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�ãáâì F ¨ U | ¬¥âà¨ç¥áª¨¥ ¯à®áâà áâ¢  á á®®â¢¥âáâ¢ãîé¨¬¨ ¬¥âà¨ª ¬¨ �F ¨ �U . �®£« á®
�¤ ¬ àã ([1], á. 10) § ¤ ç  ®¯à¥¤¥«¥¨ï à¥è¥¨ï u 2 U ãà ¢¥¨ï Au = f , £¤¥ f 2 F § ¤ ®,
 §ë¢ ¥âáï ª®àà¥ªâ® ¯®áâ ¢«¥®©   ¯à®áâà áâ¢ å (F;U), ¥á«¨ ¢ë¯®«ïîâáï ãá«®¢¨ï

a) ¤«ï ¢áïª®£® f 2 F áãé¥áâ¢ã¥â u 2 U | à¥è¥¨¥ ãà ¢¥¨ï,
¡) à¥è¥¨¥ ®¯à¥¤¥«ï¥âáï ®¤®§ ç®,
¢) § ¤ ç  ãáâ®©ç¨¢    ¯à®áâà áâ¢ å (F;U), â. ¥. ¤«ï «î¡®£® " > 0 ¬®¦® ãª § âì â ª®¥

� > 0, çâ® ¨§ ¥à ¢¥áâ¢  �F (f1; f2) < � á«¥¤ã¥â �U(u1; u2) < ".

�áâ®©ç¨¢®áâì § ¤ ç¨ § ¢¨á¨â ®â ¢ë¡à ëå â®¯®«®£¨© ¢ U ¨ F , ¨ ¯®¤å®¤ïé¨¬ ¢ë¡®à®¬
â®¯®«®£¨© ¬®¦® ä®à¬ «ì® ¤®¡¨âìáï ¥¯à¥àë¢®áâ¨ ®¯¥à â®à  A�1, áãé¥áâ¢®¢ ¨¥ ª®â®à®£®
®¡¥á¯¥ç¨¢ îâ ãá«®¢¨ï  ) ¨ ¡).

� á¢ï§¨ á íâ¨¬ ¢®§¨ª ¥â á«¥¤ãîé ï ¯à®¡«¥¬  ¢ë¡®à  â®¯®«®£¨© ¢ ¯à®áâà áâ¢ å ¤ ëå
§ ¤ ç¨ F ¨ à¥è¥¨© U :

1. íâ¨ â®¯®«®£¨¨ ¥ ¤®«¦ë § ¢¨á¥âì ®â ®¯¥à â®à  A,
2. ¦¥« â¥«ì® ¨¬¥âì  ¨¡®«¥¥ è¨à®ª¨© ª« áá ¯à®áâà áâ¢  ç «ìëå ¤ ëå f 2 F , ¯à¨

ª®â®àëå à¥è¥¨¥ § ¤ ç¨ u 2 U á®åà ï¥â \å®à®è¨¥ á¢®©áâ¢ ".
� ¯à¨ª« ¤ëå § ¤ ç å  ¨¡®«¥¥ ç áâ® ¨á¯®«ì§ãîâáï â®¯®«®£¨¨ á«¥¤ãîé¨å ®à¬¨à®¢ ëå

¯à®áâà áâ¢ äãªæ¨© f(x), x 2 
 � R1: C(
) | ¯à®áâà áâ¢® ¥¯à¥àë¢ëå ¨ ®£à ¨ç¥ëå ¢

 äãªæ¨© á ®à¬®©

kfkC = sup
x2


jf(x)j;

C(l)(
) | ¯à®áâà áâ¢® ¥¯à¥àë¢ëå ¨ ®£à ¨ç¥ëå ¢¬¥áâ¥ á® á¢®¨¬¨ ¯à®¨§¢®¤ë¬¨ ¤® ¯®-
àï¤ª  l (l 2 N) äãªæ¨©,

C(l)(
) =
�
f(x) : f (k)(x) 2 C(
); kfkC(l) =

lX
k=0

kf (k)kC ; l = 1; 2; : : :
�
;

Lp(
) | ¯à®áâà áâ¢® ¨â¥£à¨àã¥¬ëå á® áâ¥¯¥ìî p � 1 äãªæ¨© á ®à¬®©

kfkLp
=
� Z




jf(x)jpdx
� 1
p

:

� § ¢¨á¨¬®áâ¨ ®â § ¤ ç¨ ¨á¯®«ì§ãîâáï â ª¦¥ ¨ á®®â¢¥âáâ¢ãîé¨¥ ¢¥á®¢ë¥ ¯à®áâà áâ¢ .
� àï¤ã á íâ¨¬ ¯à¨ ¨§ãç¥¨¨ ¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨å äãªæ¨©   ¢á¥© ¤¥©áâ¢¨â¥«ì®© ®á¨

�.�.�â¥¯ ®¢ë¬ ¡ë«¨ ¢¢¥¤¥ë Sp;l-¯à®áâà áâ¢  á ¯®¬®éìî ®à¬ë

kfkSp;l = sup
t2R1

�
1
l

Z t+l

t

jf(s)jpds
� 1
p

(p � 1; l > 0):

35



� ¤ «ì¥©è¥¬ íâ¨ ¯à®áâà áâ¢  ¡ë«¨ ¨á¯®«ì§®¢ ë �.� á¥à , �.�¥ää¥à®¬, �.�.�à¥©®¬,
�.�.� «¥æª¨¬, �.�. � à¡ è¨ë¬ ¯à¨ ¨§ãç¥¨¨ ãáâ®©ç¨¢®áâ¨ à¥è¥¨©  ¡áâà ªâ®£® ãà ¢¥-
¨ï

du

dt
�Au(t) = f(t); (1)

£¤¥ A|«¨¥©ë© ¨ ®£à ¨ç¥ë© ¢ ¥ª®â®à®¬ ¡  å®¢®¬ ¯à®áâà áâ¢¥ E ®¯¥à â®à ¯à¨ ª ¦¤®¬
t 2 R1:

�.�.�¥¢¨â  ¨ �.�.�¨ª®¢ ¯à¨¬¥¨«¨ Sp;l-¯à®áâà áâ¢  ¯à¨ ¨§ãç¥¨¨ ãáâ®©ç¨¢®áâ¨ à¥è¥-
¨ï ãà ¢¥¨ï (1) ¢ á«ãç ¥, ª®£¤  ®¯¥à â®à A ï¢«ï¥âáï £¥¥à â®à®¬ á¨«ì® ¥¯à¥àë¢®© ¯®«ã-
£àã¯¯ë U(t) ª« áá  C0 ¢ ¥ª®â®à®¬ ¡  å®¢®¬ ¯à®áâà áâ¢¥ E, ¨, á«¥¤®¢ â¥«ì®, ¯à¨ ¥ª®â®àëå
k0 > 0 ¨ ! 2 R1 ¢ë¯®«ï¥âáï ®æ¥ª 

kU(t)k � k0e
!t (t � 0):

�à¨ ãª § ëå ¯à¥¤¯®«®¦¥¨ïå   ®¯¥à â®à A ¯à®áâà áâ¢  �â¥¯ ®¢  ï¢«ïîâáï  ¨¡®-
«¥¥ è¨à®ª¨¬¨ ¢ ª« áá¥ «®ª «ì® ¨â¥£à¨àã¥¬ëå   R1 äãªæ¨©, ¯à¨ ¤«¥¦®áâì ª ª®â®àë¬
á¢®¡®¤®£® ç«¥  ãà ¢¥¨ï (1) ¢«¥ç¥â ª®àà¥ªâãî à §à¥è¨¬®áâì ãà ¢¥¨ï ¢ ª« áá¥ ®£à ¨-
ç¥ëå   R1 äãªæ¨©.

� â® ¦¥ ¢à¥¬ï ¨§ãç¥¨¥ ª®àà¥ªâ®© à §à¥è¨¬®áâ¨ § ¤ ç ¤«ï í¢®«îæ¨®ëå ãà ¢¥¨© ¢ ¡ -
 å®¢®¬ ¯à®áâà áâ¢¥, £¤¥ ï¤à  á®®â¢¥âáâ¢ãîé¨å ¨â¥£à «ìëå ®¯¥à â®à®¢ ¨¬¥îâ ®á®¡¥®áâì,
¯à¨¢®¤¨â ª ãà ¢¥¨î ¢¨¤  (1), ª®£¤  ®¯¥à â®à A ï¢«ï¥âáï ¯à®¨§¢®¤ïé¨¬ ®¯¥à â®à®¬ á¨«ì®
¥¯à¥àë¢®© ¯à¨ t > 0 ¯®«ã£àã¯¯ë U(t), ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î

kU(t)k � e�!t'(t); (2)

£¤¥ ! > 0, '(t) | ¥¯à¥àë¢ ï ¯à¨ t > 0 äãªæ¨ï â ª ï, çâ®Z 1

0
e�!t'(t)dt <1: (3)

�â¬¥â¨¬, çâ® ¯® ª« áá¨ä¨ª æ¨¨ �.�¨««¥, �.�¨««¨¯á  ([2], á. 334) ¯®«ã£àã¯¯ë, ã¤®¢«¥â¢®-
àïîé¨¥ ãá«®¢¨î (1), ®â®áïâáï ª ª« ááã (1; A)u ¯®«ã£àã¯¯, ¨â¥£à¨àã¥¬ëå ¯à¨ t = 0.

�§ãç¥¨î â ª¨å ¯®«ã£àã¯¯ ¯®á¢ïé¥ë à ¡®âë [3], [4] (á¬. â ª¦¥ [5], á. 130). �®£®ç¨á«¥ë¥
¯à¨¬¥àë ¯®«ã£àã¯¯ á ®á®¡¥®áâï¬¨ ¯à¨¢¥¤¥ë ¢ ([6], á. 34{36).

�áâ¥áâ¢¥® ¯®áâ ¢¨âì ¢®¯à®á ® â®¬, ª ª®¬ã  ¨¡®«¥¥ è¨à®ª®¬ã ª« ááã «®ª «ì® ¨â¥£à¨àã-
¥¬ëå äãªæ¨© ¤®«¦¥ ¯à¨ ¤«¥¦ âì á¢®¡®¤ë© ç«¥ ãà ¢¥¨ï (1) á â¥¬, çâ®¡ë íâ® ãà ¢¥¨¥
¨¬¥«® ¥¤¨áâ¢¥®¥ ®£à ¨ç¥®¥ à¥è¥¨¥ ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© ¡), ¢).

� ¤ ®© à ¡®â¥ ¨áá«¥¤ã¥âáï à §à¥è¨¬®áâì í¢®«îæ¨®®£® ãà ¢¥¨ï (1) ¢ ¯à®áâà áâ¢¥
®£à ¨ç¥ëå äãªæ¨©, ª®£¤  f(t) ¯à¨ ¤«¥¦¨â ®¡®¡é¥ë¬ ¯à®áâà áâ¢ ¬ �â¥¯ ®¢ .

1. �¡®¡é¥ë¥ ¯à®áâà áâ¢  �â¥¯ ®¢ 

� áá¬®âà¨¬ ª« ááë äãªæ¨© S�p;l;k(E), ¤«ï ª®â®àëå ª®¥çë ®à¬ë

kfkS�
p;l;k

= sup
t2R1

�
1
l

Z l

0
k(s)kf(s� t)kpds

� 1
p

; (4)

£¤¥ l > 0, p � 1, äãªæ¨ï k(x) > 0 ®¯à¥¤¥«¥ , ¥¯à¥àë¢  ¨ ¤¨ää¥à¥æ¨àã¥¬  ¤«ï ¢á¥å
x 2 (0;+1) ¨

lim
a!0

Z l

a

k(s)ds <1:

� ¬¥â¨¬, çâ® áã¬¬¨àã¥¬®áâì äãªæ¨¨ k(t) ¢ ã«¥ âà¥¡ã¥¬ ¤«ï â®£®, çâ®¡ë äãªæ¨¨, â®¦¤¥-
áâ¢¥® à ¢ë¥ ª®áâ â¥, ¬®£«¨ ¢®©â¨ ¢ ª« ááë S�p;l;k(E).

� á«ãç ¥ k(s) � 1 ®à¬ë (4) á®¢¯ ¤ îâ á ª« áá¨ç¥áª¨¬¨ ®à¬ ¬¨ ¯à®áâà áâ¢ �â¥¯ ®¢ 
Sp;l.
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� á¢ï§¨ á ¯à¨«®¦¥¨ï¬¨ ¨¬¥¥â á¬ëá« à áá¬ âà¨¢ âì ¬®®â®ãî äãªæ¨î k(t) ¤«ï ¢á¥å
t 2 (0;+1).

�¥®à¥¬  1. �á«¨ k0(x) � 0   ¨â¥à¢ «¥ (0;+1), â® ®à¬ë kfkS�
p;l;k

íª¢¨¢ «¥âë ®à¬¥

�â¥¯ ®¢  kfkSp;l.

�®ª § â¥«ìáâ¢®. � ª ª ª äãªæ¨ï k(s) ¥¯à¥àë¢  ¨ ¢®§à áâ ¥â   ¯à®¬¥¦ãâª¥ (0; l], â®
®  ¤®áâ¨£ ¥â á¢®¥£® ¬ ªá¨¬ã¬  ¢ â®çª¥ x = l. �§ ®ç¥¢¨¤®£® ¥à ¢¥áâ¢ 

1
l

Z t+l

t

k(s� t)kf(s)kpds �
1
l

Z t+l

t

k(l)kf(s)kpds

¯®«ãç ¥¬

kfkS+
p;l;k

� [k(l)]
1
p kfkSp;l : (5)

� á¨«ã íª¢¨¢ «¥â®áâ¨ Sp;l(E)-®à¬ ¯à¨ à §«¨çëå l ¨¬¥¥¬

sup
t2R1

� Z t+l

t

kf(s)kpds
� 1
p

� C(l; p) sup
t2R1

� Z t+l

t+ l
2

kf(s)kpds
� 1
p

: (6)

� «¥¥Z t+l

t+ l
2

kf(s)kpds =
Z t+l

t+ l
2

k(s� t)
k(s� t)

kf(s)kpds �

�
1

k( l
2
)

Z t+l

t+ l
2

k(s� t)kf(s)kpds �
1

k( l
2
)

Z t+l

t

k(s� t)kf(s)kpds:

�§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¨ (6) ¯®«ãç ¥¬

kfkSp;l � C(l; p)
�

1
k( l

2
)

� 1
p

kfkS+
p;l;k

: (7)

�§ (5) ¨ (7) á«¥¤ã¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë ¤«ï S+
p;l;k(E).

� «®£¨ç® ¤®ª §ë¢ ¥âáï íª¢¨¢ «¥â®áâì ®à¬ ¯à®áâà áâ¢ S�p;l;k(E) ¨ Sp;l(E).

� ¬¥ç ¨¥ 1. �á«¨ k0(x) < 0   ¨â¥à¢ «¥ (0;+1) ¨ áãé¥áâ¢ã¥â 0 < " < 1 â ª®¥, çâ®
k1+"(x) =2 L1[0; 1], â® ®à¬ë kfkS�

p;l;k
¨ kfkSp;l , ¢®®¡é¥ £®¢®àï, ¥ íª¢¨¢ «¥âë.

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ E = R1, p = 1, l = 1 ¨

f(x) =

(
k"(x); ¥á«¨ x 2 (0; 1];

0; ¥á«¨ x 62 (0; 1]:

�®£¤ , ¯®«ì§ãïáì ¥à ¢¥áâ¢®¬ ��¥«ì¤¥à  á ¯®ª § â¥«¥¬ q = 1
"
, ®æ¥¨¬

sup
t2R1

Z t+1

t

f(x)dx =
Z 1

0
k"(x)dx �

Z 1

0
k(x)dx <1;

â. ¥. f 2 S1;1.
� ¤àã£®© áâ®à®ë,

sup
t2R1

Z t+1

t

k(x� t)f(x)dx �
Z 1

0

k(x)f(x)dx =
Z 1

0

k1+"(s)ds =1;

â. ¥. f =2 S1;1;k: �«¥¤®¢ â¥«ì®, ®à¬ë ¥ íª¢¨¢ «¥âë.
�áî¤ã ¤ «¥¥ ¢¥á k(t) ¯à¥¤¯®« £ ¥âáï áã¬¬¨àã¥¬®© ¨ ã¡ë¢ îé¥©   (0;+1) äãªæ¨¥©,

k(t) = 0 ¯à¨ t < 0.
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�¥®à¥¬  2. �á«¨ k0(t) < 0   ¨â¥à¢ «¥ (0;+1), â® ®à¬ë kfkS�
p;l;k

íª¢¨¢ «¥âë ¯à¨

à §«¨çëå l.

�®ª § â¥«ìáâ¢®. �ãáâì l2 > l1. �§ ¥à ¢¥áâ¢ 

1
l1

Z l1

0

k(s)kf(t+ s)kpds �
l2
l1

1
l2

Z l2

0

k(s)kf(t+ s)kpds

á«¥¤ã¥â

kfkS+
p;l1;k

�

�
l2
l1

� 1
p

kfkS+
p;l2;k

: (8)

�«ï ¢ë¢®¤  ¯à®â¨¢®¯®«®¦®£® ¥à ¢¥áâ¢  ¯®«®¦¨¬ l2 = nl1 +�l1, £¤¥ n | æ¥«®¥ ç¨á«®,  
0 � � < 1. �®£¤ 

1
l2

Z l2

0
k(s)kf(t+ s)kpds �

l1
l2

1
l1

Z (n+1)l1

0
k(s)kf(t+ s)kpds =

=
l1
l2

nX
i=0

1
l1

Z (i+1)l1

il1

k(s)kf(t+ s)kpds �
l1
l2

nX
i=0

1
l1

Z l1

0

k(� + il1)kf(� + il1 + t)kpd�:

� ª ª ª äãªæ¨ï k(t) ¬®®â®® ã¡ë¢ ¥â   (0;+1), â® § ç¥¨ï äãªæ¨¨   ¯à®¬¥¦ãâª¥ (0; l1]
¡®«ìè¥ § ç¥¨© äãªæ¨¨   ¯à®¬¥¦ãâª¥ (il1; (i+ 1)l1] ¤«ï ¢á¥å i = 1; n: �«¥¤®¢ â¥«ì®,

1
l2

Z l2

0

k(s)kf(t+ s)kpds �
l1
l2

nX
i=0

1
l1

Z l1

0

k(�)kf(� + il1 + t)kpd� �

�
l1
l2
(n+ 1)kfkp

S
+
p;l1;k

�
l1
l2

�
l2
l1
+ 1

�
kfkp

S
+
p;l1;k

�

�
1 +

l1
l2

�
kfkp

S
+
p;l1;k

� 2kfkp
S
+
p;l1;k

:

�âáî¤ , ¢®§¢¥¤ï ¢ áâ¥¯¥ì 1
p
®¡¥ ç áâ¨ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¨ ¯¥à¥å®¤ï ª áã¯à¥¬ã¬ã ¯® t 2 R1,

¯®«ãç ¥¬

kfkS+
p;l2;k

� 2
1
p kfkS+

p;l1;k
:

�§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¨ (8) á«¥¤ã¥â íª¢¨¢ «¥â®áâì S+
p;l;k(E)-®à¬ ¤«ï à §«¨çëå l.

� «®£¨ç® â¥®à¥¬  2 ¤®ª §ë¢ ¥âáï ¤«ï ¯à®áâà áâ¢ S�p;l;k(E).

� ¤ «ì¥©è¥¬ ¯®« £ ¥¬ l = 1 ¨

kfkS�
p;k

(E) = sup
t2R1

� Z 1

0
k(s)kf(t� s)kpds

� 1
p

:

� ¬¥ç ¨¥ 2. �á«¨ k0(x) < 0   ¨â¥à¢ «¥ (0;+1) ¨ k(x) =2 L2[0; 1], â® ®à¬ë kfkS+
p;k

¨

kfkS�
p;k
, ¢®®¡é¥ £®¢®àï, ¥ íª¢¨¢ «¥âë.

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ E = R1; p = 1 ¨

f(x) =

(
k(x); ¥á«¨ x 2 (0; 1];

0; ¥á«¨ x =2 (0; 1]:

�®£¤ 

kfkS+
1;k

(R1) = sup
t2R1

Z 1

0
k(s)k(t+ s)ds �

Z 1

0
k2(s)ds =1:
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� ¤àã£®© áâ®à®ë,

kfkS�
1;k

(R1) = sup
t2R1

Z 1

0

k(s)k(t� s)ds =
Z 1

0

k(s)k(1 � s)ds =

=
Z 1

2

0

k(s)k(1 � s)ds+
Z 1

1
2

k(s)k(1 � s)ds �

� k

�
1
2

�Z 1
2

0

k(s)ds+ k

�
1
2

�Z 1

1
2

k(1� s)ds = 2k
�
1
2

�Z 1
2

0

k(s)ds <1:

�«¥¤®¢ â¥«ì®, ®à¬ë ¥ íª¢¨¢ «¥âë.
�â¬¥â¨¬ â ª¦¥ ¥é¥ ®¤¨ ª« áá «®ª «ì® ¨â¥£à¨àã¥¬ëå äãªæ¨©, ¯®«¥§ë© ¢ ¯à¨«®¦¥¨-

ïå. �¡®§ ç¨¬ ç¥à¥§ S�p;k;�(E) ¯à®áâà áâ¢  äãªæ¨©, ®¯à¥¤¥«ï¥¬ëå ®à¬ ¬¨

kfkS�
p;k;�

= sup
t2R1

� Z +1

0
�(s)k(s)kf(t� s)kpds

� 1
p

;

£¤¥ p � 1, äãªæ¨ï k(x) > 0, k0(x) < 0 ¤«ï x 2 (0;1), ¨â¥£à¨àã¥¬  ¯à¨ t � 0,   äãªæ¨ï
�(x) > 0 ï¢«ï¥âáï ¥¯à¥àë¢®© ¬®®â®® ã¡ë¢ îé¥©   [0;+1) äãªæ¨¥© ¨Z +1

0

�(s)ds =M <1:

�¥®à¥¬  3. �®à¬ë kfkS�
p;k;�

¨ kfkS�
p;l;k

íª¢¨¢ «¥âë.

�®ª § â¥«ìáâ¢®. �æ¥¨¬Z +1

0

�(s)k(s)kf(t+ s)kpds =
l

l

Z l

0

�(s)k(s)kf(t+ s)kpds+
1X
i=1

Z (i+1)l

il

�(s)k(s)kf(t+ s)kpds �

� l�(0)
1
l

Z l

0

k(s)kf(t+ s)kpds+
1X
i=1

�(il)
Z (i+1)l

il

k(s� il)kf(t+ s)kpds �

� l�(0)kfkp
S
+
p;k;l

+
1X
i=1

�(il)
l

l

Z l

0

k(s)kf(t+ il + s)kpds �

� l�(0)kfkp
S
+
p;k;l

+ kfkp
S
+
p;k;l

1X
i=1

l�(il) � l�(0)kfkp
S
+
p;k;l

+ kfkp
S
+
p;k;l

1X
i=1

�(il)
Z (i+1)l

il

ds �

� l�(0)kfkp
S
+
p;k;l

+ kfkp
S
+
p;k;l

Z 1

0
�(s)ds � l�(0)kfkp

S
+
p;k;l

+Mkfkp
S
+
p;k;l

:

�«¥¤®¢ â¥«ì®,

kfkS+
p;k;�

� [l�(0) +M ]
1
p kfkS+

p;k;l
: (9)

� ¤àã£ãî áâ®à®ã,

1
l

Z l

0

k(s)kf(t+ s)kpds =
1
l

Z l

0

�(s)
�(s)

k(s)kf(t+ s)kpds =

�
1
�(l)

1
l

Z l

0

�(s)k(s)kf(t+ s)kpds �
1

l�(l)
kfkp

S
+
p;k;�

:

�®«ãç ¥¬

kfkS+
p;k;l

�

�
1

l�(l)

� 1
p

kfkS+
p;k;�

: (90)

�§ ¥à ¢¥áâ¢ (9) ¨ (90) á«¥¤ã¥â íª¢¨¢ «¥â®áâì ®à¬ kfkS+
p;k;l

¨ kfkS+
p;k;�

:
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� «®£¨ç® ¤®ª §ë¢ ¥âáï íª¢¨¢ «¥â®áâì ®à¬ kfkS�
p;k;l

¨ kfkS�
p;k;�

.

� ç áâ®áâ¨, ¥á«¨ ¢§ïâì ¢ ª ç¥áâ¢¥ �(x) = e�!x (! > 0), k(x) = x��1 (0 < � � 1), â® ¯®«ãç¨¬
¢¥á � ££¥à , ¥á«¨ �(x) = e�!x

2

, â® ¢¥á �à¬¨â .

2. �¢®«îæ¨®ë¥ ãà ¢¥¨ï

�à¨ ¢á¥å t 2 R1 ¤«ï ¥®¤®à®¤®£® ãà ¢¥¨ï (1) à áá¬®âà¨¬ § ¤ çã ®¡ ®âëáª ¨¨ äãªæ¨¨
u(t), ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬

1. u(t) 2 D(A) ¯à¨ ¢á¥å t 2 R1,
2. Au(t) ¥¯à¥àë¢  ¢ R1, (10)
3. u(t) ã¤®¢«¥â¢®àï¥â ¨áå®¤®¬ã ãà ¢¥¨î,
4. u(t) ®£à ¨ç¥    R1.
�ãªæ¨î u(t), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ (10),  §®¢¥¬ à¥è¥¨¥¬ ãà ¢¥¨ï (1).

�¥®à¥¬  4. �ãáâì A| ¯à®¨§¢®¤ïé¨© ®¯¥à â®à ¯®«ã£àã¯¯ë U(t) ª« áá  (1; A)u, ã¤®¢«¥â¢®-
àïîé¥© ãá«®¢¨î (2){(3), u(t) | à¥è¥¨¥ § ¤ ç¨ (1), (10) ¨ f(t) | ¥¯à¥àë¢ ï ¢¥ªâ®à-äãªæ¨ï

á® § ç¥¨ï¬¨ ¢ D(A) ¯à¨ t 2 R1, Af(t) ¥¯à¥àë¢  ¨ f(t) 2 S�1;'. �®£¤  á¯à ¢¥¤«¨¢® ¯à¥¤áâ -
¢«¥¨¥

u(t) =
Z t

�1
U(t� s)f(s)ds: (11)

�®ª § â¥«ìáâ¢®. � ª á«¥¤ã¥â ¨§ [2] (â¥®à¥¬  12.4.1), ®¯¥à â®àë �®á¨¤ë An = nA(nI�A)�1

®¯à¥¤¥«¥ë ¨ ®£à ¨ç¥ë ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å n. �â¨ ®¯¥à â®àë à ¢®¬¥à® ¯®¤ç¨¥ë
®¯¥à â®àã A ¢ â®¬ á¬ëá«¥, çâ®

kAnuk � CkAuk (u 2 D(A));

£¤¥ C ¥ § ¢¨á¨â ®â n. �¯¥à â®àë An  ¯¯à®ªá¨¬¨àãîâ ®¯¥à â®à A   D(A),

lim
n!1

kAnu�Auk ! 0 (12)

¤«ï «î¡®£® u 2 D(A).
�à®¬¥ â®£®, á®®â¢¥âáâ¢ãîé¨¥ ¯®«ã£àã¯¯ë Un(t) à ¢®¬¥à® ¯® n ®£à ¨ç¥ë ¨ á¨«ì® áå®-

¤ïâáï ª ¯®«ã£àã¯¯¥ U(t), ¯à¨ç¥¬ áå®¤¨¬®áâì à ¢®¬¥à ï ®â®á¨â¥«ì® �   «î¡®¬ ¯à®¬¥¦ãâª¥
0 < h � �.

�ãáâì u(t) | à¥è¥¨¥ § ¤ ç¨ (1) ¨

sup
t2R1

ku(t)k �M1 <1:

� ¯¨è¥¬ ãà ¢¥¨¥ (1) ¢ ¢¨¤¥

du

dt
= Anu(t) + f(t) + (A�An)u(t):

� ª ª ª ®¯¥à â®àë An ®£à ¨ç¥ë, â® ¯à¨ «î¡®¬ � < t ¨¬¥¥¬ à¥è¥¨¥ § ¤ ç¨ �®è¨ á  ç «ìë¬
ãá«®¢¨¥¬ u(�) = u� ¢ á®®â¢¥âáâ¢¨¨ á ([7], á. 119)

u(t) = Un(t� �)u(�) +
Z t

�

Un(t� s)f(s)ds+
Z t

�

Un(t� s)(A�An)u(s)ds:

�¥¯¥àì ãáâà¥¬¨¬ n!1. � ª ª ª u(t) 2 D(A), â® ¯¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ áâà¥¬¨âáï
ª ¯à¥¤¥«ã U(t� �)u(�).

� «¥¥ à áá¬®âà¨¬ ¢â®à®¥ á« £ ¥¬®¥. �®ª ¦¥¬, çâ® ¤«ï f(s) 2 D(A) ¨ ä¨ªá¨à®¢ ëå
t; � 2 R1 á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

lim
n!1

Z t

�

Un(t� s)f(s)ds =
Z t

�

U(t� s)f(s)ds: (13)

40



�ãáâì kfk�;t = sup
s2[�;t]

kf(s)k: �®£¤  ¢ á®®â¢¥âáâ¢¨¨ á [2] (â¥®à¥¬  12.4.1) ¨¬¥¥¬ à ¢®¬¥àãî

¯® n ®£à ¨ç¥®áâì ¯à¨ ä¨ªá¨à®¢ ëå � ¨ t
Z t

�

Un(t� s)f(s)ds
 =


Z t��

0

Un(�)f(t� �)d�
 �

Z t��

0

kUn(�)kd� kfk�;t � (M + 1)kfk�;t:

� «®£¨ç®, ¨§ [2] (â¥®à¥¬  12.4.1) á«¥¤ã¥â ®£à ¨ç¥®áâì
Z t

�

U(t� s)f(s)ds
 �Mkfk�;t:

� «¥¥ ¤«ï 0 < h < t� � ®æ¥¨¬
Z t�h

�

[Un+m(t� s)� Un(t� s)]f(s)dsk =

Z t��

h

[Un+m(�)� Un(�)]f(t� �)d�
 =

=

Z t��

h

� Z �

0

d

dx
Un+m(� � x)Un(x)dx

�
f(t� �)d�

 =
=

Z t��

h

Z �

0

Un+m(� � x)Un(x)dx(An+m �An)f(t� �)d�
 �

�

Z t��

h

Z �

0
kUn+m(� � x)k kUn(x)kdx d� k(An+m �An)fk�;t �

�

Z 1

0

Z �

0
kUn+m(� � x)k kUn(x)kdx d� k(An+m �An)fk�;t �

�

Z 1

0
kUn+m(s)kds

Z 1

0
kUn(s)kds k(An+m �An)fk�;t � (M + 1)2k(An+m �An)fk�;t: (14)

�áâà¥¬¨¢ m ! 1 ¢ (14), ¬®¦® ã¡¥¤¨âìáï, çâ® ¯à¥¤¥« á¯à ¢  ¢ á¨«ã (12) áãé¥áâ¢ã¥â ¨
à ¢¥ k(A�An)fk�;t. � ç¨â, áãé¥áâ¢ã¥â ¨ ¯à¥¤¥« á«¥¢ . �à¨ íâ®¬, ãç¨âë¢ ï, çâ® ¤«ï � 2 [h; � ]
á¥¬¥©áâ¢® Un(t) à ¢®¬¥à® ®£à ¨ç¥® ¨ áå®¤¨âáï à ¢®¬¥à® ª U(�), ¯à¨ m!1 ¯®«ãç¨¬

Z t��

h

[U(�)� Un(�)]f(t� �)d�
 � (M + 1)2k(A�An)fk�;t: (15)

� ª ª ª ¯à ¢ ï ç áâì ¢ ¥à ¢¥áâ¢¥ (15) ®â h ¥ § ¢¨á¨â, § ª«îç ¥¬, çâ® ®® ¢¥à® ¨ ¤«ï
h = 0, â. ¥.

Z t��

0
[U(�)� Un(�)]f(t� �)d�

 =

Z t

�

[U(t� s)� Un(t� s)]f(s)ds
 � (M + 1)2k(A�An)fk�;t:

�âáî¤  ¯®«ãç¨¬ (13) ¨, á«¥¤®¢ â¥«ì®,

u(t) = U(t� �)u(�) +
Z t

�

U(t� s)f(s)ds: (16)

� ª®¥æ, ãáâà¥¬¨¢ � ! �1 ¯à¨ ä¨ªá¨à®¢ ®¬ t, ¢¨¤¨¬, çâ® ¯¥à¢®¥ á« £ ¥¬®¥ áâà¥¬¨âáï
ª ã«î ¢ á¨«ã ®£à ¨ç¥®áâ¨ u(t) ¨ ¥à ¢¥áâ¢ 

kU(t� �)u(�)k � kukCe
�!(t��)'(t� �):

�â®à®¥ á« £ ¥¬®¥ áâà¥¬¨âáï ª
tR

�1

U(t� s)f(s)ds, â. ª.


Z t

�1

U(t� s)f(s)ds�
Z t

�

U(t� s)f(s)ds
 �

Z �

�1

kU(t� s)k kf(s)kds �

�

Z +1

t��
e�!�'(�)kf(t � �)kd� ! 0
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¯à¨ � ! �1 ¢ á¨«ã â®£®, çâ® f(t) 2 S�1;'. �«¥¤®¢ â¥«ì®,

lim
�!�1

Z t

�

U(t� s)f(s)ds =
Z t

�1

U(t� s)f(s)ds;

¨, ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¢ à ¢¥áâ¢¥ (16), ¯à¥¤áâ ¢¨¬ à¥è¥¨¥ ¢ ¢¨¤¥ (11).

�«¥¤áâ¢¨¥ 1. �á«¨ à¥è¥¨¥ § ¤ ç¨ áãé¥áâ¢ã¥â, â® ®® ¥¤¨áâ¢¥®¥.

�¥©áâ¢¨â¥«ì®, ¥á«¨ ¡ë áãé¥áâ¢®¢ «® ¤àã£®¥ à¥è¥¨¥ u1(t), â®  (t) = u(t)�u1(t) ã¤®¢«¥â¢®-
àï«® ¡ë ãà ¢¥¨î

d 

dt
= A (t)

¨ ¨¬¥«® ¡ë ¯à¥¤áâ ¢«¥¨¥ (11), £¤¥ f(t) � 0.
�á«®¢¨ï áãé¥áâ¢®¢ ¨ï à¥è¥¨ï § ¤ ç¨ (1), (10) ¤ ¥â

�¥®à¥¬  5. �á«¨ A | ¯à®¨§¢®¤ïé¨© ®¯¥à â®à ¯®«ã£àã¯¯ë U(t) ª« áá  (1; A)u, ¢ë¯®«¥ë
ãá«®¢¨ï â¥®à¥¬ë 4 ¨ äãªæ¨ï f(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à 

sup
jt1�t2j�1

jf(t1)� f(t2)j
jt1 � t2j�

=M <1

á â ª¨¬ � 2 (0; 1), çâ®
hR
0

'(�)� ��1d� ! 0 ¯à¨ h! 0, â® äãªæ¨ï u(t) ¨§ (11) ï¢«ï¥âáï à¥è¥¨¥¬

§ ¤ ç¨ (1), (10).

�®ª § â¥«ìáâ¢®. �«ï f(s) 2 S�p;' à áá¬®âà¨¬ äãªæ¨î

Qf(t) =
Z t

�1

U(t� s)f(s)ds =
Z 1

0

U(�)f(t� �)d�:

�æ¥¨¬

k(Qf)(t)k �
Z 1

0
kU(�)kkf(t � �)kd� �

Z 1

0
e�!�'(�)kf(t� �)kd� �M0 kfkS�p;' :

� áá¬®âà¨¬ äãªæ¨î

(Qhf)(t) =
Z t�h

�1

U(t� s)f(s)ds (h > 0): (17)

� ª ª ª ¯®«ã£àã¯¯  U(t) ¯à¨ ¤«¥¦¨â ª« ááã (1; A)u ¨ ï¢«ï¥âáï ¥¯à¥àë¢® ¤¨ää¥à¥æ¨-
àã¥¬®© ¯à¨ t > 0, â® (Qhf)(t) â ª¦¥ ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬  ¨

d

dt
(Qhf)(t) = U(h)f(t� h) +

t�hZ
�1

AU(t� s)f(s)ds = U(h)f(t� h) +A

t�hZ
�1

U(t� s)f(s)ds:

�æ¥¨¬

k(Qhf)(t)� (Qf)(t)k =

Z t

t�h

U(t� s)f(s)ds
 �

Z h

0

kU(�)k kf(t � �)kd� �

�

Z h

0

e�!�'(�)kf(t� �)kd� �
� Z h

0

e�!�'(�)d�
� 1
p0

kfkS�p;' �Mh(!; p)kfkS�p;' :

�§ (3) á«¥¤ã¥â Mh ! 0 ¯à¨ h! 0. �âáî¤  (Qhf)(t)� (Qf)(t) ! 0 ¯à¨ h! 0 à ¢®¬¥à® ¯®
t 2 R1.
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� «¥¥ à áá¬®âà¨¬
Z t�h

�1

AU(t� s)f(s)ds =
Z t�h

�1

AU(t� s)f(t)ds+
Z t�h

�1

AU(t� s)[f(s)� f(t)]ds =

= �

Z t�h

�1

d

ds
U(t� s)ds f(t) +

Z t�h

�1

AU(t� s)[f(s)� f(t)]ds =

= �U(h)f(t) +
Z t�h

�1

AU(t� s)[f(s)� f(t)]ds: (18)

�æ¥¨¬
Z t

�1
AU(t� s)[f(s)� f(t)]ds�

Z t�h

�1
AU(t� s)[f(s)� f(t)]ds

 �
�

Z t

t�h

kAU(t� s)k
kf(s)� f(t)k
jt� sj�

jt� sj�ds �

� sup
jt�sj2R1

kf(t)� f(s)k
jt� sj�

Z t

t�h
e�!(t�s)'(t� s)jt� sj��1ds �

�M

Z h

0

e�!�'(�)� ��1d� �M

Z h

0

'(�)� ��1d� ! 0

¯à¨ h! 0.
� ª¨¬ ®¡à §®¬, ¯à¨ h! 0 ¨§ (18) ¯®«ãç ¥¬

lim
h!0

Z t�h

�1

AU(t� s)f(s)ds = �f(t) +
Z t

�1

AU(t� s)[f(s)� f(t)]ds (19)

¨«¨

A(Qf)(t) =
Z t

�1

AU(t� s)f(s)ds = �f(t) +
Z t

�1

AU(t� s)[f(s)� f(t)]ds: (20)

� ¬¥â¨¬, çâ® áå®¤¨¬®áâì ¢ (19) à ¢®¬¥à ï ¯® t 2 R1.
�§ (17) ¢ á¨«ã § ¬ªãâ®áâ¨ A á«¥¤ã¥â, çâ® â. ª. ¯à¥¤¥« á¯à ¢  áãé¥áâ¢ã¥â, â® áãé¥áâ¢ã¥â ¨

¯à¥¤¥« á«¥¢ , â. ¥.

d

dt
(Qf)(t) =

Z t

�1
AU(t� s)[f(s)� f(t)]ds: (21)

�ëç¨â ï ¨§ (21) à ¢¥áâ¢® (20), ¯®«ãç¨¬

d

dt
(Qf)(t) = A(Qf)(t) + f(t):

� ª¨¬ ®¡à §®¬, (Qf)(t) ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (1){(2).

�ç¨âë¢ ï ¨¢ à¨ â®áâì S�p;k-®à¬ ®â®á¨â¥«ì® á¤¢¨£ , ¯®   «®£¨¨ á Sp-¯®çâ¨ ¯¥à¨®¤¨-
ç¥áª¨¬¨ äãªæ¨ï¬¨ ([9], á. 200) ¬®¦® ¢¢¥áâ¨ ¯à®áâà áâ¢  S�p;k-¯®çâ¨ ¯¥à¨®¤¨ç¥áª¨å äãªæ¨©
¢ á®®â¢¥âáâ¢¨¨ á à ¡®â ¬¨ [8]{[10] ¨ á® á«¥¤ãîé¨¬¨ ®¯à¥¤¥«¥¨ï¬¨.

�¯à¥¤¥«¥¨¥ 1. �¨á«®¢®¥ ¬®¦¥áâ¢®  §ë¢ ¥âáï ®â®á¨â¥«ì® ¯«®âë¬   R1, ¥á«¨ 9l > 0
â ª®¥, çâ® ª ¦¤ë© ®âà¥§®ª ¤«¨ë l á®¤¥à¦¨â å®âï ¡ë ®¤¨ í«¥¬¥â ¤ ®£® ¬®¦¥áâ¢ .

�¯à¥¤¥«¥¨¥ 2. �¨á«® �  §ë¢ ¥âáï S�p;k;"-¯®çâ¨ ¯¥à¨®¤®¬ äãªæ¨¨ f(x) 2 S�p;k, ¥á«¨ ¤«ï
¢á¥å ¤¥©áâ¢¨â¥«ìëå x ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® kf(x)� f(x+ �)kS�

p;k
< ".
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�¯à¥¤¥«¥¨¥ 3. �ãªæ¨ï f(x) 2 S�p;k  §ë¢ ¥âáï S�p;k-¯®çâ¨ ¯¥à¨®¤¨ç¥áª®©, ¥á«¨ 8" > 0
áãé¥áâ¢ã¥â ®â®á¨â¥«ì® ¯«®â®¥ ¬®¦¥áâ¢® S�p;k; "-¯®çâ¨ ¯¥à¨®¤®¢ f(x), â. ¥.

(8" > 0) (9L = L(") > 0) (8a 2 R1) (9� 2 [a; a+ L])

(8x 2 R1) [kf(x)� f(x+ �)kS�
p;k
< "]:

�®£¤  ¨§ ¯à¥¤áâ ¢«¥¨ï (11) á«¥¤ã¥â

�¥®à¥¬  6. �á«¨ A | ¯à®¨§¢®¤ïé¨© ®¯¥à â®à ¯®«ã£àã¯¯ë U(t) ª« áá  (1; A)u, ¢ë¯®«¥ë
ãá«®¢¨ï â¥®à¥¬ë 5 ¨ äãªæ¨ï f(t) ï¢«ï¥âáï S�1;'-¯®çâ¨ ¯¥à¨®¤¨ç¥áª®© äãªæ¨¥©, â® à¥è¥¨¥

§ ¤ ç¨ (1), (10) áãé¥áâ¢ã¥â, ¥¤¨áâ¢¥® ¨ ï¢«ï¥âáï à ¢®¬¥à®© ¯®çâ¨ ¯¥à¨®¤¨ç¥áª®© äãª-
æ¨¥©.

�¨â¥à âãà 

1. � ¢à¥âì¥¢ �.�. �á«®¢®-ª®àà¥ªâë¥ § ¤ ç¨ ¤«ï ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. { �®¢®á¨-
¡¨àáª¨© £®á. ã¨¢¥àá¨â¥â. �®¢®á¨¡¨àáª, 1973. { 72 á.

2. �¨««¥ �., �¨««¨¯á �. �ãªæ¨® «ìë©   «¨§ ¨ ¯®«ã£àã¯¯ë. { { �.: �. «¨â., 1962. { 829 á.
3. � ¡à¥©ª® �.�., � ä¨¥¢áª¨© �.�. �¡ ®¤®¬ ª« áá¥ ¯®«ã£àã¯¯ // ��� ����. { 1969. { �. 189.

{ ò 5. { �. 934{937.
4. �®¡®«¥¢áª¨© �.�. � ¯®«ã£àã¯¯ å à®áâ  � // ��� ����. { 1971. { �. 196. { ò 3. { �. 535{537.
5. �à¥© �.�., � §  �.�. �¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ // �â®£¨

 ãª¨ ¨ â¥å. � â¥¬.   «¨§. { �.: ������, 1983. { �. 21. { �. 130{264.
6. �¨«ìç¥ª® �.�. �¨¥©ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï á ¥¯«®â® § ¤ ë¬¨ ®¯¥à â®à-

ë¬¨ ª®íää¨æ¨¥â ¬¨ ¨ á¢ï§ ë¥ á ¨¬¨ ªà ¥¢ë¥ § ¤ ç¨: �¨á. : : : ¤®ªâ. ä¨§.-¬ â¥¬.  ãª.
{ �¨áª, 1999. { 187 á.

7. � «¥æª¨© �.�., �à¥© �.�. �áâ®©ç¨¢®áâì à¥è¥¨© ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ ¡  -

å®¢®¬ ¯à®áâà áâ¢¥. { �.: � ãª , 1970. { 534 á.
8. �¨ª®¢ �.�., �¥¢¨â  �.�. �®çâ¨-¯¥à¨®¤¨ç¥áª¨¥ äãªæ¨¨ ¨ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï.

{ �.: �§¤-¢® ���, 1978. { 204 á.
9. �¥¢¨â  �.�. �®çâ¨-¯¥à¨®¤¨ç¥áª¨¥ äãªæ¨¨. { �.: �����, 1953. { 396 á.
10. �¥¬¨¤®¢¨ç �.�. �¥ªæ¨¨ ¯® ¬ â¥¬ â¨ç¥áª®© â¥®à¨¨ ãáâ®©ç¨¢®áâ¨. { �.: � ãª , 1967. {

472 á.

�®à®¥¦áª¨© £®áã¤ àáâ¢¥ë© �®áâã¯¨« 

ã¨¢¥àá¨â¥â 07.07.2006

44


