® ¨ ®¯¥à â®àë Gnm : Xnm ! Ynm ï¢«ïîâáï
­¥¯à¥àë¢­® ®¡à â¨¬ë¬¨ ¯à¨ «î¡ëå ­ âãà «ì­ëå n ¨ m 2 N. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® �nm

¨ G ï¢«ïîâáï ¯¥à¥áâ ­®¢®ç­ë¬¨:

�nm(Gx) = G(�nmx); x 2 X: (14)

�âáî¤  ¨ ¨§ (8) ¤«ï «î¡®£® xnm 2 Xnm ­ å®¤¨¬

kGnmxnmkY = k�nmGxnmkY = kG�nmxnmkY � 1
kG�1kY!X

k�nmxnmkX � 1
a3
k�nmxnmkX : (15)
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�§¢¥áâ­®, çâ® ¤«ï «î¡®© äã­ªæ¨¨ f(s; �) 2 X

�nmf = �n;1�1;mf = �1;m�n;1f;

£¤¥

�n;1(f ; s; �) =
nX

k=�n

ck;1(f)e
iks; ck;1(f) =

1
2�

Z �

��
f(s; �)e�iksds;

�1;m(f ; s; �) =
mX

j=�m

c1;j(f)e
ij� ; c1;j(f) =

1
2�

Z �

��
f(s; �)e�ij�d�:

�âáî¤ 

ckj(f) = ck;1c1;j(f) = c1;jck;1(f); f 2 X: (16)

�®íâ®¬ã á ¯®¬®éìî ¯®¢â®à­®£® ¯à¨¬¥­¥­¨ï «¥¬¬ë 5.2 ([4], £«. I) ¨ à ¢¥­áâ¢  � àá¥¢ «ï ¤«ï
«î¡®£® xnm 2 Xnm ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

k�nmxnmk2X =
nX

k=�n

mX
j=�m

jckj(xnm)j2 =
mX

j=�m

nX
k=�n

jck;1[c1;j(xnm)]j2 �

�
mX

j=�m

�
2
�

�4 1X
k=�1

jck;1[c1;j(xnm)]j2 =
�
2
�

�4 1X
k=�1

mX
j=�m

jc1;j [ck;1(xnm)]j2 �

�
�
2
�

�4 1X
k=�1

�
2
�

�4 1X
j=�1

jc1;j [ck;1(xnm)]j2 =
�
2
�

�8 1X
k=�1

1X
j=�1

jc1;jck;1(xnm)j2 =

=
�
2
�

�8 1X
k=�1

1X
j=�1

jck;j(xnm)j2 =
�
2
�

�8

kxnmk2X : (17)

�§ á®®â­®è¥­¨© (15){(17) ¤«ï «î¡®£® á¯« ©­  xnm 2 Xnm ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®

kGnmxnmkY � 1
a3

�
2
�

�4

kxnmkX (n;m 2 N): (18)

�§¢¥áâ­® (á¬., ­ ¯à., [6], á. 208{209), çâ® ¨§ (18) á«¥¤ã¥â «¥¢®áâ®à®­­ïï ®¡à â¨¬®áâì ®¯¥à â®à®¢
Gnm : Xnm ! Ynm ¯à¨ «î¡ëå n ¨ m 2 N ¨ á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­áâ¢

k(Gnm)
�1
l k � a3

�
�

2

�4

(n;m 2 N):

�âáî¤  ¨ ¨§ á®®â­®è¥­¨© (9) ¨ (10) á«¥¤ã¥â ¤¢ãáâ®à®­­ïï ®¡à â¨¬®áâì ®¯¥à â®à®¢ Gnm : Xnm !
Ynm ¨ á¯à ¢¥¤«¨¢®áâì ®æ¥­®ª

kG�1
nmkYnm!Xnm

� a3

�
�

2

�4

(n;m 2 N): (19)

� á¨«ã (8) ¨ (19) ª ãà ¢­¥­¨ï¬ (7�) ¨ (13�) ¯à¨¬¥­¨¬  «¥¬¬  2.2 ([4], £«. I)

kG�1y �G�1
nm�nmykX = k(E �G�1

nm�nmG)G
�1ykX � kE �G�1

nm�nmGkX!X�(G
�1y;Xnm)X �

� f1 + kG�1
nmkYnm!Xnm

k�nmkY!YnmkGkX!Y gEnm(G�1y)X :

�âáî¤  ¨ ¨§ á®®â­®è¥­¨© (19), (8), (12) ¯®«ãç ¥¬ ®æ¥­ªã

kG�1y �G�1
nm�nmykX = k(E �G�1

nm�nmG)G�1ykX �

�
�
1 + a0a3

�
�

2

�4�
Enm(G

�1y)X � a4Enm(G
�1y)X : (20)
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� á¨«ã (8) ¨ (19) ãà ¢­¥­¨ï (7) ¨ (13) íª¢¨¢ «¥­â­ë ®¯¥à â®à­ë¬ ãà ¢­¥­¨ï¬ ¢â®à®£® à®¤ 
á®®â¢¥âáâ¢¥­­®

Kx � x+G�1Tx = G�1y (x;G�1y 2 X); (21)

Knmxnm � xnm +G�1
nm�nmTxnm = G�1

nm�nmy (xnm; G�1
nm�nmy 2 Xnm); (22)

£¤¥ n ¨ m 2 N. �®ª ¦¥¬ ¡«¨§®áâì íâ¨å ãà ¢­¥­¨© ¢ á¬ëá«¥ ([9], £«. I;   â ª¦¥ [10]). �«ï ¨å
¯à ¢ëå ç áâ¥© ¢ á¨«ã (20) ¨¬¥¥¬

�nm � kG�1y �G�1
nm�nmykX � a4Enm(G�1y)X : (23)

�§ (20){(23) ¤«ï «î¡®£® xnm 2 Xnm (xnm 6= 0) ­ å®¤¨¬

kKxnm �KnmxnmkX = kG�1Txnm �G�1
nm�nmTxnmkX =

= k(E �G�1
nm�nmG)G�1TxnmkX � kxnmkXk(E �G�1

nm�nmG)G�1Tznmk �
� kxnmkX � a4Enm(G�1Tznm)X ; znm =

xnm

kxnmkX : (24)

�¡®§­ ç¨¬ ç¥à¥§ S = S(0; 1) ¥¤¨­¨ç­ë© è à ¯à®áâà ­áâ¢  X á æ¥­âà®¬ ¢ ­ã«¥¢®© â®çª¥
¯à®áâà ­áâ¢  X. �®£¤  ¨§ (24) ­ å®¤¨¬

"nm � kK �KnmkXnm!X � a4"
0
nm; (25)

£¤¥ ¢ á¨«ã â¥®à¥¬ë �.�. �¥«ìä ­¤  ([6], á. 322{323)

"0nm = sup
z2S(0;1)

Enm(G�1Tz)X = Enm(G�1TS)X = �(G�1TS;Xnm)X ! 0 (n;m!1)

¢¢¨¤ã ¯®«­®© ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  T : X ! Y ¨ á«¥¤ãîé¥© ®âáî¤  ª®¬¯ ªâ­®áâ¨ ¬­®¦¥-
áâ¢  G�1TS ¢ ¯à®áâà ­áâ¢¥ X.

� ª ¢¨¤­® ¨§ à ¢¥­áâ¢  K = G�1A, ®¯¥à â®à K : X ! X ­¥¯à¥àë¢­® ®¡à â¨¬ ¨

K�1 = A�1G; kK�1kX!X � kA�1kY!XkGkX!Y � a0a1 <1; (26)

  ¨§ (23){(25)

lim
n!1
m!1

�nm = 0; lim
n!1
m!1

"nm = 0: (27)

� á¨«ã (26), (27) ª ãà ¢­¥­¨ï¬ (21) ¨ (22) ¯à¨¬¥­¨¬  «¥¬¬  2.1 ([4], £«. I), á®£« á­® ª®â®à®©
®¯¥à â®àë Knm = G�1

nmAnm : Xnm ! Xnm ­¥¯à¥àë¢­® ®¡à â¨¬ë ¯à¨ ¢á¥å n ¨ m 2 N å®âï ¡ë
¤®áâ â®ç­® ¡®«ìè¨å ¨

kK�1
nmkXnm!Xnm

= k(G�1
nmAnm)

�1kXnm!Xnm
� a5 <1; (28)

£¤¥ a5 | ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, ­¥ § ¢¨áïé ï ®â n ¨ m 2 N, ¯à¨ç¥¬

kx� � x�nmkX = kK�1G�1y �K�1
nmG

�1
nm�nmykX = O("nm + �nm)! 0 (n ¨ m!1): (29)

�¥¯¥àì ¤®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì ®æ¥­ª¨ (6). � á¨«ã (28) ®¯¥à â®àë Anm = GnmKnm : Xnm !
Ynm ­¥¯à¥àë¢­® ®¡à â¨¬ë å®âï ¡ë ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å n ¨ m 2 N, ¯à¨ç¥¬ ¡« £®¤ àï (19)
¨ (28) ¨¬¥¥¬

kA�1
nmkYnm!Xnm

� kK�1
nmkXnm!Xnm

kG�1
nmkYnm!Xnm

� a3a5

�
�

2

�4

= a6 <1; (30)

£¤¥ a6 | ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, ­¥ § ¢¨áïé ï ®â n ¨ m.
� á¨«ã (8) ¨ (30) ª ãà ¢­¥­¨ï¬ (7) ¨ (13) ¯à¨¬¥­¨¬  «¥¬¬  2.2 ([4], £«. I), á®£« á­® ª®â®à®©

á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

kx� � x�nmkX = kA�1y �A�1
nm�nmykX � kE �A�1

nm�nmAkX!Xkx� � xnmkX ; (31)
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£¤¥ xnm | ¯à®¨§¢®«ì­ë© í«¥¬¥­â ¨§ Xnm. �§ (8), (12), (12�), (30) ¨ (31) ¯ãâ¥¬ ¯®¤å®¤ïé¥£®
¯®¤¡®à  í«¥¬¥­â®¢ xnm 2 Xnm ­ å®¤¨¬ âà¥¡ã¥¬ãî ®æ¥­ªã (6).

�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ®áâ «®áì ¯®ª § âì á¯à ¢¥¤«¨¢®áâì â®¦¤¥áâ¢  (14).
�â® ¬ë á¤¥« ¥¬ á ¯®¬®éìî á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ ([7], £«. I). �à¥¤áâ ¢¨¬ äã­ªæ¨î
x(s; �) 2 X ¢ ¢¨¤¥ àï¤ 

x(s; �) =
1X

k=�1

1X
j=�1

ckj(x)e
i(ks+j�) ; x 2 X: (32)

�®£¤ 

G(x; s; �) =
1
4�2

Z �

��

Z �

��

x(�; �) ln
���� sin � � s

2

���� ln
���� sin � � �

2

����d� d� =
=

1X
k=�1

1X
j=�1

ckj(x)
1
4�2

Z �

��

Z �

��

ei(k�+j�) ln
���� sin � � s

2

���� ln
���� sin � � �

2

����d� d� =
=

1X
k=�1

1X
j=�1

ckj(x)
�
1
2�

Z �

��
eik� ln

���� sin � � s

2

����d�
��

1
2�

Z �

��
eij� ln

���� sin � � �

2

����d�
�
=

=
1X

k=�1

1X
j=�1

ckj(x)�ke
iks�je

ij� =
1X

k=�1

1X
j=�1

�k�jckj(x)e
i(ks+j�) ; x 2 X; (33)

£¤¥ �r = f� ln 2 ¯à¨ r = 0; � 1
2jrj

¯à¨ r = �1;�2; : : : g. �âáî¤ 

�nm(Gx; s; �) =
nX

k=�n

mX
j=�m

�k�jckj(x)e
i(ks+j�) ; x 2 X: (34)

� ¤àã£®© áâ®à®­ë, ¨§ (32) ¨ (33) ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ äã­ªæ¨¨ x 2 X ­ å®¤¨¬

�nm(x; s; �) =
nX

k=�n

mX
j=�m

ckj(x)ei(ks+j�);

G(�nmx; s; �) =
1X

k=�1

1X
j=�1

�k�jckj(�nmx)e
i(ks+j�) =

nX
k=�n

mX
j=�m

�k�jckj(x)e
i(ks+j�) ; (35)

§¤¥áì ¯à¨ ¤®ª § â¥«ìáâ¢¥ (35) ¨á¯®«ì§®¢ ­ë â ª¦¥ á«¥¤ãîé¨¥ «¥£ª® ¯à®¢¥àï¥¬ë¥ á®®â­®è¥­¨ï:

ckj(�nmx) =

8>>>><
>>>>:

ckj(x) ¯à¨ jkj � n; jjj � m;

0 ¯à¨ jkj � n+ 1; jjj � m+ 1;

0 ¯à¨ jkj � n; jjj � m+ 1;

0 ¯à¨ jkj � n+ 1; jjj � m:

�§ (34) ¨ (35) á«¥¤ã¥â â®¦¤¥áâ¢® (14).

3. �¥ª®â®àë¥ § ¬¥ç ­¨ï ¨ ¤®¯®«­¥­¨ï

� ª ¢¨¤­® ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë, ¯®£à¥è­®áâì ¨áá«¥¤ã¥¬®£® ¬¥â®¤  ¤«ï ãà ¢­¥­¨ï (1)
¬®¦¥â ¡ëâì ®æ¥­¥­  á ¯®¬®éìî ­¥à ¢¥­áâ¢ (6) ¨ (23). �à®¬¥ â®£®, ¨§ â®¦¤¥áâ¢  x� = G�1y +
G�1Tx� ¨ ­¥à ¢¥­áâ¢  (6) ­ å®¤¨¬ ®æ¥­ªã

kx� x�nmkX = OfEnm(G
�1y)X +Enm(G

�1Tx�)Xg; (36)

®ç¥¢¨¤­®, ¡®«¥¥ ã¤®¡­ãî, ç¥¬ (6) ¨ (29).
�¥à ¢¥­áâ¢  (6), (29), (36) ¨ ¨§¢¥áâ­ë¥ à¥§ã«ìâ âë ¯® â¥®à¨¨ ¯à¨¡«¨¦¥­¨© á¯« ©­ ¬¨ [11],

[12] ¯®§¢®«ïîâ ®¯à¥¤¥«¨âì áª®à®áâì áå®¤¨¬®áâ¨ ¬¥â®¤  (1){(4). � ç áâ­®áâ¨, á¯à ¢¥¤«¨¢  á«¥-
¤ãîé ï
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�¥®à¥¬  2. �ãáâì äã­ªæ¨¨ y(s; �) ¨ h(s; �; �; �) â ª®¢ë, çâ® à¥è¥­¨¥ x�(s; �) ãà ¢­¥­¨ï
(1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

x�(s; �) 2W r;l
2 (r = 1 ¨«¨ 2; l = 1 ¨«¨ 2): (37)

�®£¤  ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ¬¥â®¤ (1){(4) áå®¤¨âáï ¢ ¯à®áâà ­áâ¢¥ X = L2([��; �]2) á® áª®-

à®áâìî

kx� � x�nmkX = O

�
1
nr

+
1
ml

�
: (38)

�®ª § â¥«ìáâ¢®. �­ ç «  ®â¬¥â¨¬ á«¥¤ãîéãî ¢¥áì¬  ã¤®¡­ãî ¤«ï ¯à¨«®¦¥­¨© ®æ¥­ªã:

Enm(f)X = �(f;Xnm)X � En;1(f) +E1;m(f); (39)

£¤¥

En;1(f) = inf
�k(�)2Z





f(s; �)�
nX

k=�n

�k(�)'kn(s)





X

;

E1;m(f) = inf
�j(s)2Z





f(s; �)�
mX

j=�m

�j(s)'jm(�)





X

;

  Z = L2[��; �] á ®¡ëç­®© ­®à¬®©. � ¬¥â¨¬, çâ® ®æ¥­ª  (39) ¤®ª §ë¢ ¥âáï ¯®  ­ «®£¨¨ á ä®à-
¬ã«®© �.�. �¥à­èâ¥©­  [13], ãáâ ­ ¢«¨¢ îé¥© á¢ï§ì ¬¥¦¤ã ¯®«­ë¬¨ ¨ ç áâ­ë¬¨ ­ ¨«ãçè¨¬¨
áà¥¤­¥ª¢ ¤à â¨ç¥áª¨¬¨ ¯à¨¡«¨¦¥­¨ï¬¨ ¯®áà¥¤áâ¢®¬ âà¨£®­®¬¥âà¨ç¥áª¨å ¯®«¨­®¬®¢.

�§ á®®â­®è¥­¨© (6) ¨ (39) á«¥¤ã¥â ®æ¥­ª 

kx� � x�nmkX = OfEn;1(x�)X +E1;m(x�)Xg: (40)

�¢¥¤¥¬ äã­ªæ¨¨ (â ª ­ §ë¢ ¥¬ë¥ \¯®«ãá¯« ©­ë")

Pn;1(x
�; s; �) =

nX
k=�n

x�(skn; �)'kn(s); n 2 N; (41)

P1;m(x
�; s; �) =

mX
j=�m

x�(s; �jm)'jm(s); m 2 N; (42)

£¤¥ ã§«ë ®¯à¥¤¥«¥­ë ¢ (3). �®£¤  ¨¬¥¥¬

En;1(x
�)X � kx� � Pn;1x

�kX ; E1;m(x
�)X � kx� � P1;mx

�kX : (43)

�§ (40){(43) ¯®«ãç ¥¬ ®æ¥­ªã

kx� � x�nmkX = Ofkx� � Pn;1x
�kX + kx� � P1;mx

�kXg: (44)

� á¨«ã (37) äã­ªæ¨ï x�(s; �) 2 W r
2 ¯® ¯¥à¥¬¥­­®© s à ¢­®¬¥à­® ®â­®á¨â¥«ì­® � 2 R ¨

x�(s; �) 2W l
2 ¯® ¯¥à¥¬¥­­®© � à ¢­®¬¥à­® ®â­®á¨â¥«ì­® s 2 R. �®íâ®¬ã ¨§ ¨§¢¥áâ­ëå à¥§ã«ìâ -

â®¢ ¯® ¯à¨¡«¨¦¥­¨î á¯« ©­ ¬¨ [11], [12] ¯®«ãç ¥¬

kx� � Pn;1x
�kX = O

�
1
nr

�
; kx� � P1;mx

�kX = O

�
1
ml

�
: (45)

�§ (44) ¨ (45) á«¥¤ã¥â âà¥¡ã¥¬ ï ®æ¥­ª  (38).
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�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯à¨ r = l = 2 ¨§ (38) ¯®«ãç ¥¬ ®æ¥­ªã

kx� � x�nmkX = O

�
1
n2

+
1
m2

�
; (46)

ª®â®à ï ­¥ ¬®¦¥â ¡ëâì ã«ãçè¥­  ¢ á¬ëá«¥ ¯®àï¤ª  ­¨ ¯à¨ ª ª®¬ ã«ãçè¥­¨¨ ¤¨ää¥à¥­æ¨-
 «ì­ëå á¢®©áâ¢ äã­ªæ¨© y(s; �) ¨ h(s; �; �; �). �®íâ®¬ã ¯à¨ ­ «¨ç¨¨ ã x�(s; �) ¡®«¥¥ å®à®è¨å
¤¨ää¥à¥­æ¨ «ì­ëå á¢®©áâ¢, ç¥¬ ¢ â¥®à¥¬¥ 2, ¤«ï ¯®«ãç¥­¨ï ¡®«¥¥ á¨«ì­ëå, ç¥¬ (46), ®æ¥­®ª
­¥®¡å®¤¨¬® ¨á¯®«ì§®¢ âì ¯à¨¡«¨¦¥­¨ï á¯« ©­ ¬¨ ¡®«¥¥ ¢ëá®ª¨å áâ¥¯¥­¥©.

�¥®à¥¬  3. �ãáâì n � m ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (37) ¯à¨ r = l = 2. �®£¤  ¢ ãá«®¢¨ïå â¥®à¥-

¬ë 1 ¬¥â®¤ (1){(4) áå®¤¨âáï à ¢­®¬¥à­® á® áª®à®áâìî

max
s;�

jx�(s; �) � x�nm(s; �)j = O

�
1
n

�
= O

�
1
m

�
: (47)

�®ª § â¥«ìáâ¢®. �®áª®«ìªã

kx� � x�nmkX = O

�
1
n2

+
1
m2

�
; (48)

â®

x� � x�nm =
1X
k=1

(x�2kn;2km � x�2k�1n;2k�1m); (49)

£¤¥ àï¤ áå®¤¨âáï ¯® ªà ©­¥© ¬¥à¥ ¢ ¯à®áâà ­áâ¢ å X = L2([��; �]2). �®  ­ «®£¨¨ á ®¤­®¬¥à­ë¬
á«ãç ¥¬ [5] ­¥âàã¤­® ¯®ª § âì, çâ® ¤«ï «î¡®£® xnm 2 Xnm

kxnmkC = O(
p
nm)kxnmkX ; (50)

£¤¥ C = C([��; �]2) | ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå 2�-¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨© ®â ¤¢ãå ¯¥à¥¬¥­-
­ëå á ®¡ëç­®© ­®à¬®©. �§ (48){(50) ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

kx� � x�nmkC �
1X
k=1

kx�2kn;2km � x�2k�1n;2k�1mkC =

=
1X
k=1

O(
p
2kn � 2km)kx�2kn;2km � x�2k�1n;2k�1mkX �

� O(
p
nm)

1X
k=1

2kfkx� � x�2kn;2kmkX + kx� � x�2k�1n;2k�1mkXg =

= O(
p
nm)

1X
k=1

2k
�
O

�
1

(2kn)2
+

1
(2km)2

��
=

= O(
p
nm)O

�
1
n2

+
1
m2

� 1X
k=1

1
2k

= O

�p
nm

�
1
n2

+
1
m2

��
: (51)

�®áª®«ìªã n � m, â® ¨§ (51) á«¥¤ãîâ ®æ¥­ª¨ (47).

�¥®à¥¬  4. � ãá«®¢¨ïå â¥®à¥¬ë 1 ­¥¢ï§ª  rnm = y � Ax�nm ¬¥â®¤  (1){(4) áå®¤¨âáï ¯à¨

n!1 ¨ m!1 à ¢­®¬¥à­® á® áª®à®áâìî

max
s;�

jrnm(s; �)j = OfEnm(x
�)Xg:

10



�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë 1

krnmkC = ky �Ax�nmkC = kA(x� � x�nm)kC � kAkX!Ckx� � x�nmkX = kAkX!COfEnm(x�)Xg:
�®íâ®¬ã ¤«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® ¯®ª § âì, çâ® ®¯¥à â®à A, ®¯à¥¤¥«¥­­ë© ¢
(1) ¨ (7), ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

kAkX!C � a7 = const <1; (52)

çâ® ¬®¦¥â ¡ëâì á¤¥« ­® à §«¨ç­ë¬¨ á¯®á®¡ ¬¨. � ¯à¨¬¥à, ¬®¦­® ¢®á¯®«ì§®¢ âìáï â¥¬ ä ª-
â®¬, çâ® ¯à®áâà ­áâ¢® Y = W 1;2;1

2 , ¢¢¥¤¥­­®¥ ¢ëè¥, ­¥¯à¥àë¢­® ¢«®¦¥­® ¢ ¯à®áâà ­áâ¢®
C = C([��; �]2); â®£¤  ¤«ï «î¡®© äã­ªæ¨¨ x 2 X ¨¬¥¥¬

kAxkC � a8kAxkY � a8kAkX!Y kxkX ; (53)

®âªã¤  á«¥¤ã¥â ®æ¥­ª  (52) á ¯®áâ®ï­­®© a7 = a8kAkX!Y .

�®áâ®ï­­ ï a7 ¢ â¥®à¥¬¥ 4 ï¢«ï¥âáï § ¢ëè¥­­®©,   ¢ ¯à¨«®¦¥­¨ïå âà¥¡ã¥âáï ¡®«¥¥ â®ç­ ï
®æ¥­ª , ç¥¬ (53). �®íâ®¬ã ¬®¦­® ¢®á¯®«ì§®¢ âìáï ä®à¬ã«®©

a7 = 2 + khkC([��;�]4): (54)

�«ï ¯®«ãç¥­¨ï (54) § ¬¥â¨¬, çâ® ¤«ï «î¡®© äã­ªæ¨¨ x 2 X á ¯®¬®éìî ­¥à ¢¥­áâ¢ 
�ã­ïª®¢áª®£®{�®è¨ à ¢­®¬¥à­® ®â­®á¨â¥«ì­® (s; �) 2 R

2 ­ å®¤¨¬

jA(x; s; �)j � jG(x; s; �)j + jT (x; s; �)j �

� kxkX
��

1
4�2

Z �

��

Z �

��

ln2
���� sin � � s

2

���� ln2
���� sin � � �

2

����d� d�
�1=2

+

+
�

1
4�2

Z �

��

Z �

��

jh(s; �; �; �)j2d� d�
�1=2�

� kxkXfM + khkC([��;�]4)g; (55)

£¤¥ á ãç¥â®¬ ¯¥à¨®¤¨ç­®áâ¨ ¨¬¥¥¬

M =
�

1
4�2

Z �

��

Z �

��

ln2
���� sin � � s

2

���� ln2
���� sin � � �

2

����d� d�
�1=2

=

=
�
1
2�

Z �

��

ln2
���� sin � � s

2

����d� � 1
2�

Z �

��

ln2
���� sin � � �

2

����d�
�1=2

=

=
�
1
2�

Z �

��

ln2
���� sin s2

����ds � 1
2�

Z �

��

ln2
���� sin �2

����d�
�1=2

=

=
1
2�

Z �

��

ln2
���� sin t

2

����dt = 2
�

Z �=2

0

ln2 sin t dt � 2
�

Z �=2

0

ln2
�
2
�
t

�
dt =

Z 1

0

ln2 t dt = 2: (56)

�§ á®®â­®è¥­¨© (55) ¨ (56) á«¥¤ã¥â ®æ¥­ª  (52) á ¯®áâ®ï­­®© a7, ®¯à¥¤¥«¥­­®© ¢ (54).
� § ª«îç¥­¨¥ à áá¬®âà¨¬ ¯à¨¬¥­¥­¨¥ á¯« ©­-âà¨£®­®¬¥âà¨ç¥áª®£® ¬¥â®¤  � «�¥àª¨­  ª à¥-

è¥­¨î ¤¢ã¬¥à­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �à¥¤£®«ì¬  ¢â®à®£® à®¤ 

(Bx)(s; �) � x(s; �) +
1
4�2

Z �

��

Z �

��
h(s; �; �; �)x(�; �)d� d� = y(s; �); �1 < s; � <1; (57)

£¤¥ y(s; �) 2 L2([��; �]2), h(s; �; �; �) 2 L2([��; �]4) | ¨§¢¥áâ­ë¥ äã­ªæ¨¨,   x(t; �) 2 L2([��; �]2)
| ¨áª®¬ ï äã­ªæ¨ï.

�®£« á­® ¨áá«¥¤ã¥¬®¬ã ¬¥â®¤ã ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (57) ¨é¥âáï ¢ ¢¨¤¥ á¯« ©-
­  (2), ª®íää¨æ¨¥­âë ª®â®à®£® ®¯à¥¤¥«ïîâáï ¨§ ����

nX
k=�n

mX
j=�m

�kjfcrl('kn'jm) + crl(T'kn'jm)g = crl(y); r = �n; n; l = �m;m; (58)
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§¤¥áì ®¯¥à â®à T , ®¯à¥¤¥«¥­­ë© ¢ (7), à áá¬ âà¨¢ ¥âáï ª ª ®¯¥à â®à ¨§ ¯à®áâà ­áâ¢  X =
L2([��; �]2) � L2 ¢ â® ¦¥ ¯à®áâà ­áâ¢® Y = L2.

�«ï ¢ëç¨á«¨â¥«ì­®© áå¥¬ë (2), (3), (57), (58) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  5. �ãáâì ãà ¢­¥­¨¥ (57) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x�(x; �) 2 L2 ¯à¨ «î¡®©

¯à ¢®© ç áâ¨ y(s; �) 2 L2. �®£¤  ¯à¨ ¢á¥å n ¨ m 2 N å®âï ¡ë ¤®áâ â®ç­® ¡®«ìè¨å ���� (58)
¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ��kj (k = �n; n, j = �m;m). �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï x�nm(s; �),
®¯à¥¤¥«ï¥¬ë¥ ¯® ä®à¬ã«¥ (2�), áå®¤ïâáï ¯à¨ n ! 1, m ! 1 ª â®ç­®¬ã à¥è¥­¨î x�(s; �) ¢
¯à®áâà ­áâ¢¥ L2 á® áª®à®áâìî

kx� � x�nmkL2
= OfEnm(x�)L2

g: (59)

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨¬ ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1, ¯®« £ ï G = E : X ! X,
Gnm = �nm : Xnm ! Ynm, £¤¥ ¯®¤¯à®áâà ­áâ¢® Xnm ®¯à¥¤¥«ï¥âáï â ª ¦¥, ª ª ¨ ¢ x 2,   Ynm
| ¬­®¦¥áâ¢® ¤¢ã¬¥à­ëå âà¨£®­®¬¥âà¨ç¥áª¨å ¯®«¨­®¬®¢ ãª § ­­®£® ¢ x 2 ¢¨¤ , ­® ­ ¤¥«¥­­®¥
­®à¬®© ¯à®áâà ­áâ¢  L2. �®íâ®¬ã Xnm 6= Ynm, ­¥á¬®âàï ­  â®, çâ® X = Y .

�¥âàã¤­® ¯®ª § âì, çâ® ãà ¢­¥­¨ï (57) ¨ (58) íª¢¨¢ «¥­â­ë ®¯¥à â®à­ë¬ ãà ¢­¥­¨ï¬ á®®â-
¢¥âáâ¢¥­­®

Bx � x+ Tx = y (x; y 2 X = L2); (60)

Bnmxnm = �nmxnm +�nmTxnm = �nmy (xnm 2 Xnm; �nmy 2 Ynm); (61)

£¤¥ ®¯¥à â®à �nm, ®¯à¥¤¥«¥­­ë© ¢ (11), à áá¬ âà¨¢ ¥âáï ª ª ®¯¥à â®à ¢ ¯à®áâà ­áâ¢¥ X =
L2([��; �]2).

� ª ¢¨¤­® ¨§ á®®â­®è¥­¨© (17), ¤«ï «î¡®£® xnm 2 Xnm á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

kGnmxnmkX = k�nmxnmkX �
�
2
�

�4

kxnmkX : (62)

�®íâ®¬ã ¤«ï «î¡ëå n ¨ m 2 N ®¯¥à â®àë Gnm = �nm : Xnm ! Ynm ­¥¯à¥àë¢­® ®¡à â¨¬ë ¨

kG�1
nmkYnm!Xnm

= k��1
nmkYnm!Xnm

�
�
�

2

�
(n;m 2 N): (63)

�®£¤  ãà ¢­¥­¨¥ (61) íª¢¨¢ «¥­â­® ãà ¢­¥­¨î

Cnmxnm � xnm +G�1
nm�nmTxnm = G�1

nm�nmy (xnm; G�1
nm�nmy 2 Xnm): (64)

� «¥¥, ª ª ¨ ¢ëè¥, ¤®ª §ë¢ ¥âáï ¡«¨§®áâì ãà ¢­¥­¨© (60) ¨ (64) ¢ á¬ëá«¥ ([9], £«. 1)

�nm � ky �G�1
nm�nmykL2

= OfEnm(y)L2
g ! 0 (n ¨ m!1); (65)

"nm � kT �G�1
nm�nmTkXnm!X ! 0 (n ¨ m!1): (66)

� á¨«ã (60){(66) ¤ «ìè¥ ¤®ª § â¥«ìáâ¢® § ¢¥àè ¥âáï ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1. �

�ª®à®áâì áå®¤¨¬®áâ¨ ¬¥â®¤  ãáâ ­ ¢«¨¢ ¥â á«¥¤ãîé ï

�¥®à¥¬  6. �ãáâì äã­ªæ¨¨

y(s; �) 2W r;l([��; �]2); h(s; �; �; �) 2W r;l([��; �]2)
 L2([��; �]2);
£¤¥ r = 1 ¨«¨ 2; l = 1 ¨«¨ 2. �®£¤  ¢ ãá«®¢¨ïå â¥®à¥¬ë 5 ¬¥â®¤ (2), (3), (57), (58) áå®¤¨âáï ¢

¯à®áâà ­áâ¢¥ L2([��; �]2) á® áª®à®áâìî

kx� � x�nmkL2
= O

�
1
nr

+
1
ml

�
; (67)
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¥á«¨ ¦¥ n � m, â® ¯à¨ r = l = 2 ¬¥â®¤ áå®¤¨âáï à ¢­®¬¥à­® á® áª®à®áâìî

max
s;�

jx�(s; �) � x�nm(s; �)j = O

�
1
n

�
= O

�
1
m

�
: (68)

�®ª § â¥«ìáâ¢®. � ãá«®¢¨ïå â¥®à¥¬ë ­¥âàã¤­® ¯®ª § âì, çâ® à¥è¥­¨¥ x�(s; �) ãà ¢­¥­¨ï
(57) ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î (37). �®£¤  ¨§ (59) ¨ à¥§ã«ìâ â®¢ â¥®à¨¨ ¯à¨¡«¨¦¥­¨© á¯« ©-
­ ¬¨ [11], [12] ¯®«ãç ¥¬ ®æ¥­ªã (67). �æ¥­ª  (68) ¢ë¢®¤¨âáï ¨§ ®æ¥­ª¨ (67) ¯®  ­ «®£¨¨ á â¥®-
à¥¬®© 3.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® à ¢­®¬¥à­ ï áå®¤¨¬®áâì ¨áá«¥¤ã¥¬®£® ¬¥â®¤  ª ª ¤«ï ãà ¢­¥­¨ï
(1), â ª ¨ ¤«ï ãà ¢­¥­¨ï (57) ¨¬¥¥â ¬¥áâ® «¨èì ¯à¨ ¦¥áâª¨å ®£à ­¨ç¥­¨ïå ­  ª®íää¨æ¨¥­âë
à¥è ¥¬ëå ãà ¢­¥­¨©. �â®£® ­¥¤®áâ âª  «¨è¥­ , ­ ¯à¨¬¥à, á«¥¤ãîé ï ¬®¤¥à­¨§ æ¨ï ¬¥â®¤ .

�«¥¤ãï [14], §  ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (57) ¯à¨¬¥¬ äã­ªæ¨î

exnm(s; �) = y(s; �)� T (x�nm; s; �); (69)

£¤¥ á¯« ©­ x�nm(s; �) ¯®áâà®¥­ ¢ëè¥. �®£¤  á¯à ¢¥¤«¨¢ 

�¥®à¥¬  7. �ãáâì ï¤à® h(s; �; �; �) â ª®¢®, çâ® ®¯¥à â®à T : L2([��; �]2) ! C([��; �]2)
®£à ­¨ç¥­. �®£¤  ¢ ãá«®¢¨ïå â¥®à¥¬ë 5 ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (69) à ¢­®¬¥à­® áå®¤ïâáï ª

â®ç­®¬ã à¥è¥­¨î x�(s; �) ãà ¢­¥­¨ï (57) á® áª®à®áâìî

max
s;�

jx�(s; �)� exnm(s; �)j = OfEnm(x
�)Xg:

�®ª § â¥«ìáâ¢®. �§ (57) ¯à¨ x = x�(s; �) ¨ (69) ­ å®¤¨¬

kx� � x�nmkC([��;�]2) = kT (x� � x�nm)kC([��;�]2) � kTkL2!Ckx� � x�nmkL2
: (70)

�®íâ®¬ã ¨§ (59) ¨ (70) ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥.
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