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1. �á®¢®© à¥§ã«ìâ â

�¤®© ¨§ å à ªâ¥àëå ç¥àâ ¯à®áâà áâ¢ � à¤¨Hp ï¢«ï¥âáï á¢®©áâ¢® � âã | áãé¥áâ¢®¢ ¨¥
ã äãªæ¨© ¨§ Hp ¯à¥¤¥«ìëå § ç¥¨© ¯®çâ¨ ¢áî¤ã (¯. ¢.)   £à ¨æ¥ ®¡« áâ¨ ®¯à¥¤¥«¥¨ï,
¯®¨¬ ¥¬ëå ª ª ¯à¥¤¥«ë ¢¤®«ì ¥ª®â®à®£® á¥¬¥©áâ¢  ®¡« áâ¥© ¯®¤å®¤  [1]. �à¨ íâ®¬ â ª¨¥
®¡« áâ¨ ¥¢®§¬®¦® áãé¥áâ¢¥® à áè¨à¨âì ¡¥§ ¤®¯®«¨â¥«ìëå ®£à ¨ç¥¨© £« ¤ª®áâ¨  
äãªæ¨¨ ¨§ ª« áá  � à¤¨.

�§ãç¥¨¥ á¢ï§¨ ¬¥¦¤ã £¥®¬¥âà¨¥© ®¡« áâ¥©, ¢¤®«ì ª®â®àëå ¨¬¥¥â ¬¥áâ® á¢®©áâ¢® � âã (®¡« -
áâ¨ � âã), ¨ £« ¤ª®áâìî äãªæ¨©  ç â® áà ¢¨â¥«ì® ¥¤ ¢®. �®¤à®¡® ®§ ª®¬¨âìáï á ¨áâ®-
à¨¥© à §¢¨â¨ï § ¤ ç¨, ¨¬¥îé¨¬¨áï à¥§ã«ìâ â ¬¨ ¨  ¨¡®«¥¥ ¨â¥à¥áë¬¨ ¯à¨¬¥à ¬¨ ¬®¦®
¢ [2]{[6]. � ª ¯à ¢¨«®, á¢®©áâ¢® � âã «¥£ª® ¢ë¢®¤¨âáï ¨§ ®æ¥®ª ¤«ï á®®â¢¥âáâ¢ãîé¨å ¬ ªá¨-
¬ «ìëå ®¯¥à â®à®¢, ª®â®àë¬ ¨ ã¤¥«ï«®áì ®á®¢®¥ ¢¨¬ ¨¥ ¢ [2]{[4]. �¤ ª® â ª ï à¥¤ãªæ¨ï
¢®§¬®¦  â®«ìª® ¤«ï â¥å ª« áá®¢, £¤¥ ¥áâì ¯«®â®¥ ¯®¤¬®¦¥áâ¢® äãªæ¨©, ¤«ï ª®â®àëå áå®-
¤¨¬®áâì ¯. ¢. ¨¬¥¥â ¬¥áâ®. � à ¡®â¥ [5] ¡ë«® ¯à®¤¥¬®áâà¨à®¢ ®, çâ® ¢ íâ¨å ¢®¯à®á å ¨®£¤ 
¬®¦® ®¡®©â¨áì ¨ ¡¥§ â ª®£® ¯«®â®£® ¬®¦¥áâ¢ . �¥«ìî ¤ ®© à ¡®âë ï¢«ï¥âáï ¨§ãç¥¨¥
íâ®£® íää¥ªâ  ¢ ¡®«¥¥ ®¡é¥© á¨âã æ¨¨.

�ãáâì X | ª®¬¯ ªâ®¥ å ãá¤®àä®¢® ¯à®áâà áâ¢®, â®¯®«®£¨ï ª®â®à®£® § ¤ ¥âáï ª¢ §¨¬¥-
âà¨ª®© d. �â® ®§ ç ¥â, çâ® äãªæ¨ï d : X �X ! [0;1) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

d(x; y) = 0, x = y; d(x; y) = d(y; x); d(x; y) � ad[d(x; z) + d(z; y)]

¤«ï «î¡ëå x; y; z 2 X (¯®áâ®ï ï ad � 1 ¥ § ¢¨á¨â ®â ¢ë¡®à  í«¥¬¥â®¢ x, y, z ¢ X) ¨
á¥¬¥©áâ¢® ®âªàëâëå è à®¢ B(x; t) = fy 2 X : d(x; y) < tg ®¡à §ã¥â ¡ §ã â®¯®«®£¨¨ X. �«ï
¯à®áâ®âë áç¨â ¥¬, çâ® diamX = 1. �á«¨   X § ¤   ¥é¥ ¡®à¥«¥¢áª ï ¬¥à  �, á¢ï§  ï á
ª¢ §¨¬¥âà¨ª®© ãá«®¢¨¥¬ ã¤¢®¥¨ï1

�(B(x; 2t)) � c�(B(x; t));

â® âà®©ª  (X; d; �)  §ë¢ ¥âáï ¯à®áâà áâ¢®¬ ®¤®à®¤®£® â¨¯  [7]. �áî¤ã ¨¦¥ íâ® ãá«®¢¨¥  
� ¯à¥¤¯®« £ ¥âáï ¢ë¯®«¥ë¬.

�ãáâì   X § ¤ ë ¤¢¥ ¯®«®¦¨â¥«ìë¥ ¡®à¥«¥¢áª¨¥ ¬¥àë � ¨ �. �ã¤¥¬ £®¢®à¨âì, çâ® ¯ à 
¬¥à � ¨ � ã¤®¢«¥â¢®àï¥â ãá«®¢¨î D(�; ) ¨ ¯¨á âì (�; �) 2 D(�; ) (§¤¥áì �,  | ¯®«®¦¨â¥«ìë¥
äãªæ¨¨), ¥á«¨ ¤«ï «î¡®£® x 2 X á¯à ¢¥¤«¨¢®

�(B(x; s))
�(s)

� c
�(B(x; t))

(t)
; 0 < t � s < 1; (1)

1�¤¥áì ¨ ¢áî¤ã ¨¦¥ ç¥à¥§ c ®¡®§ ç îâáï à §«¨çë¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥, § ¢¨áïé¨¥, ¢®§-
¬®¦®, ®â ¥ª®â®àëå ¯ à ¬¥âà®¢, ® íâ  § ¢¨á¨¬®áâì ¥ ¢ ¦  ¤«ï  á.

63



£¤¥ ¯®áâ®ï ï c ¥ § ¢¨á¨â ®â x 2 X, t ¨ s. � ç áâ®áâ¨, ª®£¤  � = � ¨ � = , ãá«®¢¨¥ (1)
¯à¨¨¬ ¥â ¢¨¤

�(B(x; s))
(s)

� c
�(B(x; t))

(t)
; 0 < t < s � 1: (2)

� â ª®¬ á«ãç ¥ £®¢®à¨¬, çâ® ¬¥à  � ã¤®¢«¥â¢®àï¥â ãá«®¢¨î D() ¨ ¯¨è¥¬ � 2 D().
�á«¨ (t) = t0 , 0 > 0, â® ãá«®¢¨¥ (2) ¯à¥¢à é ¥âáï ¢ ®¡ëç®¥ ãá«®¢¨¥ ã¤¢®¥¨ï ¯®àï¤ª  0.

�¤ ª® ¤«ï ¯®áâ ¢«¥ëå æ¥«¥© ¯® ¤®¡¨âáï ¡®«¥¥ ®¡é ï ä®à¬  ãá«®¢¨ï ã¤¢®¥¨ï (2) ¨ ¥£®
\¤¢ã¬¥àë©"   «®£ (1), ¢¯¥à¢ë¥ ¢¢¥¤¥ë¥ ¢ [6].

�¡®§ ç¨¬ ç¥à¥§ X ¯à®¨§¢¥¤¥¨¥ X� [0; 1) ¨ ¡ã¤¥¬ ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ®â®¦¤¥áâ¢«ïâì X
¨ £à ¨æã X á ¯®¬®éìî á®®â¢¥âáâ¢¨ï x ! (x; 1).

� ¦¤ ï ¯®«®¦¨â¥«ì ï äãªæ¨ï " : (0; 1] 7! (0; 1] ®¯à¥¤¥«ï¥â ®¡« áâì ¯®¤å®¤  �"(x) ª £à -
¨æ¥ X ¢ â®çª¥ x 2 X:

�"(x) = f(y; t) 2 X � [0; 1) : d(x; y) < "(1 � t)g (3)

¨ �"(x)-limu, ¯®¨¬ ¥¬ë© ¥áâ¥áâ¢¥ë¬ ®¡à §®¬.
�â¥¯¥ì \ª á ¨ï" ®¡« áâ¨ �"(x) ¨ X � f1g á¢ï§   á ¯®¢¥¤¥¨¥¬ äãªæ¨¨ " ¢¡«¨§¨ t = 0.

�¬¥®, ç¥¬ ¬¥¤«¥¥¥ "(t) áå®¤¨âáï ª ã«î ¯à¨ t ! 0, â¥¬ è¨à¥ �"(x). �áî¤ã ¢ ¤ «ì¥©è¥¬
áç¨â ¥¬, çâ® äãªæ¨ï ", ®¯à¥¤¥«ïîé ï ®¡« áâì (3), ï¢«ï¥âáï ¥¯à¥àë¢®© ¨ áâà®£® ¢®§à áâ -
îé¥©.

�¥¬¥©áâ¢  �" = f�"(x) : x 2 Xg ¯®à®¦¤ îâ ¬ ªá¨¬ «ìë¥ äãªæ¨¨

N"u(x) = sup(ju(y; t)j : (y; t) 2 �"(x); 0 � t < 1):

� á«ãç ¥ "(t) � at (£¤¥ a > 0) ¢¬¥áâ® N"u ¡ã¤¥¬ ¯¨á âì Nu ¨ � = �",   ¯à¥¤¥«ë äãªæ¨¨
u 2 C(X) ¢¤®«ì ®¡« áâ¥© �  §ë¢ âì \¥ª á â¥«ìë¬¨".

�  ª« áá¥ C(X) ®¯à¥¤¥«¨¬ ®¯¥à â®àë

K!u(x; t) =
Z 1

0

!(1� s)u(x; ts)
ds

1� s
; (4)

£¤¥ ¨§¬¥à¨¬ ï äãªæ¨ï ! : [0; 1] 7! R â ª®¢ , çâ®Z 1

0

j!(s)j
ds

s
<1:

� á¨«ã íâ®£® ãá«®¢¨ï ®¯¥à â®à (4) ï¢«ï¥âáï á£« ¦¨¢ îé¨¬ \¢  ¯à ¢«¥¨¨ £à ¨æë", ¯à¨ç¥¬
¯®àï¤®ª á£« ¦¨¢ ¨ï ®¯à¥¤¥«ï¥âáï ¯®¢¥¤¥¨¥¬ ! ¢ ®ªà¥áâ®áâ¨ â®çª¨ t = 0.

�¯¥à¢ë¥ ¯®¤®¡ë¥ ®¯¥à â®àë à áá¬ âà¨¢ «¨áì ¢ à ¡®â å [3]{[4], £¤¥ ¡ë«® ¯®ª § ®, çâ® ¢
¢¨¤¥ (4) ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥ë,  ¯à¨¬¥à, \£« ¢ ï ç áâì" ¯®â¥æ¨ «®¢ �¥áá¥«ï £ à¬®¨-
ç¥áª¨å äãªæ¨© ¨«¨ ¤à®¡ë¥ ¨â¥£à «ë �®è¨{�¥£¥. � ¬ ¦¥ ¡ë«¨ ãª § ë ¤àã£¨¥ ¯à¨¬¥àë
®¯¥à â®à®¢ (4), ¢®§¨ª îé¨å ¢ £ à¬®¨ç¥áª®¬   «¨§¥.

�¡®§ ç¨¬ ç¥à¥§ 
(0) ª« áá ¥¯à¥àë¢ëå äãªæ¨© ! : (0; 1] 7! (0; 1] â ª¨å, çâ® !(+0) = 0,
!(1) = 1 ¨ !(t)=tb ¢®§à áâ ¥â ¯à¨ ¥ª®â®à®¬ b > 0. �«ï 0 > 0 ç¥à¥§ 
(0) ®¡®§ ç¨¬ ¯®¤ª« áá
äãªæ¨© ! 2 
(0), ¤«ï ª®â®àëå !(t)=t0�b ã¡ë¢ ¥â ¯à¨ ¥ª®â®à®¬ b > 0.

�à¨¢¥¤¥¬ â¥¯¥àì ®á®¢®© à¥§ã«ìâ â ¤ ®© à ¡®âë.

�¥®à¥¬  1. �ãáâì p > 0, " 2 
(1),  2 
(0) ¤«ï ¥ª®â®à®£® 0 > 0 ¨

!; !�p 2 
(0): (5)

�ãáâì â ª¦¥ � ¨ � | ¬¥àë   X, � 2 D(), (�; �) 2 D(�; ), £¤¥1

�(t) � ("�1(t))[!("�1(t))]�p: (6)

1�¤¥áì ¨ ¢áî¤ã ¢ ¤ «ì¥©è¥¬ '
�1 ®¡®§ ç ¥â ®¡à âãî äãªæ¨î (' | ¥ª®â®à ï äãªæ¨ï, á¢®ï ¢

ª ¦¤®¬ ª®ªà¥â®¬ á«ãç ¥).
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�®£¤  ¤«ï «î¡®© äãªæ¨¨ u 2 C(X) á Nu 2 Lp
�(X) ¤«ï �-¯®çâ¨ ¢á¥å x 2 X áãé¥áâ¢ã¥â

�"(x)- limK!u:

�®®â®è¥¨¥ (6) ¢ëà ¦ ¥â á¢ï§ì ¬¥¦¤ã ®á®¢ë¬¨ ¯ à ¬¥âà ¬¨ | äãªæ¨ï¬¨ � ¨  ¨§
ãá«®¢¨ï (2), ï¤à®¬ ! ®¯¥à â®à  (4), § ¤ îé¨¬ ¤®¯®«¨â¥«ì®¥ ãá«®¢¨¥ â¨¯  £« ¤ª®áâ¨, ¨ äãª-
æ¨¥© ", ®¯à¥¤¥«ïîé¥© £¥®¬¥âà¨î ®¡« áâ¥© � âã.

�á«¨ � = �, â® â¥®à¥¬¥ 1 ¬®¦® ¯à¨¤ âì ¤àã£ãî ä®à¬ã.

�¥®à¥¬  2. �ãáâì p > 0,  2 
(0) ¤«ï ¥ª®â®à®£® 0 > 0 ¨ ¢ë¯®«¥® (5), " 2 
(1),

"(t) � c�1f(t)[!(t)]�pg:

�á«¨ ¬¥à  �   X ã¤®¢«¥â¢®àï¥â ãá«®¢¨î D(), â® ¤«ï «î¡®© äãªæ¨¨ u 2 C(X) á Nu 2 Lp
�(X)

¤«ï �-¯®çâ¨ ¢á¥å x 2 X áãé¥áâ¢ã¥â �"(x)-limK!u.

�£à ¨ç¥¨ï (5)   ï¤à® ! ¢¢¥¤¥ë, çâ®¡ë ¨áª«îç¨âì ¨§ à áá¬®âà¥¨ï ¯à¥¤¥«ìë¥ á¨âã æ¨¨
!(t) � 1 ¨ !(t) � (t)1=p, ª®£¤  á¢ï§ì ¬¥¦¤ã ¯ à ¬¥âà ¬¨ !, " ¨ �, â. ¥. â®¦¤¥áâ¢® (6), ¢ë£«ï¤¨â
¨ ç¥ (á¬. [8] ¤«ï á«ãç ï !(t) = 1 ¨ [2], [9] ¤«ï !(t) = t0=p).

�â¬¥â¨¬, çâ® ¯à¨ ãá«®¢¨ïå â¥®à¥¬ë 1 á¯à ¢¥¤«¨¢  ®æ¥ª  \á¨«ì®£® â¨¯ "

kN"(K!u)kLp�(X) � ckNukLp�(X); (7)

¯à¨ç¥¬ âà¥¡®¢ ¨¥ � 2 D() ¤«ï íâ®£® ¨§«¨è¥ (á¬. â¥®à¥¬ã 3). �¥¬ ¥ ¬¥¥¥ (7) ¥¤®áâ â®ç®
¤«ï § ª«îç¥¨ï ® áå®¤¨¬®áâ¨ ¯. ¢. ¯à¨ â¥å ¦¥ ãá«®¢¨ïå. � ª ¯®ª § ® ¢ëè¥, íâ® á¢ï§ ® á
â¥¬, çâ® ®âáãâáâ¢ã¥â ¢â®à®© ª®¬¯®¥â, ã¦ë© ¤«ï ¢ë¢®¤  áå®¤¨¬®áâ¨ ¯. ¢. ¨§ ®æ¥®ª ¤«ï
¬ ªá¨¬ «ì®£® ®¯¥à â®à : ¢ ª« áá¥ äãªæ¨© u 2 C(X), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î Nu 2 Lp

�(X),
¥â ¯«®â®£® ¯®¤¬®¦¥áâ¢  äãªæ¨©, ¤«ï ª®â®àëå áå®¤¨¬®áâì ¯. ¢. ¨¬¥¥â ¬¥áâ®. �®íâ®¬ã ¤«ï
¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ã¦ë ¤®¯®«¨â¥«ìë¥ á®®¡à ¦¥¨ï, ¥ á¢ï§ ë¥ á ¯«®â®áâìî.

2. �®ª § â¥«ìáâ¢® ®á®¢®© â¥®à¥¬ë

�à¨¢¥¤¥¬ á ç «  àï¤ ¨§¢¥áâëå à¥§ã«ìâ â®¢. �¡®§ ç¨¬ �t = 1� t, t 2 (0; 1).

�¥®à¥¬  3 ([6]). �ãáâì p > 0, " 2 
(1),  2 
(0) ¤«ï ¥ª®â®à®£® 0 > 0 ¨ ¢ë¯®«¥® (5).
�ãáâì â ª¦¥ � | ¢¥èïï ¬¥à  ¨ � | ¬¥à    X, (�; �) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î D(�; ) á �
¨§ (6). �®£¤  ¤«ï «î¡®© äãªæ¨¨ u 2 C(X � [0; 1)) ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® (7).

�¥¬¬  1 ([6]). B ãá«®¢¨ïå â¥®à¥¬ë 3 ¤«ï «î¡®© äãªæ¨¨ u 2 C(X � [0; 1)) á¯à ¢¥¤«¨¢®

kN!
" ukLp�(X) � ckNukLp�(X); (8)

£¤¥ N!
" u(x) = supf!(�t)ju(y; t)j : (y; t) 2 X; d(x; y) < "(�t)g.

� ¬¥ç ¨¥. �â¢¥à¦¤¥¨ï â¥®à¥¬ë 3 ¨ «¥¬¬ë 1 ®áâ ãâáï á¯à ¢¥¤«¨¢ë¬¨ ¨ ¢ á«ãç ¥, ¥á«¨
ãá«®¢¨¥ " 2 
(1) § ¬¥¨âì ¯ à®© ãá«®¢¨© " 2 
(0) ¨ "(t) � t1�� ¯à¨ ¥ª®â®à®¬ � > 0.

�¥¬¬  2 ([5]). �ãáâì p > 0, � | ¬¥à    X, u 2 C(X), N"u 2 Lp
�(X). �®£¤  à ¢®á¨«ìë

á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï :
1) ¤«ï ¯®çâ¨ ¢á¥å â®ç¥ª x 2 X áãé¥áâ¢ã¥â �"(x)-limu,
2) kN"(u� ur)kLp�(X) ! 0 ¯à¨ r ! 1, £¤¥ ur(x; t) = u(x; rt), x 2 X, 0 � t � 1.

�® ¤®¡¨âáï â ª¦¥ ¬ ªá¨¬ «ì ï äãªæ¨ï � à¤¨{�¨ââ«¢ã¤ 

Mf(x) = sup
B

�
1

�(B)

Z
B

jf jd� : x 2 B
�

¨ ¥¥ ®¡ëçë¥ á¢®©áâ¢  [7].
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�¥¬¬  3. �«ï ª ¦¤®£® p � 1 áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï ï c, çâ® ¤«ï ¢á¥å äãªæ¨©

f 2 L1
�(X) ¨ � > 0

�fMf > �g �
c

�
kfkL1

�
(X):

�¥à¥©¤¥¬ â¥¯¥àì ¥¯®áà¥¤áâ¢¥® ª ¨§ãç¥¨î ®¯¥à â®à®¢ ¢¨¤  (4). �ãáâì � > 0 â ª®¢®, çâ®
äãªæ¨ï !(t)=t1+� áã¬¬¨àã¥¬    ®âà¥§ª¥ [0; 1]. �®£¤  ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥¨¥

K!u(x; t) � (K!;� � I�)u(x; t); u 2 C(X); (9)

£¤¥ I�u(x; t) = (1� t)�u(x; t), (x; t) 2 X,

K!;�u(x; t) =
Z 1

0

!(1� s)
(1� ts)�

u(x; ts)
ds

1� s
; (x; t) 2 X:

�¥®¡å®¤¨¬ë¥ á¢®©áâ¢  ®¯¥à â®à®¢ I� ¨ K!;� ¯¥à¥ç¨á«ïîâáï ¢ á«¥¤ãîé¨å ¢á¯®¬®£ â¥«ìëå
ãâ¢¥à¦¤¥¨ïå.

�¥¬¬  4. �ãáâì p > 0, � > 0,  2 
(0) ¤«ï ¥ª®â®à®£® 0 > 0, t��p(t) 2 
(0) ¨

"0(t) � �1ft��p(t)g: (10)

�ãáâì â ª¦¥ ¬¥à  �   X ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ã¤¢®¥¨ï D(). �®£¤  ¤«ï «î¡®© äãªæ¨¨
u 2 C(X) á Nu 2 Lp

�(X)
1) kN"0(I�u)kLp�(X) � ckNukLp�(X),

2) �"0(x)-lim I�u = 0 ¤«ï �-¯®çâ¨ ¢á¥å â®ç¥ª x 2 X,

3) kN"0(I�(u� ur))kLp�(X) ! 0 ¯à¨ r ! 1,
£¤¥ 0 < r < 1, ur(x; t) = u(x; rt), x 2 X, 0 � t � 1.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥ 1) «¥£ª® ¯®«ãç¨âì ª ª á«¥¤áâ¢¨¥ «¥¬¬ë 1 ¤«ï á«ãç ï � = �,
!(t) = t� ¨ " = "0. �¥©áâ¢¨â¥«ì®, â. ª.  2 
(0) ¨ t��p(t) 2 
(0), â® "0 2 
(0) ¨  ©¤¥âáï â ª®¥
� > 0, çâ® t1�� � "0(t). �®íâ®¬ã ¢ á¨«ã § ¬¥ç ¨ï 1 ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® (8).

�®ª ¦¥¬ ãâ¢¥à¦¤¥¨¥ 2). � ª ª ª Nu 2 Lp(X), â®  ©¤¥âáï ¯®«®¦¨â¥«ì ï ¢®§à áâ îé ï
äãªæ¨ï �   R+ , ¤«ï ª®â®à®© �(t) � 1 ¯à¨ t 2 [0; 1], lim

t!1
�(t) = +1 ¨

Z
X

(Nu)p�(Nu)d� <1:

�¡®§ ç¨¬ �(t) = tp�(t), ¨ ¯ãáâì 	 = ��1 | ®¡à â ï äãªæ¨ï. �«¥¤®¢ â¥«ì®, 	(t) = t1=p (t),
£¤¥  (t) � 1   ®âà¥§ª¥ [0; 1] ¨ ã¡ë¢ ¥â   [1;1), ¯à¨ç¥¬ lim

t!1
 (t) = 0.

� ª ª ª �(Nu) 2 L1(X), â® ¢ á¨«ã «¥¬¬ë 3 ¬ ªá¨¬ «ì ï äãªæ¨ï � à¤¨{�¨ââ«¢ã¤ 
M(�(Nu))(x) ª®¥ç  ¯. ¢.   X. �«¥¤®¢ â¥«ì®, ¥á«¨ ¯®ª ¦¥¬, çâ® �"0(x)-¯à¥¤¥« äãªæ¨¨
I�u áãé¥áâ¢ã¥â ¨ à ¢¥ ã«î ¢ ª ¦¤®© â®çª¥ x 2 X, £¤¥ M(�(Nu))(x) < 1, â® â¥¬ á ¬ë¬
ãâ¢¥à¦¤¥¨¥ 2) ¡ã¤¥â ¤®ª § ®.

�ãáâì (y; t) 2 �"0(x) ¨ 0 < �t < � . � ª ª ª äãªæ¨ï � ¢®§à áâ ¥â, â®

ju(y; t)j � Nu(z) ) �(ju(y; t)j) � �(Nu(z)); z 2 B(y; �t): (11)

�¥ ®£à ¨ç¨¢ ï ®¡é®áâ¨, ¯®«®¦¨¬ M(�(Nu))(x) = 1 ¨ ¯à®¨â¥£à¨àã¥¬ (11) ¯® z. � ª ª ª
x 2 B(y; "0(�t)), â® ¢ á¨«ã (2)

ju(y; t)j � 	
�
�(B(y; "0(�t)))
�(B(y; �t))

M(�(Nu))(x)
�
�

�
c
("0(�t))
(�t)

�1=p

 

�
c
("0(�t))
(�t)

�
� c���t  (c���pt ):

�«¥¤®¢ â¥«ì®,

supf(1� t)�ju(y; t)j : d(x; y) < "0(�t); 0 < �t < �g � c (c���p)! 0; � ! 0:

�âáî¤  ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ ã«¥¢®£® �"0(x)-lim I�u ¤«ï â®çª¨ x 2 X.
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�«ï ®¡®á®¢ ¨ï ãâ¢¥à¦¤¥¨ï 3) ¢®á¯®«ì§ã¥¬áï ãâ¢¥à¦¤¥¨¥¬ 2) ¨ ¯®ª ¦¥¬ á ç « , çâ®

lim
r!1
N"0(I�(u� ur))(x) = 0 �-¯. ¢.   X: (12)

�ãáâì x 2 X ¨ �"0(x)-lim I�u = 0. �«ï «î¡®£® � > 0 ¢ë¡¥à¥¬ �0 > 0 â ª, çâ® supfjI�u(y; s)j :
(y; s)2Ag < �=2, A = f(y; s)2�"0(x); 0 < �s < 2�0g ¨ ®¡®§ ç¨¬ B = f(y; s) 2 �"0(x) : �

0 � �s � 1g.
�®£¤  ¯à¨ 0 < 1� r < �0 ¤«ï N"0(I�(u� ur))(x) á¯à ¢¥¤«¨¢® á®®â®è¥¨¥

N"0(I�(u� ur))(x) � maxf2 sup
A
jI�uj; sup

B
jI�(u� ur)jg:

� ª ª ª u 2 C(X), â® ®  à ¢®¬¥à® ¥¯à¥àë¢    B ¨, á«¥¤®¢ â¥«ì®,  ©¤¥âáï 0 < �00 < �0

â ª®¥, çâ® sup
B
jI�(u � ur)j < � ¤«ï ¢á¥å 0 < 1 � r < �00. � ª¨¬ ®¡à §®¬, N"0(I�(u � ur))(x) ¬ «®

¯à¨ ¬ «ëå r > 0, ¨ ¨¬¥¥â ¬¥áâ® (12).
�â¢¥à¦¤¥¨¥ 3) ¯®«ãç ¥âáï ¢ á¨«ã 1), à ¢¥áâ¢  (12) ¨ â¥®à¥¬ë �¥¡¥£  ® ¯à¥¤¥«ì®¬ ¯¥à¥-

å®¤¥ ¯®¤ § ª®¬ ¨â¥£à « .
� ª¨¬ ®¡à §®¬, ®¯¥à â®à I� ®£à ¨ç¥® ¤¥©áâ¢ã¥â ¨§ ª« áá  C(X) ¢ ¯®¤ª« áá ¥¯à¥àë¢ëå

äãªæ¨©, ¨¬¥îé¨å ¥ª á â¥«ìë¥ ¯à¥¤¥«ë ¯. ¢.   X � f1g.

�¥¬¬  5. �ãáâì p > 0, � � 0, " 2 
(0),  2 
(0) ¤«ï ¥ª®â®à®£® 0 > 0,

t��p(t); t��!(t); !�p 2 
(0) (13)

¨  ©¤¥âáï â ª ï ¯®áâ®ï ï 0 < � < 1, çâ® ¤«ï ¢á¥å t 2 (0; 1]

t��p(t1��) � ("(t)): (14)

�ãáâì â ª¦¥ � ¨ � | ¬¥àë   X ¨ (�; �) 2 D(�; ) á � ¨§ (6). �®£¤  ¤«ï «î¡®© äãªæ¨¨ u 2
C(X) á¯à ¢¥¤«¨¢® kN"(K!;�u)kLp�(X) � ckN"0ukLp�(X), £¤¥ äãªæ¨ï "0 ®¯à¥¤¥«ï¥âáï â®¦¤¥áâ¢®¬

(10).

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ¤«ï ã¤®¡áâ¢  á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:

d�(x; y) = "�10 (d(x; y)); !�(t) = t��!(t); "�(t) = "�10 ("(t));

�(t) = ("0(t)); ��(t) = �("0(t)); x; y 2 X; t 2 (0; 1):

� ª ª ª  2 
(0) ¨ ¢ë¯®«¥ë (13) ¨ (14), â® "0; "� 2 
(0) ¨

!�; �!
�p
�
2 
(0); � 2 
(0); "�(t) � t1�� ¤«ï ¢á¥å t 2 (0; 1):

�à®¬¥ â®£®, ¢ á¨«ã ¬®®â®®áâ¨ "0(t)t�b äãªæ¨ï d� ï¢«ï¥âáï ª¢ §¨¬¥âà¨ª®©:

d�(x; y) = 0 , x = y; d�(x; y) = d�(y; x);

d�(x; y) � "
�1
0 (ad[d(x; z) + d(z; y)]) � (2ad)

1=b[d�(x; z) + d�(z; y)]:

� ¬¥â¨¬ â ª¦¥, çâ® ��(t) � �("�1� (t))[!�("�1� (t))]�p. �«¥¤®¢ â¥«ì®, ¥á«¨ (�; �) 2 Dd(�; ) á �
¨§ (6), â® (�; �) 2 Dd�(��; �).

� «¥¥, ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ § ¬¥ç ¨¥, ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© 3 ¤«ï ¯à®áâà áâ¢ 
(X; d�; �), ¬¥àë � ¨ äãªæ¨© !�, "�, �. �®£¤  á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

k(N"�(K!�u))d�kLp�(x) � ck(Nu)d�kLp�(X): (15)

B á¨«ã ®¯à¥¤¥«¥¨ï ª¢ §¨¬¥âà¨ª¨ d� ¯®«ãç¨¬, çâ® ®¡« áâ¨ �"�(x) ¨ �(x) ¯®¤å®¤  ª £à ¨æ¥
¢ (X; d�) á®¢¯ ¤ îâ á®®â¢¥âáâ¢¥® á ®¡« áâï¬¨ �"(x) ¨ �"0(x) ¢ (X; d). �¥©áâ¢¨â¥«ì®,

(�"�(x))d� = f(y; t) 2 X � [0; 1) : "
�1
0 (d(x; y)) < "�10 ("(1 � t))g = (�"(x))d;

(�(x))d� = f(y; t) 2 X � [0; 1) : "
�1
0 (d(x; y)) < (1� t)g = (�"0(x))d:

�®íâ®¬ã
(N"�u)d� = (N"u)d; (Nu)d� = (N"0u)d:
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�à®¬¥ â®£®, «¥£ª® ¢¨¤¥âì, çâ®

K!;�u(x; t) � K!�u(x; t); x 2 X; 0 � t < 1:

� ª¨¬ ®¡à §®¬, ¢ á¨«ã (15) ¯®«ãç¨¬

kN"(K!;�u)kLp�(X) � k(N"�(K!�u))d�kLp�(X) � ckN"0ukLp�(X): �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. � ª ª ª " 2 
(1) ¨ ¢ë¯®«¥® ãá«®¢¨¥ (5), â®  ©¤ãâáï â ª¨¥
¯®áâ®ïë¥ b0 > 0 ¨ b1 > 0, çâ® ¤«ï ¢á¥å t < s á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

t�b0!(t) � s�b0!(s); t�b0(t)!(t)�p � s�b0(s)!(s)�p; "(t)t�b1 � "(s)s�b1 ; "(s)sb1�1 � "(t)tb1�1:

�ãáâì � < b2=p ¨ � = b� �p=b, £¤¥ b = minfb0; b1; p; 1g, â®£¤ 

t��!(t); t��p(t) 2 
(0); t��p(t1��) � ("(t)); 0 < t < 1:

�«¥¤®¢ â¥«ì®, ¨á¯®«ì§ãï à §«®¦¥¨¥ (9) ¨ «¥¬¬ë 5 ¨ 4, ¯®«ãç¨¬

kN"(K!u�K!ur)kLp�(X) = kN"(K!;� � I�(u� ur))kLp�(X) � ckN"0(I�(u� ur))kLp�(X) ! 0; r ! 1:

�¥¯¥àì ¢ á¨«ã «¥¬¬ë 2 § ª«îç ¥¬, çâ® ¤«ï �-¯®çâ¨ ¢á¥å â®ç¥ª x 2 X áãé¥áâ¢ã¥â �"(x)-¯à¥¤¥«
äãªæ¨¨ K!u.

�¨â¥à âãà 

1. Fe�erman �., Stein E.M. Hp spaces of several variables // Acta Math. { 1972. { V. 129. { ò3{4.
{ P. 137{193.

2. Nagel A., Rudin W., Shapiro J. Tangential boundary behavior of function in Dirichlet-type spaces

// Ann. Math. { 1982. { V. 116. { ò 2. { P. 331{360.
3. Nagel A., Stein E.M. On certain maximal functions and approach regions // Adv. in Math. { 1984.

{ V. 54. { ò1. { P. 83{106.
4. �à®â®¢ �.�. �æ¥ª¨ ¤«ï ¬ ªá¨¬ «ìëå ®¯¥à â®à®¢, á¢ï§ ëå á £à ¨çë¬ ¯®¢¥¤¥¨¥¬, ¨

¨å ¯à¨«®¦¥¨ï // �à. ���� ¨¬. �.�.�â¥ª«®¢ . { 1989. { �. 190. { �. 117{138.
5. �à®â®¢ �.�. � £à ¨ç®¬ ¯®¢¥¤¥¨¨ äãªæ¨© ¨§ ¯à®áâà áâ¢ â¨¯  � à¤¨ // �§¢. �� ����.

�¥à. ¬ â¥¬. { 1990. { �. 54. { ò 5. { �. 957{974.
6. �à®â®¢ �.�., �¬®¢¦ �.�. � £à ¨ç®¬ ¯®¢¥¤¥¨¨ ®¯¥à â®à®¢ á ®¡é¨¬¨ ï¤à ¬¨ // �¥§. ¤®ª«.

12-© � à â®¢áª®© §¨¬¥© èª®«ë. { � à â®¢, 2004. { �. 109{110.
7. Coifman R.R., Weiss G. Extensions of Hardy spaces and their use in analysis // Bull. Amer. Math.

Soc. { 1977. { V. 83. { ò 4. { P. 569{645.
8. Sj�ogren P. Une remarque sur la convergence des fonctions propres du Laplasian �a valeur propre

critique // Lect. Notes in Math. { 1984. { V. 1096. { P. 544{548.
9. �à®â®¢ �.�. � £à ¨ç®¬ ¯®¢¥¤¥¨¨ ¤à®¡ëå ¨â¥£à «®¢ £®«®¬®àäëå äãªæ¨© ¢ ¥¤¨¨ç®¬

è à¥ ¢ C n // �§¢. ¢ã§®¢. � â¥¬ â¨ª . { 1988. { ò4. { �. 73{75.

�¥«®àãááª¨© £®áã¤ àáâ¢¥ë© �®áâã¯¨« 

ã¨¢¥àá¨â¥â 27.12.2004

68


