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�«ï ®¤­®£® ª« áá  à¥£ã«ïà­ëå ¨ á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå ­¥«¨­¥©­ëå ­ ç «ì­ëå ¨ ªà -
¥¢ëå § ¤ ç (à áá¬ âà¨¢ ¥¬ëå á ¥¤¨­®© â®çª¨ §à¥­¨ï ¯ãâ¥¬ ¨å á¢¥¤¥­¨ï ª ª¢ §¨«¨­¥©­®© á¨-
áâ¥¬¥ ¨ ¤ «¥¥ ª ®¤­®â¨¯­®¬ã íª¢¨¢ «¥­â­®¬ã ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î) ¤®ª § ­ë â¥®à¥¬ë ®
áãé¥áâ¢®¢ ­¨¨ ¥¤¨­áâ¢¥­­®£® ¨ ®£à ­¨ç¥­­®£® à¥è¥­¨ï, çâ® ¤®¯®«­ï¥â ¨«¨ ãâ®ç­ï¥â ¨§¢¥áâ­ë¥
à ­¥¥ à¥§ã«ìâ âë [1]{[4]. � ¯®¬®éìî á¯¥æ¨ «ì­ëå ¬ âà¨ç­ëå ¯à¥®¡à §®¢ ­¨© [5], [6] ¨â¥à -
æ¨®­­ë¬ ¬¥â®¤®¬ ¯®áâà®¥­®  á¨¬¯â®â¨ç¥áª®¥ à §«®¦¥­¨¥ à¥è¥­¨ï á¨­£ã«ïà­® ¢®§¬ãé¥­­®©
¬­®£®â®ç¥ç­®© ªà ¥¢®© § ¤ ç¨ á® á« ¡®© ­¥«¨­¥©­®áâìî, á¯à ¢¥¤«¨¢®¥ ª ª ¯à¨ ®âáãâáâ¢¨¨ à¥-
§®­ ­á­ëå á®®â­®è¥­¨©, â ª ¨ ¯à¨ ­ «¨ç¨¨ â®¦¤¥áâ¢¥­­ëå ¨ ­¥â®¦¤¥áâ¢¥­­ëå à¥§®­ ­á®¢ (¢
â®¬ ç¨á«¥ ¨ ¢ ªà¨â¨ç¥áª®¬ á«ãç ¥, ª®£¤  â®çª¨ á¯¥ªâà  ¯à¥¤¥«ì­®£® ®¯¥à â®à  ¬®£ãâ ª á âì-
áï ¬­¨¬®© ®á¨). �â¬¥â¨¬, çâ® ã¤®¡­ë© ¤«ï ç¨á«¥­­®© à¥ «¨§ æ¨¨ ­®¢ë©  «£®à¨â¬ ¢ë¤¥«ï¥â
á¨­£ã«ïà­®áâ¨ à¥è¥­¨ï ¢ § ¬ª­ãâ®©  ­ «¨â¨ç¥áª®© ä®à¬¥, ¯®§¢®«ïï ¯à®¢®¤¨âì ­¥ â®«ìª® ª -
ç¥áâ¢¥­­ë©, ­® ¨ ª®«¨ç¥áâ¢¥­­ë©  ­ «¨§ á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå § ¤ ç.

�à¨ ¨§ãç¥­¨¨ ¢ Rn à¥£ã«ïà­ëå ªà ¥¢ëå § ¤ ç ¢¨¤ 

dy

dx
= G(y; x);

nX
j=1

Fjy(xj) = �; (x 2 [a; b]; a = x1 < � � � < xn = b); (1)

£¤¥ Fj | ­¥ª®â®àë¥ ¯®áâ®ï­­ë¥ n� n ¬ âà¨æë (j = 1; n), ¢ë¤¥«¨¬ ¢®¯à®á ® áãé¥áâ¢®¢ ­¨¨ ¨å
à¥è¥­¨ï ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ª ª®£®-«¨¡® à¥è¥­¨ï '(x) ¨áå®¤­®© á¨áâ¥¬ë '0 � G('; x). �
íâ®¬ á«ãç ¥ ¯à¨ ¤®áâ â®ç­®© £« ¤ª®áâ¨ äã­ªæ¨¨ G(y; x) § ¤ ç  (1) ¬®¦¥â ¡ëâì ¯à¥®¡à §®¢ ­ 
(¯®á«¥ á®®â¢¥âáâ¢ãîé¥© § ¬¥­ë) ª ª¢ §¨«¨­¥©­®© § ¤ ç¥

dz

dx
= A(x)z+f(z; x);

nX
1

Fjz(xj)=�; (A(x) = Gy('(x); x)2C[a; b]; f(0; x) � 0; jzj < k0) (2)

¨ ¤ «¥¥ | ª íª¢¨¢ «¥­â­®¬ã ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î [5]

z(x) = �(x)C +
nX
1

�k(x)
Z x

xk

��1(t)f(z; t)dt � L(z); (3)

£¤¥

C = F�1

�
� �

nX
j=1

Fj

nX
k=1

�k(xj)
Z xj

xk

��1(t)f(z; t)dt
�
; F =

nX
1

Fj�(xj)

(íª¢¨¢ «¥­â­®áâì § ¤ ç¨ (2) ¨ ãà ¢­¥­¨ï (3) ¯à®¢¥àï¥âáï [5] ­¥¯®áà¥¤áâ¢¥­­ë¬ ¤¨ää¥à¥­æ¨à®-

¢ ­¨¥¬ ãà ¢­¥­¨ï (3) ¢ á«ãç ¥ detF 6= 0); �(x) =
nP

k=1
�k(x) = f'jq(x)gn1 | äã­¤ ¬¥­â «ì­ ï
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¬ âà¨æ  á®®â¢¥âáâ¢ãîé¥© ®¤­®à®¤­®© (f � 0) á¨áâ¥¬ë dz

dx
= A(x)z;

�1(x) =

0
@'11(x) 0 : : : 0
: : : : : : : : : : : : : : : : : :

'n1(x) 0 : : : 0

1
A ; : : : ; �n(x) =

0
@0 : : : 0 '1n(x)
: : : : : : : : : : : : : : : : : :

0 : : : 0 'nn(x)

1
A :

�¥®à¥¬  1. �ãáâì ¤«ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (3)

1. ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

kL(z)k � C0 + C1 max
x2[a;b]

kf(z; x)k (kxk = max
j
jxj j);

2. ¤«ï «î¡®£® x 2 [a; b] äã­ªæ¨ï f(z; x) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã kf(z; x)k � '(kzk), £¤¥
'(r) | ¬®­®â®­­® ¢®§à áâ îé ï ­  [0; R] ­¥¯à¥àë¢­ ï äã­ªæ¨ï;

3. ãà ¢­¥­¨¥ C0 + C1'(r) = r ¨¬¥¥â å®âï ¡ë ®¤­® à¥è¥­¨¥ r0 2 (0; R) ¨ ¯à¨ 0 < r < r0 ­¥

¨¬¥¥â à¥è¥­¨© (r0 < K0);
4. ¤«ï «î¡ëå z1 ¨ z2, ¯à¨­ ¤«¥¦ é¨å è àã Sr0 : kzk � r0, ¤«ï äã­ªæ¨¨ f(z; x) á¯à ¢¥¤«¨¢ 

®æ¥­ª 

kf(z2; x)� f(z1; x)k �Mkz2 � z1k; x 2 [a; b];

¯à¨ç¥¬

C1M < 1; k�k �
nX

j=1

kFjkr0
�
kFk = max

j

X
k

jfjkj
�
:

�®£¤  ¯à¨ ãá«®¢¨¨

detF 6= 0
�
F =

nX
j=1

Fj�(xj)
�

ãà ¢­¥­¨¥ (3) ¨ íª¢¨¢ «¥­â­ ï ¥¬ã ªà ¥¢ ï § ¤ ç  (2) ®¤­®§­ ç­® à §à¥è¨¬ë ¢ è à¥ Sr0.

�®ª § â¥«ìáâ¢®. � ãá«®¢¨ïå â¥®à¥¬ë ®¯¥à â®à L ¯¥à¥¢®¤¨â è à Sr0 ¢ á¥¡ï, â. ª.

kL(z)k � C0 + C1'(kzk) � C0 + C1'(r0) = r0:

�à®¬¥ â®£®, ¨§ æ¥¯®çª¨ ­¥à ¢¥­áâ¢

kL(z2)� L(z1)k � C1Mkz2 � z1k (z1; z2 2 Sr0 ; C1M < 1)

á«¥¤ã¥â, çâ® ®¯¥à â®à L ï¢«ï¥âáï ¢ è à¥ Sr0 á¦¨¬ îé¨¬, çâ® ¨ ®¡¥á¯¥ç¨¢ ¥â ®¤­®§­ ç­ãî
à §à¥è¨¬®áâì ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (3) ¨ ªà ¥¢®© § ¤ ç¨ (2).

� ¬¥ç ­¨¥ 1. �«ï ¯à ªâ¨ç¥áª®£® ¯à¨¬¥­¥­¨ï â¥®à¥¬ë 1 á¨áâ¥¬ã (2) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢
¢¨¤¥

dz

dx
= Q(x)z + (A(x) �Q(x))z + f(z; x);

£¤¥ ¬ âà¨æ  (A(x)�Q(x)) ¤®áâ â®ç­® ¬ «  ¯® ­®à¬¥,   äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  	(x) «¨­¥©­®©
á¨áâ¥¬ë z0 = Q(x)z ¨¬¥¥â ï¢­®¥ ¯à¥¤áâ ¢«¥­¨¥. �à¨ íâ®¬ ¯à¨å®¤¨¬ ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î

z(x) = 	(x)C +
nX
1

	k(x)
Z x

xk

	�1(t)[(A(t) �Q(t))z(t) + f(z; t)]dt;

¨áá«¥¤®¢ ­¨¥ ª®â®à®£® ¯à®¢®¤¨âáï ¯® ®¯¨á ­­®© ¢ëè¥ áå¥¬¥ [5].

� ¬¥ç ­¨¥ 2. � á«ãç ¥, ª®£¤  â®«ìª® ®¤­  ¨§ ¬ âà¨æ Fj ®â«¨ç­  ®â ­ã«ï ¨ ­¥¢ëà®¦¤¥­ ,
¢ëà ¦¥­¨¥ (3) á®¢¯ ¤ ¥â á ¨§¢¥áâ­ë¬ ¨­â¥£à «ì­ë¬ ¯à¥¤áâ ¢«¥­¨¥¬ à¥è¥­¨ï § ¤ ç¨ �®è¨ [3],
[7].
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�à¨ ¨áá«¥¤®¢ ­¨¨ á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå ¬­®£®â®ç¥ç­ëå ªà ¥¢ëå § ¤ ç ¢¨¤ 

"
dy

dx
= A(x)y + "rf(y; x);

mX
1

Fjy(xj) = � (4)

(x 2 [a; b]; a = x1 < � � � < xm = b; 1 � m � n; jyj < K0);

£¤¥ A(x) ¨ f(y; x) | ¤®áâ â®ç­® £« ¤ª¨¥ äã­ªæ¨¨, á® á« ¡®© (r � 1) ¨«¨ á¨«ì­®© (r = 0) ­¥«¨-
­¥©­®áâìî, ãá«®¢¨ï ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ ¨ áâàãªâãà  à¥è¥­¨ï ¢® ¬­®£®¬ ®¯à¥¤¥«ïîâáï
á¯¥ªâà®¬ f�0j(x)gn1 «¨­¥©­®£® ®¯¥à â®à  A(x). � á«ãç ¥, ª®£¤  ¬ âà¨æ  A(x) ¨¬¥¥â ¯à®áâ®©
­¥­ã«¥¢®© áâ ¡¨«ì­ë© á¯¥ªâà f�0j(x)gn1 , ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬

�jk(x) � �0j(x)� �0k(x) 6= 0; �0j(x) 6= 0 (j 6= k; j; k = 1; n; x 2 [a; b]): (5)

�¥®¡å®¤¨¬ë¥ à¥§ã«ìâ âë ¬®£ãâ ¡ëâì ¯®«ãç¥­ë á ¯®¬®éìî ¬¥â®¤  á¯¥æ¨ «ì­ëå ¬ âà¨ç­ëå
¯à¥®¡à §®¢ ­¨© [5], [6], ¤«ï à¥ «¨§ æ¨¨ ª®â®à®£® ¤«ï ¯à®¨§¢®«ì­®© ª¢ ¤à â­®© ¬ âà¨æë A ¯®-
­ ¤®¡ïâáï á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

A = fajkg
n
1 ; A = diagfa11; : : : ; anng; A = A�A:

� ¯®¬®éìî ­¥¢ëà®¦¤¥­­®© ¯à¨ ¤®áâ â®ç­® ¬ «ëå j"j § ¬¥­ë [5]

y = S0(x)(E + "H1(x))z � S(x; ")z (S�1
0 (x)A(x)S0(x) = �0(x) = diagf�01(x); : : : ; �0n(x)g) (6)

á¨áâ¥¬  (4) ¯à¨¢®¤¨âáï ª ¡®«¥¥ ã¤®¡­®¬ã ¤«ï  ­ «¨§  ¢¨¤ã

"
dz

dx
= Q(x; ")z + "rh(z; x; ") (jzj < K1); (7)

£¤¥ Q(x; ") = S�1(x; ")(A(x)S(x; ") � "dS
dx
) = �(x; ") + "2G(x; "); �(x; ") = �0(x) + "�1(x) =

diagf�1(x; "); : : : ; �n(x; ")g.
� áá¬®âà¨¬ á­ ç «  ¤«ï á¨áâ¥¬ë (4) á á¨«ì­®© ­¥«¨­¥©­®áâìî (r = 0) ¤¢ãåâ®ç¥ç­ãî ªà ¥-

¢ãî § ¤ çã, ¯à¨ íâ®¬ ªà ¥¢ë¥ ãá«®¢¨ï

2X
1

Fjy(xj ; ") = � (x1 = 0; x2 = 1; x 2 [0; 1]) (8)

á ãç¥â®¬ § ¬¥­ë (6) ¯à¥®¡à §ãîâáï ª ¢¨¤ã

2X
1

Tj(")z(xj ; ") = � (Tj(") = FjS(xj ; ") = (~T1j("); ~T2j("))): (9)

�à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï

detT (0) 6= 0 (T (0) = (~T11(0); ~T22(0)) (10)

¨ ¤®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥­¨ïå ­  á¯¥ªâà ¬ âà¨æë A(x)

Re�0j(x) < 0; j = 1; p; x 2 [0; 1] (1 � p � n);

Re�0k(x) > 0; k = p+ 1; n; x 2 [0; 1];
(11)

¬®¦­® ®â § ¤ ç¨ (7){(9) ¯¥à¥©â¨ ª ­¥«¨­¥©­®¬ã ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î

z(x; ") = �(x; ")C +
2X
1

�k(x; ")
Z x

xk

��1(t; ")("G(t; ")z + "�1h(z; t; "))dt � L1(z) (12)

(L1 : C[0; 1]! C[0; 1]);
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£¤¥ ¢¥ªâ®à C ®¯à¥¤¥«ï¥âáï  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã á ãç¥â®¬ ­¥à ¢¥­áâ¢  (10), á ®£à ­¨ç¥­­®©
¯® ­®à¬¥ ¢ á¨«ã (11) äã­¤ ¬¥­â «ì­®© ¬ âà¨æ¥©

�(x; ") =
2X
1

�k(x; "); �1(x; ") = diagfe'1(x;"); : : : ; e'p(x;"); 0; : : : ; 0g;

�2(x; ") = diagf0; : : : ; 0; e'p+1(x;"); : : : ; e'n(x;")g;

'j(x; ") = "�1

Z x

0

�j(t; ")dt; 'k(x; ") = "�1

Z x

1

�k(t; ")dt (j = 1; p; k = p+ 1; n):

� íâ®¬ á«ãç ¥ ¤«ï ®¯¥à â®à  L1 (12) ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

kL1(z)k � C0 + "C1kzk + C2 max
x2[0;1]

kh(z; x; ")k (0 < " < "0): (13)

�¥®à¥¬  2. �ãáâì ¤«ï ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (12)

1. ¢ë¯®«­¥­ë ãá«®¢¨ï (5), (10), (11) ¨ (13);
2. ¤«ï «î¡®£® x 2 [0; 1] ¨ ¤®áâ â®ç­® ¬ «ëå " (0 < " � "1 < "0) äã­ªæ¨ï h(z; x; ") ã¤®-

¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã kh(z; x; ")k � '(kzk), £¤¥ '(r) | ¬®­®â®­­® ¢®§à áâ îé ï ­ 

[0; R] ­¥¯à¥àë¢­ ï äã­ªæ¨ï;
3. ãà ¢­¥­¨¥ C0+"1C1r+C2'(r) = r ¨¬¥¥â ®â­®á¨â¥«ì­® r å®âï ¡ë ®¤­® à¥è¥­¨¥ r0 2 (0; R)

¨ ¯à¨ 0 < r < r0 ­¥ ¨¬¥¥â à¥è¥­¨© (r0 < K1);
4. ¤«ï «î¡ëå z1 ¨ z2, ¯à¨­ ¤«¥¦ é¨å è àã Sr0 : kzk � r0, ¤«ï äã­ªæ¨¨ h(z; x; ") á¯à ¢¥¤«¨¢ 

®æ¥­ª  kh(z2; x; ") � h(z1; x; ")k � Mkz2 � z1k (x 2 [0; 1]; 0 � " � "1), ¨ ¯à¨ íâ®¬ "1C1 +

C2M < 1, k�k �
� 2P

1
kTj(")k

�
r0 (0 � " � "1).

�®£¤  ¯à¨ ¤®áâ â®ç­® ¬ «ëå " > 0 ãà ¢­¥­¨¥ (12) ¨ íª¢¨¢ «¥­â­ ï ¥¬ã § ¤ ç  (7){(9) ¨¬¥îâ
¢ è à¥ Sr0 ¥¤¨­áâ¢¥­­®¥ ¨ ®£à ­¨ç¥­­®¥ ¯à¨ "! +0 à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. � ãá«®¢¨ïå â¥®à¥¬ë 2 ®¯¥à â®à L1 (12) ¯¥à¥¢®¤¨â è à Sr0 ¢ á¥¡ï, â. ª.

kL1(z)k � C0 + "C1kzk + C2'(kzk) � C0 + "1C1r0 + C2'(r0) = r0:

�à®¬¥ â®£®, ¤«ï «î¡ëå z1; z2 2 Sr0 á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

kL1(z2)� L1(z1)k � "C1kz2 � z1k+ C2Mkz2 � z1k � ("1C1 + C2M)kz2 � z1k ("1C1 + C2M < 1):

�âáî¤  á«¥¤ã¥â, çâ® ®¯¥à â®à L1 ï¢«ï¥âáï ¢ è à¥ Sr0 á¦¨¬ îé¨¬. �â® ®§­ ç ¥â, çâ® ¨­â¥-
£à «ì­®¥ ãà ¢­¥­¨¥ (12) ¨ íª¢¨¢ «¥­â­ ï ¥¬ã ªà ¥¢ ï § ¤ ç  (7){(9) ¨¬¥îâ ¥¤¨­áâ¢¥­­®¥ ¨
®£à ­¨ç¥­­®¥ ¯à¨ " ! +0 à¥è¥­¨¥ ¢ è à¥ Sr0 . �«¥¤®¢ â¥«ì­®, ¨ íª¢¨¢ «¥­â­ ï ¨¬ ¤¢ãåâ®ç¥ç-
­ ï ªà ¥¢ ï § ¤ ç  (4){(8) â ª¦¥ ®¤­®§­ ç­® à §à¥è¨¬  ¢ ­¥ª®â®à®¬ è à¥ Sr1 .

�«ï á¨áâ¥¬ë (4) á® á« ¡®© ­¥«¨­¥©­®áâìî (r = 1) ¬®¦¥â ¡ëâì à áá¬®âà¥­  ¨ ¡®«¥¥ ®¡é ï
á¨­£ã«ïà­® ¢®§¬ãé¥­­ ï ¬­®£®â®ç¥ç­ ï ªà ¥¢ ï § ¤ ç 

nX
1

Fjy(xj ; ") = � (x 2 [a; b]); (14)

¯à¨ íâ®¬ ãá«®¢¨¥ (14) á ãç¥â®¬ § ¬¥­ë (6) ¯à¥®¡à §ã¥âáï ª ¢¨¤ã

nX
1

Tj(")z(xj ; ") = � (Tj(") = FjS(xj ; ") = (~T1j("); : : : ; ~Tnj("))); j = 1; n: (15)

�à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï

detT (0) 6= 0 (T (0) = (~T11(0); : : : ; ~Tnn(0))) (16)
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¨ ¤®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥­¨ïå ­  á¯¥ªâà ¬ âà¨æë A(x)

Re�0k(x) � 0; x 2 [xk; �] (k = 2; n� 1);

Re �0k(x) � 0; x 2 [a; xk]; Re�01(x) � 0; Re �0n(x) � 0 (x 2 [a; b]); (17)

Re
Z x

xj

�0j(t)dt < 0; x 2 [a; b] n xj (j = 1; n)

(ª®â®àë¥ ¢ ®â«¨ç¨¥ ®â ãá«®¢¨© (11) ¤®¯ãáª îâ ª á ­¨¥ â®çª ¬¨ á¯¥ªâà  f�0j(x)gn1 ®¯¥à â®à 
A(x) ¬­¨¬®© ®á¨) ¬®¦­® ®â § ¤ ç¨ (7), (15) ¯¥à¥©â¨ ª íª¢¨¢ «¥­â­®¬ã ­¥«¨­¥©­®¬ã ¨­â¥£à «ì-
­®¬ã ãà ¢­¥­¨î

z(x; ") = �(x; ")C +
nX
1

�k(x; ")
Z x

xk

��1(x; ")("G(t; ")z + h(z; t))dt � L2(z) (18)

á ®£à ­¨ç¥­­®© ¯® ­®à¬¥ äã­¤ ¬¥­â «ì­®© ¬ âà¨æ¥© �(x; ") =
nP
1
�k(x; ");

�1(x; ") = diagfe'1(x;"); 0; : : : ; 0g; : : : ; �n(x; ") = diagf0; : : : ; 0; e'n(x;")g;

'k(x; ") = "�1

Z x

xk

�k(t; ")dt (k = 1; n; L2 : C[a; b]! C[a; b])

(¯®áâ®ï­­ë© ¢¥ªâ®à C ¢ á¨«ã (16) ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥¬ã ªà ¥¢ë¬¨
ãá«®¢¨ï¬¨). �à¨ íâ®¬ ¤«ï ®¯¥à â®à  L2 (18) á¯à ¢¥¤«¨¢  ®æ¥­ª  (13).

�¥®à¥¬  3. �ãáâì ¤«ï ¬­®£®â®ç¥ç­®© ªà ¥¢®© § ¤ ç¨ (7), (15) ¨ íª¢¨¢ «¥­â­®£® ¥© ¨­â¥-
£à «ì­®£® ãà ¢­¥­¨ï (18) ¢ë¯®«­¥­ë á®®â­®è¥­¨ï (5), (16), (17) ¨ ãá«®¢¨ï â¥®à¥¬ë 2. �®£¤ 
¯à¨ ¤®áâ â®ç­® ¬ «ëå " > 0 ãà ¢­¥­¨¥ (18) ¨ íª¢¨¢ «¥­â­ ï ¥¬ã ªà ¥¢ ï § ¤ ç  (7), (15) ¨¬¥-
îâ ¥¤¨­áâ¢¥­­®¥ ¨ ®£à ­¨ç¥­­®¥ ¯à¨ "! +0 à¥è¥­¨¥ ¢ è à¥ Sr0 (¯à¨ íâ®¬ íª¢¨¢ «¥­â­ ï ¨¬

§ ¤ ç  (4), (14) ®¤­®§­ ç­® à §à¥è¨¬  ¢ ­¥ª®â®à®¬ è à¥ Sr1).

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3 ¢® ¬­®£®¬  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 2 ¨ ­ ¬¨ ®¯ãáª -
¥âáï.

�¥®à¥¬  4. �ãáâì ¤«ï ªà ¥¢®© § ¤ ç¨ (4), (14) á® á« ¡®© ­¥«¨­¥©­®áâìî (r = 1) ¢ë¯®«­¥­ë

ãá«®¢¨ï â¥®à¥¬ë 3. �®£¤  ¢ á«ãç ¥ f(y; x) =
mP

jkj=2

fk(x)yk  á¨¬¯â®â¨ç¥áª®¥ à §«®¦¥­¨¥ à¥è¥­¨ï

ãª § ­­®© § ¤ ç¨ ¬®¦¥â ¡ëâì ¯à¨ ¤®áâ â®ç­® ¬ «ëå " > 0 ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥

y(x; ") � y(N)(x; ") =
NX
0

yk(x; ")"k (N � 1);

£¤¥ äã­ªæ¨¨ y(q)(x; ") (q = 1; N ) ã¤®¢«¥â¢®àïîâ á¨­£ã«ïà­® ¢®§¬ãé¥­­ë¬ «¨­¥©­ë¬ ªà ¥¢ë¬

§ ¤ ç ¬

"
dy(0)

dx
= A(x)y(0); ly(0) �

nX
1

Fjy(0)(xj) = �;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

"
dy(q)

dx
= A(x)y(q) + "f(y(q�1)(x; "); x); ly(q) = � (q = 1; N );

(19)

¯à¨ç¥¬ ®æ¥­ª 

ky(x; ") � y(N)(x; ")kC[a;b] � K"N+1 (ky(x)kC[a;b] = max
[a;b]

ky(x)k); (20)
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£¤¥ ¯®áâ®ï­­ ï K ­¥ § ¢¨á¨â ®â ", ¨¬¥¥â ¬¥áâ® ª ª ¯à¨ ®âáãâáâ¢¨¨ à¥§®­ ­á­ëå á®®â­®-

è¥­¨©, ª®£¤ 

(p; �0(x)) 6= �0j(x) (j = 1; n; x 2 [a; b]); �0(x) = (�01(x); : : : ; �0n(x));

p = (p1; : : : ; pn) (pk = 0; 1; 2; : : : ; k = 1; n)
�
2 � jpj �

nX
1

pk � q(N)
�
;

â ª ¨ ¯à¨ ­ «¨ç¨¨ â®¦¤¥áâ¢¥­­ëå ¨ ­¥â®¦¤¥áâ¢¥­­ëå à¥§®­ ­á®¢, ª®£¤ 

(pq; �0(x)) � �0q(x)
�
x 2 
q � [a; b];

X
q

j
qj < b� a; 1 � q � n
�

¤«ï ­¥ª®â®àëå æ¥«®ç¨á«¥­­ëå ¢¥ªâ®à®¢ pq ¨ ­®¬¥à®¢ q.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® ª ¦¤ ï ç áâ¨ç­ ï áã¬¬  y(q)(x; ") =
qP
0
yk(x; ")"k, ï¢«ïî-

é ïáï à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ (19)q , "
dy(q)

dx
= A(x)y(q) + "f(y(q�1)(x; "); x);

nP
1
Fjy(q)(xj ; ") = �,

ã¤®¢«¥â¢®àï¥â ¯à¨ ¤®áâ â®ç­®© £« ¤ª®áâ¨ f(y; x) § ¤ ç¥ (7), (15) á â®ç­®áâìî O("q+1). �¥©áâ¢¨-
â¥«ì­®, íâ® á«¥¤ã¥â ¨§ á®®â­®è¥­¨©

"
dy(0)

dx
�A(x)y(0) � "f(y(0)(x; "); x) = O("); ly(0) = �;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

"
dy(q)

dx
�A(x)y(q) � "f(y(q�1)(x; "); x) + "f(y(q�1)(x; "); x) �

�"f(y(q)(x; "); x) = "[f(y(q�1)(x; "); x) � f(y(q)(x; "); x)] = O("q+1);

ly(q) = � (y(q)(x; ") = y(q�1)(x; ") + "qyq(x; ")) (q = 1; N):

�à¥¤áâ ¢¨¬ ¤ «¥¥ à¥è¥­¨¥ y(x; ") § ¤ ç¨ (4), (14) ¢ ¢¨¤¥

y(x; ") = y(N+1)(x; ") + "N+1R(x; ") = y(N)(x; ") + "N+1R1(x; ");

¯à¨ íâ®¬ äã­ªæ¨ï R(x; ") á ãç¥â®¬ (19) ï¢«ï¥âáï à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨

"
dR

dx
= A(x)R + "

@f(y(N); x)
@y

(yN+1(x; ") +R) +O("N+1);
nX
1

FjR(xj ; ") = 0;

ª®â®à ï ¢ á¨«ã â¥®à¥¬ë 3 ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ¨ ®£à ­¨ç¥­­®¥ ¯à¨ " ! +0 à¥è¥­¨¥, çâ® ¨
¤®ª §ë¢ ¥â ®æ¥­ªã (20), ¥á«¨ ãç¥áâì, çâ® kR1(x; ")k = kR(x; ") + yN+1(x; ")k � C.

�¥à¥©¤¥¬ ¤ «¥¥ ®â § ¤ ç¨ (4), (14) ª íª¢¨¢ «¥­â­®© § ¤ ç¥ (7), (15),  á¨¬¯â®â¨ç¥áª®¥ à §-
«®¦¥­¨¥ à¥è¥­¨ï ª®â®à®© ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥

z(x; ") � z(N)(x; ") =
NX
0

zk(x; ")"
k ;

£¤¥ äã­ªæ¨¨ z(q)(x; ") ã¤®¢«¥â¢®àïîâ «¨­¥©­ë¬ ªà ¥¢ë¬ § ¤ ç ¬

"
dz(0)

dx
= �0(x)z(0); l1z(0) �

nX
1

Tj(")z(0)(xj ; ") = �;

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

"
dz(q)

dx
= �0(x)z(q) + "g(z(q�1)(x; "); x; "); l1z(q) = �

(q � 1; g(z; x; ") = (�1(x) + "G(x; "))z + h(z; x; "))
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á â®ç­®áâìî ¤® O("q+1). �à¨ íâ®¬ áâàãªâãà  à¥è¥­¨ï ­ã«¥¢®£® ¯à¨¡«¨¦¥­¨ï

z(0)(x; ") = �0(x; ")C;

�0(x; ") = diagfe'01(x;"); : : : ; e'0n(x;")g;

'0j(x; ") = "�1

Z x

xj

�0j(t)dt (j = 1; n; x 2 [a; b])

¯®§¢®«ï¥â § ¯¨á âì ãà ¢­¥­¨¥ ¤«ï ®¯à¥¤¥«¥­¨ï z(1)(x; ") ¢ ï¢­®¬ ¢¨¤¥

"
dz(1)

dx
= �0(x)z(1) + "P1(x)e

�0(x;") + "

n1X
k=1

Q1k(x)e
�k(x;") + "

m1X
k=1

S1k(x)e
�k(x;"); l1z(1) = �; (21)

£¤¥ e�q = (e�q1 ; : : : ; e�qn )T (q = 0; n1); e�k = (e�k1 ; : : : ; e�kn )T (k = 1;m1);

"
d�0j

dx
� �0j(x) (x 2 [a; b]; j = 1; n);

"
d�kj

dx
� �kj(x) 6= �0q(x) (j; q = 1; n; k = 1; n1; x 2 [a; b];

"
d�kj

dx
� �kj(x) = �0qj (x) (j = 1; n; 1 � qj � n; x 2 
qj � [a; b]; k = 1;m1):

�à¨ íâ®¬ äã­ªæ¨ï "P1(x)e�0(x;") ¢ ãà ¢­¥­¨¨ (21) ®âà ¦ ¥â ­ «¨ç¨¥ â®¦¤¥áâ¢¥­­ëå à¥§®­ ­á®¢,
äã­ªæ¨¨ "Q1k(x)e

�k(x;") | ­ «¨ç¨¥ ­¥à¥§®­ ­á­ëå á¨­£ã«ïà­®áâ¥©,   äã­ªæ¨¨ "S1k(x)e�k(x;") |
­ «¨ç¨¥ ­¥â®¦¤¥áâ¢¥­­ëå à¥§®­ ­á®¢. �¥è¥­¨¥ «¨­¥©­®© á¨áâ¥¬ë (21) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥
áã¬¬ë à¥è¥­¨© ®¤­®à®¤­®© § ¤ ç¨ ¨ ç¥âëà¥å ¥¥ ç áâ­ëå à¥è¥­¨© à §«¨ç­ëå â¨¯®¢:

z(1)(x; ") =
4X

k=0

z1k(x; ") = z10(x; ") +O(");

£¤¥ z10(x; ") = �0(x; ")C1 | ®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®© á¨áâ¥¬ë " dz
dx

= �0(x)z; z11(x; ") =
V 1(x)e�0(x;") = O("N+1) | ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®© á¨áâ¥¬ë " dz

dx
= �0(x)z + "P 1(x)e�0(x;"),

¢®§­¨ª îé¥¥ ¯à¨ ­ «¨ç¨¨ â®¦¤¥áâ¢¥­­ëå à¥§®­ ­á®¢; z12(x; ") = "V 1(x; ")e�0(x;") | ç áâ­®¥ à¥-
è¥­¨¥ ­¥®¤­®à®¤­®© á¨áâ¥¬ë

"
dz

dx
= �0(x)z + "P 1(x)e

�0(x;");

â ª¦¥ ®âà ¦ îé¥¥ ­ «¨ç¨¥ â®¦¤¥áâ¢¥­­ëå à¥§®­ ­á®¢; z13(x; ") = "
n1P
0
H1k(x)e�k(x;") | ç áâ­®¥

à¥è¥­¨¥ ­¥®¤­®à®¤­®© á¨áâ¥¬ë

"
dz

dx
= �0(x)z + "

n1X
k=1

Q1k(x)e
�k(x;");

®â¢¥ç îé¥¥ ­¥à¥§®­ ­á­ë¬ ¯à ¢ë¬ ç áâï¬; z14(x; ") = O(") | ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®©
á¨áâ¥¬ë

"
dz

dx
= �0(x)z + "

m1X
k=1

S1k(x)e
�k(x;"); (22)

®âà ¦ îé¥¥ ­ «¨ç¨¥ ­¥â®¦¤¥áâ¢¥­­ëå à¥§®­ ­á®¢. �à¨ íâ®¬ ¯®áâ®ï­­ë© ¢¥ªâ®à C1 ®¯à¥¤¥-
«ï¥âáï ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨,   ¬ âà¨æë V 1(x), V 1(x; "), H1k(x; ") (k = 1; n1; x 2 [a; b]) ¯à¨
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­¥¯®áà¥¤áâ¢¥­­®© ¯®¤áâ ­®¢ª¥ ãª § ­­ëå ç áâ­ëå à¥è¥­¨© ¢ á®®â¢¥âáâ¢ãîé¨¥ ãà ¢­¥­¨ï, çâ®
¯®§¢®«ï¥â § ¯¨á âì

dV 1

dx
= P 1(x) = diagfp11(x); : : : ; p1n(x)g;

V 1(x) = diagfv11(x); : : : ; v1n(x)g; v1j(x) =
Z x

xj

p1j(t)dt (j = 1; n);

"
dV 1

dx
= �0(x)V 1 � V 1�0(x); V 1(x; ") =

1X
0

V 1k(x)"k;

"
dH1q

dx
= (�0(x)�N 0q(x))H1q +Q1q(x) (q = 1; n1);

N 0q(x) = diagf�1q(x); : : : ; �nq(x)g; H1q(x; ") =
1X
k=0

H1qk(x)"
k:

�®á«¥¤ãîé¨¥ ¯à¨¡«¨¦¥­¨ï ¯à¨ ®âáãâáâ¢¨¨ ­¥â®¦¤¥áâ¢¥­­ëå à¥§®­ ­á®¢ ¨¬¥îâ ¢¨¤

z(q)(x; ") = �0(x; ")Cq + Vq(x; ")e
�0(x;") + "

nqX
1

Hqk(x; ")e
�k(x;");

£¤¥ ¯®áâ®ï­­ë© ¢¥ªâ®à Cq ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨. �à¨ ­ «¨ç¨¨ ­¥-
â®¦¤¥áâ¢¥­­ëå à¥§®­ ­á®¢ ¢¨¤ á®®â¢¥âáâ¢ãîé¥£® ãà ¢­¥­¨ï ¬®¦¥â ãá«®¦­ïâìáï §  áç¥â ¯®-
ï¢«¥­¨ï ­®¢ëå á¨­£ã«ïà­®áâ¥©, ®¯à¥¤¥«ï¥¬ëå ãà ¢­¥­¨ï¬¨ ¢¨¤  (22), ª®â®àë¥ ¤®¯ãáª îâ ­ 
ª ¦¤®¬ ¯®á«¥¤ãîé¥¬ è £¥ ­¥¯®áà¥¤áâ¢¥­­®¥ ¨­â¥£à¨à®¢ ­¨¥, ¢ ç áâ­®áâ¨,

z14(x; ") =
nX

j=1

�0j(x; ")
Z x

xj

��1
0 (t; ")

m1X
k=1

S1k(t)e
�k(t;")dt;

¯à¨ç¥¬ kz14(x; ")k = O(") ¯à¨ x 2 [a; b].
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