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�¢¥¤¥­¨¥. � ¤ ­­®© à ¡®â¥ ¨§ãç ¥âáï ã£«®¢ ï å à ªâ¥à¨áâ¨ª  ¯ àë ¬­®¦¥áâ¢ á ­¥¯ãáâë¬
¯¥à¥á¥ç¥­¨¥¬ ¢ ¯à®¨§¢®«ì­ëå ¬¥âà¨ç¥áª¨å ¯à®áâà ­áâ¢ å, ®¡®¡é îé ï ¯®­ïâ¨¥ â®¯®«®£¨ç¥áª®-
£® ã£« , ¢¢¥¤¥­­®£® ¢ [1] ¤«ï ¯ àë ¦®à¤ ­®¢ëå ¤ã£ ­  ¯«®áª®áâ¨, ¢ëå®¤ïé¨å ¨§ ®¤­®© â®çª¨.
�®¢®¥ ®¯à¥¤¥«¥­¨¥ [2] ¢ª«îç ¥â ¢ á¥¡ï ª ª ç áâ­ë© á«ãç © ¯®­ïâ¨¥ â®¯®«®£¨ç¥áª®£® ª®­ãá .
�­ «®£®¬ ¨§¢¥áâ­ëå â¥®à¥¬ ®¡ ¨áª ¦¥­¨¨ â®¯®«®£¨ç¥áª¨å ã£«®¢ ¯à¨ ª¢ §¨ª®­ä®à¬­ëå ®â®¡à -
¦¥­¨ïå ï¢«ï¥âáï â¥®à¥¬  2.1, ¢ ª®â®à®© ¤®ª §ë¢ ¥âáï, çâ® ­ «¨ç¨¥ ¤¢ãáâ®à®­­¨å ®æ¥­®ª ¨áª -
¦¥­¨ï ã£«®¢®© å à ªâ¥à¨áâ¨ª¨ ¯à®¨§¢®«ì­ëå ¯ à ¬­®¦¥áâ¢ ¯à¨ £®¬¥®¬®àä¨§¬¥ ¬¥âà¨ç¥áª¨å
¯à®áâà ­áâ¢ ï¢«ï¥âáï ªà¨â¥à¨¥¬ ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨ íâ®£® £®¬¥®¬®àä¨§¬ . � âà¥âì¥© ç áâ¨
â¥®à¥¬ë 2.1 ¯®«ãç¥­ë ¤¢ãáâ®à®­­¨¥ ®æ¥­ª¨ ¨áª ¦¥­¨ï ã£«  ¬¥¦¤ã ¬­®¦¥áâ¢ ¬¨ ¢ â®çª å ¨å
¯¥à¥á¥ç¥­¨ï ¯à¨ «®ª «ì­® ª¢ §¨á¨¬¬¥âà¨ç¥áª¨å ¢«®¦¥­¨ïå. � ª ª ª ª¢ §¨ª®­ä®à¬­ë¥ ®â®¡à -
¦¥­¨ï ®¡« áâ¥© ¢ Rn ï¢«ïîâáï «®ª «ì­® ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬¨, â® íâ® ãâ¢¥à¦¤¥­¨¥ á®¤¥à¦¨â
â¥®à¥¬ë ®¡ ¨áª ¦¥­¨¨ â®¯®«®£¨ç¥áª¨å ã£«®¢ ¨ ª®­ãá®¢ ¯à¨ ª¢ §¨ª®­ä®à¬­ëå ®â®¡à ¦¥­¨ïå
([3], ¯à¥¤«®¦¥­¨¥ 2, á. 16; [2], â¥®à¥¬  3.1, á. 184). �á­®¢­ë¬ à¥§ã«ìâ â®¬ áâ âì¨ ï¢«ï¥âáï â¥®à¥¬ 
3.1 ® áª«¥©ª¥ ª¢ §¨á¨¬¬¥âà¨ç¥áª¨å ®â®¡à ¦¥­¨© ¢ ¬¥âà¨ç¥áª¨å ¯à®áâà ­áâ¢ å. �¥ ¯à®®¡à §®¬
¯®á«ã¦¨«  â¥®à¥¬  ([4], â¥®à¥¬  4, á. 238) ® áª«¥©ª¥ ª¢ §¨á¨¬¬¥âà¨ç¥áª¨å äã­ªæ¨©, § ¤ ­­ëå
­  ®âà¥§ª å ç¨á«®¢®© ¯àï¬®©. � â¥®à¥¬¥ 3.1 ãáâ ­®¢«¥­  ª¢ §¨á¨¬¬¥âà¨ç­®áâì áª«¥©ª¨ ¤¢ãå
ª¢ §¨á¨¬¬¥âà¨ç¥áª¨å ®â®¡à ¦¥­¨© f0, f1, § ¤ ­­ëå ­  ¬­®¦¥áâ¢ å K0, K1 á ã£«®¢®© å à ªâ¥-
à¨áâ¨ª®© � > 0 ¨ â ª¨å, çâ® ¬­®¦¥áâ¢  f0(K0) ¨ f1(K1) ¨¬¥îâ ã£«®¢ãî å à ªâ¥à¨áâ¨ªã � > 0.
�à¨ íâ®¬ ¤®«¦­® ¢ë¯®«­ïâìáï ¥áâ¥áâ¢¥­­®¥ ãá«®¢¨¥ áª«¥©ª¨ ¢ â®çª å ¬­®¦¥áâ¢  K0 \ K1,
¯®«­®áâìî  ­ «®£¨ç­®¥ ãá«®¢¨î áª«¥©ª¨ ¢ [4]. �®«¥¥ á« ¡ë© ¢ à¨ ­â â¥®à¥¬ë 3.1 ® ª¢ §¨á¨¬-
¬¥âà¨ç¥áª®© áª«¥©ª¥ ­  ª®­ãá å ¢ ¯à®áâà ­áâ¢¥ Rn ¨á¯®«ì§®¢ «áï ¢ [5] ¯à¨ à¥è¥­¨¨ § ¤ ç¨ ®
ª¢ §¨ª®­ä®à¬­®¬ ¯à®¤®«¦¥­¨¨ ­  ¯«®áª®áâ¨ á ®¡« áâ¥© â¨¯  ªà¨¢®«¨­¥©­®£® âà¥ã£®«ì­¨ª .

1. �¯à¥¤¥«¥­¨ï, ®¡®§­ ç¥­¨ï ¨ â¥à¬¨­®«®£¨ï. � ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ M á¨¬¢®-
«®¬ B(x; r) ®¡®§­ ç ¥âáï ®âªàëâë© è à à ¤¨ãá  r > 0 á æ¥­âà®¬ ¢ â®çª¥ x.

1.1. �ãáâìM|¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® á ¬¥âà¨ª®© �. �£«®¢®© å à ªâ¥à¨áâ¨ª®© \(A1; A2)
¯ àë ¬­®¦¥áâ¢ A1; A2 �M á ­¥¯ãáâë¬ ¯¥à¥á¥ç¥­¨¥¬ ­ §ë¢ ¥âáï â®ç­ ï ¢¥àå­ïï £à ­ì ¬­®¦¥-
áâ¢  ¢á¥å ç¨á¥« c â ª¨å, çâ® ¤«ï «î¡ëå x 2 A1, y 2 A2 ¨¬¥¥âáï â ª ï â®çª  z 2 A1 \ A2, çâ®
�(x; y) � c[�(x; z) + �(z; y)]. (�á«¨ A1 \A2 = ;, â® ¯® ®¯à¥¤¥«¥­¨î ¯®« £ ¥¬ \(A1; A2) = 0.)

�ãáâì p 2 A1 \ A2 ¨ U(p) | á¥¬¥©áâ¢® ¢á¥å ®âªàëâëå ®ªà¥áâ­®áâ¥© â®çª¨ p, ç áâ¨ç­® ã¯®-
àï¤®ç¥­­®¥ ¯® ®¡à â­®¬ã ¢ª«îç¥­¨î, â. ¥. U � V , ¥á«¨ U � V . �®«®¦¨¢ ¤«ï ª ¦¤®£® U 2 U(p)

\U(A1; A2) = inff\(A1 \ V;A2 \ V ) : V 2 U(p); V � Ug;

¯®«ãç ¥¬ ®£à ­¨ç¥­­ãî á¢¥àåã ¬®­®â®­­® ¢®§à áâ îéãî ­ ¯à ¢«¥­­®áâì ­  ®âà¥§ª¥ [0; 1], ã
ª®â®à®©, ª ª ¨§¢¥áâ­® (­ ¯à., [6], ¯à¥¤«®¦¥­¨¥ 4.2, á. 95 ¨«¨ [7], £«. 2, § ¤ ç  E(a), á.111), áã-
é¥áâ¢ã¥â ¯à¥¤¥« \(A1; A2; p) = lim

U2U(p)
\U(A1; A2), ª®â®àë© ­ §ë¢ ¥¬ ã£«®¢®© å à ªâ¥à¨áâ¨ª®©

¯ àë ¬­®¦¥áâ¢ A1; A2 ¢ â®çª¥ p.
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� ¬¥â¨¬, çâ® ¢á¥£¤  ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢  0 � \(A1; A2) � 1 ¨ \(A1; A2; p) � \(A1; A2)
¤«ï «î¡®© â®çª¨ p 2 A1 \ A2. �§ ¢ª«îç¥­¨© A01 � A1 ¨ A02 � A2 ¢ ®¡é¥¬ á«ãç ¥ ­¥ á«¥¤ã¥â
­¨ª ª¨å á®®â­®è¥­¨© ¬¥¦¤ã \(A01; A

0
2) ¨ \(A1; A2). �¤­ ª®, ¥á«¨ ¯à¨ íâ®¬ A01 \ A

0
2 = A1 \ A2,

â® \(A01; A
0
2) � \(A1; A2). �â¬¥â¨¬ â ª¦¥ á¢®©áâ¢® ¨­¢ à¨ ­â­®áâ¨ ã£«®¢®© å à ªâ¥à¨áâ¨ª¨

®â­®á¨â¥«ì­® ¯®¤®¡¨©, ª®â®à®¥ ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ â®£®, çâ® ¯à¥®¡à §®¢ ­¨ï ¯®¤®¡¨ï
á®åà ­ïîâ ®â­®è¥­¨ï à ááâ®ï­¨©.

1.2. �ãáâì M, M0 | ¬¥âà¨ç¥áª¨¥ ¯à®áâà ­áâ¢  á ¬¥âà¨ª ¬¨ � ¨ �0 á®®â¢¥âáâ¢¥­­®. �ãáâì
â®¯®«®£¨ç¥áª®¥ ¢«®¦¥­¨¥ Q : M ! M0 ï¢«ï¥âáï ¯®¤®¡¨¥¬, â. ¥. áãé¥áâ¢ã¥â â ª®¥ k > 0, çâ®
�0(Q(x); Q(y)) = k�(x; y) ¤«ï ¢á¥å x; y 2 M. �®£¤  ¤«ï «î¡®© ¯ àë ¬­®¦¥áâ¢ A0; A1 � M ¨
«î¡®© â®çª¨ p 2 A0 \A1 ¢ë¯®«­ïîâáï à ¢¥­áâ¢ 

\(Q(A0); Q(A1)) = \(A0; A1) ¨ \(Q(A0); Q(A1); Q(p)) = \(A0; A1; p):

�£«®¢ ï å à ªâ¥à¨áâ¨ª  ¯ àë ¬­®¦¥áâ¢ ï¢«ï¥âáï ¯àï¬ë¬ ®¡®¡é¥­¨¥¬ á«¥¤ãîé¥£® ¯®­ïâ¨ï,
¢¢¥¤¥­­®£® ­  ¯«®áª®áâ¨ ¢ [1]: â®¯®«®£¨ç¥áª¨¬ ã£«®¬ ¬¥¦¤ã ¤¢ã¬ï ¦®à¤ ­®¢ë¬¨ ¤ã£ ¬¨ 
1 ¨

2, ¢ëå®¤ïé¨¬¨ ¨§ â®çª¨ z0, ­ §ë¢ ¥âáï ¢¥«¨ç¨­ 

A(
1; 
2) = lim
z1;z2!z0; zi2
i

inf 2 arcsin(jz1 � z2j=(jz1 � z0j+ jz2 � z0j)):

� [8] ¡ë«¨ ¨§ãç¥­ë â®¯®«®£¨ç¥áª¨¥ ã£«ë ¬¥¦¤ã ¤ã£ ¬¨ ¢ ¯à®áâà ­áâ¢¥ Rn,   ¢ ([2], ¯. 2.3, á. 181)
¢¢¥¤¥­®  ­ «®£¨ç­®¥ ¯®­ïâ¨¥ â®¯®«®£¨ç¥áª®£® ª®­ãá  ¢ R3, ¯®¤ ª®â®àë¬ ¯®­¨¬ «áï ã£®« ¬¥-
¦¤ã ¯®¢¥àå­®áâìî 
1 ¨ ¦®à¤ ­®¢®© ¤ã£®© 
2, ¢ëå®¤ïé¥© ¨§ â®çª¨ z0 2 
1. �¯à¥¤¥«¥­¨¥ 1.1
ã£«®¢®© å à ªâ¥à¨áâ¨ª¨ ¯ àë ¬­®¦¥áâ¢ 
1; 
2 ¢ â®çª¥ z0 ¨å ¯¥à¥á¥ç¥­¨ï á®£« áã¥âáï á ¯®­ïâ¨-
¥¬ â®¯®«®£¨ç¥áª®£® ã£«  ¢ ­ §¢ ­­ëå ¢ëè¥ ç áâ­ëå á«ãç ïå; ¯à¨ íâ®¬ ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®
A(
1; 
2) = 2 arcsin(\(
1; 
2; z0)).

1.3. �®¬¥®¬®àä¨§¬ � : [0;+1) ! [0;+1) ¢¥é¥áâ¢¥­­®© ¯®«ã®á¨ ­  á¥¡ï, ã¤®¢«¥â¢®àïîé¨©
ãá«®¢¨î �(1) � 1, ­ §ë¢ ¥âáï äã­ªæ¨¥© ¨áª ¦¥­¨ï. � ¦¤®© äã­ªæ¨¨ ¨áª ¦¥­¨ï � á®¯®áâ ¢«ï-
¥âáï á®¯àï¦¥­­ ï ª ­¥© äã­ªæ¨ï ¨áª ¦¥­¨ï e� : [0;+1)! [0;+1), ®¯à¥¤¥«ï¥¬ ï ä®à¬ã«®©

e�(t) = 1
��1(1=t)

¯à¨ t 6= 0; e�(0) = 0:

�ãáâìM1 ¨M2 | ¬¥âà¨ç¥áª¨¥ ¯à®áâà ­áâ¢  á ¬¥âà¨ª ¬¨ �1 ¨ �2 á®®â¢¥âáâ¢¥­­®, � |äã­ªæ¨ï
¨áª ¦¥­¨ï ¨ f : K !M2 | â®¯®«®£¨ç¥áª®¥ ¢«®¦¥­¨¥ ¯®¤¬­®¦¥áâ¢  K � M1 ¢ ¯à®áâà ­áâ¢®
M2. �â®¡à ¦¥­¨¥ f ­ §ë¢ ¥âáï �-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬, ¥á«¨ ¤«ï «î¡ëå ¯®¯ à­® à §«¨ç­ëå
â®ç¥ª x0; x1; x2 2M1 ¢ë¯®«­ï¥âáï ®æ¥­ª 

�2(f(x2); f(x0))
�2(f(x1); f(x0))

� �

�
�1(x2; x0)
�1(x1; x0)

�
: (1.1)

�â®¡à ¦¥­¨¥ f ­ §ë¢ ¥âáï «®ª «ì­® �-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬, ¥á«¨ ¤«ï ª ¦¤®© â®çª¨ x 2 K
áãé¥áâ¢ã¥â r(x) > 0 â ª®¥, çâ® ®£à ­¨ç¥­¨¥ f j(K \B(x; r(x))) ¥áâì �-ª¢ §¨á¨¬¬¥âà¨ç¥áª®¥ ¢«®-
¦¥­¨¥. �â®¡à ¦¥­¨¥ f : K !M ­ §ë¢ ¥¬ �-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬ ¢ â®çª¥ x0 2 K, ¥á«¨ ®æ¥­ª 
(1.1) ¢ë¯®«­ï¥âáï ¤«ï ¢á¥å ¯ à â®ç¥ª x1; x2 2 K, ®â«¨ç­ëå ®â â®çª¨ x0. � ¬¥â¨¬ ([9], â¥®à¥¬ 
2.2, á. 99), çâ® ¥á«¨ f | �-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨© £®¬¥®¬®àä¨§¬, â® ®¡à â­®¥ ª ­¥¬ã ®â®¡à ¦¥-
­¨¥ f�1 ï¢«ï¥âáï e�-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬. �î¡®¥ L-¡¨«¨¯è¨æ¥¢® ®â®¡à ¦¥­¨¥ f : M1 ! M2

(c ª®íää¨æ¨¥­â®¬ ¡¨«¨¯è¨æ¥¢®áâ¨ L � 1), â. ¥. â ª®¥, çâ® ¤«ï ¢á¥å x; y 2 M1 ¢ë¯®«­ï¥âáï
®æ¥­ª  L�1�1(x; y) � �2(f(x); f(y)) � L�1(x; y), ï¢«ï¥âáï �-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬ á äã­ªæ¨¥©
¨áª ¦¥­¨ï �(t) = L2t.

�®­ïâ¨¥ ª¢ §¨á¨¬¬¥âà¨ç¥áª®£® ¢«®¦¥­¨ï, ¢¢¥¤¥­®¥ ¢ [9], ®¡®¡é ¥â ­  á«ãç © ¯à®¨§¢®«ì-
­ëå ¬¥âà¨ç¥áª¨å ¯à®áâà ­áâ¢ ¯®­ïâ¨¥ ª¢ §¨á¨¬¬¥âà¨ç¥áª®© äã­ªæ¨¨, ¯®ï¢¨¢è¥¥áï ¢ à ¡®â å
�.�«ìä®àá  ¨ �. ��¥à«¨­£  ® £à ­¨ç­ëå á¢®©áâ¢ å ª¢ §¨ª®­ä®à¬­®£®  ¢â®¬®àä¨§¬  ¢¥àå­¥©
¯®«ã¯«®áª®áâ¨. �®«¥¥ ¯®¤à®¡­®¥ ®¯¨á ­¨¥ á¢®©áâ¢ ª¢ §¨á¨¬¬¥âà¨ç¥áª¨å ¢«®¦¥­¨© ¨ ¨å á¢ï§¥©
á â¥®à¨¥© ª¢ §¨ª®­ä®à¬­ëå ®â®¡à ¦¥­¨© ¬®¦­® ­ ©â¨, ­ ¯à¨¬¥à, ¢ [10], [11].
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2. �áª ¦¥­¨¥ ã£«®¢®© å à ªâ¥à¨áâ¨ª¨ ¯à¨ ª¢ §¨á¨¬¬¥âà¨ç¥áª¨å ¢«®¦¥­¨ïå. �¢ -
§¨á¨¬¬¥âà¨ç¥áª¨¬  ­ «®£®¬ ¨§¢¥áâ­ëå â¥®à¥¬ ®¡ ¨áª ¦¥­¨¨ â®¯®«®£¨ç¥áª¨å ã£«®¢ ¯à¨ ª¢ §¨-
ª®­ä®à¬­ëå ®â®¡à ¦¥­¨ïå ®¡« áâ¥© ¢ Rn ï¢«ï¥âáï

�¥®à¥¬  2.1. �ãáâì § ¤ ­® â®¯®«®£¨ç¥áª®¥ ¢«®¦¥­¨¥ f :M1 !M2.

(a1) �á«¨ f ï¢«ï¥âáï �-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬, â® ¤«ï «î¡®© ¯ àë ¬­®¦¥áâ¢ A1; A2 �M1

¢ë¯®«­ïîâáï ®æ¥­ª¨

\(f(A1); f(A2)) �  (\(A1; A2)); \(A1; A2) � e (\(f(A1); f(A2))); (2.1)

£¤¥  ¨ e | ¬®­®â®­­® ¢®§à áâ îé¨¥ äã­ªæ¨¨ ­  ®âà¥§ª¥ [0; 1], § ¤ ­­ë¥ ä®à¬ã« ¬¨  (t) =
(2�(1=t))�1 ¯à¨ 0 < t � 1 ¨  (0) = 0; e (t) = (2e�(1=t))�1 = �(t)=2.

(a2) �á«¨ ¨¬¥îâáï ¢¥é¥áâ¢¥­­ë¥ ­¥¯à¥àë¢­ë¥ ¬®­®â®­­® ¢®§à áâ îé¨¥ äã­ªæ¨¨  ¨ '
­  ®âà¥§ª¥ [0; 1],  (0) = '(0) = 0, â ª¨¥, çâ® ¤«ï «î¡®© ¯ àë ­¥¯ãáâëå ¯¥à¥á¥ª îé¨åáï ¬­®-

¦¥áâ¢ A1; A2 �M1 ¢ë¯®«­ïîâáï ®æ¥­ª¨

\(f(A1); f(A2)) �  (\(A1; A2)); \(A1; A2) � '(\(f(A1); f(A2))); (2.2)

â® f ï¢«ï¥âáï �-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬ ®â®¡à ¦¥­¨¥¬ á äã­ªæ¨¥© ¨áª ¦¥­¨ï �, § ¢¨áïé¥©
«¨èì ®â  ¨ '.

(a3) �á«¨ f ï¢«ï¥âáï «®ª «ì­® �-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬, â® ¤«ï «î¡®© â®çª¨ p 2 M1 ¨

«î¡®© ¯ àë ¬­®¦¥áâ¢ A1; A2 �M1 â ª¨å, çâ® p 2 A1 \A2, ¢ë¯®«­ïîâáï ®æ¥­ª¨

\(f(A1); f(A2); f(p)) �  (\(A1; A2; p)); \(A1; A2; p) � e (\(f(A1); f(A2); f(p)))

á â¥¬¨ ¦¥ äã­ªæ¨ï¬¨  ¨ e , çâ® ¨ ¢ ãâ¢¥à¦¤¥­¨¨ (a1).

�®ª § â¥«ìáâ¢®. (a1) �ãáâì § ¤ ­  ¯ à  ­¥¯ãáâëå ¬­®¦¥áâ¢ A1; A2 � M1. �á«¨
\(A1; A2) = 0, â® âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢® \(f(A1); f(A2)) � 0 =  (0) âà¨¢¨ «ì­® ¢¥à­®. �ãáâì
\(A1; A2) = � > 0. �¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ �0 < �. �®£¤  ¤«ï ¯à®¨§¢®«ì­® § ¤ ­­®© ¯ àë â®ç¥ª
x1 2 A1 ¨ x2 2 A2 áãé¥áâ¢ã¥â â®çª  z 2 A1 \A2, ¤«ï ª®â®à®© �1(x1; x2) � �0[�1(x1; z) + �1(x2; z)].
� ª ª ª �1(xj ; z)=�1(x1; x2) � 1=�0 ¯à¨ j = 1; 2, â® ¨§ ãá«®¢¨ï �-ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨ f á«¥¤ãîâ
¯à¨ j = 1; 2 ­¥à ¢¥­áâ¢ 

�2(f(xj); f(z))
�2(f(x1); f(x2))

� �

�
�1(xj ; z)
�1(x1; x2)

�
� �(1=�0):

�®íâ®¬ã �2(f(x1); f(z)) + �2(f(x2); f(z)) � 2�(1=�0)�2(f(x1); f(x2)). � á¨«ã ¯à®¨§¢®«ì­®£® ¢ë-
¡®à  â®ç¥ª f(x1) 2 f(A1) ¨ f(x2) 2 f(A2) ®âáî¤  á«¥¤ã¥â \(f(A1); f(A2)) � (2�(1=�0))�1.
� á¨«ã ¯à®¨§¢®«ì­®áâ¨ �0 < � ¨ ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ ¨áª ¦¥­¨ï � íâ® ®§­ ç ¥â, çâ®
\(f(A1); f(A2)) � (2�(1=�))�1 =  (�). �â®à®¥ ­¥à ¢¥­áâ¢® ¢ (2.1) ¯®«ãç ¥âáï ¨§ ¯¥à¢®© ®æ¥­ª¨,
§ ¯¨á ­­®© ¤«ï ®¡à â­®£® ®â®¡à ¦¥­¨ï f�1, ª®â®à®¥ ï¢«ï¥âáï e�-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬.

(a2) �ãáâì ¯®¯ à­® à §«¨ç­ë¥ â®çª¨ z1; z2; z3 2 M1 § ­ã¬¥à®¢ ­ë â ª, çâ® a = �1(z2; z3) �
b = �1(z1; z3) � c = �1(z1; z2). �®«®¦¨¬ a0 = �2(f(z2); f(z3)), b0 = �2(f(z1); f(z3)) ¨ c0 =
�2(f(z1); f(z2)). �«ï ¯®¯ à­® à §«¨ç­ëå ¨­¤¥ªá®¢ i; j; k 2 f1; 2; 3g, ¯à¨¬¥­¨¢ ¯¥à¢®¥ ­¥à ¢¥­-
áâ¢® ¢ (2.2) ª ¯ à¥ ¤¢ãåâ®ç¥ç­ëå ¬­®¦¥áâ¢ A1 = fzi; zjg ¨ A2 = fzi; zkg, ¯®«ãç ¥¬ ®æ¥­ªã

 (\(A1; A2)) =  

�
�1(zj ; zk)

�1(zi; zj) + �2(zi; zk)

�
�

�2(f(zj); f(zk))
�2(f(zi); f(zj)) + �2(f(zi); f(zk))

= \(f(A1); f(A2));

ª®â®à ï ¯®á«¥ ¢¢¥¤¥­¨ï ¬®­®â®­­® ¢®§à áâ îé¥© äã­ªæ¨¨ 	(t) = 1= (1=t) ¯à¨ t 2 [1;+1) ¤ ¥â
á¨áâ¥¬ã ­¥à ¢¥­áâ¢

�2(f(zi); f(zj)) + �2(f(zi); f(zk))
�2(f(zj); f(zk))

� 	
�
�1(zi; zj) + �1(zi; zk)

�1(zj ; zk)

�
: (2.3)
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�à¨¬¥­¨¢ ¢â®à®¥ ­¥à ¢¥­áâ¢® ¢ (2.2) ¨ ¢¢®¤ï ¬®­®â®­­® ¢®§à áâ îéãî äã­ªæ¨î �(t) = 1='(1=t)
¯à¨ t 2 [1;+1),  ­ «®£¨ç­ë¬ ®¡à §®¬ ¯®«ãç¨¬ á¨áâ¥¬ã ­¥à ¢¥­áâ¢

�2(f(zi); f(zj)) + �2(f(zi); f(zk))
�2(f(zj); f(zk))

� ��1

�
�1(zi; zj) + �1(zi; zk)

�1(zj ; zk)

�
: (2.4)

�®«®¦¨¢ ¢ (2.3) i = 1, j = 2, k = 3, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢® c0=a0 + b0=a0 � 	(c=a + b=a). � ª
ª ª b � c, â® c0=a0 � 	(2c=a) = !1(c=a), £¤¥ !1(t) = 1= (1=2t) ¯à¨ t � 1 ¨ !1(t) = t= (1=2) ¯à¨
0 � t � 1.

� ª ª ª c � a + b � 2b, â® b0=a0 � 	(3b=a) = !2(b=a), £¤¥ !2(t) = 1= (1=3t) ¯à¨ t � 1 ¨
!2(t) = t= (1=3) ¯à¨ 0 � t � 1.

�®«®¦¨¢ ¢ (2.3) i = 3, j = 2, k = 1, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢® a0=c0 + b0=c0 � 	(a=c + b=c), ¨§
ª®â®à®£® á«¥¤ã¥â, çâ® b0=c0 � 	(2). � ª ª ª b=c � b=(a+ b) � 1=2, â® b0=c0 � 2	(2)(b=c) = !3(b=c),
£¤¥ !3(t) = 2t= (1=2) ¯à¨ t � 0.

�®«®¦¨¢ ¢ (2.3) i = 2, j = 1, k = 3, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢® a0=b0 + c0=b0 � 	(a=b + c=b). � ª
ª ª c � a + b � 2b ¨ a � b, â® c0=b0 � 	(3). � ª ª ª c=b � 1, â® c0=b0 � 	(3)(c=b) = !4(c=b), £¤¥
!4(t) = t= (1=3) ¯à¨ t � 0.

�®«®¦¨¢ ¢ (2.4) i = 1, j = 2, k = 3, ¯à¨¤¥¬ ª ­¥à ¢¥­áâ¢ã b0=a0 + c0=a0 � ��1(b=a + c=a).
� ª ª ª b0 � c0	(2), â® (1 + 	(2))c0=a0 � ��1(c=a), â. ¥. a0=c0 � (1 + 	(2))=��1(c=a) = !5(a=c), £¤¥
!5(t) = (1 + 1= (1=2))'�1(t) ¯à¨ 0 � t � '(1) ¨ !5(t) = (1 + 1= (1=2))(t + 1� '(1)) ¯à¨ t � '(1).

� ª ª ª c0 � 	(3)b0, â® (1 + 	(3))b0=a0 � ��1(b=a), â. ¥. a0=b0 � (1 + 	(3))=��1(b=a) = !6(a=b),
£¤¥ !6(t) = (1+1= (1=3))'�1(t) ¯à¨ 0 � t � '(1) ¨ !6(t) = (1+1= (1=3))(t+1�'(1)) ¯à¨ t � '(1).

�®« £ ï �(t) = maxf!1(t); : : : ; !6(t)g, ¯®«ãç¨¬ �-ª¢ §¨á¨¬¬¥âà¨ç­®áâì ®£à ­¨ç¥­¨ï f ­ 
âà¥åâ®ç¥ç­®¬ ¬­®¦¥áâ¢¥ fz1; z2; z3g. � á¨«ã ¯à®¨§¢®«ì­®áâ¨ ¢ë¡®à  â®ç¥ª z1; z2; z3 ®âáî¤  á«¥-
¤ã¥â �-ª¢ §¨á¨¬¬¥âà¨ç­®áâì ®â®¡à ¦¥­¨ï f .

(a3) �ãáâì p 2 A1 \ A2. � á¨«ã «®ª «ì­®© ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨ ­ ©¤¥âáï â ª®© è à B =
B(p; r0) �M1, çâ® â®¯®«®£¨ç¥áª®¥ ¢«®¦¥­¨¥ g = f jB : B !M2 ï¢«ï¥âáï �-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬.
� ª ª ª ¤«ï «î¡®© ®ªà¥áâ­®áâ¨ V 2 U(p), á®¤¥à¦ è¥©áï ¢ B, f(V ) 2 U(f(p)) ¨ f(V ) � B0 =
f(B), â® ¯à¨¬¥­¥­¨¥ ãâ¢¥à¦¤¥­¨ï (a1) ª ®â®¡à ¦¥­¨î g : B ! B0 ¨ ¬­®¦¥áâ¢ ¬ A1 \ V , A2 \ V
¯à¨ «î¡®¬ V 2 U(p), V � B, ¤ ¥â ®æ¥­ªã

\(f(A1) \ f(V ); f(A2) \ f(V )) �  (\(A1 \ V;A2 \ V )):

�«ï «î¡®£® ä¨ªá¨à®¢ ­­®£® U 2 U(p), U � B, ¨ ¯à®¨§¢®«ì­®£® V 0 = f(V ) � f(U), ãç¨-
âë¢ ï ¬®­®â®­­®áâì äã­ªæ¨¨  , ¯®«ãç ¥¬ ®æ¥­ªã \(f(A1) \ V 0; f(A2) \ V 0) �  (\U (A1; A2)).
�§ï¢ â®ç­ãî ­¨¦­îî £à ­ì «¥¢®© ç áâ¨ íâ®£® ­¥à ¢¥­áâ¢  ¯® ¢á¥¬ V 0 � f(U), ¯à¨å®¤¨¬
ª á®®â­®è¥­¨î \f(U)(f(A1); f(A2)) �  (\U (A1; A2)) ¬¥¦¤ã í«¥¬¥­â ¬¨ ¤¢ãå ç¨á«®¢ëå ¬®­®-
â®­­® ¢®§à áâ îé¨å ­ ¯à ¢«¥­­®áâ¥©, ¨­¤¥ªá¨à®¢ ­­ëå í«¥¬¥­â ¬¨ U 2 U(p), U � B. �¥à¥-
å®¤ ª ¯à¥¤¥«ã ¢ ®¡¥¨å ç áâïå íâ®£® ­¥à ¢¥­áâ¢  ¤ ¥â ¯¥à¢®¥ ¨§ âà¥¡ã¥¬ëå ¢ (a3) ­¥à ¢¥­áâ¢
\(f(A1); f(A2); f(p)) �  (\(A1; A2; p)). �â®à®¥ ­¥à ¢¥­áâ¢® ¢ (a3) ¯®«ãç ¥âáï ¯à¨¬¥­¥­¨¥¬ ã¦¥
¤®ª § ­­®© ç áâ¨ ãâ¢¥à¦¤¥­¨ï (a3) ª ®¡à â­®¬ã ®â®¡à ¦¥­¨î f�1, ï¢«ïîé¥¬ãáï «®ª «ì­®e�-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬.

�áâ ¥âáï ®âªàëâë¬ ¢®¯à®á, ¡ã¤¥â «¨ ¢ë¯®«­¥­¨¥ «¨èì ¯¥à¢®© ¨§ ®æ¥­®ª ¢ (2.2) ¤®áâ â®ç­ë¬
¤«ï ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨ ®â®¡à ¦¥­¨ï f .

3. �¥®à¥¬  ® áª«¥©ª¥. �á­®¢­ë¬ à¥§ã«ìâ â®¬ ¤ ­­®© áâ âì¨ ï¢«ï¥âáï

�¥®à¥¬  3.1. �«ï «î¡ëå ¢¥é¥áâ¢¥­­ëå ç¨á¥« s � 1, � 2 (0; 1], � 2 (0; 1] ¨ äã­ªæ¨¨ ¨á-

ª ¦¥­¨ï � : [0;+1) ! [0;+1) áãé¥áâ¢ã¥â äã­ªæ¨ï ¨áª ¦¥­¨ï ! = !hs; �; �; �i, ®¡« ¤ îé ï
á«¥¤ãîé¨¬ á¢®©áâ¢®¬.

�«ï «î¡ëå ¬¥âà¨ç¥áª¨å ¯à®áâà ­áâ¢ M1 = (M1; �1) ¨ M2 = (M2; �2), ¬­®¦¥áâ¢ K0 �M1

¨ K1 �M1 á ­¥¯ãáâë¬ ¯¥à¥á¥ç¥­¨¥¬ ¨ «î¡®£® ®â®¡à ¦¥­¨ï f : K0 [K1 !M2 ¤®áâ â®ç­ë¬

¯à¨§­ ª®¬ !-ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨ ®â®¡à ¦¥­¨ï f á«ã¦¨â ¢ë¯®«­¥­¨¥ á«¥¤ãîé¨å ãá«®¢¨©:
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(a1) ®£à ­¨ç¥­¨ï f jK0 ¨ f jK1 ï¢«ïîâáï �-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬¨ ®â®¡à ¦¥­¨ï¬¨;
(a2) f(K0) \ f(K1) = f(K0 \K1);
(a3) \(K0;K1) � � ¨ \(f(K0); f(K1)) � �;
(a4) áãé¥áâ¢ãîâ â ª¨¥ ¬­®¦¥áâ¢  S0 � K0, S1 � K1 á ¯¥à¥á¥ç¥­¨¥¬ S0 \ S1 = K0 \K1,

çâ®

(b1) ¤«ï «î¡®£® ¨­¤¥ªá  j 2 f0; 1g ¨ «î¡®© â®çª¨ x 2 Kj áãé¥áâ¢ã¥â â ª ï â®çª  y 2 Sj,
çâ® ­¥à ¢¥­áâ¢  s�1 � �1(x; z)=�1(y; z) � s ¢ë¯®«­ïîâáï ¯à¨ ¢á¥å z 2 K0 \K1;

(b2) ®£à ­¨ç¥­¨¥ f j(S0[S1) ï¢«ï¥âáï �-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬ ¢ ª ¦¤®© â®çª¥ ¬­®¦¥áâ¢ 

K0 \K1.

�â¬¥â¨¬ ¨¬¥îé¨¥áï ¢ «¨â¥à âãà¥ ç áâ­ë¥ á«ãç ¨ íâ®£® ãâ¢¥à¦¤¥­¨ï. � à ¡®â¥ ([4], â¥-
®à¥¬  4, á. 238) ¨áá«¥¤®¢ ­  áª«¥©ª  ª¢ §¨á¨¬¬¥âà¨ç¥áª¨å äã­ªæ¨© ­  ¤¢ãå á¬¥¦­ëå ®â-
à¥§ª å, â. ¥. á«ãç © M1 = M2 = R1, S0 = K0 = (�1; 0] � R1, S1 = K1 = [0; b) � R1,
s = 1; � = � = 1. � [5] â¥®à¥¬  ® áª«¥©ª¥ ¯®«ãç¥­  ¢ á¨âã æ¨¨, ª®£¤  M1 = M2 = Rn,
� = �, K0 = fx = (x1; : : : ; xn) : x1 � 0, jxj � jx1j sec(�0)g, K1 = fx = (x1; : : : ; xn) : x1 � 0,
jxj � jx1j sec(�0)g ¨ f(Kj) � Kj , ¨ â ¬ ¦¥ ¯à®¤¥¬®­áâà¨à®¢ ­® ¥¥ ¯à¨¬¥­¥­¨¥ ¢ § ¤ ç¥ ® ª¢ -
§¨ª®­ä®à¬­®¬ ¯à®¤®«¦¥­¨¨. �®à¬ã«¨à®¢ª  â¥®à¥¬ë ® áª«¥©ª¥ ­  ª®­ãá å ¢ Rn ¯à¨¢¥¤¥­  ¢
[12],   ¢ á«ãç ¥ M1 = M2, s = 1, S0 = K0, S1 = K1, f(K0) � K0 ¨ f(K1) � K1 à¥§ã«ìâ â ¡ë«
 ­®­á¨à®¢ ­ ¢ [13]. � ¯à®áâà ­áâ¢¥ Rn ¯à¨ n � 2 ®ç¥­ì á¨«ì­ ï â¥®à¥¬  ® áª«¥©ª¥ «®ª «ì­®
�-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨å ¢«®¦¥­¨© ­  ¬­®¦¥áâ¢ x Kj (j = 1; : : : ;m), ®¡ê¥¤¨­¥­¨¥ ª®â®àëå ®¡à -
§ã¥â ®¡« áâì, ¤®ª § ­  ¢ ([14], â¥®à¥¬  3.10, á. 107), ­® íâ®â à¥§ã«ìâ â ­¥ ¯¥à¥­®á¨âáï ­  á«ãç ©
¯à®¨§¢®«ì­ëå ¬¥âà¨ç¥áª¨å ¯à®áâà ­áâ¢ ¨, ¢ ç áâ­®áâ¨, ­  á«ãç © ®â®¡à ¦¥­¨© ¢ R1.

�â¬¥â¨¬ â ª¦¥ á«¥¤ãîé¨© ç áâ­ë© á«ãç © â¥®à¥¬ë 3.1, ¢ª«îç îé¨© ¢ á¥¡ï ¨§¢¥áâ­ë© ¤«ï
ª¢ §¨á¨¬¬¥âà¨ç¥áª¨å äã­ªæ¨© ¯à¨­æ¨¯ ®âà ¦¥­¨ï ([4], á«¥¤áâ¢¨¥ 2, á. 238).

�«¥¤áâ¢¨¥ 3.1. �ãáâì ­  K0 �M1 § ¤ ­ë �-ª¢ §¨á¨¬¬¥âà¨ç¥áª®¥ ¢«®¦¥­¨¥ f0 : K0 !M2

¨ L-¡¨«¨¯è¨æ¥¢ë ¢«®¦¥­¨ï g1 : K0 ! M1, g2 : K 0
0(= f0(K0)) ! M2. �ãáâì ¨¬¥¥âáï â ª®¥

­¥¯ãáâ®¥ ¬­®¦¥áâ¢® ��K0, çâ® g1 â®¦¤¥áâ¢¥­­® ­  �, g2 â®¦¤¥áâ¢¥­­® ­  f0(�), g1(K0)\K0 = �,
g2(K 0

0) \K
0
0 = f0(�). �á«¨

\(K0; g1(K0)) = � > 0; \(K 0

0; g2(K
0

0)) = � > 0; (3.1)

â® ®â®¡à ¦¥­¨¥ f : K0 \ g1(K0) ! M2, á®¢¯ ¤ îé¥¥ c f0 ­  K0 ¨ à ¢­®¥ f1 = g2 � f0 � g
�1
1 ­ 

g1(K0), ï¢«ï¥âáï !-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬ ­  ¬­®¦¥áâ¢¥ K0 [ g1(K0) á äã­ªæ¨¥© ¨áª ¦¥­¨ï !,
§ ¢¨áïé¥© «¨èì ®â �; L; � ¨ �.

�®ª § â¥«ìáâ¢®. �â®¡à ¦¥­¨¥ f1 ï¢«ï¥âáï �1-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬ ­  ¬­®¦¥áâ¢¥ K1 =
g1(K0) á äã­ªæ¨¥© ¨áª ¦¥­¨ï �1(t) = L2�(L2t). � ª ª ª L � 1, â® �(t) � �1(t), ¨ ¯®íâ®¬ã ®â®¡à -
¦¥­¨ï f0, f1 ï¢«ïîâáï �1-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬¨, çâ® á®®â¢¥âáâ¢ã¥â ãá«®¢¨î (a1) ¢ â¥®à¥¬¥ 3.1.
� ¢¥­áâ¢  K1 \K0 = g1(K0) \K0 = � ¨ f(K1) \ f(K0) = g2(K 0

0) \K
0
0 = f0(�) = f(�) ¤ îâ ¢ë-

¯®«­¥­¨¥ ãá«®¢¨ï (a2) â¥®à¥¬ë 3.1. �ë¯®«­¥­¨¥ ãá«®¢¨ï (a3) ¯à¥¤ãá¬®âà¥­® ¢ (3.1). �®«®¦¨¢
S0 = K0, S1 = K1, ¯®«ãç¨¬ ¢ë¯®«­¥­¨¥ ãá«®¢¨ï (b1) á ª®­áâ ­â®© s = 1. �«ï ¯à®¨§¢®«ì­®©
â®çª¨ x 2 K0 \K1 ¨ «î¡®© ¯ àë ®â«¨ç­ëå ®â ­¥¥ â®ç¥ª d0 2 K0, d1 2 K1, ¯®«®¦¨¢ y = g�1

1 (d1)
¨ ¨á¯®«ì§ãï L-¡¨«¨¯è¨æ¥¢®áâì ®â®¡à ¦¥­¨© g�1

1 ¨ g2, ¯®«ãç ¥¬ ®æ¥­ªã

�2(f0(d0); f0(x))
�2(f1(d1); f0(x))

=
�2(f0(d0); f0(x))

�2(g2(f0(y)); g2(f0(x)))
�

� L
�2(f0(d0); f0(x))
�2(f0(y); f0(x))

� L�

�
�1(d0; x)
�1(y; x)

�
= L�

�
�1(d0; x)

�1(g
�1
1 (d1); g

�1
1 (x))

�
�

� L�

�
L
�1(d0; x)
�1(d1; x)

�
� �1

�
�1(d0; x)
�1(d1; x)

�
:
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�æ¥­ª 
�2(f1(d1); f(x))
�2(f0(d0); f(x))

� L�

�
L
�1(d1; x)
�1(d0; x)

�
� �1

�
�1(d1; x)
�1(d0; x)

�
¢ë¢®¤¨âáï  ­ «®£¨ç­ë¬ ®¡à §®¬. �«¥¤®¢ â¥«ì­®, ®â®¡à ¦¥­¨¥ f ï¢«ï¥âáï �1-ª¢ §¨á¨¬¬¥âà¨-
ç¥áª¨¬ ¢ «î¡®© â®çª¥ x 2 K0\K1, â. ¥. ¢ë¯®«­ï¥âáï (b2). � ª¨¬ ®¡à §®¬, ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï
â¥®à¥¬ë 3.1 á ¯ à ¬¥âà®¬ s = 1 ¨ äã­ªæ¨¥© ¨áª ¦¥­¨ï �1. �«¥¤®¢ â¥«ì­®, ¢ á¨«ã íâ®© â¥®à¥¬ë
®â®¡à ¦¥­¨¥ f ï¢«ï¥âáï !-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬ á äã­ªæ¨¥© ¨áª ¦¥­¨ï ! = !h1; �; �; �1i.

4. �®ª § â¥«ìáâ¢® â¥®à¥¬ë ® áª«¥©ª¥. �«ï ¢¥é¥áâ¢¥­­ëå �; " 2 (0; 1] ¨ äã­ªæ¨¨ ¨áª -
¦¥­¨ï � ¯®« £ ¥¬ �(�; �; ") = (2+2=(���1(")))�1. � ª ª ª ��1(") � ��1(1) � 1, â® �(�; �; ") � 1=2.

�¥¬¬  4.1. �ãáâì M1 ¨ M2 | ¬¥âà¨ç¥áª¨¥ ¯à®áâà ­áâ¢  á ¬¥âà¨ª ¬¨ �1 ¨ �2 á®-

®â¢¥âáâ¢¥­­®. �ãáâì ¬­®¦¥áâ¢  K0 � M1 ¨ K1 � M2 ¨¬¥îâ ­¥¯ãáâ®¥ ¯¥à¥á¥ç¥­¨¥.

�ãáâì ®â®¡à ¦¥­¨¥ f : K0 [ K1 ! M2 â ª®¢®, çâ® ®£à ­¨ç¥­¨ï f jK0 ¨ f jK1 ï¢«ïîâáï

�-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬¨ ¢«®¦¥­¨ï¬¨. �®£¤  ¤«ï «î¡ëå b0 2 K0, b1 2 K1 ¨ b 2 K0 \K1 á¯à -

¢¥¤«¨¢ë ¤¢  ãâ¢¥à¦¤¥­¨ï.

(a1) �á«¨ \(K0;K1) = � > 0, â® ¤«ï «î¡®£® " 2 (0; 1] ¨§ ­¥à ¢¥­áâ¢  �2(f(b0); f(b1)) �
"[�2(f(b0); f(b)) + �2(f(b); f(b1))] á«¥¤ã¥â ®æ¥­ª 

�1(b0; b1) � �(�; �; ")[�1(b0; b) + �1(b; b1)]: (4.1)

(a2) �á«¨ f(K0 \K1) = f(K0) \ f(K1) ¨ \(f(K0); f(K1)) = � > 0, â® ¤«ï «î¡®£® " 2 (0; 1] ¨§
­¥à ¢¥­áâ¢  �1(b0; b1) � "[�1(b0; b) + �1(b; b1)] ¨¬¥¥¬

�2(f(b0); f(b1)) � �(�; e�; ")[�2(f(b0); f(b)) + �2(f(b); f(b1))]: (4.2)

�®ª § â¥«ìáâ¢®. (a1) �á«¨ b0 = b1 2 K0 \ K1, â® f(b0) = f(b1) = f(b) 2 f(K0) \
f(K1). �«¥¤®¢ â¥«ì­®, ¢ íâ®¬ á«ãç ¥ b0 = b1 = b ¨ ®æ¥­ª  (4.1) âà¨¢¨ «ì­® ¢¥à­ . �á«¨
b0 6=b1, ­® bs 2 K0 \ K1 ¯à¨ ­¥ª®â®à®¬ s 2 f0; 1g, â® ¨§ § ¤ ­­®£® ¢ (a1) ­¥à ¢¥­áâ¢  á«¥-
¤ã¥â �2(f(bj); f(b))=�2(f(b1); f(b0)) � 1=" ¯à¨ j = 0; 1. �âáî¤  ¢ á¨«ã �-ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨
®£à ­¨ç¥­¨ï f jKs ¨ e�-ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨ ®¡à â­®£® ª ­¥¬ã ®â®¡à ¦¥­¨ï ¢ëâ¥ª îâ ®æ¥­ª¨
�1(bj ; b)=�1(b0; b1) � e�(1=") = 1=��1("). �®íâ®¬ã �1(b0; b1) � (1=2)��1(")[�1(b0; b) + �1(b; b1)]. �® â ª
ª ª (1=2)��1(") � �(�; �; ") ¯à¨ «î¡®¬ � � 1, â® ¯®«ãç¨¬ ®æ¥­ªã (4.1).

�áâ «®áì à áá¬®âà¥âì á«ãç ©, ª®£¤  b0 2 K0 nK1 ¨ b1 2 K1 nK0. �ãáâì �1(b0; b) + �1(b; b1) =
R�1(b0; b1). �á«¨ R � 2, â® 1=R � 1=2 � �(�; �; "), ¨ ®æ¥­ª  (4.1) ¢¥à­ . �á«¨ R > 2, â® �1(bi; b) �
(R=2)�1(b1; b0) ¯à¨ ­¥ª®â®à®¬ i 2 f0; 1g, ¨ â®£¤ 

�1(b1�i; b) � �1(bi; b)� �1(b1�i; bi) � ((R=2) � 1)�1(b0; b1):

�«¥¤®¢ â¥«ì­®,

�1(b0; b1) � (2=(R � 2))�1(bj ; b) ¯à¨ j = 0; 1: (4.3)

� ª ª ª \(K0;K1) = � > 0, â® ¤«ï ¯à®¨§¢®«ì­® § ¤ ­­®£® �1 < � ­ ©¤¥âáï â ª ï â®çª 
d 2 K0 \ K1, çâ® �1(b0; b1) � �1[�1(b0; d) + �1(d; b1)]. �®£¤  �1(bj ; d) � ��1

1 �1(b0; b1) ¯à¨ «î¡®¬
j = 0; 1, çâ® á ãç¥â®¬ (4.3) ¤ ¥â ®æ¥­ªã �1(bj ; d)=�1(bj ; b) � 2��1

1 =(R � 2) ¤«ï j = 0; 1. � á¨«ã
�-ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨ ®£à ­¨ç¥­¨ï f jKj ¯®«ãç ¥¬ ®æ¥­ª¨

�2(f(bj); f(d))
�2(f(bj); f(b))

� �

�
�1(bj ; d)
�1(bj ; b)

�
� �(2��1

1 =(R � 2));

â. ¥. �1(f(bj); f(d)) � �1(f(bj); f(b))�(2�
�1
1 =(R � 2)) ¯à¨ j = 0; 1. � ãç¥â®¬ ãá«®¢¨ï (a1) íâ® ¤ ¥â

á®®â­®è¥­¨¥

"[�2(f(b0); f(b)) + �2(f(b1); f(b))] � �2(f(b0); f(b1)) �

� [�2(f(b0); f(d)) + �2(f(d); f(b1))] � [�2(f(b0); f(b)) + �2(f(b1); f(b))]�(2�
�1
1 =(R � 2));
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¯à¨¢®¤ïé¥¥ ª ­¥à ¢¥­áâ¢ã " � �(2��1
1 =(R�2)). � á¨«ã ¯à®¨§¢®«ì­®£® ¢ë¡®à  �1 < � ¨ ­¥¯à¥àë¢-

­®áâ¨ äã­ªæ¨¨ ¨áª ¦¥­¨ï � ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢® " � �(2��1=(R � 2)), à ¢­®á¨«ì­®¥ ®æ¥­ª¥
R � 1=�(�; �; "), ª®â®à ï ¨ ¤ ¥â á®®â­®è¥­¨¥ (4.1).

(a2) � ¬¥­¨¢ ¢ ãá«®¢¨ïå «¥¬¬ë ¬­®¦¥áâ¢  K0, K1 ¬­®¦¥áâ¢ ¬¨ K 0
0 = f(K0) ¨ K 0

1 = f(K1),
  ®â®¡à ¦¥­¨¥ f | ®â®¡à ¦¥­¨¥¬ f 0 = f�1, ã ª®â®à®£® ®£à ­¨ç¥­¨ï f 0j(K 0

0) ¨ f
0j(K 0

1) ï¢«ïîâáïe�-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬¨ ¢«®¦¥­¨ï¬¨, ¯à¨¬¥­¨¬ ãâ¢¥à¦¤¥­¨¥ (a1) ª â®çª ¬ b00 = f(b0), b01 =
f(b1), b0 = f(b) ¨ ¯®«ãç¨¬ á®®â­®è¥­¨¥ (4.2).

�¥¬¬  4.2. �ãáâì § ¤ ­ë ç¨á«  s � 1, � > 0, � > 0 ¨ äã­ªæ¨ï ¨áª ¦¥­¨ï �. �ãáâì ¬¥âà¨-
ç¥áª¨¥ ¯à®áâà ­áâ¢  M1, M2, ¯®¤¬­®¦¥áâ¢a S0 � K0 �M1, S1 � K1 �M1 ¨ â®¯®«®£¨ç¥áª®¥

¢«®¦¥­¨¥ f : K0 [K1 !M2 ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (a1){(a4) â¥®à¥¬ë 3:1. �®£¤ 
(a40) ®â®¡à ¦¥­¨¥ f ï¢«ï¥âáï �1-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬ ¢ «î¡®© â®çª¥ x 2 K0 \ K1, £¤¥

�1(t) = (�(s))2�(s2t).

�®ª § â¥«ìáâ¢®. �ãáâì § ¤ ­ë ¯®¯ à­® à §«¨ç­ë¥ â®çª¨ d0 2 K0, d1 2 K1 ¨ x 2 K0 \K1.
� á¨«ã ãá«®¢¨ï (b1) â¥®à¥¬ë 3.1 ­ ©¤ãâáï â®çª¨ y0 2 S0 ¨ y1 2 S1 â ª¨¥, çâ® (1=s)�1(y0; x) �
�1(d0; x) � s�1(y0; x) ¨ (1=s)�1(y1; x) � �1(d1; x) � s�1(y1; x). �®¥¤¨­¨¢ íâ¨ ­¥à ¢¥­áâ¢  á ãá«®-
¢¨¥¬ (a1) ¤«ï âà®¥ª â®ç¥ª d0; y0; x 2 K0 ¨ d1; y1; x 2 K1 ¨ ¯à¨¬¥­¨¢ ãá«®¢¨¥ (b2) �-ª¢ -
§¨á¨¬¬¥âà¨ç­®áâ¨ ®£à ­¨ç¥­¨ï f j(S0 [ S1) ¢ â®çª¥ x 2 K0 \K1 ª ¯ à¥ â®ç¥ª y0, y1, ¯à¨ ª ¦¤®¬
j 2 f0; 1g ¯®«ãç¨¬ âà¥¡ã¥¬ãî ®æ¥­ªã ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨ ®â®¡à ¦¥­¨ï f ¢ â®çª¥ x

�2(f(dj); f(x))
�2(f(d1�j); f(x))

=
�2(f(dj); f(x))
�2(f(yj); f(x))

�2(f(yj); f(x))
�2(f(y1�j); f(x))

�2(f(y1�j); f(x))
�2(f(d1�j); f(x))

�

� �

�
�1(dj ; x)
�1(yj ; x)

�
�

�
�1(yj ; x)
�1(y1�j; x)

�
�

�
�1(y1�j ; x)
�1(d1�j ; x)

�
� (�(s))2�

�
�1(yj; x)
�1(y1�j ; x)

�
�

� (�(s))2�
�
�1(yj ; x)
�1(dj ; x)

�1(dj ; x)
�1(d1�j ; x)

�1(d1�j ; x)
�1(y1�j ; x)

�
� (�(s))2�

�
s2

�1(dj ; x)
�1(d1�j ; x)

�
: �

�¥¬¬  4.3. �ãáâì § ¤ ­ë ç¨á«  s � 1, � > 0, � > 0 ¨ äã­ªæ¨ï ¨áª ¦¥­¨ï �. �á«¨ ¬¥âà¨-

ç¥áª¨¥ ¯à®áâà ­áâ¢  M1, M2, ¯®¤¬­®¦¥áâ¢a S0 � K0 �M1, S1 � K1 �M1 ¨ â®¯®«®£¨ç¥áª®¥

¢«®¦¥­¨¥ f ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (a1){(a3), (b1), (b2) â¥®à¥¬ë 3:1, ¨ Qj (j = 1; 2) ï¢«ï¥â-
áï ®â®¡à ¦¥­¨¥¬ ¯®¤®¡¨ï ¯à®áâà ­áâ¢  Mj ­  ¯à®áâà ­áâ¢® M

0
j = (M 0

j ; �
0
j), â® ¬¥âà¨ç¥áª¨¥

¯à®áâà ­áâ¢  M0
1, M

0
2, ¯®¤¬­®¦¥áâ¢  S00 = Q1(S0), S01 = Q1(S1), K 0

0 = Q1(K0), K 0
1 = Q1(K1) ¨

â®¯®«®£¨ç¥áª®¥ ¢«®¦¥­¨¥ f 0 = Q2 � f � Q
�1
1 : K 0

0 [K
0
1 !M0

2 â ª¦¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

(a1){(a3), (b1), (b2) â¥®à¥¬ë 3:1 c â¥¬¨ ¦¥ á ¬ë¬¨ s, �, � ¨ �.

�®ª § â¥«ìáâ¢®. �â®¡à ¦¥­¨ï Q1 ¨ Q2, ¡ã¤ãç¨ £®¬¥®¬®àä¨§¬ ¬¨, á®åà ­ïîâ ¢á¥ á®®â­®-
è¥­¨ï, ¢ëà ¦¥­­ë¥ ¢ â¥à¬¨­ å ®¯¥à æ¨© ­ ¤ ¬­®¦¥áâ¢ ¬¨, ¢ ç áâ­®áâ¨, á®åà ­ï¥âáï ãá«®¢¨¥
(a2). �ã¤ãç¨ ¯®¤®¡¨ï¬¨, ®­¨ á®åà ­ïîâ ª ª ã£«®¢ë¥ å à ªâ¥à¨áâ¨ª¨ ¯ à ¬­®¦¥áâ¢ (á¬. ãâ¢¥à-
¦¤¥­¨¥ ¢ ¯. 1.2), â ª ¨ ¢á¥ á®®â­®è¥­¨ï, ¢ëà ¦¥­­ë¥ ¢ â¥à¬¨­ å ®â­®è¥­¨ï à ááâ®ï­¨©, ¢
ç áâ­®áâ¨, á®åà ­ïîâáï ãá«®¢¨ï (b1) ¨ (b2). � ­ ª®­¥æ, ª®¬¯®§¨æ¨ï �-ª¢ §¨á¨¬¬¥âà¨ç¥áª®£®
¢«®¦¥­¨ï c ®â®¡à ¦¥­¨ï¬¨ ¯®¤®¡¨ï ®áâ ¥âáï �-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬ ¢«®¦¥­¨¥¬, çâ® ¤ ¥â á®-
åà ­¥­¨¥ ãá«®¢¨ï (a1).

�¥¬¬  4.4. �«ï § ¤ ­­ëå ç¨á¥« s � 1, � > 0, � > 0 ¨ äã­ªæ¨¨ ¨áª ¦¥­¨ï � áãé¥áâ¢ã¥â

äã­ªæ¨ï ¨áª ¦¥­¨ï !0hs; �; �; �i, ®¡« ¤ îé ï á«¥¤ãîé¨¬ á¢®©áâ¢®¬.

�ãáâì ¬¥âà¨ç¥áª¨¥ ¯à®áâà ­áâ¢  M1, M2, ¯®¤¬­®¦¥áâ¢a S0 � K0 �M1, S1 � K1 �M1

¨ â®¯®«®£¨ç¥áª®¥ ¢«®¦¥­¨¥ f : K0[K1 !M2 ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (a1){(a4) â¥®à¥¬ë 3:1.
�®£¤  ¤«ï «î¡®© âà®©ª¨ ¯®¯ à­® à §«¨ç­ëå â®ç¥ª a0; a1; a2 2 K0 [K1 â ª¨å, çâ® �1(a0; a1) =
�2(f(a0); f(a1)) = 1 ¢ë¯®«­ï¥âáï ®æ¥­ª 

�2(f(a2); f(a0)) � !0(�1(a2; a0)): (4.4)
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�®ª § â¥«ìáâ¢®. � â¥ªáâ¥ ¤®ª § â¥«ìáâ¢  ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯®«ìáª¨© á¯®á®¡ ®¡®§­ ç¥-
­¨ï à ááâ®ï­¨© ¢ ¬¥âà¨ç¥áª¨å ¯à®áâà ­áâ¢ å jx� yj ([15], £«. 2, x 21). �â® ­¥ ¯à¨¢®¤¨â ª ­¥¤®à -
§ã¬¥­¨î, ¨¡® ª®­ªà¥â­ë© ¢¨¤ äã­ªæ¨¨ à ááâ®ï­¨ï ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï ¯à¨­ ¤«¥¦­®áâìî
â®ç¥ª x, y ª®­ªà¥â­®¬ã ¬¥âà¨ç¥áª®¬ã ¯à®áâà ­áâ¢ã. � á¨«ã «¥¬¬ë 4.2 ¤«ï «î¡ëå ¯®¯ à­® à §-
«¨ç­ëå â®ç¥ª d0 2 K0, d1 2 K1 ¨ x 2 K0 \K1 ¢ë¯®«­ïîâáï ®æ¥­ª¨

jf(d0)� f(x)j
jf(d1)� f(x)j

� �1

�
jd0 � xj

jd1 � xj

�
;

jf(d1)� f(x)j
jf(d0)� f(x)j

� �1

�
jd1 � xj

jd0 � xj

�
(4.5)

á äã­ªæ¨¥© ¨áª ¦¥­¨ï �1(t) = (�(s))2�(s2t) � �(t).
� «ì­¥©è¨¥ à ááã¦¤¥­¨ï á¢®¤ïâáï ª  ­ «¨§ã ¢á¥å á«ãç ¥¢ à á¯®«®¦¥­¨ï § ¤ ­­®© âà®©ª¨

â®ç¥ª ®â­®á¨â¥«ì­® ¬­®¦¥áâ¢ K0 ¨ K1.
�¨âã æ¨ï 1. �ãáâì a0; a1; a2 2 Kj ¯à¨ j = 0 ¨«¨ j = 1. �®£¤  âà¥¡ã¥¬ ï ®æ¥­ª  (4.4) ¢ëâ¥ª ¥â

¨§ ãá«®¢¨ï (a1) �-ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨ ®â®¡à ¦¥­¨ï f ­  ¬­®¦¥áâ¢¥

Kj : jf(a2)� f(a0)j � �(ja2 � a0j):

�¨âã æ¨ï 2. �ãáâì a0 2 Km, a1 2 K1�m, a2 2 K1�m ¯à¨ m = 0 ¨«¨ m = 1. �®«®¦¨¬
C1 = �(�; e�; �=2), C2 = �(�; �1; �=2) ¨

!1(t) = max
�
2�1(4t)
C1

; 4�1

�
3t
�

�
;

�
12 + 12�1(2C

�1
2 + 4��1)

����1
1 (1=2)

�
t

�
:

�«ãç © 2.1. �ãáâì ja2�a0j � 2=�. �®£¤  ­ ©¤¥âáï â®çª  p 2 K0\K1 â ª ï, çâ® 1 = ja1�a0j �
(�=2)(ja1 � pj+ ja0 � pj). � ª ª ª ja0 � pj � 2=� � ja2 � a0j, â® ¢ë¯®«­ï¥âáï

(c1): ja2 � pj � ja2 � a0j+ ja0 � pj � 2ja2 � a0j.
�à¨¬¥­¥­¨¥ «¥¬¬ë 4.1 (a2) ª â®çª ¬ a0; a1 ¨ p ¤ ¥â ®æ¥­ªã

(c2): 1 = jf(a0)� f(a1)j � C1(jf(a1)� f(p)j+ jf(a0)� f(p)j).
� ª ª ª 1 = ja1�a0j � ja0�pj+ ja1�pj, â® jaj�pj � 1=2 «¨¡® ¯à¨ j = 0, «¨¡® ¯à¨ j = 1. �à¨¬¥­¨¢
á®®â¢¥âáâ¢¥­­® «¨¡® ãá«®¢¨¥ (4.5), «¨¡® ãá«®¢¨¥ �-ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨ ®£à ­¨ç¥­¨ï f jK1�m,
¯®«ãç ¥¬ ­¥à ¢¥­áâ¢® jf(a2) � f(p)j=jf(aj) � f(p)j � �1(ja2 � pj=jaj � pj), ¨§ ª®â®à®£® á ãç¥â®¬
®æ¥­ª¨ (c1) á«¥¤ã¥â jf(a2)�f(p)j � jf(aj)�f(p)j�1(4ja2�a0j). � á¨«ã ®æ¥­ª¨ (á2) ®âáî¤  ¢ëâ¥ª ¥â
­¥à ¢¥­áâ¢®

(c3): jf(a2)� f(p)j � C�1
1 �1(4ja2 � a0j).

� ª ª ª jf(a0)� f(p)j � C�1
1 � C�1

1 �1(1) � C�1
1 �1(�ja2 � a0j=2) � C�1

1 �1(4ja2 � a0j), â®, ¨á¯®«ì§ãï
­¥à ¢¥­áâ¢® (c3), ¯à¨å®¤¨¬ ª ®æ¥­ª¥

jf(a2)� f(a0)j � jf(a2)� f(p)j+ jf(p)� f(a0)j � 2C�1
1 �1(4ja2 � a0j) � !1(ja2 � a0j):

�«ãç © 2.2. �ãáâì ja2 � a0j � ��1
1 (1=2)�=6 � �=6 (­¥à ¢¥­áâ¢® ��1

1 (1=2) � 1 á«¥¤ã¥â ¨§ ¬®-
­®â®­­®áâ¨ äã­ªæ¨¨ �1 ¨ ­¥à ¢¥­áâ¢  1 � �1(1)). �â¬¥â¨¬ â®çªã q 2 K0 \ K1, ¤«ï ª®â®à®©
á¯à ¢¥¤«¨¢®

(c4): ��1
1 (1=2)�=6 � ja2 � a0j � (�=2)(ja2 � qj+ ja0 � qj).

� ª ª ª ja0 � qj � (2=�)ja2 � a0j � ��1
1 (1=2)=3 � 1=3, â® jq � a1j � ja1 � a0j � ja0 � qj � 2=3.

�á¯®«ì§ãï ®æ¥­ªã (4.5), ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢ 

jf(a0)� f(q)j
jf(a1)� f(q)j

� �1

�
ja0 � qj

ja1 � qj

�
� �1

�
3ja0 � qj

2

�
� �1

�
3ja0 � a2j

�

�
: (4.6)

�§ «¥¢®© ç áâ¨ (c4) á«¥¤ã¥â �1(3ja0 � a2j=�) � �1(�
�1
1 (1=2)=2) � 1=2, ¯®íâ®¬ã ®æ¥­ª  (4.6) ¤ ¥â

­¥à ¢¥­áâ¢®
(c5): jf(a0)� f(q)j � jf(a1)� f(q)j=2.

�«¥¤®¢ â¥«ì­®, jf(a1)�f(q)j � jf(a1)�f(a0)j+jf(a0)�f(q)j � 1+jf(a1)�f(q)j=2, â. ¥. ¢ë¯®«­ï¥âáï
(c6): jf(a1)� f(q)j � 2.

� á¨«ã �1-ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨ ®£à ­¨ç¥­¨ï f jK1�m ¨¬¥¥â ¬¥áâ® ®æ¥­ª 
(c7): jf(a2)� f(q)j � jf(q)� f(a1)j�1(ja2 � qj=jq � a1j) � jf(q)� f(a1)j�1(3ja2 � a0j=�).
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�§ ®æ¥­®ª (c7) ¨ (4.6) ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢® jf(a2) � f(a0)j � jf(a1) � f(q)j2�1(3ja2 � a0j=�).
�ç¨âë¢ ï (á6), ¯à¨å®¤¨¬ ª âà¥¡ã¥¬®¬ã á®®â­®è¥­¨î

jf(a2)� f(a0)j � 4�1(3ja2 � a0j=�) � !1(ja2 � a0j):

�«ãç © 2.3. �ãáâì ���1
1 (1=2)=6 � ja2 � a0j � 2=�. �â¬¥â¨¬ â®çªã p 2 K0 \K1, ¤«ï ª®â®à®©

1 = jf(a0)� f(a1)j � (�=2)(jf(a1)� f(p)j+ jf(a0)� f(p)j). � á¨«ã «¥¬¬ë 4.1 (a1) ®âáî¤  á«¥¤ã¥â
®æ¥­ª  1 = ja0 � a1j � C2(ja1 � pj + ja0 � pj). � ç áâ­®áâ¨, ja0 � pj � C�1

2 ¨ ja1 � pj � C�1
2 .

�«¥¤®¢ â¥«ì­®, ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®
(c8): ja2 � pj � ja2 � a0j+ ja0 � pj � 2=�+ C�1

2 .
� ª ª ª 1 � ja0 � pj+ ja1 � pj, â® ­¥à ¢¥­áâ¢® jaj � pj � 1=2 ¢ë¯®«­ï¥âáï «¨¡® ¯à¨ j = 0, «¨¡®
¯à¨ j = 1. �á¯®«ì§ãï (¯à¨ j = 1 �m) �1-ª¢ §¨á¨¬¬¥âà¨ç­®áâì ®£à ­¨ç¥­¨ï f jK1�m ¨«¨ (¯à¨
j = m) ãá«®¢¨¥ (4.5), ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®

jf(a2)� f(p)j
jf(aj)� f(p)j

� �1

�
ja2 � pj

jaj � pj

�
� �1

�
2��1 + C�1

2

1=2

�
= �1(2C

�1
2 + 4��1);

¨§ ª®â®à®£® á«¥¤ã¥â jf(a2) � f(p)j � jf(aj) � f(p)j�1(2C
�1
2 + 4��1) � 2��1�1(2C

�1
2 + 4��1). � ª

ª ª jf(a0) � f(p)j � 2��1, â® jf(a2) � f(a0)j � M0 := 2��1[1 + �1(2C
�1
2 + 4��1)]. �ç¨âë¢ ï, çâ®

1 � ja2 � a0j6��1=��1
1 (1=2), ¯à¨å®¤¨¬ ª ®æ¥­ª¥

jf(a2)� f(a0)j � (6M0�
�1=��1

1 (1=2))ja2 � a0j � !1(ja2 � a0j):

�¨âã æ¨ï 3. �ãáâì a2 2 Km, a1 2 K1�m ¨ a0 2 K1�m, £¤¥ m = 0 ¨«¨ m = 1. �®«®¦¨¬
!2(t) = �1(4��1t)(1 + �1(1 + 4��1t)). �â¬¥â¨¬ â®çªã q 2 K0 \ K1, ¤«ï ª®â®à®© ¢ë¯®«­ï¥âáï
­¥à ¢¥­áâ¢®

(d1): ja2 � a0j � (�=2)(ja2 � qj+ ja0 � qj).
� á¨«ã �1-ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨ ®£à ­¨ç¥­¨ï f jK1�m ¨¬¥¥¬ ®æ¥­ª¨

jf(q)� f(aj)j =
jf(q)� f(aj)j
jf(a1)� f(a0)j

� �1

�
jq � aj j

ja1 � a0j

�
= �1(jq � aj j); (4.7)

¢ë¯®«­ïîé¨¥áï ¯à¨ j = 0; 1. � ª ª ª 1 � jq�a0j+jq�a1j, â® «¨¡® jq�a0j � 1=2, «¨¡® jq�a1j � 1=2.
�«ãç © 3.1. �ãáâì jq � a1j � 1=2. �á¯®«ì§ãï ãá«®¢¨¥ (4.5), ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢® jf(q) �

f(a2)j � jf(q)�f(a1)j�1(jq�a2j=jq�a1j) � jf(q)�f(a2)j�1(2jq�a2j), ¨§ ª®â®à®£® ¢ á¨«ã (d1) ¨ (4.7)
á«¥¤ã¥â jf(q)�f(a2)j � �1(jq�a1j)�1(4��1ja2�a0j). � ª ª ª jq�a1j � 1+jq�a0j � 1+2��1ja2�a0j,
â® ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

(d2): jf(q)� f(a2)j � �1(1 + 2��1ja0 � a2j)�1(4��1ja0 � a2j).
�§ (4.7) ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢® jf(q) � f(a0)j � �1(jq � a0j) � �1(2��1ja0 � a2j), ª®â®à®¥ ¢¬¥áâ¥ á
(d2) ¯à¨¢®¤¨â ª ®æ¥­ª¥ jf(a2)� f(a0)j � �1(4��1ja2� a0j)[1 + �1(1 + 2��1ja2� a0j)] � !2(ja2� a0j).

�«ãç © 3.2. �ãáâì jq � a1j < 1=2 ¨ jq � a0j � 1=2. � á¨«ã á®®â­®è¥­¨© (4.7) (¯à¨ j = 0) ¨ (d1)
¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

(d3): jf(q)� f(a0)j � �1(jq � a0j) � �1(2��1ja2 � a0j).
�§ ãá«®¢¨ï (4.5) á«¥¤ã¥â ­¥à ¢¥­áâ¢®

jf(q)� f(a2)j=jf(q) � f(a0)j � �1(jq � a2j=jq � a0j) � �1(2jq � a2j) � �1(4��1ja2 � a0j):

� á¨«ã (d3) íâ® ®§­ ç ¥â, çâ® jf(q)�f(a2)j � �1(2��1ja2�a0j)�1(4��1ja2�a0j). �«®¦¨¢ ¯®«ãç¥­­®¥
­¥à ¢¥­áâ¢® á ­¥à ¢¥­áâ¢®¬ (d3), ¯à¨å®¤¨¬ ª ®æ¥­ª¥

jf(a2)� f(a0)j � �1(2�
�1ja2 � a0j)[1 + �1(4�

�1ja2 � a0j)] � !2(ja2 � a0j):

�¨âã æ¨ï 4. �ãáâì a1 2 Km, a0 2 K1�m, a2 2 K1�m, £¤¥ m = 0 ¨«¨ m = 1. �®«®¦¨¬

!3(t) = C�1
1 max

�
�1(2t); (3=2)�1(2(1 + ��1

1 (1=3))t); �1(t1=2); �1(1=��1
1 (1=3))�1(2t1=2)

�
:
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�â¬¥â¨¬ â®çªã q 2 K0 \K1, ¤«ï ª®â®à®© 1 = ja0 � a1j � (�=2)(ja0 � qj + jq � a1j). �®£¤  ¢ á¨«ã
«¥¬¬ë 4.1 (a2) ¨¬¥¥¬ á®®â­®è¥­¨¥ 1 = jf(a0) � f(a1)j � C1(jf(a1) � f(q)j + jf(a0) � f(q)j). � ª
ª ª 1 � ja0 � qj+ ja1 � qj, â® à¥ «¨§ã¥âáï ®¤¨­ ¨§ á«ãç ¥¢: ja0 � qj � 1=2 ¨«¨ ja1 � qj � 1=2.

�«ãç © 4.1. �ãáâì ja0� qj � 1=2. �§ �1-ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨ ®£à ­¨ç¥­¨ï f jK1�m ¨ ­¥à ¢¥­-
áâ¢  jf(a0)� f(q)j � C�1

1 á«¥¤ã¥â ®æ¥­ª 

jf(a2)� f(a0)j � jf(q)� f(a0)j�1(ja2 � a0j=jq � a0j) � C�1
1 �1(2ja2 � a0j) � !3(ja2 � a0j):

�«ãç © 4.2. �ãáâì ja0 � qj < 1=2 ¨ ja1 � qj � 1=2.
�®¤á«ãç © (a). �ãáâì ja2�a0j � "ja0� qj, £¤¥ " = 1=��1

1 (1=3). � á¨«ã �1-ª¢ §¨á¨¬¬¥âà¨ç­®áâ¨
®£à ­¨ç¥­¨ï f jK1�m ¨ ­¥à ¢¥­áâ¢  ja0 � qj=ja2 � a0j � 1=" ¨¬¥¥¬ ®æ¥­ªã jf(a0) � f(q)j=jf(a2) �
f(a0)j � �1(1=") = 1=3, ¨§ ª®â®à®© á«¥¤ã¥â jf(a0)� f(q)j � jf(a2)� f(a0)j=3. �®íâ®¬ã

jf(a2)� f(q)j � jf(a2)� f(a0)j � jf(a0)� f(q)j � 2jf(a2)� f(a0)j=3:

�ç¨âë¢ ï jf(a1)� f(q)j � C�1
1 ¨ ­¥à ¢¥­áâ¢® jf(a2)� f(q)j � jf(a1) � f(q)j�1(ja2 � qj=ja1 � qj) �

jf(a1)� f(q)j�1(2ja2� qj), ¢ëâ¥ª îé¥¥ ¨§ (4.5), ¯à¨å®¤¨¬ ª ®æ¥­ª¥ jf(a2)� f(a0)j � (3=2)jf(a2)�
f(q)j � (3=2)jf(a1)� f(q)j�1(2(ja2� a0j+ ja0� qj)) � (3C�1

1 =2)�1(2(1+ "�1)ja2� a0j) � !3(ja2� a0j).
�®¤á«ãç © (b). �ãáâì ja2 � a0j � ja0 � qj2. �á¯®«ì§ãï ­¥à ¢¥­áâ¢® jf(a0) � f(q)j � C�1

1 ¨
�1-ª¢ §¨á¨¬¬¥âà¨ç­®áâì ®£à ­¨ç¥­¨ï f jK1�m, ¯®«ãç ¥¬ ®æ¥­ªã

jf(a2)� f(a0)j � jf(q)� f(a0)j�1(ja2 � a0j=jq � a0j) � C�1
1 �1(ja2 � a0j

1=2) � !3(ja2 � a0j):

�®¤á«ãç © (c). �ãáâì ja0�qj2 < ja2�a0j < "ja0�qj. � ª ª ª jf(a1)�f(q)j � C�1
1 ¨ ®£à ­¨ç¥­¨¥

f jK1�m ï¢«ï¥âáï �1-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬, â® jf(a2)�f(a0)j � jf(q)�f(a0)j�1(ja2�a0j=jq�a0j) �
�1(")jf(q)�f(a0)j � C�1

1 �1(")(jf(q)�f(a0)j=jf(a1)�f(q)j). �á¯®«ì§ãï á®®â­®è¥­¨¥ (4.5), ¯®«ãç ¥¬

jf(a2)� f(a0)j � C�1
1 �1(")�1(ja0 � qj=ja1 � qj) � C�1

1 �1(")�1(2ja2 � a0j
1=2) � !3(ja2 � a0j):

� ª¨¬ ®¡à §®¬, ¯®«®¦¨¢ !0(t) = maxf�1(t); !1(t); !2(t); !3(t)g, ¯à¨å®¤¨¬ ª ®æ¥­ª¥

jf(a2)� f(a0)j � !0(ja2 � a0j):

�à¨ íâ®¬ !0 § ¢¨á¨â «¨èì ®â s, �, � ¨ �.

4.1. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 3.1. �®ª ¦¥¬, çâ® äã­ªæ¨ï ¨áª ¦¥­¨ï !, ¯®áâà®¥­­ ï ¢
«¥¬¬¥ 4.4 ¤«ï § ¤ ­­ëå s, �, � ¨ �, ï¢«ï¥âáï âà¥¡ã¥¬®©. �ãáâì ¬¥âà¨ç¥áª¨¥ ¯à®áâà ­áâ¢ 
M1 ¨ M2 ­ ¤¥«¥­ë ¬¥âà¨ª ¬¨ �1 ¨ �2 á®®â¢¥âáâ¢¥­­®. �ãáâì ¬­®¦¥áâ¢  Sj � Kj � M1

(j = 0; 1) ¨ ®â®¡à ¦¥­¨¥ f : K0 [ K1 ! M2 ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ (a1){(a4) â¥®à¥¬ë 3.1.
�ãáâì a0, a1, a2 | ¯à®¨§¢®«ì­® § ¤ ­­ ï âà®©ª  ¯®¯ à­® à §«¨ç­ëå â®ç¥ª ¢ K0 [ K1. �®-
«®¦¨¢ �01(x; y) � �1(x; y)=�1(a0; a1) ¨ �02(x; y) � �2(x; y)=�2(f(a0); f(a1)), ¯®«ãç¨¬ ¬¥âà¨ç¥áª¨¥
¯à®áâà ­áâ¢  M0

1 ¨ M0
2 (­  â¥å ¦¥ ¬­®¦¥áâ¢ å, çâ® ¨ ¨áå®¤­ë¥ ¯à®áâà ­áâ¢  M1 ¨ M2,

­® á ¬®¤¨ä¨æ¨à®¢ ­­ë¬¨ ¬¥âà¨ª ¬¨). �®¦¤¥áâ¢¥­­ë¥ ®â®¡à ¦¥­¨ï Q1 = id : M1 ! M0
1

¨ Q2 = id : M2 ! M0
2 ï¢«ïîâáï ®â®¡à ¦¥­¨ï¬¨ ¯®¤®¡¨ï. �®£¤  ¢ á¨«ã «¥¬¬ë 4.3 ¬¥-

âà¨ç¥áª¨¥ ¯à®áâà ­áâ¢  M0
1 ¨ M0

2, ¯®¤¬­®¦¥áâ¢  Q1(Sj) � Q1(Kj) � M0
1 ¨ ®â®¡à ¦¥­¨¥

f 0 = Q2 � f � Q
�1
1 ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ «¥¬¬ë 4.4 á â¥¬¨ ¦¥ ¯ à ¬¥âà ¬¨ s, �, � ¨ �.

� ª ª ª �01(Q1(a0); Q1(a1)) = 1 = �02(f
0(Q1(a0)); f 0(Q1(a1))), â® ¢ á¨«ã «¥¬¬ë 4.4 ¢ë¯®«­ï¥âáï

®æ¥­ª  �02(f
0(Q1(a2)); f 0(Q1(a0))) � !(�01(Q1(a2); Q1(a0))), à ¢­®á¨«ì­ ï ­¥à ¢¥­áâ¢ã

�2(f(a2); f(a0))
�2(f(a1); f(a0))

� !

�
�1(a2; a0)
�1(a1; a0)

�
:

� á¨«ã ¯à®¨§¢®«ì­®áâ¨ ¢ë¡®à  âà®©ª¨ ¯®¯ à­® à §«¨ç­ëå â®ç¥ª a0; a1; a2 2 K0[K1 íâ® ®§­ ç ¥â,
çâ® f ï¢«ï¥âáï !-ª¢ §¨á¨¬¬¥âà¨ç¥áª¨¬ ®â®¡à ¦¥­¨¥¬. �

�¢â®àë ¯à¨§­ â¥«ì­ë ¯à®ä¥áá®àã �.�. �ëç¥¢ã, ¢­¨¬ â¥«ì­® ¯à®á¬®âà¥¢è¥¬ã àãª®¯¨áì íâ®©
áâ âì¨ ¨ á¤¥« ¢è¥¬ã àï¤ æ¥­­ëå § ¬¥ç ­¨© ¯® ã«ãçè¥­¨î ¥¥ á®¤¥à¦ ­¨ï.

12



�¨â¥à âãà 

1. Agard S.B., Gehring F.W. Angles and quasiconformal mappings // Proc. London Math. Soc. {
1965. { V. 14A. { ò3. { P. 1{21.

2. Agard S.B. Angles and quasiconformal mappings in space // J. d'Analyse Math. { 1969. { V. 22.
{ P. 177{200.

3. Taari O. Characterisierung der Quasikonformitat mit Hilfe der Winkelverzerrung // Ann. Acad.
Sci. Fenn. Ser. A1. { 1965. { V. 362. { P. 1{11.

4. Kelingos J.A. Boundary correspondence under quasiconformal mappings // Michigan Math. J. {
1966 { V. 13. { P. 235{249.

5. �á¥¥¢ �.�., �ëç¥¢ �.�., �¥â¥­®¢ �.�. �ª«¥©ª  ª¢ §¨á¨¬¬¥âà¨ç¥áª¨å ¢«®¦¥­¨© ¢ § ¤ ç¥ ®

ª¢ §¨ª®­ä®à¬­®¬ ¯à®¤®«¦¥­¨¨ // �ªà. ¬ â¥¬. ¦ãà­. { 2004. { T. 56. { ò 6. { C. 737{744.
6. �«¥ªá ­¤àï­ �.�., �¨à§ å ­ï­ �.�. �¡é ï â®¯®«®£¨ï. { �.: �ëáè. èª®« , 1979. { 336 á.
7. �¥««¨ �¦.�. �¡é ï â®¯®«®£¨ï. { �.: � ãª , 1981. { 432 á.
8. Caraman P. Characterization of the quasiconformality by means of angle distortion / Proc. of the

Romanian-Finnish seminar on Teichm�uller spaces and quasiconformal mappings. Brasov, 1969. {
Publ. House Acad. SRR. { 1971. { P. 147{170.

9. Tukia P., V�ais�al�a J. Quasisymmetric embeddings of metric spaces // Ann. Acad. Sci. Fenn. Ser. A1
Math. { 1980. { V. 5. { P. 97{114.

10. V�ais�al�a J. Domains and maps // Quasiconformal Space Mappings (A collection of surveys 1960{
1990) (ed. Matti Vuorinen). { Lect. Notes Math. { 1992. { V. 1508. { P. 119{131.

11. Aseev V.V. Quasisymmetric embeddings // Complex analysis and representation theory. 3 { J.
Math. Sci. { 2002. { V. 108. { ò3. { P. 375{410.

12. �á¥¥¢ �.�., �ëç¥¢ �.�., �¥â¥­®¢ �.�. � ª¢ §¨ª®­ä®à¬­®¬ ¯à®¤®«¦¥­¨¨ á á¥¬¥©áâ¢  ¯«®áª¨å

®¡« áâ¥© á¯¥æ¨ «ì­®£® ¢¨¤  // �®ª«. ��� { 2003. { T. 398. { ò6. { C. 727{729.
13. �á¥¥¢ �.�., �¥â¥­®¢ �.�. �¡é ï â¥®à¥¬  ® áª«¥©ª¥ ª¢ §¨á¨¬¬¥âà¨ç¥áª¨å ®â®¡à ¦¥­¨© //

�®¢à¥¬¥­­ë¥ ¬¥â®¤ë â¥®à¨¨ äã­ªæ¨© ¨ á¬¥¦­ë¥ ¯à®¡«¥¬ë: � â¥à¨ «ë ª®­ä¥à¥­æ¨¨. {
�®à®­¥¦: �§¤-¢® �®à®­¥¦áª. ã­-â . { 2003. { C. 16{17.

14. V�ais�al�a J. Quasisymmetry and unions // Manuscripta math. { 1990. { V. 68. { P. 101{111.
15. �ãà â®¢áª¨© �. �®¯®«®£¨ï. T. 1. { �.: �¨à, 1966. { 594 á.

�­áâ¨âãâ ¬ â¥¬ â¨ª¨ �®áâã¯¨« 

�¨¡¨àáª®£® ®â¤¥«¥­¨ï 30.05.2003
�®áá¨©áª®© aª ¤¥¬¨¨ ­ ãª

�®à­®- «â ©áª¨© £®áã¤ àáâ¢¥­­ë©

ã­¨¢¥àá¨â¥â

13


