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� ¥«¨¥©®¬ã ¨â¥£à «ì®¬ã ãà ¢¥¨î �®«ìâ¥àà  á¢®¤ïâáï ¬®£®ç¨á«¥ë¥ ¯à¨ª« ¤-
ë¥ ¨ â¥®à¥â¨ç¥áª¨¥ § ¤ ç¨,  ¯à¨¬¥à, § ¤ ç  �®è¨ ¤«ï ®¡ëª®¢¥®£® ¤¨ää¥à¥æ¨ «ì®-
£® ãà ¢¥¨ï, ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ãà ¢¥¨© ¯ à ¡®«¨ç¥áª®£® â¨¯  ¨ â. ¤. ([1], c. 754). �®¢à¥-
¬¥ë¥ ¬ â¥¬ â¨ç¥áª¨¥ ¬®¤¥«¨ ¢ ä¨§¨ª¥, íª®®¬¨ª¥, ¡¨®«®£¨¨, ãç¨âë¢ îé¨¥ ¨¥àæ¨î ®¡ê-
¥ªâ®¢, ª®¥ç®áâì áª®à®áâ¥© à á¯à®áâà ¥¨ï á¨£ «®¢, ä ªâ®àë § ¯ §¤ë¢ ¨ï, ®¯¨áë¢ îâáï
äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìë¬¨ ãà ¢¥¨ï¬¨ [2]{[4], § ¤ ç  �®è¨ ¤«ï ª®â®àëå íª¢¨¢ -
«¥â  ãà ¢¥¨ï¬ á ¢®«ìâ¥àà®¢ë¬¨ ®¯¥à â®à ¬¨ ¢ ¥ª®â®à®¬ ¡  å®¢®¬ äãªæ¨® «ì®¬ ¯à®-
áâà áâ¢¥. � ª¨¥ ®¯¥à â®àë¥ ãà ¢¥¨ï  á«¥¤ãîâ ¬®£¨¥ á¢®©áâ¢  ª« áá¨ç¥áª¨å ãà ¢¥¨©
�®«ìâ¥àà  ¨ ï¢«ïîâáï ¨å ¥áâ¥áâ¢¥ë¬ ®¡®¡é¥¨¥¬.

� ¤ ®© à ¡®â¥ à áá¬®âà¥ë ãâ¢¥à¦¤¥¨ï ® áãé¥áâ¢®¢ ¨¨, ¥¤¨áâ¢¥®áâ¨, ¯à®¤®«¦ ¥-
¬®áâ¨ «®ª «ìëå à¥è¥¨© ¥«¨¥©ëå ®¡®¡é¥® ¢®«ìâ¥àà®¢ëå ãà ¢¥¨©, ¯®«ãç¥ë ®æ¥ª¨
®¡« áâ¨ ®¯à¥¤¥«¥¨ï ¯à¥¤¥«ì® ¯à®¤®«¦¥ëå à¥è¥¨©, ¤®ª § ë â¥®à¥¬ë ® ¥¯à¥àë¢®© § -
¢¨á¨¬®áâ¨ à¥è¥¨© ®â ¯ à ¬¥âà®¢. �á¥ ¯¥à¥ç¨á«¥ë¥ à¥§ã«ìâ âë ï¢«ïîâáï ®¢ë¬¨ ¯à¨¬¥¨-
â¥«ì® ¥ â®«ìª® ª ®¡®¡é¥®¬ã, ® ¨ \ª« áá¨ç¥áª®¬ã" ãà ¢¥¨î �®«ìâ¥àà .

1. �¥¯®¤¢¨¦ë¥ â®çª¨ ¥«¨¥©ëå ¢®«ìâ¥àà®¢ëå ®¯¥à â®à®¢

�®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®¬ã  2 [0; b � a] ¥ª®â®à®¥ ¨§¬¥à¨¬®¥ ¬®¦¥áâ¢® e á ¬¥à®©
�(e) =  â ª¨¬ ®¡à §®¬, çâ®

8; � 2 [0; b� a]  < � ) e � e�: (1)

�¡®§ ç¨¬ á®¢®ªã¯®áâì ¯®áâà®¥ëå â ª ¬®¦¥áâ¢ ç¥à¥§ v. �ãáâì Y , B | «¨¥©ë¥ ®à¬¨-
à®¢ ë¥ ¯à®áâà áâ¢  äãªæ¨© f : [a; b] ! Rm. �â®¡à ¦¥¨¥ F : Y ! B ¡ã¤¥¬  §ë¢ âì
¢®«ìâ¥àà®¢ë¬   á¨áâ¥¬¥ v, ¥á«¨ ¤«ï ª ¦¤®£® ¬®¦¥áâ¢  e 2 v ¨ «î¡ëå äãªæ¨© y; z 2 Y
¨§ y(s) = z(s)   e á«¥¤ã¥â (Fy)(s) = (Fz)(s)   e . �§¢¥áâ®¥ ®¯à¥¤¥«¥¨¥ ¨§ [5] á®®â¢¥âáâ¢ã-
¥â ¢®«ìâ¥àà®¢®áâ¨   á¨áâ¥¬¥ ¬®¦¥áâ¢ e = [a; a + ]. �â¬¥â¨¬, çâ® á®¢à¥¬¥ë¥ âà ªâ®¢ª¨
¯®ïâ¨ï ¢®«ìâ¥àà®¢®áâ¨ ¤«ï «¨¥©ëå ®¯¥à â®à®¢ ¯à¥¤«®¦¥ë ¢ à ¡®â å [6]{[15]. �¥«¨¥©ë¥
®¡®¡é¥® ¢®«ìâ¥àà®¢ë¥ ®¯¥à â®àë ¯®ª  ¨§ãç «¨áì ¬ «®. �.�. �ãá à¥ª® ¯à¥¤«®¦¥ ¯à¨§ ª
à §à¥è¨¬®áâ¨ ãà ¢¥¨ï á \B-¢®«ìâ¥àà®¢ë¬" ®¯¥à â®à®¬ ([3], áá. 284, 285).

�áá«¥¤®¢ ¨¥ á¢®©áâ¢ ¥«¨¥©ëå ¢®«ìâ¥àà®¢ëå   á¨áâ¥¬¥ v ®¯¥à â®à®¢  ç¥¬ á ®ç¥¢¨¤-
®£® § ¬¥ç ¨ï, çâ® áã¬¬  ¨ ª®¬¯®§¨æ¨ï â ª¨å ®¯¥à â®à®¢ ï¢«ï¥âáï ¢®«ìâ¥àà®¢ë¬ ®¯¥à â®à®¬
  á¨áâ¥¬¥ v.

�ã¤¥¬ £®¢®à¨âì, çâ® ¢ äãªæ¨® «ì®¬ ¯à®áâà áâ¢¥ B ®â®á¨â¥«ì® á¨áâ¥¬ë v ¢ë¯®«¥®
V -ãá«®¢¨¥, ¥á«¨ íâ® ¯à®áâà áâ¢® ¡  å®¢® ¨ ¤«ï «î¡®£® ¬®¦¥áâ¢  e 2 v ¨ «î¡®© áx®¤ïé¥©áï
¯®á«¥¤®¢ â¥«ì®áâ¨ fyig � B, kyi � ykB ! 0, ¨§ à ¢¥áâ¢  yi(t) = 0, i = 1; 2; : : : , ¯à¨ ¢á¥å t 2 e
á«¥¤ã¥â, çâ® ¨ ¯à¥¤¥«ì ï äãªæ¨ï y(t) = 0 ¯à¨ t 2 e .

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ ò01-01-00140), �¨¨áâ¥àáâ¢  ®¡à §®¢ ¨ï �®áá¨©áª®© �¥¤¥à æ¨¨ (¯à®¥ªâ òE02-1.0-212).
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�¥®à¥¬  1. �ãáâì ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ B ¢ë¯®«¥® V -ãá«®¢¨¥. �á«¨ ¯®á«¥¤®¢ -

â¥«ì®áâì ¢®«ìâ¥àà®¢ëå   v ®¯¥à â®à®¢ Fi : Y ! B áå®¤¨âáï   ª ¦¤®¬ y 2 Y ª ®¯¥à â®àã

F : Y ! B, â® ®¯¥à â®à F ¡ã¤¥â â ª¦¥ ¢®«ìâ¥àà®¢   á¨áâ¥¬¥ v.

� áá¬®âà¨¬ ãà ¢¥¨¥

(Fx)(t) = 0; t 2 [a; b]; (2)

á ¢®«ìâ¥àà®¢ë¬   á¨áâ¥¬¥ v ®¯¥à â®à®¬ F : Y ! B. �¡®§ ç¨¬ ç¥à¥§ Y (e), B(e) ¯à®áâà áâ¢ 
áã¦¥¨© äãªæ¨© ¨§ Y , B   ¬®¦¥áâ¢® e . �¯à¥¤¥«¨¬ ®¯¥à â®à � : B ! B(e) à ¢¥áâ¢®¬
(�x)(t) = x(t), t 2 e . �ãáâì ®¯¥à â®à P : Y (e) ! Y ¥ª®â®àë¬ ®¡à §®¬ ¯à®¤®«¦ ¥â äãª-
æ¨¨ ¨§ Y (e)   ¢¥áì ®âà¥§®ª [a; b]. �á«¨ áãé¥áâ¢ã¥â ç¨á«®  2 (0; b � a) ¨ í«¥¬¥â z 2 Y (e),
ã¤®¢«¥â¢®àïîé¨© à ¢¥áâ¢ã �FPz = 0, â® ãà ¢¥¨¥ (2) ¡ã¤¥¬  §ë¢ âì «®ª «ì® à §à¥-

è¨¬ë¬,   äãªæ¨î z | «®ª «ìë¬ à¥è¥¨¥¬, ®¯à¥¤¥«¥ë¬   e . �«¥¬¥â zb�a 2 Y , ã¤®-
¢«¥â¢®àïîé¨© ãà ¢¥¨î (2),  §®¢¥¬ £«®¡ «ìë¬ à¥è¥¨¥¬. �ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï
z� : [

<�
e ! Rm, � 2 (0; b�a], ï¢«ï¥âáï ¯à¥¤¥«ì® ¯à®¤®«¦¥ë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (2), ¥á«¨

¯à¨ «î¡®¬  2 (0; �) áã¦¥¨¥ z äãªæ¨¨ z�   ¬®¦¥áâ¢® e ï¢«ï¥âáï «®ª «ìë¬ à¥è¥¨¥¬
¨ lim

!��0
kzk =1. �á«¥¤áâ¢¨¥ ¢®«ìâ¥àà®¢®áâ¨ ®¯¥à â®à  F áã¦¥¨¥ z à¥è¥¨ï z� («®ª «ì®£®,

£«®¡ «ì®£® ¨«¨ ¯à¥¤¥«ì® ¯à®¤®«¦¥®£®)   ¯à®¨§¢®«ì®¥ ¬®¦¥áâ¢® e ,  2 (0; �), ¡ã¤¥â
«®ª «ìë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (2). �ã¤¥¬  §ë¢ âì à¥è¥¨¥ z ç áâìî à¥è¥¨ï z� ,   à¥è¥¨¥
z� | ¯à®¤®«¦¥¨¥¬ à¥è¥¨ï z.

� áá¬®âà¨¬ ãâ¢¥à¦¤¥¨ï ® ¥¯®¤¢¨¦ëå â®çª å ¢®«ìâ¥àà®¢®£®   v ®¯¥à â®à  K : B ! B,
â. ¥. ¨áá«¥¤ã¥¬ à §à¥è¨¬®áâì ãà ¢¥¨ï

x(t)� (Kx)(t) = 0; t 2 [a; b]; (3)

ï¢«ïîé¥£®áï ç áâë¬ á«ãç ¥¬ ãà ¢¥¨ï (2).
� ¤ ¤¨¬ ®à¬ã ¢ ¯à®áâà áâ¢¥ B(e) ä®à¬ã«®© kykB(e ) = inf kykB , £¤¥ ¨¦ïï £à ì ¡¥-

à¥âáï ¯® ¢á¥¢®§¬®¦ë¬ ¯à®¤®«¦¥¨ï¬ y 2 B äãªæ¨¨ y 2 B(e). �á«¨ ¢ë¯®«¥® V -ãá«®¢¨¥,
â® ¯à¨ â ª®¬ ®¯à¥¤¥«¥¨¨ ®à¬ë ¯à®áâà áâ¢® B(e) áâ ®¢¨âáï ¡  å®¢ë¬. �¯à¥¤¥«¨¬ ®â®-
¡à ¦¥¨¥ Z : (0; b � a] � B ! R ä®à¬ã«®© Z(; y) = k�ykB(e ). �á«¥¤áâ¢¨¥ (1) ¯à¨ ª ¦¤®¬
ä¨ªá¨à®¢ ®¬ y 2 B äãªæ¨ï Z(�; y) ¥ ã¡ë¢ ¥â, ¨ ¯®íâ®¬ã áãé¥áâ¢ã¥â lim

!0+0
Z(; y) = z0(y).

�®®¯à¥¤¥«¨¬ ®â®¡à ¦¥¨¥ Z § ç¥¨¥¬ Z(0; y) = z0(y).
�¯¥à â®à K : B ! B  §®¢¥¬ «®ª «ì® á¦¨¬ îé¨¬   á¨áâ¥¬¥ v, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥

ç¨á«  q < 1, � > 0, çâ® ¢ë¯®«¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) 8� 2 (0; �) 8x; y 2 B Z(�;Kx�Ky) 6 qZ(�; x� y);
2) 8�;  2 (0; b � a] � <  < � + � 8x; y 2 B

fx(t) = y(t); 8t 2 e� ) Z(;Kx�Ky) 6 qZ(; x� y)g:

�¯¥à â®à K : B ! B  §®¢¥¬ ã«ãçè îé¨¬   á¨áâ¥¬¥ v, ¥á«¨

9% 8x 2 B Z(0;Kx) 6 %; (4)

8r > 0 8" > 0 9� > 0 8x 2 B 8�;  2 [0; b� a]

(
j� � j < �;

kxk 6 r
) jZ(;Kx)� Z(�;Kx)j < ": (5)

�á«¨ ®¯¥à â®à K «¨¥¥, â® ãá«®¢¨¥ (4) à ¢®á¨«ì® à ¢¥áâ¢ã Z(0;Kx) = 0 ¯à¨ ¢á¥å x 2 B.
�â¬¥â¨¬ â ª¦¥, çâ® «¨¥©ë© ã«ãçè îé¨©   v ®¯¥à â®à ï¢«ï¥âáï «®ª «ì® á¦¨¬ îé¨¬  
íâ®© á®¢®ªã¯®áâ¨ ¬®¦¥áâ¢. �®«¥¥ â®£®, ¨¬¥¥â ¬¥áâ®
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�¥®à¥¬  2. �ãáâì ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ B ¢ë¯®«¥® V -ãá«®¢¨¥. �á«¨ ¤«ï ®¯¥à â®à 

K : B ! B áãé¥áâ¢ã¥â â ª®© «¨¥©ë© ¢®«ìâ¥àà®¢ë© ¨ ã«ãçè îé¨©   á¨áâ¥¬¥ v ®¯¥à â®à

W : B ! B, çâ® ¯à¨ ¢á¥å x; y 2 B,  2 [0; b� a] ¢ë¯®«¥® ¥à ¢¥áâ¢®

Z(;Kx�Ky) 6 Z(;W (x� y)); (6)

â® ®¯¥à â®à K ï¢«ï¥âáï «®ª «ì® á¦¨¬ îé¨¬   á¨áâ¥¬¥ v.

�®ª § â¥«ìáâ¢®. �á«¥¤áâ¢¨¥ ã«ãçè ¥¬®áâ¨ ®¯¥à â®à  W ¬®¦® ¢ë¡à âì ¯à®¨§¢®«ì® q 2
(0; 1) ¨  ©â¨ â ª®¥ ¯®«®¦¨â¥«ì®¥ �, çâ®

8x 2 B 8�;  2 [0; b� a] j� � j < � ) jZ(�;Wx)� Z(;Wx)j < qkxk; (7)

¨, ªà®¬¥ â®£®, Z(0;Wx) = 0. � ª¨¬ ®¡à §®¬, ¯à¨ ¢á¥å � 2 (0; �) ¢ë¯®«¥®

Z(�;Kx�Ky) 6 Z(�;W (x� y))� Z(0;W (x� y)) < qkx� yk:

�á«¥¤áâ¢¨¥ ¢®«ìâ¥àà®¢®áâ¨ ®¯¥à â®à W ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ®áâ ¥âáï ¢¥àë¬, ¥á«¨ ã äãª-
æ¨© x, y ¨§¬¥¨âì § ç¥¨ï ¯à¨ t 2 [a; b]ne� . �â¨ § ç¥¨ï ¬®¦® ¨§¬¥¨âì â ª, çâ® ¤«ï «î¡®£®
¯®«®¦¨â¥«ì®£® " ¡ã¤¥â ¨¬¥âì ¬¥áâ® ®æ¥ª  kx� yk < Z(�; x� y) + ". � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬

Z(�;Kx�Ky) 6 qZ(�; x� y):

� «¥¥, ¯à¨ ¢á¥å �;  2 [0; b � a], � <  < � + �, ¨ ¢á¥å x; y 2 B ¢ë¯®«¥® ¥à ¢¥áâ¢® (6).
�á«¨ x(t) = y(t) ¯à¨ t 2 e� , â® (W (x � y))(t) = 0, t 2 e� , ¢á«¥¤áâ¢¨¥ ¢®«ìâ¥àà®¢®áâ¨ «¨¥©®£®
®¯¥à â®à  W , ¨ ¯®íâ®¬ã Z(�;W (x� y)) = 0. �®£¤    ®á®¢ ¨¨ (7) ¯®«ãç ¥¬

Z(;Kx�Ky) 6 Z(;W (x� y))� Z(�;W (x� y)) < qkx� yk:

�áâ «®áì ¢®¢ì § ¬¥â¨âì, çâ® § ç¥¨ï äãªæ¨© x, y ¬®¦® ¨§¬¥¨âì ¯à¨ t 2 [a; b] n e â ª,
çâ®¡ë kx� yk < Z(; x� y) + ".

�« áá «®ª «ì® á¦¨¬ îé¨å   á¨áâ¥¬¥ v ®¯¥à â®à®¢ ¤®áâ â®ç® è¨à®ª. �¬ã, ª®¥ç® ¦¥,
¯à¨ ¤«¥¦ â ¥ â®«ìª® á¦¨¬ îé¨¥ ®¯¥à â®àë ¨ ®¯¥à â®àë, ®¯¨á ë¥ ¢ â¥®à¥¬¥ 2. � ¦®
§ ¬¥â¨âì, çâ® á¢®©áâ¢®¬ «®ª «ì®© á¦¨¬ ¥¬®áâ¨ ¬®£ãâ ®¡« ¤ âì ¤ ¦¥ à §àë¢ë¥ ®¯¥à â®àë.
� ª,  ¯à¨¬¥à, ®¯¥à â®à

(Kx)(t) =

8>><
>>:
0;5x(t); ¥á«¨ t 2 [0; 0;5];

0;5x(0;5) + x(0)(t� 0;5); ¥á«¨ t 2 (0;5; 1]; x(0) | à æ¨® «ì®¥ ç¨á«®;

0;5x(0;5); ¥á«¨ t 2 (0;5; 1]; x(0) | ¨àà æ¨® «ì®¥ ç¨á«®;

¤¥©áâ¢ãîé¨© ¢ ¯à®áâà áâ¢¥ C[0;1] ¥¯à¥àë¢ëå   [0; 1] ¤¥©áâ¢¨â¥«ìëå äãªæ¨©, ¨ ¢ ª ª®©
â®çª¥ x 2 C[0;1] ¥ ï¢«ï¥âáï ¥¯à¥àë¢ë¬. �î¡ ï ¥£® áâ¥¯¥ìKn : C[0;1] ! C[0;1] â ª¦¥ à §àë¢ 
¢ ª ¦¤®© â®çª¥. �¥¬ ¥ ¬¥¥¥, íâ®â ®¯¥à â®à ¢®«ìâ¥àà®¢ë© ¨ «®ª «ì® á¦¨¬ îé¨©   á¨áâ¥¬¥
v = f[0; ]g.

�¥®à¥¬  3. �ãáâì ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ B ¢ë¯®«¥® V -ãá«®¢¨¥, ®¯¥à â®à K : B !
B ï¢«ï¥âáï ¢®«ìâ¥àà®¢ë¬ ¨ «®ª «ì® á¦¨¬ îé¨¬   á¨áâ¥¬¥ v. �®£¤  ¯à¨ «î¡®¬  2 (0; b�a]
áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x 2 B(e) ãà ¢¥¨ï x = �KPx. �àã£¨¬¨ á«®¢ ¬¨, áã-

é¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ £«®¡ «ì®¥ à¥è¥¨¥ ãà ¢¥¨ï (3), ¨ ¢áïª®¥ «®ª «ì®¥ à¥è¥¨¥ ï¢«ï-

¥âáï ç áâìî íâ®£® à¥è¥¨ï.

�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ç¨á«  q < 1, � > 0, ã¤®¢«¥â¢®àïîé¨¥ ¢á¥¬ ãá«®¢¨ï¬ ¨§ ®¯à¥-
¤¥«¥¨ï «®ª «ì®© á¦¨¬ ¥¬®áâ¨ ®¯¥à â®à  K. �ãáâì � = �=2. �à ¢¥¨¥ x� = ��KP�x� ¨¬¥¥â
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¥¤¨áâ¢¥®¥ à¥è¥¨¥ z� 2 B(e�), â. ª. ®¯¥à â®à K� = ��KP� : B(e�)! B(e�) ï¢«ï¥âáï á¦¨¬ î-
é¨¬. �ãáâì z 2 B | ¥ª®â®à®¥ ¯à®¤®«¦¥¨¥ äãªæ¨¨ z�. �«ï  å®¦¤¥¨ï à¥è¥¨ï ãà ¢¥¨ï
(3) ¯à¨ t 2 [a; b] n e� á¤¥« ¥¬ § ¬¥ã y = x� z. �®«ãç¨¬ ãà ¢¥¨¥

y = K(y + z)� z: (8)

�¯à¥¤¥«ï¥¬ë© à ¢¥áâ¢®¬ Ky = K(y + z)� z ®¯¥à â®à K ¤¥©áâ¢ã¥â ¢ ¯®¤¯à®áâà áâ¢¥ B� � B
äãªæ¨©, â®¦¤¥áâ¢¥® à ¢ëå ã«î   e�. �à¨ t 2 e2� ãà ¢¥¨¥ (8) ï¢«ï¥âáï ãà ¢¥¨¥¬

y2� = �2�KP2�y2� (9)

á® á¦¨¬ îé¨¬ ®¯¥à â®à®¬ K2� = �2�KP2�, ¤¥©áâ¢ãîé¨¬ ¢ ¯®¤¯à®áâà áâ¢¥ äãªæ¨© ¨§ B(e2�),
à ¢ëå ã«î   ¬®¦¥áâ¢¥ e�. �à ¢¥¨¥ (9) ®¤®§ ç® à §à¥è¨¬®. �ãáâì z2� | ¥£® à¥è¥¨¥.
�®£¤  äãªæ¨ï (�2�z + z2�)(t) ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (3) ¯à¨ t 2 e2�.

�à®¤®«¦ ï   «®£¨çë¥ à ááã¦¤¥¨ï, §  ª®¥ç®¥ ç¨á«® [ b�a
�
] è £®¢ ¯®áâà®¨¬ ¥¤¨áâ¢¥-

®¥ £«®¡ «ì®¥ à¥è¥¨¥ zb�a 2 B ãà ¢¥¨ï (3). �î¡®¥ «®ª «ì®¥ à¥è¥¨¥ z , ®¯à¥¤¥«¥®¥
  e , á ¯®¬®éìî â ª¨å ¦¥ ¯®áâà®¥¨© ¬®¦¥â ¡ëâì ¯à®¤®«¦¥® ¤® £«®¡ «ì®£® à¥è¥¨ï. �§
¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï zb�a á«¥¤ã¥â ¥¤¨áâ¢¥®áâì «®ª «ì®£® à¥è¥¨ï z.

�«¥¤áâ¢¨¥. �ãáâì ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ B ¢ë¯®«¥® V -ãá«®¢¨¥, ®¯¥à â®à K : B ! B
ï¢«ï¥âáï ¢®«ìâ¥àà®¢ë¬   á¨áâ¥¬¥ v, ¨  ©¤¥âáï â ª®© «¨¥©ë© ¢®«ìâ¥àà®¢ë© ¨ ã«ãçè îé¨©
  á¨áâ¥¬¥ v ®¯¥à â®à W : B ! B, çâ® ¨¬¥¥â ¬¥áâ® ®æ¥ª  (6). �®£¤  áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥
£«®¡ «ì®¥ à¥è¥¨¥ ãà ¢¥¨ï (3), ¨ ¢áïª®¥ «®ª «ì®¥ à¥è¥¨¥ ï¢«ï¥âáï ¥£® ç áâìî.

�¥®à¥¬  4. �á«¨ ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ B ¢ë¯®«¥® V -ãá«®¢¨¥, ¨ ¥á«¨ ®¯¥à â®à

K : B ! B ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬, ¢®«ìâ¥àà®¢ë¬ ¨ ã«ãçè îé¨¬   á¨áâ¥¬¥ v, â®
ãà ¢¥¨¥ (3) «®ª «ì® à §à¥è¨¬®, «î¡®¥ «®ª «ì®¥ à¥è¥¨¥ ï¢«ï¥âáï ç áâìî «¨¡® £«®¡ «ì®-

£® à¥è¥¨ï, «¨¡® ¯à¥¤¥«ì® ¯à®¤®«¦¥®£® à¥è¥¨ï.

�®ª § â¥«ìáâ¢®. �á«¥¤áâ¢¨¥ ã«ãçè ¥¬®áâ¨ ®¯¥à â®à K áãé¥áâ¢ã¥â ç¨á«® %, ¤«ï ª®â®à®£®
¢ë¯®«¥® ¥à ¢¥áâ¢® (4). �ãáâì r = 2%, " = %=2. � ©¤¥¬ �, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (5).
�¡®§ ç¨¬ � = �=2. �«ï «î¡®£® x 2 B, kxk < 2%, ¨¬¥¥â ¬¥áâ®

Z(�;Kx) =
�
Z(�;Kx)� Z(0;Kx)

�
+ Z(0;Kx) <

%

2
+ % =

3
2
%: (10)

� ¯à®áâà áâ¢¥ B(e�) ¢ë¤¥«¨¬ § ¬ªãâë© è à U á æ¥âà®¬ ¢ ã«¥ à ¤¨ãá  3
2
%. �¯¥à â®à®¬ P�

¯à®¤®«¦¨¬ ª ¦¤ãî äãªæ¨î ¨§ B(e�) â ª, çâ®¡ë ¥¥ ®à¬  ã¢¥«¨ç¨« áì ¬¥¥¥, ç¥¬   %

2
. �§

¥à ¢¥áâ¢  (10) á«¥¤ã¥â ¢ª«îç¥¨¥ ��KP�U � U . � â. ª. ®¯¥à â®à K� = ��KP� : B(e�)! B(e�)
¢¯®«¥ ¥¯à¥àë¢¥, â® ® ¨¬¥¥â ¥¯®¤¢¨¦ãî â®çªã z�, ï¢«ïîéãîáï «®ª «ìë¬ à¥è¥¨¥¬
ãà ¢¥¨ï (3), ®¯à¥¤¥«¥ë¬   e�.

�¥¯¥àì ¤®ª ¦¥¬, çâ® «î¡®¥ «®ª «ì®¥ à¥è¥¨¥ z1 , ®¯à¥¤¥«¥®¥   ¥ª®â®à®¬ ¬®¦¥áâ¢¥
e1 , ¯à®¤®«¦ ¥¬® ¤® £«®¡ «ì®£® ¨«¨ ¯à¥¤¥«ì® ¯à®¤®«¦¥®£®. �ë¡¥à¥¬ r = kz1k + %, " = %

2

¨  ©¤¥¬ �2, ï¢«ïîé¥¥áï â®ç®© ¢¥àå¥© £à ¨æ¥© ¢á¥¢®§¬®¦ëå ç¨á¥« �, ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨î (5). �¡®§ ç¨¬ 2 = 1+ �2

2
. �«ï «î¡®£® â ª®£® x 2 B, çâ® kxk < kz1k+ %, x(t) = z1(t)

¯à¨ t 2 e1 , ¢ë¯®«¥®

Z(2;Kx) =
�
Z(2;Kx)� Z(1;Kx)

�
+ Z(1;Kx) < %=2 + kz1k: (11)

� ¯à®áâà áâ¢¥ B(e2) ¢ë¤¥«¨¬ § ¬ªãâë© è à á æ¥âà®¬ ¢ ã«¥ à ¤¨ãá  kz1k+ %,   ¢ ¥¬ |
¬®¦¥áâ¢® U2 äãªæ¨©, á®¢¯ ¤ îé¨å á z1(t) ¯à¨ t 2 e1 . �®¦¥áâ¢® U2 § ¬ªãâ®. �¯¥à â®-
à®¬ P2 ¯à®¤®«¦¨¬ ª ¦¤ãî äãªæ¨î ¨§ B(e2) â ª, çâ®¡ë ¥¥ ®à¬  ã¢¥«¨ç¨« áì ¬¥¥¥, ç¥¬
  %=2. �«ï â ª¨å ¯à®¤®«¦¥¨© ¬®¦¥¬ ¢®á¯®«ì§®¢ âìáï ¥à ¢¥áâ¢®¬ (11), ¨§ ª®â®à®£® ¡ã¤¥â
á«¥¤®¢ âì ¢ª«îç¥¨¥ �2KP2U2 � U2. � ª ª ª ®¯¥à â®à K2 = �2KP2 : B(e2) ! B(e2)
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¢¯®«¥ ¥¯à¥àë¢¥, â® ® ¨¬¥¥â ¥¯®¤¢¨¦ãî â®çªã z2 . �â® «®ª «ì®¥ à¥è¥¨¥ ãà ¢¥¨ï (3),
®¯à¥¤¥«¥®¥   e2 ¨ ï¢«ïîé¥¥áï ¯à®¤®«¦¥¨¥¬ à¥è¥¨ï z1 .

�®ª ¦¥¬, çâ®, ¯à®¤®«¦ ï ®¯¨á ë¥ ¯®áâà®¥¨ï, ¯®«ãç¨¬ £«®¡ «ì®¥ ¨«¨ ¯à¥¤¥«ì® ¯à®-
¤®«¦¥®¥ à¥è¥¨¥. �ëç¨á«¨¬ lim

i!1
i = � ¨ à áá¬®âà¨¬ äãªæ¨î z�, ®¯à¥¤¥«¥ãî  

1

[
i=1

ei ,

áã¦¥¨¥¬ ª®â®à®©   ei ¡ã¤¥â zi , i = 1; 2; : : : �á«¨ äãªæ¨ï z� ¥ ï¢«ï¥âáï ¯à¥¤¥«ì® ¯à®-
¤®«¦¥ë¬ à¥è¥¨¥¬, â®  ©¤¥âáï â ª®¥ ç¨á«® N , çâ® ¯à¨ ¢á¥å  âãà «ìëå i ¨¬¥¥â ¬¥áâ®
kzik 6 N . �®§ì¬¥¬ r = N + %, " = %=2 ¨  ©¤¥¬ �, ï¢«ïîé¥¥áï â®ç®© ¢¥àå¥© £à ¨æ¥© ¢á¥-
¢®§¬®¦ëå ç¨á¥« �, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (5). � ª ª ª kzik + % 6 N + %, â® ¯à¨ «î¡®¬
i ¢ë¯®«¥® �i > �. �â® ®§ ç ¥â, çâ® §  ª®¥ç®¥ ç¨á«® è £®¢ ¡ã¤¥â ¯®áâà®¥® £«®¡ «ì®¥
à¥è¥¨¥ ãà ¢¥¨ï (3).

�ã¤¥¬ £®¢®à¨âì, çâ® ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ B ®â®á¨â¥«ì® á¨áâ¥¬ë v ¢ë¯®«¥® C-
ãá«®¢¨¥, ¥á«¨ ¤«ï ª ¦¤®£® y 2 B äãªæ¨ï Z(�; y) ¥¯à¥àë¢ . �á«¨ ¤®¯®«¨â¥«ì® Z(0; y) = 0
¯à¨ ¢á¥å y 2 B, â® ¡ã¤¥¬ áç¨â âì, çâ® ¯à®áâà áâ¢® B ã¤®¢«¥â¢®àï¥â ãá«®¢¨î C0. � ¬¥â¨¬,
çâ® ãá«®¢¨¥ C0 ¢ë¯®«¥®,  ¯à¨¬¥à, ¤«ï «î¡®© á¨áâ¥¬ë v ¢ ¯à®áâà áâ¢ å Lm

p[a;b], 1 6 p <
1, áã¬¬¨àã¥¬ëå äãªæ¨©, ¤«ï á¨áâ¥¬ë ¬®¦¥áâ¢ e = [a; a + ] ¢ ¯à®áâà áâ¢¥ Cm

0[a;b]
â ª¨å

¥¯à¥àë¢ëå äãªæ¨© x : [a; b]! Rm, çâ® x(a) = 0. � ([12], c. 25) ¤®ª § ®, çâ® ¥á«¨ ¢ ¡  å®¢®¬
¯à®áâà áâ¢¥ B ¢ë¯®«¥ë ãá«®¢¨ï V , C, â® í«¥¬¥âë «î¡®£® ¯à¥¤ª®¬¯ ªâ®£® ¬®¦¥áâ¢ 
H � B ¨¬¥îâ à ¢®áâ¥¯¥® ¥¯à¥àë¢ë¥ ®à¬ë

8" > 0 9� > 0 8x 2 H 8�;  2 [0; b� a] j� � j < � ) jZ(�; x)� Z(; x)j < ":

�«¥¤áâ¢¨¥ 1. �ãáâì ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ B ¢ë¯®«¥ë ãá«®¢¨ï V , C0, ®¯¥à â®à
K : B ! B ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬ ¢®«ìâ¥àà®¢ë¬   á¨áâ¥¬¥ v. �®£¤  ãà ¢¥¨¥ (3)
«®ª «ì® à §à¥è¨¬®, «î¡®¥ «®ª «ì®¥ à¥è¥¨¥ ï¢«ï¥âáï ç áâìî «¨¡® £«®¡ «ì®£® à¥è¥¨ï,
«¨¡® ¯à¥¤¥«ì® ¯à®¤®«¦¥®£® à¥è¥¨ï.

�®ª § â¥«ìáâ¢®. �¡à §®¬ è à  U ¯à®¨§¢®«ì®£® à ¤¨ãá  r ï¢«ï¥âáï ¯à¥¤ª®¬¯ ªâ®¥ ¬®-
¦¥áâ¢® KU , í«¥¬¥âë ª®â®à®£® ¨¬¥îâ à ¢®áâ¥¯¥® ¥¯à¥àë¢ë¥ ®à¬ë ([12], c. 25). � ª¨¬
®¡à §®¬, ¢ë¯®«¥® ãá«®¢¨¥ (5). �à®¬¥ â®£®, ¤«ï ¢á¥å y 2 B ¨¬¥¥â ¬¥áâ® Z(0;Ky) = 0, â. ¥. ¢¥à®
â ª¦¥ ¨ (4). �â ª, ®¯¥à â®à K ã«ãçè îé¨©   v, ¨ ¬®¦® ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®© 4.

� «®£¨ç® ¤®ª §ë¢ ¥âáï

�«¥¤áâ¢¨¥ 2. �ãáâì ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ B ¢ë¯®«¥ë ãá«®¢¨ï V , C, ®¯¥à â®à
K : B ! B ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬ ¢®«ìâ¥àà®¢ë¬   á¨áâ¥¬¥ v ¨ ¨¬¥¥â ¬¥áâ® ¥à ¢¥-
áâ¢® (4). �®£¤  ãà ¢¥¨¥ (3) «®ª «ì® à §à¥è¨¬®, «î¡®¥ «®ª «ì®¥ à¥è¥¨¥ ï¢«ï¥âáï ç áâìî
«¨¡® £«®¡ «ì®£® à¥è¥¨ï, «¨¡® ¯à¥¤¥«ì® ¯à®¤®«¦¥®£® à¥è¥¨ï.

� ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 4 ¬®¦® ¥áª®«ìª® ®á« ¡¨âì âà¥¡®¢ ¨¥ ã«ãçè ¥¬®áâ¨ ®¯¥à â®-
à  K.

�¥®à¥¬  5. �ãáâì ¡  å®¢® ¯à®áâà áâ¢® B ã¤®¢«¥â¢®àï¥â V -ãá«®¢¨î, ¤«ï ¢¯®«¥ ¥¯à¥-
àë¢®£®, ¢®«ìâ¥àà®¢®£®   á¨áâ¥¬¥ v ®¯¥à â®à  K : B ! B ¨¬¥¥â ¬¥áâ® (5) ¨ áãé¥áâ¢ãîâ

â ª¨¥ ç¨á«  %2 > %1 > 0, çâ® ¯à¨ ¢á¥å x 2 B, ¥á«¨ Z(0; x) 2 [%1; %2], â® Z(0;Kx) 2 [%1; %2]. �®£¤ 
ãà ¢¥¨¥ (3) «®ª «ì® à §à¥è¨¬®, «î¡®¥ «®ª «ì®¥ à¥è¥¨¥ ï¢«ï¥âáï ç áâìî «¨¡® £«®¡ «ì®£®

à¥è¥¨ï, «¨¡® ¯à¥¤¥«ì® ¯à®¤®«¦¥®£® à¥è¥¨ï.

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥¨ï ¨á¯®«ì§ã¥â â¥ ¦¥ ¨¤¥¨, çâ® ¨ ¤®ª § â¥«ìáâ¢® ¯à¥¤ë¤ãé¥©
â¥®à¥¬ë.

�®«ìè®¥ § ç¥¨¥ ¢ â¥®à¨¨ ¥«¨¥©ëå ¨â¥£à «ìëå ãà ¢¥¨©, ®¡ëª®¢¥ëå ¤¨ää¥à¥-
æ¨ «ìëå ãà ¢¥¨© ¨¬¥îâ ®æ¥ª¨ ¢¥àâ¨ª «ìëå  á¨¬¯â®â à¥è¥¨©. � ¯à¨¬¥à, ¯à®¬¥¦ãâ®ª
áãé¥áâ¢®¢ ¨ï ¥¯à¥àë¢®£® à¥è¥¨ï ãà ¢¥¨ï �¨ª ââ¨ ï¢«ï¥âáï ¯à®¬¥¦ãâª®¬ ¥®áæ¨««ï-
æ¨¨ à¥è¥¨© á®®â¢¥âáâ¢ãîé¥£® «¨¥©®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ¢â®à®£® ¯®àï¤ª  ([16],
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c. 42). �¥â®¤ ¯à¨¡«¨¦¥®£® ¯®áâà®¥¨ï à¥è¥¨© ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©,
¨¬¥îé¨å ¢¥àâ¨ª «ìë¥  á¨¬¯â®âë, ¯à¥¤«®¦¥ ¢ [17]. � â¥à¬¨®«®£¨¨ ¤ ®© à ¡®âë  «¨ç¨¥
¢¥àâ¨ª «ì®©  á¨¬¯â®âë t = � ®§ ç ¥â, çâ® à¥è¥¨¥ z� ï¢«ï¥âáï ¯à¥¤¥«ì® ¯à®¤®«¦¥ë¬. �
á«ãç ¥, ª®£¤  ãà ¢¥¨¥ (3) ¨¬¥¥â ¡¥áª®¥ç®¥ ¬®¦¥áâ¢® fz�g ¯à¥¤¥«ì® ¯à®¤®«¦¥ëå à¥è¥-
¨©, ¨â¥à¥á ¯à¥¤áâ ¢«ïîâ ®æ¥ª¨ ¨¦¥© £à ¨ �0 ¢á¥¢®§¬®¦ëå ç¨á¥« � | ¬¥à ¬®¦¥áâ¢ e�,
  ª®â®àëå ®¯à¥¤¥«¥ë ¯à¥¤¥«ì® ¯à®¤®«¦¥ë¥ à¥è¥¨ï. �«ï ãà ¢¥¨© ¨ ¢ª«îç¥¨© á ¢®«ì-
â¥àà®¢ë¬¨ ¯® �.�.�¨å®®¢ã ®¯¥à â®à ¬¨ ¢ ¯à®áâà áâ¢¥ ¥¯à¥àë¢ëå äãªæ¨© â ªãî § ¤ çã
¯®áâ ¢¨« ¨ à¥è¨« �.�. �ã«£ ª®¢. � [18] ® ¤®ª § «, çâ® �0 > 0, â. ¥.  á¨¬¯â®âë à¥è¥¨© ®â¤¥«¥ë
®â  ç «ì®© â®çª¨ t = a, ¨ áãé¥áâ¢ã¥â ¯à®¬¥¦ãâ®ª, ¢å®¤ïé¨© ¢ ®¡« áâì ®¯à¥¤¥«¥¨ï «î¡®£®
¯à¥¤¥«ì® ¯à®¤®«¦¥®£® à¥è¥¨ï. �ä®à¬ã«¨àã¥¬ á®®â¢¥âáâ¢ãîé¨© à¥§ã«ìâ â ¤«ï ãà ¢¥¨©
¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥.

�¥®à¥¬  6. �ãáâì ®¯¥à â®à K : B ! B ï¢«ï¥âáï ¢®«ìâ¥àà®¢ë¬ ¨ ã«ãçè îé¨¬   á¨áâ¥-

¬¥ v. �®£¤  ¤«ï ¯à®¨§¢®«ì®£® r0, r0 > %, áãé¥áâ¢ã¥â â ª®¥ � > 0, çâ® ¤«ï «î¡®£® «®ª «ì®£®

à¥è¥¨ï z ãà ¢¥¨ï (3), ®¯à¥¤¥«¥®£®   ¥ª®â®à®¬ ¬®¦¥áâ¢¥ e 2 v, ¥á«¨ kzkB(e ) > r0,
â®  = �(e) > �. � ç áâ®áâ¨, áãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì®¥ �, çâ® ¤«ï ®¡« áâ¨ ®¯à¥-

¤¥«¥¨ï [
<�

e «î¡®£® ¯à¥¤¥«ì® ¯à®¤®«¦¥®£® à¥è¥¨ï z� ¢ë¯®«¥® � = �( [
<�

e) > �.

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ç¨á«  r, r > r0 > %, " = 0;5(r0� %) ¨  ©¤¥¬ � > 0, ã¤®¢«¥â¢®àï-
îé¥¥ ãá«®¢¨î (5) ¢ ®¯à¥¤¥«¥¨¨ ã«ãçè ¥¬®áâ¨ ®¯¥à â®à  K.

�®§ì¬¥¬ ¯à®¨§¢®«ì®¥ à¥è¥¨¥ z , ®à¬  ª®â®à®£® kzkB(e ) > r0. �«ï «î¡®£® � 2 (0; ]
®¡®§ ç¨¬ ç¥à¥§ z� = ��Pz áã¦¥¨¥ à¥è¥¨ï z   ¬®¦¥áâ¢® e�. �ãªæ¨ï kz�kB(e�)  à£ã¬¥â 
� 2 [0; ] ¥ ã¡ë¢ ¥â ¨ ¥¯à¥àë¢ . �®®¯à¥¤¥«¨¬ ¥¥ ¢ ã«¥ § ç¥¨¥¬ Z0 = lim

�!0
kz�kB(e�). �®£« á®

(4) ¨¬¥¥¬ Z0 � %. �ãé¥áâ¢ã¥â â ª®¥ 0 2 [0; ], çâ® kz0kB(e0 )
= r0. �à®¤®«¦¨¬ äãªæ¨î z0 ¤®

¥ª®â®à®© äãªæ¨¨ z 2 B â ª, çâ® kzk 6 r. �§ (5) á«¥¤ã¥â Z(�;Kz) = Z0 + (Z(�;Kz) � Z0) 6
Z0 + " < 0;5(r0 + %) < r0. �â® ®§ ç ¥â, çâ® 0 > �.

�ãé¥áâ¢¥®áâì ãá«®¢¨© ¯à¨¢¥¤¥®£® ãâ¢¥à¦¤¥¨ï ¯®¤â¢¥à¦¤ ¥âáï ãà ¢¥¨¥¬

x(t) = x(0)
��Z t

0

x(s)ds
�2

+ 1
�

¢ ¯à®áâà áâ¢¥ C[0;1] ¥¯à¥àë¢ëå   [0; 1] äãªæ¨©. �¤¥áì ®¯¥à â®à K : C[0;1] ! C[0;1],

(Kx)(t) = x(0)
�� tR

0

x(s)ds
�2
+1

�
, ï¢«ï¥âáï ¢®«ìâ¥àà®¢ë¬ (á®£« á® ®¯à¥¤¥«¥¨î �.�.�¨å®®¢ ),

¢¯®«¥ ¥¯à¥àë¢ë¬ ¨ ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã (5) ¢ ãá«®¢¨¨ ã«ãçè ¥¬®áâ¨ ®¯¥à â®à . �¥
¢ë¯®«¥® «¨èì ¥à ¢¥áâ¢® (4). �¥è¥¨¥¬ à áá¬ âà¨¢ ¥¬®£® ãà ¢¥¨ï ï¢«ïîâáï äãªæ¨¨
x(t) = c

cos2(ct)
, £¤¥ ¤¥©áâ¢¨â¥«ì®¥ ç¨á«® c ¯à¨¨¬ ¥â «î¡ë¥ § ç¥¨ï. � ¦¤®¥ à¥è¥¨¥, ªà®¬¥

ã«¥¢®£®, ¨¬¥¥â ¢¥àâ¨ª «ìãî  á¨¬¯â®âã t = �

2c
. �¬¥¥¬ �

2c
! 0 ¯à¨ c ! 1, â. ¥. ãâ¢¥à¦¤¥¨¥

â¥®à¥¬ë 6 ¥ ¢ë¯®«¥®.
�«ï â®£® çâ®¡ë ®æ¥¨âì ç¨á«® �, ®¯à¥¤¥«¨¬ â®çãî ¢¥àåîî £à ¨æã �("; r) ¢á¥¢®§¬®¦ëå

ç¨á¥« �, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (5). � ¬¥â¨¬, çâ® á ¬® ç¨á«® �("; r) â ª¦¥ ã¤®¢«¥â¢®àï-
¥â ãá«®¢¨î (5). �ãªæ¨ï �(�; �) ¥ ã¡ë¢ ¥â ¯® ¯¥à¢®¬ã  à£ã¬¥âã ¨ ¥ ¢®§à áâ ¥â ¯® ¢â®à®-
¬ã  à£ã¬¥âã. �ë¡¥à¥¬ " > 0. �ãáâì áã¦¥¨¥ z1 ¯à¥¤¥«ì® ¯à®¤®«¦¥®£® à¥è¥¨ï z�  
¥ª®â®à®¥ ¬®¦¥áâ¢® e1 ¨¬¥¥â ®à¬ã kz1kB(e1 )

= % + ". �à®¤®«¦¨¬ íâã äãªæ¨î ¤® í«¥-
¬¥â  z 2 B, kzk 6 % + 2". �á«¥¤áâ¢¨¥ ã«ãçè ¥¬®áâ¨ ®¯¥à â®à  K ¢ë¯®«¥® ¥à ¢¥áâ¢®
Z(�("; %+2");Kz) 6 %+". �âáî¤  1 > �("; %+2"). � «®£¨ç®, ¬¥à  2 ¬®¦¥áâ¢  e2 ,   ª®â®à®¬
kz2kB(e2 )

= %+2", ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã 2 > �("; %+2")+�("; %+3") ¨ â. ¤. � ª¨¬ ®¡à §®¬,

� >
1P
n=2

�("; %+ n"). � ª ª ª ç«¥ë íâ®£® § ª®¯®«®¦¨â¥«ì®£® àï¤  ®¡à §ãîâ ¥¢®§à áâ îéãî

¯®á«¥¤®¢ â¥«ì®áâì, â® ¥£® áã¬¬  S(") ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã S(") >
1R
2

�("; %+ t")dt. (�¤¥áì
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¯®¤¨â¥£à «ì ï äãªæ¨ï  à£ã¬¥â  t ¥ ¢®§à áâ ¥â ¨ ¯®íâ®¬ã ¨§¬¥à¨¬ .) �á«¥¤áâ¢¨¥ ¯à®¨§-
¢®«ì®áâ¨ " > 0 ®ª®ç â¥«ì® ¯®«ãç ¥¬ á«¥¤ãîéãî ®æ¥ªã  á¨¬¯â®âë à¥è¥¨ï.

�¥®à¥¬  7. �ãáâì ®¯¥à â®à K : B ! B ï¢«ï¥âáï ¢®«ìâ¥àà®¢ë¬ ¨ ã«ãçè îé¨¬   á¨-

áâ¥¬¥ v. �á«¨

lim
"!0

Z
1

2

�("; %+ t")dt > b� a; (12)

â® ãà ¢¥¨¥ (3) ¥ ¨¬¥¥â ¯à¥¤¥«ì® ¯à®¤®«¦¥ëå à¥è¥¨©. � ¯à®â¨¢®¬ á«ãç ¥ ¤«ï «î¡®£®

¯à¥¤¥«ì® ¯à®¤®«¦¥®£® à¥è¥¨ï z� ¢ë¯®«¥®

� > lim
"!0

Z
1

2

�("; %+ t")dt: (13)

� ¬¥ç ¨¥. �á«¨ ¯à¨ ¥ª®â®à®¬ " > 0 ¥á®¡áâ¢¥ë© ¨â¥£à « ¢ (12) à áå®¤¨âáï ¨«¨ ¯à¨
"! 0 ¨â¥£à « ¥®£à ¨ç¥® ¢®§à áâ ¥â, â® ¥à ¢¥áâ¢® (12), ¥áâ¥áâ¢¥®, áç¨â ¥¬ ¢ë¯®«¥-
ë¬.

�®ç®áâì ®æ¥ª¨ (13) ¯à®¨««îáâà¨àã¥¬ á«¥¤ãîé¨¬ ¯à¨¬¥à®¬. � áá¬®âà¨¬ ¢ ¯à®áâà áâ¢¥
¥¯à¥àë¢ëå äãªæ¨© ãà ¢¥¨¥

x(t) =
Z t

0
(x2(s) + 1)ds; t > 0:

�£® ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x(t) = tg t ¨¬¥¥â ¢¥àâ¨ª «ìãî  á¨¬¯â®âã t = �

2
. �«ï ®¯¥à â®à 

(Kx)(t) =
tR
0

(x2(s) + 1)ds ¨¬¥¥¬ % = 0. �§ ¥à ¢¥áâ¢ 
�2R
�1

(r2 + 1)ds < "  å®¤¨¬ �("; r) = �2 � �1 =

"

r2+1
. �«¥¤®¢ â¥«ì®,   ®á®¢ ¨¨ ä®à¬ã«ë (13) ¯®«ãç ¥¬

� > lim
"!0

Z
1

2

"

"2t2 + 1
dt = lim

"!0

�
�

2
� arctg 2"

�
=

�

2
:

2. �¥¯à¥àë¢ ï § ¢¨á¨¬®áâì à¥è¥¨© ®â ¯ à ¬¥âà®¢ ãà ¢¥¨ï

�¯¥à â®àë Ki : B ! B, i = 1; 2; : : : ,  §®¢¥¬ ¢ á®¢®ªã¯®áâ¨ «®ª «ì® á¦¨¬ îé¨¬¨  

á¨áâ¥¬¥ v, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ ç¨á«  q < 1, � > 0, çâ® ¢ë¯®«¥ë ãá«®¢¨ï

1) 8� 2 (0; �) 8x; y 2 B 8i Z(�;Kix�Kiy) 6 qZ(�; x� y);
2) 8�;  2 (0; b � a] � <  < � + � 8x; y 2 B 8i

fx(t) = y(t); 8t 2 e� ) Z(;Kix�Kiy) 6 qZ(; x� y)g:

�á«¨ ¯®á«¥¤®¢ â¥«ì®áâì ¢ á®¢®ªã¯®áâ¨ «®ª «ì® á¦¨¬ îé¨å   v ®¯¥à â®à®¢ Ki : B ! B,
i = 1; 2; : : : , áå®¤¨âáï   ª ¦¤®¬ x 2 B ª ®¯¥à â®àã K : B ! B, â® ®¯¥à â®à K ¡ã¤¥â «®ª «ì®
á¦¨¬ îé¨¬   v.

�¥®à¥¬  8. �ãáâì ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ B ¢ë¯®«¥® V -ãá«®¢¨¥. �ãáâì, ¤ «¥¥, ¢®«ì-
â¥àà®¢ë¥   á¨áâ¥¬¥ v ®¯¥à â®àë Ki : B ! B, i = 1; 2; : : : , ï¢«ïîâáï ¢ á®¢®ªã¯®áâ¨ «®ª «ì®

á¦¨¬ îé¨¬¨ ¨ ¤«ï «î¡®© áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì®áâ¨ fxig � B, kxi � xk ! 0, ¨¬¥¥â
¬¥áâ® kKixi �Kxk ! 0, £¤¥ K : B ! B. �®£¤  ¯à¨ ª ¦¤®¬ i ãà ¢¥¨¥

xi(t)� (Kixi)(t) = 0; t 2 [a; b]; (14)

¨¬¥¥â ¥¤¨áâ¢¥®¥ £«®¡ «ì®¥ à¥è¥¨¥ zi, ¢áïª®¥ «®ª «ì®¥ à¥è¥¨¥ ¡ã¤¥â ç áâìî á®®â¢¥â-

áâ¢ãîé¥£® £«®¡ «ì®£® à¥è¥¨ï. �à ¢¥¨¥

x(t)� (Kx)(t) = 0; t 2 [a; b]; (15)
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â ª¦¥ ¨¬¥¥â ¥¤¨áâ¢¥®¥ £«®¡ «ì®¥ à¥è¥¨¥ z, ¢áïª®¥ «®ª «ì®¥ à¥è¥¨¥ ¡ã¤¥â ¥£® ç áâìî

¨

kzi � zk ! 0: (16)

�®ª § â¥«ìáâ¢®. �§ ãá«®¢¨© â¥®à¥¬ë á«¥¤ã¥â áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ fKig   ª -
¦¤®¬ x 2 B ª ®¯¥à â®àã K. �®íâ®¬ã ®¯¥à â®à K ¡ã¤¥â «®ª «ì® á¦¨¬ îé¨¬ ¨ á®£« á®
â¥®à¥¬¥ 1 ¢®«ìâ¥àà®¢ë¬   v. �§ â¥®à¥¬ë 3 á«¥¤ã¥â ®¤®§ ç ï à §à¥è¨¬®áâì ãà ¢¥¨© (14),
(15). �®ª ¦¥¬,çâ® ¤«ï ¨å à¥è¥¨© zi, z ¢ë¯®«¥® (16).

�®§ì¬¥¬ ç¨á«  q < 1, � > 0, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î á®¢®ªã¯®© «®ª «ì®© á¦¨¬ ¥¬®áâ¨
®¯¥à â®à®¢ Ki, K. �«ï «î¡®£® " > 0  ©¤¥¬ â ª¨¥ �1 > 0, I1 2 N , çâ® ¯à¨ ¢á¥å x 2 B, i 2 N
¨§ ¥à ¢¥áâ¢ kx � zk < �1, i > I1 á«¥¤ã¥â kKix �Kzk = kKix � zk < (1�q)"

6
. �¥§ ®£à ¨ç¥¨ï

®¡é®áâ¨ ¬®¦¥¬ áç¨â âì, çâ® �1 <
(1�q)"

6
. �¯à¥¤¥«¨¬ �2 > 0, I2 2 N â ª, çâ®¡ë ¯à¨ ¢á¥å x 2 B,

i 2 N , ¥á«¨ kx � zk < �2, i > I2, â® kKix � Kzk = kKix � zk < (1�q)�1
6

. �ç¨â ¥¬ �2 < (1�q)�1
6

,
I2 > I1. � «¥¥, áãé¥áâ¢ãîâ â ª¨¥ �3 > 0, I3 2 N , çâ® ¤«ï «î¡ëå x 2 B, i 2 N , ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨î kx � zk < �3, i > I3, ¢ë¯®«¥® kKix � Kzk = kKix � zk < (1�q)�2

6
, �3 < (1�q)�2

6
,

I3 > I2 ¨ â. ¤. �á¥£® á¤¥« ¥¬ l =
�
b�a

�

�
¢ëç¨á«¥¨©, ¨   ¯®á«¥¤¥¬ è £¥  ©¤¥¬ �l, Il. �ç¨â ¥¬

�l <
(1�q)�l�1

6
, Il > Il�1.

� áá¬®âà¨¬ áã¦¥¨ï zi�, z� äãªæ¨© zi, z   ¬®¦¥áâ¢® e�, ï¢«ïîé¨¥áï ¥¯®¤¢¨¦ë¬¨
â®çª ¬¨ ®¯¥à â®à®¢ Ki� = ��KiP� : B(e�)! B(e�), K� = ��KP� : B(e�)! B(e�). �à¨ ¢á¥å i > Il
¢ë¯®«¥® kKi�z�� z�k <

(1�q)�l
6

. �®íâ®¬ã ¤«ï ª ¦¤®£®  âãà «ì®£® n ¯®«ãç ¥¬ kKn
i�z�� z�k 6

kKn
i�z� �Kn�1

i� z�k+ kK
n�1
i� z� �Kn�2

i� z�k+ � � �+ kKi�z� � z�k 6 (qn�1+ qn�2+ � � �+ q+1) (1�q)�l
6

6
�l
6
.

�ç¨âë¢ ï áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨©Kn
i�z� ª ¥¯®¤¢¨¦®© â®çª¥ zi� ®¯¥à â®à 

Ki�, ¯®«ãç ¥¬ ®æ¥ªã kzi� � z�k 6
�l
6
.

�ãáâì zi2� , z2� | áã¦¥¨ï äãªæ¨© zi, z   ¬®¦¥áâ¢® e2�, Ki2� = �2�KiP2� : B(e2�) !
B(e2�), K2� = �2�KP2� : B(e2�) ! B(e2�). �®áâà®¨¬ â ª®¥ ¯à®¤®«¦¥¨¥ wi2� 2 B(e2�) äãªæ¨¨
zi� 2 B(e�), çâ® kwi2� � z2�k 6 �l. �à¨ ¢á¥å i > Il > Il�1 ¢ë¯®«¥® kKi2�wi2� � K2�z2�k =
kKi2�wi2� � z2�k < (1�q)�l�1

6
. �«¥¤®¢ â¥«ì®, kKi2�wi2� � wi2�k < �l +

(1�q)�l�1
6

< (1�q)�l�1
3

. � ª
ª ª ¯à¨ «î¡®¬ n ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® (Kn

i2�wi2�)(t) = wi2�(t), t 2 e�, â® ¬®¦® ¯®«ì§®¢ âìáï
«®ª «ì®© á¦¨¬ ¥¬®áâìî ®¯¥à â®à®¢ Kn

i2�. �®«ãç ¥¬ kK
n
i2�wi2��wi2�k 6 kKn

i2�wi2��Kn�1
i2� wi2�k+

kKn�1
i2� wi2��Kn�2

i2� wi2�k+ � � �+ kKi2�wi2��wi2�k 6 (qn�1+ qn�2+ � � �+ q+1) (1�q)�l�1
3

6
�l�1
3
. �âáî¤ 

kKn
i2�wi2� � z2�k 6

�l�1
3

+ �l 6
�l�1
3

+ �l�1
6

= �l�1
2
. � ª ª ª ¯®á«¥¤®¢ â¥«ìë¥ ¯à¨¡«¨¦¥¨ï Kn

i2�w2�

áå®¤ïâáï ª ¥¯®¤¢¨¦®© â®çª¥ zi2� ®¯¥à â®à  Ki2�, â® ¯®«ãç ¥¬ ¥à ¢¥áâ¢® kzi2� � z2�k 6
�l�1
2
.

�  á«¥¤ãîé¥¬ è £¥ ¢ëç¨á«¥¨©  å®¤¨¬ â ª®¥ ¯à®¤®«¦¥¨¥ wi3� 2 B(e3�) äãªæ¨¨ zi2� 2
B(e2�), çâ® kwi3� � z3�k 6 �l�1. �¤¥áì i > Il > Il�1 > Il�2. �®á¯®«ì§®¢ ¢è¨áì áå®¤¨¬®áâìî
¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨© Kn

i3�w3� ª ¥¯®¤¢¨¦®© â®çª¥ zi3� ®¯¥à â®à  Ki3� = �3�KiP3� :
B(e3�)! B(e3�), ¯®«ãç ¥¬ ®æ¥ªã kzi3� � z3�k 6

�l�2
2
. � â. ¤. �  ¯®á«¥¤¥¬ l-¬ è £¥ ¢ëç¨á«¥¨©

¤®ª ¦¥¬, çâ® ¯à¨ ¢á¥å i > Il ¨¬¥¥â ¬¥áâ® kzi � zk < ".

� á«ãç ¥, ª®£¤  ®¯¥à â®àë Ki ¥ ï¢«ïîâáï ¢ á®¢®ªã¯®áâ¨ «®ª «ì® á¦¨¬ îé¨¬¨, ãá«®¢¨ï
áå®¤¨¬®áâ¨ à¥è¥¨© ãà ¢¥¨© (14) ª à¥è¥¨î ãà ¢¥¨ï (15) ¬®¦® ¯®«ãç¨âì, ¨á¯®«ì§ãï ¨¤¥¨
à ¡®â [19] ¨ [20].

�¯¥à â®àë Ki : B ! B, i = 1; 2; : : : ,  §ë¢ îâ ¢ á®¢®ªã¯®áâ¨ ª®¬¯ ªâë¬¨ [20], ¥á«¨ ¤«ï

¢áïª®£® ®£à ¨ç¥®£® ¬®¦¥áâ¢  U � B ¬®¦¥áâ¢®
1

[
i=1

KiU ª®¬¯ ªâ®.

� ¬ ¯®âà¥¡ã¥âáï á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥, ¯®«ãç¥®¥ ¢ [20].

�¥¬¬  1. �ãáâì ®¯¥à â®àë Ki : B ! B, i = 1; 2; : : : , ¢ á®¢®ªã¯®áâ¨ ª®¬¯ ªâë ¨ ¤«ï «î-

¡®© áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì®áâ¨ fxig � B, kxi�xk ! 0, ¨¬¥¥â ¬¥áâ® kKixi�Kxk ! 0, £¤¥
K : B ! B. �®£¤  «î¡ ï ®£à ¨ç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì zi ¥¯®¤¢¨¦ëå â®ç¥ª ®¯¥à â®à®¢

Ki ï¢«ï¥âáï ª®¬¯ ªâ®©, ¢áïª ï ¥¥ ¯à¥¤¥«ì ï â®çª  ï¢«ï¥âáï ¥¯®¤¢¨¦®© ¤«ï ®¯¥à â®à 

K. �á«¨ ¥¯®¤¢¨¦ ï â®çª  z ®¯¥à â®à  K ¥¤¨áâ¢¥ , â® kzi � zk ! 0.
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�â¬¥â¨¬ áãé¥áâ¢¥®áâì ãá«®¢¨ï ®£à ¨ç¥®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¥¯®¤¢¨¦ëå â®ç¥ª
®¯¥à â®à®¢ Ki ¢ íâ®¬ ãâ¢¥à¦¤¥¨¨. � áá¬®âà¨¬,  ¯à¨¬¥à, ¯®á«¥¤®¢ â¥«ì®áâì ®¯¥à â®à®¢

Ki : R! R; Kix =

8>><
>>:
x� 1; ¥á«¨ x 6 i;

2x� i� 1; ¥á«¨ i < x 6 i+ 1;

x; ¥á«¨ x > i+ 1:

�â¨ ®¯¥à â®àë ¢ á®¢®ªã¯®áâ¨ ª®¬¯ ªâë, â. ª.
1

[
i=1

Ki[�; �] � [�� 1; �]. � «¥¥, ¤«ï «î¡®£® x 2 R

¨ «î¡®© ¥£® ®ªà¥áâ®áâ¨ U áãé¥áâ¢ã¥â â ª®© ®¬¥à I, çâ® ¯à¨ ¢á¥å i > I, y 2 U ¢ë¯®«¥®
Kiy = y� 1. � ª¨¬ ®¡à §®¬, ¤«ï «î¡®© áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì®áâ¨ fxig � R, kxi� xk ! 0,
¨¬¥¥â ¬¥áâ® kKixi � Kxk ! 0, £¤¥ Kx = x � 1. �¥¯®¤¢¨¦ë¥ â®çª¨ ®¯¥à â®à  Ki ®¡à §ãîâ
¬®¦¥áâ¢® @i = [i + 1;1). �î¡ ï ¯®á«¥¤®¢ â¥«ì®áâì í«¥¬¥â®¢ fxig, ¢ë¡à ëå ¯® ®¤®¬ã
¨§ ª ¦¤®£® ¬®¦¥áâ¢  @i, ¡ã¤¥â ¡¥áª®¥ç® ¡®«ìè®©,   ¯à¥¤¥«ìë© ®¯¥à â®à K ¥ ¨¬¥¥â ¥¯®-
¤¢¨¦ëå â®ç¥ª.

�à®¢¥àª  ®£à ¨ç¥®áâ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ ¥¯®¤¢¨¦ëå â®ç¥ª zi ®¯¥à â®à®¢ Ki ¡ë¢ ¥â
¤®áâ â®ç® á«®¦®©. �«ï ãà ¢¥¨© ®¡é¥£® ¢¨¤  ®¡ëç® ¯à¥¤¯®« £ îâáï ¢ë¯®«¥ë¬¨  ¯à¨-
®àë¥ ®æ¥ª¨ à¥è¥¨© [2], [3], [20], [21], ¨§ ª®â®àëå á«¥¤ã¥â ®£à ¨ç¥®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨
zi. � å®¦¤¥¨î â ª¨å ¥à ¢¥áâ¢ ¢ ¯à®áâà áâ¢¥ áã¬¬¨àã¥¬ëå äãªæ¨©   ®á®¢¥ â¥®à¥¬ ®
¥¯®¤¢¨¦ëå â®çª å ¬®®â®ëå ®¯¥à â®à®¢ ¯®á¢ïé¥  à ¡®â  [22]. �®¦® â ª¦¥ ¢®á¯®«ì§®-
¢ âìáï ®æ¥ª ¬¨ à¥è¥¨©, ¯®«ãç¥ë¬¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥ (â¥®à¥¬ë 6, 7). �é¥ ®¤¨¬
¯à¥¯ïâáâ¢¨¥¬ ª ¯à¨¬¥¥¨î «¥¬¬ë ¢ á«ãç ¥ ¢®«ìâ¥àà®¢®áâ¨ ®¯¥à â®à®¢ Ki ï¢«ï¥âáï â®â ä ªâ,
çâ® ãà ¢¥¨ï (14) ¬®£ãâ ¨¬¥âì ¯à¥¤¥«ì® ¯à®¤®«¦¥ë¥ à¥è¥¨ï, ¡®«¥¥ â®£®, ®¯à¥¤¥«¥ë¥  
à §ëå ¬®¦¥áâ¢ å. �«ï ¯à¥®¤®«¥¨ï íâ¨å âàã¤®áâ¥© â ª¦¥ æ¥«¥á®®¡à §® ¢®á¯®«ì§®¢ âìáï
à¥§ã«ìâ â ¬¨ ¯à¥¤ë¤ãé¥£® ¯ à £à ä .

�¯¥à â®àë Ki : B ! B, i = 1; 2; : : : , ¡ã¤¥¬  §ë¢ âì ¢ á®¢®ªã¯®áâ¨ ã«ãçè îé¨¬¨  

á¨áâ¥¬¥ v, ¥á«¨

9% 8x 2 B 8i Z(0;Kix) 6 %; (17)

8r > 0 8" > 0 9� > 0 8x 2 B 8i 8�;  2 [0; b � a]

(
j� � j < �;

kxk 6 r
) jZ(;Kix)� Z(�;Kix)j < ":

(18)

�¥¬¬  2. �ãáâì ®¯¥à â®àë Ki : B ! B, i = 1; 2; : : : , ï¢«ïîâáï ¢ á®¢®ªã¯®áâ¨ ã«ãç-

è îé¨¬¨   á¨áâ¥¬¥ v. �®£¤  ¤«ï ¯à®¨§¢®«ì®£® r0, r0 > %, áãé¥áâ¢ã¥â â ª®¥ � > 0, çâ®
¤«ï «î¡®£®  âãà «ì®£® i ¨ «î¡®£® «®ª «ì®£® à¥è¥¨ï zii ãà ¢¥¨ï (14), ®¯à¥¤¥«¥®£®  

¥ª®â®à®¬ ¬®¦¥áâ¢¥ ei 2 v, ¥á«¨ kziikB(ei )
> r0, â® i = �(ei) > �.

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ç¨á«  r, r > r0 > %, " = 0;5(r0 � %) ¨  ©¤¥¬ � > 0, ã¤®¢«¥-
â¢®àïîé¥¥ ãá«®¢¨î (18). �®§ì¬¥¬ ¯à®¨§¢®«ì®¥ «®ª «ì®¥ à¥è¥¨¥ zii ãà ¢¥¨ï (14), ®à¬ 
ª®â®à®£® kziikB(ei )

> r0. �ãé¥áâ¢ã¥â â ª®¥ ¥£® áã¦¥¨¥ zi�i   ¥ª®â®à®¥ ¬®¦¥áâ¢® e�i � ei ,
çâ® kz�ikB(e�i )

= r0. �à®¤®«¦¨¬ äãªæ¨î zi�i ¤® ¥ª®â®à®© äãªæ¨¨ zi 2 B â ª, çâ® kzik 6 r.
�®£¤  Z(�;Kz) = Z(0;Kz) + (Z(�;Kz) � Z(0;Kz)) 6 %+ " < r0. �®íâ®¬ã i > �i > �.

�à¥¦¤¥ ç¥¬ áä®à¬ã«¨à®¢ âì ãâ¢¥à¦¤¥¨¥ ® ¥¯à¥àë¢®© § ¢¨á¨¬®áâ¨ à¥è¥¨ï ®â ¯ à ¬¥-
âà®¢ ãà ¢¥¨ï ®â¬¥â¨¬ á«¥¤ãîé¥¥. �ãáâì ®¯¥à â®àë Ki : B ! B, i = 1; 2; : : : ,   ª ¦¤®¬ x 2 B
áå®¤ïâáï ª ®¯¥à â®àã K : B ! B. �á«¨ ®¯¥à â®àë Ki ï¢«ïîâáï ¢ á®¢®ªã¯®áâ¨ ã«ãçè îé¨¬¨
  v, â® ®¯¥à â®à K â ª¦¥ ¡ã¤¥â ã«ãçè îé¨¬; ¥á«¨ ®¯¥à â®àë Ki ¢ á®¢®ªã¯®áâ¨ ª®¬¯ ªâë,
â® ¨ ®¯¥à â®à K ¡ã¤¥â ª®¬¯ ªâë¬.

�¥®à¥¬  9. �ãáâì ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ B ¢ë¯®«¥® V -ãá«®¢¨¥. �ãáâì, ¤ «¥¥, ¢®«ì-
â¥àà®¢ë¥   á¨áâ¥¬¥ v, ¥¯à¥àë¢ë¥ ®¯¥à â®àë Ki : B ! B, i = 1; 2; : : : , ï¢«ïîâáï ¢ á®¢®ªã¯-

®áâ¨ ª®¬¯ ªâë¬¨ ¨ ¢ á®¢®ªã¯®áâ¨ ã«ãçè îé¨¬¨. �ãáâì,  ª®¥æ, ¤«ï «î¡®© áå®¤ïé¥©áï
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¯®á«¥¤®¢ â¥«ì®áâ¨ fxig � B, kxi�xk ! 0, ¨¬¥¥â ¬¥áâ® kKixi�Kxk ! 0, £¤¥ K : B ! B. �®-
£¤  ¯à¨ ª ¦¤®¬ i ãà ¢¥¨ï (14) ¨ (15) «®ª «ì® à §à¥è¨¬ë, ¢áïª®¥ «®ª «ì®¥ à¥è¥¨¥ ¯à®¤®«-
¦ ¥¬® ¤® £«®¡ «ì®£® ¨«¨ ¯à¥¤¥«ì® ¯à®¤®«¦¥®£® à¥è¥¨ï. �à®¬¥ â®£®, áãé¥áâ¢ã¥â â ª®¥

� > 0, çâ®

1) ¤«ï «î¡®£® i ¨ ¤«ï ª ¦¤®£® ¯à¥¤¥«ì® ¯à®¤®«¦¥®£® à¥è¥¨ï zi�i ãà ¢¥¨ï (14), ®¯à¥-
¤¥«¥®£®   [

<�
e, ¢ë¯®«¥® �i > �;

2) ¤«ï ª ¦¤®£® ¯à¥¤¥«ì® ¯à®¤®«¦¥®£® à¥è¥¨ï z� ãà ¢¥¨ï (15), ®¯à¥¤¥«¥®£®  

[
<�

e, ¢ë¯®«¥® � > �;

3) ¥á«¨ ¯à¨ ª ¦¤®¬ i ¢ë¡à âì ¯à®¨§¢®«ì® «®ª «ì®¥ à¥è¥¨¥ zi� ãà ¢¥¨ï (14), ®¯à¥-
¤¥«¥®¥   e�, â® ¯®«ãç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì ¡ã¤¥â ª®¬¯ ªâ  ¢ ¯à®áâà áâ¢¥

B(e�), ¢á¥ ¥¥ ¯à¥¤¥«ìë¥ â®çª¨ ¡ã¤ãâ «®ª «ìë¬¨ à¥è¥¨ï¬¨ ãà ¢¥¨ï (15);
4) ¥á«¨ «®ª «ì®¥ ®¯à¥¤¥«¥®¥   e� à¥è¥¨¥ z� ãà ¢¥¨ï (15) ¥¤¨áâ¢¥®, â®

kzi� � z�kB(e�) ! 0:

�®ª § â¥«ìáâ¢® «®ª «ì®© à §à¥è¨¬®áâ¨ ãà ¢¥¨© (14), (15) ¨ ¯à®¤®«¦ ¥¬®áâ¨ à¥è¥-
¨© á«¥¤ã¥â ¨§ â¥®à¥¬ë 4, áãé¥áâ¢®¢ ¨¥ ç¨á«  � ¨ áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì®áâ¨ zi� | ¨§
«¥¬¬ 1, 2.

�á«®¢¨ï â¥®à¥¬ë 9 ¬®¦® ¥áª®«ìª® ¨§¬¥¨âì, ¨áå®¤ï ¨§ á«¥¤ãîé¨å á®®¡à ¦¥¨©. �®¢®-
ªã¯ ï ã«ãçè ¥¬®áâì ®¯¥à â®à®¢ Ki : B ! B, i = 1; 2; : : : , ¡ã¤¥â á«¥¤®¢ âì ¨§ ¨å á®¢®ªã¯®©
ª®¬¯ ªâ®áâ¨, ¥á«¨ ¢ ¯à®áâà áâ¢¥ B ¢ë¯®«¥® ãá«®¢¨¥ C ¨ ®¯¥à â®àë Ki ã¤®¢«¥â¢®àïîâ
¥à ¢¥áâ¢ã (17), ¨«¨ ¥á«¨ ¢ ¯à®áâà áâ¢¥ B ¢ë¯®«¥® ãá«®¢¨¥ C0. � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬

�«¥¤áâ¢¨¥. �ãáâì ¢ë¯®«¥® ®¤® ¨§ ãá«®¢¨©: «¨¡® ¡  å®¢® ¯à®áâà áâ¢® B ®¡« ¤ ¥â
á¢®©áâ¢ ¬¨ V , C0, «¨¡® ¡  å®¢® ¯à®áâà áâ¢® B ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ V , C,   ®¯¥à â®àë Ki

ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ã (17). �ãáâì, ¤ «¥¥, ¢®«ìâ¥àà®¢ë¥   á¨áâ¥¬¥ v, ¥¯à¥àë¢ë¥ ®¯¥-
à â®àë Ki : B ! B, i = 1; 2; : : : , ï¢«ïîâáï ¢ á®¢®ªã¯®áâ¨ ª®¬¯ ªâë¬¨. �ãáâì,  ª®¥æ, ¤«ï
«î¡®© áå®¤ïé¥©áï ¯®á«¥¤®¢ â¥«ì®áâ¨ fxig � B, kxi � xk ! 0, ¢ë¯®«¥® kKixi�Kxk ! 0, £¤¥
K : B ! B. �®£¤  ¨¬¥¥â ¬¥áâ® ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë 9.

�æ¥¨¬ ç¨á«® � | ¬¥àã ¬®¦¥áâ¢ ,   ª®â®à®¬ ¯®á«¥¤®¢ â¥«ì®áâì «®ª «ìëå à¥è¥¨©
ãà ¢¥¨© (14) áå®¤¨âáï ª à¥è¥¨î ãà ¢¥¨ï (15). �¡®§ ç¨¬ ç¥à¥§ �("; r) â®çãî ¢¥àåîî
£à ¨æã ¢á¥¢®§¬®¦ëå ç¨á¥« �, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (18).

�¥®à¥¬  10. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 9. �®£¤  ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë ¨¬¥¥â

¬¥áâ® ¯à¨ «î¡®¬ �, ã¤®¢«¥â¢®àïîé¥¬ ¥à ¢¥áâ¢ã

� < lim
"!0

Z
1

2

�("; %+ t")dt: (19)

� ç áâ®¬ á«ãç ¥, ¥á«¨ lim
"!0

1R
2

�("; %+ t")dt > b� a, â®

1) ¤«ï «î¡®£® i ãà ¢¥¨¥ (14) ¥ ¨¬¥¥â ¯à¥¤¥«ì® ¯à®¤®«¦¥ëå à¥è¥¨©, â. ¥. ª ¦¤®¥

«®ª «ì®¥ à¥è¥¨¥ ¯à®¤®«¦ ¥¬® â®«ìª® ¤® £«®¡ «ì®£®;
2) ãà ¢¥¨¥ (15) ¥ ¨¬¥¥â ¯à¥¤¥«ì® ¯à®¤®«¦¥ëå à¥è¥¨©, â. ¥. ª ¦¤®¥ «®ª «ì®¥ à¥-

è¥¨¥ ¯à®¤®«¦ ¥¬® â®«ìª® ¤® £«®¡ «ì®£®;
3) ¥á«¨ ¯à¨ ª ¦¤®¬ i ¢ë¡à âì ¯à®¨§¢®«ì® £«®¡ «ì®¥ à¥è¥¨¥ zi ãà ¢¥¨ï (14), â® ¯®-

«ãç¥ ï ¯®á«¥¤®¢ â¥«ì®áâì ¡ã¤¥â ª®¬¯ ªâ  ¢ ¯à®áâà áâ¢¥ B, ¢á¥ ¥¥ ¯à¥¤¥«ìë¥

â®çª¨ ¡ã¤ãâ £«®¡ «ìë¬¨ à¥è¥¨ï¬¨ ãà ¢¥¨ï (15);
4) ¥á«¨ £«®¡ «ì®¥ à¥è¥¨¥ z ãà ¢¥¨ï (15) ¥¤¨áâ¢¥®, â® kzi � zkB ! 0.
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�®ª § â¥«ìáâ¢®. �®áâ â®ç® ¯®ª § âì, çâ® ¥á«¨ � 2 (0; b � a] ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã
(19), â®, ¢®-¯¥à¢ëå, ¯à¨ ¢á¥å i ¤«ï «î¡®£® ¯à¥¤¥«ì® ¯à®¤®«¦¥®£® à¥è¥¨ï zi�i ãà ¢¥¨ï
(14) ¢ë¯®«¥® �i > � ¨, ¢®-¢â®àëå, áãé¥áâ¢ã¥â â ª®¥ ç¨á«® �, çâ® ¯à¨ ¢á¥å i «î¡®¥ «®ª «ì®¥
à¥è¥¨¥ zi� ãà ¢¥¨ï (14), ®¯à¥¤¥«¥®¥   e�, ¨¬¥¥â ®à¬ã kz

i
�k 6 �.

�â ª, ¯ãáâì � ¢ë¡à ® ¨§ ãá«®¢¨ï (19). �®£¤  áãé¥áâ¢ã¥â â ª®¥ " > 0, çâ® � <
1R
2

�("; %+t")dt 6

1P
n=2

�("; % + n"). �«¥¤®¢ â¥«ì®,  ©¤¥âáï â ª®© ®¬¥à I, çâ® � 6
IP

n=2
�("; %+ n"). �ãáâì áã¦¥¨¥

zi1   ¥ª®â®à®¥ ¬®¦¥áâ¢® e1 ¯à¥¤¥«ì® ¯à®¤®«¦¥®£® à¥è¥¨ï zi�i ãà ¢¥¨ï (14) ¨¬¥¥â
®à¬ã kzi1kB(e1 )

= %+ ". �à®¤®«¦¨¬ íâã äãªæ¨î ¤® í«¥¬¥â  z 2 B, kzk < %+2". �á«¥¤áâ¢¨¥
á®¢®ªã¯®© ã«ãçè ¥¬®áâ¨ ®¯¥à â®à®¢ Ki ¢ë¯®«¥® ¥à ¢¥áâ¢® Z(�("; % + 2");Kiz) < % + ".
�âáî¤  1 > �("; % + 2"). � «®£¨ç®, ¥á«¨ áã¦¥¨¥ zi2   ¥ª®â®à®¥ ¬®¦¥áâ¢® e2 ¯à¥¤¥«ì®
¯à®¤®«¦¥®£® à¥è¥¨ï zi�i ãà ¢¥¨ï (14) ¨¬¥¥â ®à¬ã kz

i
2
kB(e2 )

= %+2", â® 2 > �("; %+2")+

�("; % + 3") ¨ â. ¤. � ª¨¬ ®¡à §®¬, � > I >
IP

n=2
�("; % + n") > �. �à®¬¥ â®£®, §¤¥áì ãáâ ®¢«¥®,

çâ® «î¡®¥ «®ª «ì®¥ ®¯à¥¤¥«¥®¥   e� à¥è¥¨¥ zi� ãà ¢¥¨ï (14) ¨¬¥¥â ®à¬ã kz
i
�k 6 I".

�¢â®à ¢ëà ¦ ¥â ¨áªà¥îî ¯à¨§ â¥«ì®áâì ¯à®ä¥áá®àã �.�.�ã«£ ª®¢ã §  á®¢¥âë ¨ § ¬¥-
ç ¨ï, ¢® ¬®£®¬ ¯®¢«¨ï¢è¨¥   íâ® ¨áá«¥¤®¢ ¨¥.
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