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1. �¢¥¤¥¨¥

�ãáâì � | á®¢®ªã¯®áâì ¥®âà¨æ â¥«ìëå   [0;+1) ¯®çâ¨ ¢®§à áâ îé¨å [1] äãªæ¨© (â. ¥.
'(x1) � C1'(x2) ¤«ï «î¡ëå 0 < x1 < x2 < +1,   C1 > 0 ¨ ¥ § ¢¨á¨â ®â x1, x2), ã¤®¢«¥â¢®àïî-
é¨å �2-ãá«®¢¨î (â. ¥. '(2x) � C2'(x) ¤«ï «î¡ëå 0 < x < +1,   C2 > 0 ¨ ¥ § ¢¨á¨â ®â x); W |
á®¢®ªã¯®áâì ¨§¬¥à¨¬ëå, ¥®âà¨æ â¥«ìëå ¯®çâ¨ ¢áî¤ã   (0; 2�) äãªæ¨© w. �à®áâà áâ¢®¬
�à«¨ç {�®à¥æ  �(';w), £¤¥ ' 2 �; w 2 W ,  §ë¢ ¥âáï ¬®¦¥áâ¢® 2�-¯¥à¨®¤¨ç¥áª¨å ¨§¬¥à¨-

¬ëå äãªæ¨© f(x), ¤«ï ª®â®àëå kfk';w =
2�R
0

w(t)'(f�(t))dt < +1, £¤¥ f�(t) | ¥¢®§à áâ îé ï

  [0; 2�] äãªæ¨ï, à ¢®¨§¬¥à¨¬ ï á jf j.
�ã¤¥¬ à áá¬ âà¨¢ âì âà¨£®®¬¥âà¨ç¥áª¨¥ àï¤ë ¢¨¤ 

a0
2
+

1X
n=1

an cosnx (1)

¨
1X
n=1

an sinnx: (2)

�§¢¥áâ 

�¥®à¥¬  � à¤¨{�¨ââ«¢ã¤  ([2], c. 657). �ãáâì an ! 0 ¯à¨ n!1 ¨ an � an+1 ¤«ï ¢á¥å n,
£¤¥ an | ª®íää¨æ¨¥âë àï¤®¢ (1); (2),   f(x) ¨ g(x) | áã¬¬ë íâ¨å àï¤®¢. �®£¤  ¯à¨ p 2 (1;1)
á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

C1

� 1X
n=0

apn(n+ 1)p�2
�1=p

�

�Z 2�

0

jf(x)jpdx
�1=p

� C2

� 1X
n=0

apn(n+ 1)p�2
�1=p

;

C3

� 1X
n=1

apnn
p�2

�1=p

�

�Z 2�

0

jg(x)jpdx
�1=p

� C4

� 1X
n=1

apnn
p�2

�1=p

;

£¤¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥ C1, C2, C3, C4 ¥ § ¢¨áïâ ®â ¯®á«¥¤®¢ â¥«ì®áâ¨ fang.

� ¬¥â¨¬, çâ® ¢á¥ íâ¨ ¨ ¨¦¥á«¥¤ãîé¨¥ ¥à ¢¥áâ¢  ¯®¨¬ îâáï â ª¨¬ ®¡à §®¬: ¨§ ª®¥ç-
®áâ¨ ¯à ¢®© ç áâ¨ á«¥¤ã¥â ª®¥ç®áâì «¥¢®© ç áâ¨. � «¥¥ C1; C2; : : : | ¯®«®¦¨â¥«ìë¥ ¯®áâ®-
ïë¥, ¥ ®¡ï§ â¥«ì® ®¤¨ ª®¢ë¥ ¢ à §«¨çëå ä®à¬ã« å.

� [3] ¤®ª §  

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ 06-01-00268).
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�¥®à¥¬ . a) �ãáâì an ! 0 ¯à¨ n ! 1 ¨ an � 2an+1 + an+2 � 0 ¤«ï ¢á¥å n. �®£¤  ¤«ï
p 2 (0;1)

C1

� 1X
n=0

(an � an+1)p(n+ 1)2p�2
�1=p

�

�Z 2�

0

jf(x)jpdx
�1=p

� C2

� 1X
n=0

(an � an+1)p(n+ 1)2p�2
�1=p

:

¡) �ãáâì an ! 0 ¯à¨ n!1 ¨ an � an+1 ¤«ï ¢á¥å n. �®£¤  ¤«ï p 2 (0;1)

C3

� 1X
n=1

apnn
p�2

�1=p

�

�Z 2�

0

jg(x)jpdx
�1=p

� C4

� 1X
n=1

apnn
p�2

�1=p

;

£¤¥ C1, C2, C3, C4 ¥ § ¢¨áïâ ®â ¯®á«¥¤®¢ â¥«ì®áâ¨ fang.

� ¤ ®© à ¡®â¥ ãáâ  ¢«¨¢ îâáï ãá«®¢¨ï, ¯à¨ ª®â®àëå áã¬¬ë f(x) ¨ g(x) âà¨£®®¬¥âà¨-
ç¥áª¨å àï¤®¢ (1) ¨ (2) á®®â¢¥âáâ¢¥® á ª®íää¨æ¨¥â ¬¨, ¬®®â®ë¬¨ ¯® ¯®¤¯®á«¥¤®¢ â¥«ì-
®áâï¬, ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ ¬ �à«¨ç -�®à¥æ ,   â ª¦¥ ®æ¥ª¨ kfk';w ¨ kgk';w ç¥à¥§
ª®íää¨æ¨¥âë íâ¨å àï¤®¢.

�«ï æ¥«ëå ¥®âà¨æ â¥«ìëå ç¨á¥« s1; : : : ; sk ¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ fang ®¯à¥¤¥«¨¬ à §®áâ¨
�1;s1an = an � an+s1 ; : : : ;�k;s1;:::;skan = �1;sk(�k�1;sk�1;:::;s1an). �á«¨ s1 = � � � = sk = s, â® ¡ã¤¥¬
®¡®§ ç âì �k;s1;:::;skan = �k;san. � ¬¥â¨¬, çâ® ¥á«¨ s1 = � � � = sk = s = 1, â®

�k;s1;:::;skan = �k;1an =
kX

i=0

(�1)iC i
kan+i = �kan:

�ä®à¬ã«¨àã¥¬ ®á®¢ë¥ ãâ¢¥à¦¤¥¨ï.

�â¢¥à¦¤¥¨¥ 1. �ãáâì r 2 N , an ! 0 ¯à¨ n ! 1, £¤¥ an | ª®íää¨æ¨¥âë àï¤®¢ (1)

¨ (2); ' 2 �, w 2 W ¨ â ª®¢ , çâ®
�R
0

wr(x)dx � C1

�R
�=2

wr(x)dx ¤«ï «î¡®£® � 2 (0; 2�
r
), £¤¥

wr(x) =
r�1P
m=0

w(x+m 2�
r
),   C1 ¥ § ¢¨á¨â ®â �.

 ) �á«¨ �1;ran � 0 ¤«ï ¢á¥å n = 1; 2; : : : , â®

Z 2�

0

w(t)'(g�(t))dt � C2

1X
n=0

Z 2�
(n+1)r

2�
(n+2)r

wr(t)dt
rX

k=1

'(ak+nr(n+ 1)): (3)

�á«¨ �1;ran � 0 ¤«ï ¢á¥å n = 0; 1; 2; : : : , â®

Z 2�

0

w(t)'(f�(t))dt � C3

�Z 2�
r

�

r

wr(t)dt'(a0) +
1X
n=0

Z 2�
(n+1)r

2�
(n+2)r

wr(t)dt
rX

k=1

'(ak+nr(n+ 1))
�
: (4)

¡) �á«¨ �2;ran � 0 ¤«ï ¢á¥å n = 0; 1; : : : , ar � ak � a0 ¤«ï 0 � k � r ¨ ¯à¨ r > 2 ¯®á«¥¤®¢ -
â¥«ì®áâì fang ¤®¯®«¨â¥«ì® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �1;r(ar(n+1)�k � ar(n+1)+k) � 0 ¤«ï ¢á¥å
n = 0; 1; : : : ¨ k = 1; : : : ; [ r�1

2
], â®

Z 2�

0

w(t)'(f�(t))dt � C4

�Z 2�
r

�

r

wr(t)dt'(a0 � ar) +
1X
n=0

Z 2�
(n+1)r

2�
(n+2)r

wr(t)dt�

�

� rX
k=1

'((n+ 1)2�1;rak+nr) +
�
r � 1
2

� [ r�12 ]X
k=1

'((n+ 1)(ar(n+1)�k � ar(n+1)+k))
��

; (5)

£¤¥ C2, C3, C4 ¥ § ¢¨áïâ ®â fang, [a] | æ¥« ï ç áâì ç¨á«  a.
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�â¢¥à¦¤¥¨¥ 2. �ãáâì r 2 N , an ! 0 ¯à¨ n ! 1, £¤¥ an | ª®íää¨æ¨¥âë àï¤®¢ (1) ¨
(2); ' 2 �, w 2 W ¨ â ª®¢ , çâ® «¨¡® w(t) = 0 ¯à¨ ¯®çâ¨ ¢á¥å (¯. ¢.) t 2 [�2�12�2r; 2�], «¨¡®
�2�12�2rR

0

w(t)dt > 0.

 ) �á«¨ �1;ran � 0 ¤«ï ¢á¥å n = 1; 2; : : : , â®

Z 2�

0

w(t)'(g�(t))dt � C1

1X
n=0

Z 2�
(n+1)r

2�
(n+2)r

w(t)dt
rX

k=1

'(ak+nr(n+ 1)): (6)

¡) �á«¨ �2;ran � 0 ¤«ï ¢á¥å n = 0; 1; : : : , 2(a0 � ar) �
r�1P
m=0

�1;ram ¨ ¯à¨ r > 2 ¯®á«¥¤®¢ -

â¥«ì®áâì fang ¤®¯®«¨â¥«ì® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �1;r(ar(n+1)�k � ar(n+1)+k) � 0 ¤«ï ¢á¥å
n = 0; 1; : : : ¨ k = 1; : : : ; [ r�1

2
], â®

Z 2�

0

w(t)'(f�(t))dt � C2

�Z 2�
r

�

r

w(t)dt'(a0 � ar) +
1X
n=0

Z 2�
(n+1)r

2�
(n+2)r

w(t)dt�

�

� rX
k=1

'((n+ 1)2�1;rak+nr) +
�
r � 1
2

� [ r�12 ]X
k=1

'((n+ 1)(ar(n+1)�k � ar(n+1)+k))
��

; (7)

£¤¥ C1; C2 ¥ § ¢¨áïâ ®â fang.

2. �á¯®¬®£ â¥«ìë¥ ãâ¢¥à¦¤¥¨ï

�ãáâì r 2 N , k = 1; : : : ; r, n = 0; 1; 2; : : : ,

BC0
0;r;0(x) =

1
2
; BC0

n+1;r;0(x) = cos(n+ 1)rx;

BC0
n;r;k = cos(k + nr)x; BC1

n;r;l(x) =
nX

m=0

BC0
m;r;l(x); l = 0; 1; : : : ; r;

B0
0;r;k(x) =

sin((2k � r)x=2)
2 sin(rx=2)

; x 6= 2m�=r; m 2 Z;

B0
n+1;r;k(x) = cos(k + nr)x; B1

n;r;k(x) =
nX

m=0

B0
m;r;k(x);

B2
n;r;k(x) =

nX
m=0

B1
m;r;k(x); B1

n;r(x) =
nX

m=0

cos(2m+ 1)rx=2;

B2
n;r(x) =

nX
m=0

B1
m;r(x); B

1

n+1;r;k(x) =
nX

m=0

sin(k +mr)x:

�¥¬¬  1 ([4]). �ãáâì an � 0, bn � 0, n = 1; 2; : : : , 1 � p <1. �®£¤ 

 ) ¥á«¨
1P

m=n
am = an�n, n = 1; 2; : : : , â®

1X
k=1

ak

� kX
m=1

bm

�p

� pp
1X

m=1

am(�mbm)p;

¡) ¥á«¨
nP

m=1
am = an�n, n = 1; 2; : : : , â®

1X
k=1

ak

� 1X
m=k

bm

�p

� pp
1X

m=1

am(�mbm)
p:
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�¥¬¬  2 ([5], áá. 66, 125). �ãáâì a � 0, b � 0, an � 0, n = 1; 2; : : : , 0 < � � � < 1. �®£¤ � 1P
n=1

a�n

�1=�
�
� 1P
n=1

a�n

�1=�
, C1(�)(a� + b�) � (a+ b)� � C2(�)(a� + b�).

�¥¬¬  3. �ãáâì ' 2 �, an � 0, bn � 0, n = 1; 2; : : : �®£¤ 
1)  ©¤¥âáï ç¨á«® p > 0 â ª®¥, çâ® ¤«ï «î¡ëå 0 < x < y < 1 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

'(x)=xp � C1'(y)=yp, £¤¥ C1 ¥ § ¢¨á¨â ®â x, y;
2) '(x+ y) � C2('(x) + '(y)) ¤«ï «î¡ëå x � 0, y � 0, £¤¥ C2 ¥ § ¢¨á¨â ®â x, y;

3) ¥á«¨
1P

m=n
am � C3an, n = 1; 2; : : : , £¤¥ C3 ¥ § ¢¨á¨â ®â n, â®

1X
k=1

ak'

� kX
m=1

bm

�
� C4

1X
m=1

am'(bm);

£¤¥ C4 ¥ § ¢¨á¨â ®â fbng;

4) ¥á«¨
nP

m=1
am � C5an, n = 1; 2; : : : , £¤¥ C5 ¥ § ¢¨á¨â ®â n, â®

1X
k=1

ak'

� 1X
m=k

bm

�
� C6

1X
m=1

am'(bm);

£¤¥ C6 ¥ § ¢¨á¨â ®â fbng.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ á«ãç © 1). � ª ª ª ' 2 �, â® ¤«ï «î¡®£® x > 0 á¯à ¢¥¤«¨¢® ¥-
à ¢¥áâ¢® '(2x) � C7'(x), £¤¥ C7 > 1 ¥ § ¢¨á¨â ®â x. �®§ì¬¥¬ p = log2 C7. �¥âàã¤® ¯à®¢¥à¨âì,
çâ® ¤«ï íâ®£® p ¢ë¯®«¥® ¥à ¢¥áâ¢® ¨§ á«ãç ï 1).

�®ª § â¥«ìáâ¢® á«ãç ï 2) á«¥¤ã¥â ¨§ á¢®©áâ¢, ª®â®àë¬¨ ®¡« ¤ îâ äãªæ¨¨ ¨§ ª« áá  � ¢
á®®â¢¥âáâ¢¨¨ á ¥£® ®¯à¥¤¥«¥¨¥¬.

�®ª ¦¥¬ á«ãç © 3). �§ 1) ¤«ï 0 < x1 < x2 <1 ¨¬¥¥¬

'1=p(x1)=x1 = ('(x1)=x
p
1)

1=p � C
1=p
1 ('(x2)=x

p
2)

1=p = C
1=p
1 '1=p(x2)=x2: (8)

�¡®§ ç¨¬ '1=p(x)=x = f(x), '1=p(x) = xf(x). � á¨«ã (8) ¤«ï
1P
k=1

bk <1 ¯®«ãç¨¬ f
� 1P
k=1

bk
�
�

C1=p
1 f(bm) (m = 1; 2; : : : ). �®£¤  bmf

� 1P
k=1

bk
�
� C1=p

1 bmf(bm) (m = 1; 2; : : : ),
1P

m=1
bmf

� 1P
k=1

bk
�
�

C
1=p
1

1P
m=1

bmf(bm). � ª¨¬ ®¡à §®¬,

'1=p

� 1X
m=1

bk

�
� C

1=p
1

1X
k=1

'1=p(bk): (9)

� á¨«ã (9)
1P
k=1

ak'
� kP
m=1

bm
�
� C1

1P
k=1

am
� kP
m=1

'1=p(bm)
�p
. � «¥¥, ¯à¨¬¥ïï «¥¬¬ã 1 ¢ á«ãç ¥

1 � p <1 ¨«¨ «¥¬¬ã 2 ¢ á«ãç ¥ 0 < p < 1, ¯®«ãç ¥¬
1P
k=1

ak'
� kP
m=1

bm
�
� C10

1P
m=1

am'(bm), £¤¥ C10

¥ § ¢¨á¨â ®â fbng.
� «®£¨ç® à áá¬ âà¨¢ ¥âáï á«ãç © 4).

�¥¬¬  4 ([6], c. 93). �ãáâì f ¨ g | ¯®çâ¨ ¢¥§¤¥ ª®¥çë¥ ¨§¬¥à¨¬ë¥   [0; 2�] äãªæ¨¨.
�®£¤  (f + g)�(t1 + t2) � f�(t1) + f�(t2), (fg)�(t1 + t2) � f�(t1)f�(t2).

�¥¬¬  5 ([6], á. 88). �á«¨ jf(t)j � jg(t)j, â® f�(t) � g�(t).

�¥¬¬  6. �ãáâì s1; s2; : : : ; sk 2 N , an ! 0 ¯à¨ n ! 1 ¨ �k;sk;:::;s1an � 0 ¤«ï ¢á¥å n. �®£¤ 
�i;si;:::;s1an � 0 (i = 1; : : : ; k � 1), an � 0 ¤«ï ¢á¥å n.

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥¨ï �k;sk;:::;s1an ¨ â®£®, çâ® an ! 0 ¯à¨ n!1.
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�¥¬¬  7. �ãáâì k; t 2 N , an ! 0 ¯à¨ n!1. �á«¨ �2;t;kan � 0 ¤«ï ¢á¥å n, â® �2;tkan � 0
¤«ï ¢á¥å n.

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ «¥¬¬ë 6, â. ª. �2;tkan =
k�1P
m=0

t�1P
s=0

�1;t(�1;kan+sk+mt).

�¥¬¬  8. �ãáâì r 2 N , m = 0; 1; : : : ; r � 1, k = 1; : : : ; r. �®£¤  ¤«ï ¯®çâ¨ ¢á¥å x

rX
k=1

cos
�
km

2�
r

�
sin((2k � r)x

2
)

2 sin(r x
2
)

=
1
2
:

�®ª § â¥«ìáâ¢®. �ãáâì r | ¥ç¥â®¥ ç¨á«® ¨ r > 1 (¯à¨ r = 1 à ¢¥áâ¢® ®ç¥¢¨¤®). �®£¤ 
¤«ï ¯®çâ¨ ¢á¥å x ¨¬¥¥¬

rX
k=1

cos
�
km

2�
r

�
sin((2k � r)x

2
)

2 sin(r x
2
)

=
1
2
+

r�1
2X

k=1

cos
�
km

2�
r

�
sin((2k � r)x

2
)

2 sin(r x
2
)

+

+
r�1X

k= r�1
2 +1

cos
�
km

2�
r

�
sin((2k � r)x

2
)

2 sin(r x
2
)

=
1
2
+

r�1
2X

k=1

cos
�
km

2�
r

�
sin((2k � r)x

2
)

2 sin(r x
2
)

+

+

r�1
2X

k=1

cos
��

k +
r � 1
2

�
m
2�
r

�
sin((2k � 1)x

2
)

2 sin(r x
2
)

=
1
2
+

r�1
2X

k=1

�
cos

��
k +

r � 1
2

�
m
2�
r

�
�

� cos
��

� k +
r + 1
2

�
m
2�
r

��
sin((2k � 1)x

2
)

2 sin(r x
2
)

=

=
1
2
�

r�1
2X

k=1

sin� sin
�
(2k � 1)m

�

r

�
sin((2k � 1)x

2
)

sin(r x
2
)

=
1
2
:

� «®£¨ç® ¯à®¢¥àï¥âáï ãâ¢¥à¦¤¥¨¥ «¥¬¬ë 8 ¤«ï ç¥âëå r.

�¥¬¬  9. �ãáâì r 2 N , k = 1; : : : ; r, n = 0; 1; : : : �®£¤ 
 ) ¤«ï ¯. ¢. x

BC1
n;r;0(x) =

sin((2n+ 1)r x
2
)

2 sin(r x
2
)

;

BC1
n;r;k(x) =

sin((2k + (2n+ 1)r)x
2
)� sin((2k � r)x

2
)

2 sin(r x
2
)

;

B1
n;r;k(x) =

sin((2k + (2n� 1)r)x
2
)

2 sin(r x
2
)

;

B2
n;r;k(x) =

sin2((k + nr)x
2
)� sin2((k � r)x

2
)

2 sin2(r x
2
)

;

B1
n;r(x) =

sin((n+ 1)rx)
2 sin(r x

2
)

;

B2
n;r(x) =

cos(r x
2
)� cos((2n+ 3)r x

2
)

4 sin2(r x
2
)

;

B
1

n+1;r;k(x) =
cos((2k � r)x

2
)� cos((2k + (2n+ 1)r)x

2
)

2 sin(r x
2
)

;

¡) ¤«ï «î¡®£® x 2 (0; �
r
)

jBC1
n;r;l(x)j �

C1

rx
; l = 0; 1; : : : ; r � 1;
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jB2
n;r;k(x)j �

C2

(rx)2
; jB

1

n+1;r;k(x)j �
C3

rx
;

jB1
n;r(x)j �

C4

rx
; jB2

n;r(x)j �
C5

(rx)2
;

¢) ¤«ï «î¡®£® x

jBC1
n;r;k(x)j � n+ 1; jB

1

n+1;r;k(x)j � n+ 1;

jB2
n;r;k(x)j � C6(n+ 1)2; jB1

n;r(x)j � n+ 1;

¨ ¤«ï ¯. ¢. x

jB2
n;r(x)j � C7(n+ 1)2;

£¤¥ C1; : : : ; C7 ¥ § ¢¨áïâ ®â x ¨ n.

�®ª § â¥«ìáâ¢®. � ¯ãªâ¥  ) ¤«ï ¯. ¢. x ¨¬¥¥¬

BCn;r;k(x) =
nX

m=0

cos
�
2(k +mr)

x

2

�
sin(r x

2
)

sin(r x
2
)
=
sin((2k + (2n+ 1)r)x

2
)� sin((2k � r)x

2
)

2 sin(r x
2
)

:

�áâ «ìë¥ à ¢¥áâ¢  ¯.  ) ¤®ª §ë¢ îâáï   «®£¨ç®. �®ª § â¥«ìáâ¢® ¥à ¢¥áâ¢ ¯. ¡) á«¥¤ã-
¥â ¨§ ¯à¥¤áâ ¢«¥¨© ¯.  ). �¥à ¢¥áâ¢  ¯. ¢) ¥¯®áà¥¤áâ¢¥® á«¥¤ãîâ ¨§ ®¯à¥¤¥«¥¨ï äãªæ¨©
BC1

n;r;k(x), B
2
n;r;k(x), B

1

n;r;k(x), B
1
n;r(x); B

2
n;r(x).

�ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì fang á®åà ï¥â § ª, ¥á«¨ an � 0 ¤«ï ¢á¥å n ¨«¨ an � 0
¤«ï ¢á¥å n.

�¥¬¬  10. �ãáâì r 2 N , k = 1; : : : ; r, m = 0; 1; : : : ; r � 1.
 ) �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì f�1;rak+nrg á®åà ï¥â § ª ®â¤¥«ì® ¤«ï ª ¦¤®£® k, â® àï¤ë

(1) ¨ (2) áå®¤ïâáï ¤«ï ¯. ¢. x.
�ãªæ¨ï f(x + m 2�

r
) (f(x) | áã¬¬  àï¤  (1)) ¬®¦¥â ¡ëâì ¯®çâ¨ ¢áî¤ã ¯à¥¤áâ ¢«¥  ¢

¢¨¤¥

f

�
x+m

2�
r

�
=

r�1X
k=0

cos
�
km

2�
r

� 1X
n=0

�1;rak+nrBC
1
n;r;k(x)�

�
r�1X
k=1

sin
�
km

2�
r

� 1X
n=0

�1;rak+nrB
1

n+1;r;k(x):

�ãªæ¨ï g(x + m 2�
r
) (g(x) | áã¬¬  àï¤  (2)) ¬®¦¥â ¡ëâì ¯®çâ¨ ¢áî¤ã ¯à¥¤áâ ¢«¥  ¢

¢¨¤¥

g

�
x+m

2�
r

�
=

rX
k=1

cos
�
km

2�
r

� 1X
n=0

�1;rak+nrB
1

n+1;r;k(x) +

+
r�1X
k=1

sin
�
km

2�
r

� 1X
n=0

�1;rak+nrBC
1
n;r;k(x):

¡) �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì f�2;rak+nrg á®åà ï¥â § ª ®â¤¥«ì® ¤«ï ª ¦¤®£® k, â® f(x)
¬®¦¥â ¡ëâì ¯®çâ¨ ¢áî¤ã ¯à¥¤áâ ¢«¥  ¢ ¢¨¤¥

f(x) =
rX

k=1

1X
n=0

�2;rak+(n�1)rB
2
n;r;k(x);
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¥á«¨ ¤®¯®«¨â¥«ì® ¯à¨ r > 2 ¯®á«¥¤®¢ â¥«ì®áâì f�1;r(anr�i � anr+i)g1n=1 á®åà ï¥â § ª
®â¤¥«ì® ¤«ï ª ¦¤®£® i = 1; : : : ; [(r� 1)=2], â® äãªæ¨ï f(x+m 2�

r
) ¬®¦¥â ¡ëâì ¯®çâ¨ ¢áî¤ã

¯à¥¤áâ ¢«¥  ¢ ¢¨¤¥

f

�
x+m

2�
r

�
=

rX
k=1

cos
�
km

2�
r

� 1X
n=0

�2;rak+(n�1)rB
2
n;r;k(x)�

�

[ r�12 ]X
k=1

sin
�
km

2�
r

� 1X
n=0

�2;r(anr+k)B
1

n+1;r;k(x) +

+
[ r�12 ]X
k=1

sin
�
km

2�
r

� 1X
n=0

�2;r(a(n+1)r�k � a(n+1)r+k)B
1

n+1;r;k(x)�

�

[ r�12 ]X
k=1

2 sin
�
km

2�
r

�
sin

�
(2k � r)

x

2

� 1X
n=0

�2;ra(n+1)r�kB
2
n;r(x);

£¤¥ ¯®« £ ¥¬ ak�r = a0 ¯à¨ k = 1; : : : ; r � 1.

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¯® ®¡é¥© áå¥¬¥ á ¯®¬®éìî ¯à¥¡à §®¢ ¨ï �¡¥«ï (á¬.,  ¯à.,
  «®£¨çë¥ ¤®ª § â¥«ìáâ¢  ¢ [2], ác. 100, 651). � ¬¥â¨¬, çâ® ¤®ª § â¥«ìáâ¢® ¯à¥¤áâ ¢«¥¨ï
äãªæ¨¨ f(x) ¨§ ¯. ¡) ®¯¨à ¥âáï   «¥¬¬ã 8.

�¥¬¬  11. �ãáâì an ! 0 ¯à¨ n ! 1, w 2 W , ' ï¢«ï¥âáï ¥®âà¨æ â¥«ì®©   [0;+1) ¨
¯®çâ¨ ¢®§à áâ îé¥© äãªæ¨¥©. �®£¤ 

 ) ¥á«¨ an � an+1 ¤«ï ¢á¥å n = 1; 2; : : : , â®

Z 2�

0

w(t)'(g�(t))dt � C1

�Z �2�10

0

w(t)dt
211�1X
n=1

'(2�18ann) +
1X

n=211

Z 2�
n

2�
(n+1)

w(t)dt'(2�18ann)
�
; (10)

¡) ¥á«¨ an � 2an+1 + an+2 � 0 ¤«ï ¢á¥å n = 1; 2; : : : , â®

Z 2�

0
w(t)'(f�(t))dt � C2

�Z �2�10

0
w(t)dt

211�1X
n=1

'(2�32(an � an+1)n
2) +

+
1X

n=211

Z 2�
n

2�
(n+1)

w(t)dt'(2�32(an � an+1)n
2)
�
; (11)

£¤¥ C1, C2 ¥ § ¢¨áïâ ®â n.

�®ª § â¥«ìáâ¢®. �§ [3] á«¥¤ã¥â

g1(x) = (g(x) + g(� � x))=2 =
1X
n=1

a2n�1 sin((2n� 1)x) =
1X
n=1

bn sin((2n� 1)x) =

=
1X
n=1

�1;1bn sin
2(nx)= sinx:

�®áª®«ìªã I =
2�R
0

w(t=2)'(g�1 (t))dt � C1

2�R
0

w(t)'(g�(t))dt, â® ®æ¥¨¬ I. �ãáâì I� = [�2�(�+1); �2�� ],

	�(g1(x)) =
1P

n=2��1
�1;1bn sin

2(nx)= sinx (� = 1; 2; : : : ). �«ï x 2 I� ¨¬¥¥¬ 	�(g1(x)) � 2�b2��1 .

� áá¬®âà¨¬

A� =
Z �2��

�2���1
	�(g1(x))dx =

1X
n=2��1

Z �2��

�2���1
�1;1bn

sin2(nx)
sinx

dx �
1X

n=2��1

Z �2��n

�2���1n

�1;1bn
sin2 y
y

dy:
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� [3] ¤®ª § ®, çâ® ¯à¨ a � 1=4

Z 2a�

a�

sin2 y
y

dy � C: (12)

�«ï C ã¤ ¥âáï ¯®«ãç¨âì ®æ¥ªã C � 2�5. �à¨¬¥ïï (12), ¡ã¤¥¬ ¨¬¥âì

A� � 2�5b2��1 : (13)

�ãáâì J� = fx 2 I� : 	�(g1(x)) � 2��7b2��1g. �®ª ¦¥¬, çâ® �(J�) � 2�7�(I�). �à¥¤¯®«®-
¦¨¬ ¯à®â¨¢®¥ �(J�) < 2�7�(I�). �®£¤  A� =

R
J�

	�(g1(x))dx +
R

I�nJ�

	�(g1(x))dx � 2�b2��1
R
J�

dx +

2��7b2��1
R
I�

dx < 2��6b2��1(�2�� � �2���1) = �2�7b2��1 ; çâ® ¯à®â¨¢®à¥ç¨â (13).

�à¨¬¥ïï (13), ¯®«ãç ¥¬

I � C2

Z 2�

0

w(t=2)'
�� 1X

m=1

	m

�
g1(x)

�
�(�2�m�1;�2�m](x)

��
(t)
�
dt �

� C3

Z 2�

0

w(t=2)'
�� 1X

m=1

2m�7b2m�1�Jm(x)
��
(t)
�
dt � C4

1X
�=1

Z �2���8

�2���9
w(t=2)'(2��7b2��1�(0;�(J�))(t))dt �

� C5

1X
�=1

Z �2���8

�2���9
w(t=2)'(2��7b2��1�(0;2�7�(I� ))(t))dt � C6

1X
�=1

Z �2���10

�2���11
w(t)dt'(2��7b2��1) =

= C6

1X
�=1

2�+11�2X
n=2�+10�1

Z 2�=(n+1)

2�=(n+2)

w(t)dt'(2��7b2��1) � C8

1X
n=211

Z 2�=n

2�=(n+1)

'(2�18ann):

� ¤àã£®© áâ®à®ë,

I � C9

1X
�=1

Z �2���8

�2���9
w(t=2)'((2�6b1�J1(x))

�(t))dt �

� C10

Z �2�9

0
w(t=2)dt'(2�7b1) � C11

Z �2�10

0
w(t)dt

211�1X
n=1

'(2�18ann):

�¡ê¥¤¨ïï ¯®«ãç¥ë¥ ®æ¥ª¨ ¤«ï I, ¯®«ãç ¥¬ (10). � «®£¨ç® ¤®ª §ë¢ ¥âáï (11).

3. �®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï 1

�à¨¬¥ïï «¥¬¬ë 3, 4, 5, 10, ¨¬¥¥¬

Z 2�

0

w(t)'(g�(t))dt =
r�1X
m=0

Z 2�=r

0

w(t+m2�=r)'(g�(t+m2�=r))dt �

� C1

Z 2�=r

0
wr(t)'

�� r�1X
m=0

rX
k=1

cos(km2�=r)
1X
n=0

ak+nr sin((k+nr)(x��=r�m2�=r))�(0;2�=r](x�m2�=r)+

+
r�1X
m=1

r�1X
k=1

sin(km2�=r)
1X
n=0

ak+nr cos((k + nr)(x� �=r �m2�=r))�(0;2�=r](x�m2�=r)
��
(t)
�
dt �

� C2

Z �=r

0

wr(2t)'
������

r�1X
m=0

rX
k=1

cos(km2�=r)�

�
1X
n=0

ak+nr sin((k + nr)(x� �=r �m2�=r))�(0;�=r](x� �=r �m2�=r)
����+
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+
����
r�1X
m=1

r�1X
k=1

sin(km2�=r)
1X
n=0

ak+nr cos((k+nr)(x��=r�m2�=r))�(0;�=r](x��=r�m2�=r)
����
��
(t)
�
dt �

� C3

� 1X
s=0

Z �2�s�1=r

�2�s�2=r

wr(4t)'
������

r�1X
m=0

rX
k=1

cos(km2�=r)
2s+2�1X
n=0

�1;rak+nrB
1

n+1;r;k(x�

� �=r �m2�=r)�(0;�=r](x� �=r �m2�=r)
����+

����
r�1X
m=1

r�1X
k=1

sin(km2�=r)
2s+2�1X
n=0

�1;rak+nrBC
1
n;r;k(x�

��=r�m2�=r)�(0;�=r](x��=r�m2�=r)
����
��
(t)
�
dt+

1X
s=0

Z �2�s�1=r

�2�s�2=r

wr(4t)'
������

r�1X
m=0

rX
k=1

cos(km2�=r)�

�
1X

n=2s+2

�1;rak+nrB
1

n+1;r;k(x� �=r �m2�=r)�(0;�=r](x� �=r �m2�=r)
����+

����
r�1X
m=1

r�1X
k=1

sin(km2�=r)�

�
1X

n=2s+2

�1;rak+nrBC
1
n;r;k(x� �=r �m2�=r)�(0;�=r](x� �=r �m2�=r)

����
��
(t)
�
dt

�
= C3(I1 + I2):

�æ¥¨¬ I1. �§ «¥¬¬ë 9 á«¥¤ã¥â jB
1

n+1;r;k(x)j � n+ 1, jBC1
n;r;k(x)j � n+ 1. �®£¤ 

I1 � C4

1X
s=0

Z �2�s�1=r

�2�s�2=r

wr(4t)dt'
� rX

k=1

2s+2�1X
n=0

�1;rak+nr(n+ 1)
�
:

� ¬¥â¨¬, çâ®

2s+2�1X
n=0

�1;rak+nr(n+ 1) =
2s+2�1X
n=0

ak+nr(n+ 1)�
2s+2X
n=1

ak+nrn =

=
2s+2�1X
n=0

ak+nr(n+ 1� n)� ak+2s+2r2s+2 �
2s+2�1X
n=0

ak+nr:

�®£¤  I1 � C5

1P
m=0

�2�m�1=rR
�2�m�2=r

wr(t)dt'
� 2m+2�1P

n=0

rP
k=1

ak+nr

�
.

�à¨¬¥ïï «¥¬¬ã 3, ¨¬¥¥¬

I1 � C6

1X
n=0

Z 2�=(nr)

2�=((n+1)r)
wr(t)dt

rX
k=1

'((n+ 1)ak+nr):

�æ¥¨¬ I2. � ª ª ª ¤«ï «î¡®£® x 2 (0; �=r) (á¬. «¥¬¬ã 9) jBC1
n;r;k(x)j � C7=(rx), jB

1

n+1;r;k(x)j �
C8=(rx), £¤¥ C7, C8 ¥ § ¢¨áïâ ®â x ¨ n, â®

I2 � C9

1X
s=0

Z �2�s�1=r

�2�s�2=r
wr(4t)�

� '

�� rX
k=1

ak+2s+2r

r�1X
m=0

�(0;�=r)(x� �=r �m2�=r)=(r(x � �=r �m2�=r))
��
(t)
�
dt �

� C10

1X
m=0

Z �2�m�1=r

�2�m�2=r

wr(4t)'
� rX

k=1

ak+2m+2r�(0;�)(t)=t
�
dt �

� C11

1X
m=0

Z �2�m=r

�2�m�1=r

wr(4t)dt'
� rX

k=1

ak+2m+2r2m+2r

�
� C12

1X
n=0

Z 2�
(n+2)r

2�
(n+1)r

wr(4t)dt
rX

k=1

'(ak+nr(n+ 1)):
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�¡ê¥¤¨ïï ®æ¥ª¨ ¤«ï I1 ¨ I2, ¯®«ãç¨¬ (3). �®ª § â¥«ìáâ¢® ¥à ¢¥áâ¢ (4); (5) ¯à®¢®¤¨âáï ¯®
â®© ¦¥ áå¥¬¥, ® á ¨á¯®«ì§®¢ ¨¥¬ á®®â¢¥âáâ¢ãîé¨å ¯à¥¤áâ ¢«¥¨© äãªæ¨¨ f ¨§ «¥¬¬ë 10. �

4. �®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï 2

� áá¬®âà¨¬ ¯.  ) ¯à¨ r > 1. �®¦® ¯à®¢¥à¨âì, çâ®
�
g(x) +

r�1X
m=1

(g(x+m2�=r) + g(x�m2�=r))=2
�
=r =

1X
n=1

anr sin(nrx) = g1(x):

�à¨¬¥ïï «¥¬¬ã 4, ¨¬¥¥¬

I1 =
Z 2�

0
w(t21�r)'(g�1(t))dt � C1

Z 2�

0
w(t)'(g�(t))dt:

�æ¥¨¬ á¨§ã I1. �à®¢®¤ï à ááã¦¤¥¨ï ¯® áå¥¬¥ ¨§ «¥¬¬ë 11 ¨ ãç¨âë¢ ï á¢®©áâ¢  äãªæ¨¨

'(t), ¯®«ãç¨¬ I1 � C2

1P
n=0

2�=((n+1)r)R
2�=((n+2)r)

w(t)dt'(a(n+1)r(n+ 1)r). �®£¤ 

Z 2�

0
w(t)'(g�(t))dt � C3

1X
n=0

Z 2�=((n+1)r)

2�=((n+2)r)
w(t)dt'(a(n+1)r(n+ 1)r):

� áá¬®âà¨¬ g11(x) = g(x) � g1(x) =
r�1P
k=1

1P
n=0

ak+nr sin((k + nr)x); g12(x) = g11(x) cos x. �à¨-

¬¥ïï «¥¬¬ã 4, ¨¬¥¥¬
2�R
0

w(t2�r)'(g�12(t))dt � C3

2�R
0

w(t)'(g�(t))dt. �¥âàã¤® ¯à®¢¥à¨âì, çâ®
�
g12(x) +

r�1P
m=1

(g12(x+m2�=r) + g12(x�m2�=r))=2
�
=r =

1P
n=1

(anr+1 + anr�1) sin(nrx) = g2(x). �®£¤ 

2�R
0

w(t21�2r)'(g�2(t))dt � C4

2�R
0

w(t2�r)'(g�12(t))dt. �à®¢®¤ï â¥ ¦¥ à ááã¦¤¥¨ï, çâ® ¨ ¤«ï äãªæ¨¨

g1(x), ¯®«ãç¨¬Z 2�

0

w(t)'(g�(t))dt � C5

1X
n=0

Z 2�=((n+1)r)

2�=((n+2)r)

w(t)dt'((a(n+1)r+1 + a(n+1)r�1)(n+ 1)r):

� áá¬®âà¨¬ g21(x) = g11 cos(2x). �®£¤  ¥âàã¤® ¯à®¢¥à¨âì, çâ®
�
g21(x)+

r�1P
m=1

(g21(x+m2�=r)+

g21(x�m2�=r))=2
�
=r =

1P
n=1

(anr+2 + anr�2) sin(nrx) = g3(x). �à¨¬¥ïï «¥¬¬ã 4, ¨¬¥¥¬

2�R
0

w(t21�2r)'(g�3(t))dt � C6

2�R
0

w(t)'(g�(t))dt. �®¢ì ¯à®¢®¤ï â¥ ¦¥ à ááã¦¤¥¨ï, çâ® ¨ ¤«ï äãª-

æ¨¨ g1(x), ¯®«ãç¨¬Z 2�

0
w(t)'(g�(t))dt � C7

1X
n=0

Z 2�=((n+1)r)

2�=((n+2)r)
w(t)dt'((a(n+1)r+2 + a(n+1)r�2)(n+ 1)r):

� «®£¨ç® áâà®ïâáï äãªæ¨¨ g4(x); : : : ,   § â¥¬ ¤«ï íâ¨å äãªæ¨©  å®¤ïâáï ¨â¥£à «ìë¥
®æ¥ª¨ á¨§ã. �¡ê¥¤¨ïï ¨â¥£à «ìë¥ ®æ¥ª¨ ¤«ï g�(t) ¨ ãç¨âë¢ ï á¢®©áâ¢  äãªæ¨¨ '(t),
¯®«ãç¨¬ (6). �à¨ r = 1 (6) á«¥¤ã¥â ¨§ «¥¬¬ë 11. � «®£¨ç® ¤®ª §ë¢ ¥âáï (7). �

� ¬¥ç ¨¥.

1) �§ ãâ¢¥à¦¤¥¨© 1 ¨ 2 á«¥¤ã¥â â¥®à¥¬  [3] ¤«ï áã¬¬ âà¨£®®¬¥âà¨ç¥áª¨å àï¤®¢ (1) ¨ (2).
2) �¥âàã¤® ¯à®¢¥à¨âì, çâ® ¥á«¨ ¯®á«¥¤®¢ â¥«ì®áâì fang (an ! 0 ¯à¨ n!1) ¥¢®§à áâ î-

é ï, â® �1;ran � 0 ¤«ï ¢á¥å n ¨ ¯à¨ «î¡®¬ r = 1; 2; : : : �®ª ¦¥¬, çâ® ®¡à â®¥ ¥ ¢á¥£¤  ¢¥à®.
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� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì fang â ªãî, çâ® an ! 0 ¯à¨ n!1 ¨ a2n = 0; a2n+1 � a2n+3 > 0
(n = 0; 1; : : : ). �  ¥ ï¢«ï¥âáï ¥¢®§à áâ îé¥©, ® �1;2an � 0 ¤«ï ¢á¥å n.

3) �ãáâì ª®íää¨æ¨¥âë àï¤®¢ (1) ¨ (2) â ª®¢ë, çâ® an ! 0 (n!1) ¨ �2;t;lan � 0 ¤«ï ¢á¥å n.
�®£¤  ¢ á¨«ã «¥¬¬ë 7 �2;tlan � 0 ¤«ï ¢á¥å n. �¥¬ á ¬ë¬ ¤«ï ®æ¥ª¨ kfk';w ¨ kgk';w ¯à¨¬¥¨¬ë
ãâ¢¥à¦¤¥¨ï 1 ¨ 2 á r = tl.

4) �ãáâì ª®íää¨æ¨¥âë àï¤®¢ (1) ¨ (2) â ª®¢ë, çâ® an ! 0 (n ! 1) ¨ �k;sk;:::;s1an � 0 ¤«ï
¢á¥å n (k � 2). �®£¤  ¢ á¨«ã «¥¬¬ë 6 �2;s2;s1an � 0; an � 0 ¤«ï ¢á¥å n. �¥¬ á ¬ë¬   ®á®¢ ¨¨
¯. 3) § ¬¥ç ¨ï ¤«ï ®æ¥®ª kfk';w ¨ kgk';w ¯à¨¬¥¨¬ë ãâ¢¥à¦¤¥¨ï 1 ¨ 2.

5) �ãáâì r 2 N , an ! 0 (n ! 1), �1;ran � 0 ¤«ï ¢á¥å n, £¤¥ an | ª®íää¨æ¨¥âë àï¤ 
(2). �®£¤  ¨§ ãâ¢¥à¦¤¥¨© 1 ¨ 2 á«¥¤ã¥â, çâ® ¯à¨ '(t) = tp (0 < p < 1), w(t) � 1 ãá«®¢¨¥
1P
n=1

apnn
p�2 <1 ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ¤«ï â®£®, çâ®¡ë

2�R
0

jg(x)jpdx <1:

5. �®¯®«¥¨ï

�à¨¢¥¤¥¬ àï¤ ãâ¢¥à¦¤¥¨©, ®¡®¡é îé¨å ãâ¢¥à¦¤¥¨ï 1 ¨ 2.

�â¢¥à¦¤¥¨¥ 3. �ãáâì r 2 N , an ! 0 ¯à¨ n ! 1, £¤¥ an | ª®íää¨æ¨¥âë àï¤®¢ (1)

¨ (2), ' 2 �, w 2 W ¨ â ª®¢ , çâ®
�R
0

wr(x)dx � C1

�R
�=2

wr(x)dx ¤«ï «î¡®£® � 2 (0; 2�=r), £¤¥

wr(x) =
r�1P
m=0

w(x+m 2�
r
),   C1 ¥ § ¢¨á¨â ®â �.

 ) �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì f�1;rak+nrg
1
n=0 á®åà ï¥â § ª ®â¤¥«ì® ¯à¨ ª ¦¤®¬ k =

1; : : : ; r, â® Z 2�

0
w(t)'(g�(t))dt � C2

1X
n=0

Z 2�
(n+1)r

2�
(n+2)r

wr(t)dt
rX

k=1

'(jak+nr j(n+ 1)):

�á«¨ ¯®á«¥¤®¢ â¥«ì®áâì f�1;rak+nrg
1
n=0 á®åà ï¥â § ª ®â¤¥«ì® ¯à¨ ª ¦¤®¬ k = 0; 1; :::; r�1,

â®
Z 2�

0

w(t)'(f�(t))dt � C3

�Z 2�
r

�

r

wr(t)dt'(ja0j) +
1X
n=0

Z 2�
(n+1)r

2�
(n+2)r

wr(t)dt
rX

k=1

'(jak+nr j(n+ 1))
�
:

¡) �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì f�2;rak+nrg
1
n=0 á®åà ï¥â § ª ®â¤¥«ì® ¯à¨ ª ¦¤®¬ k =

1; : : : ; r,   ¯à¨ r > 2 ¤®¯®«¨â¥«ì® ¯®á«¥¤®¢ â¥«ì®áâì f�1;r(anr+k � a(n+1)r�k)g1n=0 á®åà ï¥â
§ ª ®â¤¥«ì® ¯à¨ ª ¦¤®¬ k = 1; : : : ; [(r � 1)=2], â®

Z 2�

0

w(t)'(f�(t))dt � C4

�Z 2�
r

�

r

wr(t)dt
X

k=1;:::;r
k 6=([r=2]�[(r�1)=2])r=2

'(ja0 � akj) +

+
1X
n=0

Z 2�
(n+1)r

2�
(n+2)r

wr(t)dt
� rX

k=1

'(j�1;rak+nrj(n+ 1)2) +
�
r � 1
2

� [ r�12 ]X
k=1

'(jarn+k � a(n+1)r�kj)
��

;

£¤¥ C2, C3, C4 ¥ § ¢¨áïâ ®â fang.

�®ª § â¥«ìáâ¢®   «®£¨ç® ¤®ª § â¥«ìáâ¢ã ãâ¢¥à¦¤¥¨ï 1 (á ãç¥â®¬ á®åà ¥¨ï § ª 
á®®â¢¥âáâ¢ãîé¨å ¯®á«¥¤®¢ â¥«ì®áâ¥©).

�«ï ä®à¬ã«¨à®¢ª¨ á«¥¤ãîé¥£® ãâ¢¥à¦¤¥¨ï ¢¢¥¤¥¬ ®¯à¥¤¥«¥¨ï.
�®á«¥¤®¢ â¥«ì®áâì fang  §®¢¥¬ ã¤®¢«¥â¢®àïîé¥© CM -ãá«®¢¨î, ¥á«¨ ¯à¨ r > 1  ©¤ãâáï

j à §«¨çëå ç¨á¥« (1 � j � r � 1) k1; k2; : : : ; kj 2 f1; : : : ; r � 1g â ª¨å, çâ® ¯®á«¥¤®¢ â¥«ì®áâì

f�2;rbn;jg
1
n=0 á®åà ï¥â § ª, £¤¥ b0;j = a0+2

jP
s=1

aks ; bn;j = anr+
jP

s=1
(anr�ks +arn+ks) (n = 1; 2; : : : ).
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�ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì fang ¯à¨ r � 2 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î CMA, ¥á«¨  ©¤ãâ-
áï m à §«¨çëå ç¨á¥« (1 � m � r � 1� [ r+1

2
] + [ r

2
]) k1; k2; : : : ; km 2 f1; : : : ; [ r�1

2
]; [ r

2
] + 1; : : : ; r � 1g

â ª¨å, çâ® ¯®á«¥¤®¢ â¥«ì®áâì f�1;r(arn�ks � arn+ks)g
1
n=1 á®åà ï¥â § ª ®â¤¥«ì® ¯à¨ ª ¦¤®¬

s = 1; : : : ;m.
�ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì fang ¯à¨ r > 2 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î SMA, ¥á«¨  ©¤ãâáï

m à §«¨çëå ç¨á¥« (1 � m � r � 1 � [ r+1
2
] + [ r

2
]) k1; k2; : : : ; km 2 f1; : : : ; [ r�1

2
]; [ r

2
] + 1; : : : ; r � 1g

â ª¨å, çâ® ¯®á«¥¤®¢ â¥«ì®áâì f�1;r(arn�ks + arn+ks)g
1
n=1 á®åà ï¥â § ª ®â¤¥«ì® ¯à¨ ª ¦¤®¬

s = 1; : : : ;m.
�¡®¡é¥¨¥¬ ãâ¢¥à¦¤¥¨ï 2 ï¢«ï¥âáï

�â¢¥à¦¤¥¨¥ 4. �ãáâì r 2 N , an ! 0 ¯à¨ n ! 1, £¤¥ an | ª®íää¨æ¨¥âë àï¤®¢ (1) ¨
(2), w 2W , ' ï¢«ï¥âáï ¥®âà¨æ â¥«ì®©   [0;+1) ¨ ¯®çâ¨ ¢®§à áâ îé¥© äãªæ¨¥©.

 ) �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì f�1;rak+nrg
1
n=0 á®åà ï¥â § ª ®â¤¥«ì® ¯à¨ ª ¦¤®¬ k =

1; : : : ; r ¨ ¯®á«¥¤®¢ â¥«ì®áâì fang ¯à¨ r > 2 ¤®¯®«¨â¥«ì® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î SMA,
â®

Z 2�

0
w(t)'(g�(t))dt � C1

�Z �

r210+r

0
w(t)dt

211+r�1X
n=1

�
'(2�18�rjarnjn) +

�
1�

�
r + 1
2

�
+
�
r

2

��
�

� '(2�18�rja r

2 (2n�1)
jn) +

�
r � 1
2

� mX
s=1

'(2�18�rjarn�ks + arn+ks jn)
�
+

+
1X

n=211+r

Z 2�
nr

2�
(n+1)r

w(t)dt('(2�18�r janrjn) +
�
1�

�
r + 1
2

�
+
�
r

2

��
'(2�18�rja r

2 (2n�1)
jn) +

+
�
r � 1
2

� mX
s=1

'(2�18�rjarn�ks + arn+ks jn))
�
:

¡) �á«¨ ¯®á«¥¤®¢ â¥«ì®áâì f�2;rak+nrg
1
n=0 á®åà ï¥â § ª ®â¤¥«ì® ¯à¨ ª ¦¤®¬ k =

0; 1; : : : ; r � 1 ¨ ¯®á«¥¤®¢ â¥«ì®áâì fang ¯à¨ r = 2 ¤®¯®«¨â¥«ì® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
CMA,   ¯à¨ r > 2 ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ CM ¨ CMA, â®

Z 2�

0

w(t)'(f�(t))dt � C2

�Z 2�

r213+2r

0

w(t)dt('(2�34�3r ja0 � arj) +

+
�
r

2

�
'

�
2�34�3r

����a0 � ar +
jX

s=1

(2aks � ar�ks � ar+ks)
����
�
+

+
�
r � 1
2

� 213+2r�1X
n=1

�
'

�
2�34�3r

�����1;r(arn +
jX

s=1

(arn�ks + arn+ks)
�����n2

�
+

+ '(2�34�3rj�1;rarnjn
2) +

�
r � 1
2

� mX
s=1

'(2�34�3rjarn�ks � arn+ks jn)
�
+

+
1X

n=213+2r

Z 2�
nr

2�
(n+1)r

w(t)dt
�
'(2�34�3rj�1;rarnjn

2) +
�
r

2

�
'

�
2�34�3r

�����1;r(arn +

+
jX

s=1

(arn�ks + arn+ks)
�����n2

�
+
�
r � 1
2

� mX
s=1

'(2�34�3r
��arn�ks � arn+ks

��n)
��

;

£¤¥ C1; C2 ¥ § ¢¨áïâ ®â fang.

�®ª § â¥«ìáâ¢®   «®£¨ç® ¤®ª § â¥«ìáâ¢ã ãâ¢¥à¦¤¥¨ï 2 (â®«ìª® ¤®¯®«¨â¥«ì® ãç¨âë-
¢ ¥âáï á®åà ¥¨¥ § ª  á®®â¢¥âáâ¢ãîé¨å ¯®á«¥¤®¢ â¥«ì®áâ¥©).

�®ª ¦¥¬, çâ® ª ¦¤ ï áã¬¬  ¢ ¥à ¢¥áâ¢ å (5), (7) áãé¥áâ¢¥ . �«ï íâ®£® ¯®«®¦¨¬ r = 3,
'(t) = tp (0 < p < +1), w(t) � 1.
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� ç «  à áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì fang, ¤«ï ª®â®à®© a3n+3 = 0, a3n+1 = 0, �2;3a3n+2 �
0 (n = 0; 1; : : : ), a0 � a2. �®£¤  ¨§ ãâ¢¥à¦¤¥¨© 1 ¨ 2 á«¥¤ã¥â

C1

1X
n=0

apn(n+ 1)p�2 �
Z 2�

0

jf(x)jpdx � C2

1X
n=0

apn(n+ 1)p�2;

£¤¥ C1, C2 ¥ § ¢¨áïâ ®â fang.
� â¥¬ à áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì®áâì fang, ¤«ï ª®â®à®© a3n+3 = 0, a3n+2 = a3n+4, �2;3an � 0

(n = 0; 1; : : : ), a0 � a1, a0 � a2, a0 � a1 + a2 + a3 � a4 � a5. �®£¤  ¨§ ãâ¢¥à¦¤¥¨© 1 ¨ 2 á«¥¤ã¥â

C1

1X
n=0

(�1;3an)
p(n+ 1)2p�2 �

Z 2�

0
jf(x)jpdx � C2

1X
n=0

(�1;3an)
p(n+ 1)2p�2;

£¤¥ C1, C2 ¥ § ¢¨áïâ ®â fang.
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