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1. �®áâ ­®¢ª  § ¤ ç¨

� à ¡®â¥ à áá¬ âà¨¢ ¥âáï ®¤­  ¨§ ®¡é¥¯à¨­ïâëå ¢ â¥®à¨¨ £¥â¥à®£¥­­ëå áà¥¤ ¬®¤¥«¥©. �â 
ª« áá¨ç¥áª ï ¬®¤¥«ì ¬®¦¥â ¡ëâì ®¯¨á ­  á«¥¤ãîé¨¬ ®¡à §®¬. �à¥¡ã¥âáï ¯®áâà®¨âì ¯«®áª®-
¯ à ««¥«ì­®¥ áâ æ¨®­ à­®¥ á¨«®¢®¥ ¯®«¥ v(x; y) = (vx; vy) = vp(x; y), (x; y) 2 Sp, p = 1; 2,
ï¢«ïîé¥¥áï ¯®â¥­æ¨ «ì­ë¬ ¨ á®«¥­®¨¤ «ì­ë¬ ¢ ª ¦¤®© ¨§®âà®¯­®© ä §¥ Sp à áá¬ âà¨¢ ¥-
¬®© ¤¢ãåä §­®© áà¥¤ë:

divvp(x; y) = 0; rotvp(x; y) = 0: (1)

�áî¤ã ­  ªãá®ç­®-£« ¤ª®© £à ­¨æ¥ ª®­â ªâ  (L = @S1 \ @S2 n T ) à §­®à®¤­ëå ä § S1 ¨ S2, § 
¨áª«îç¥­¨¥¬ ã£«®¢ëå â®ç¥ª T , ¯à¥¤¯®« £ îâáï à ¢­ë¬¨ ­®à¬ «ì­ë¥ (ª á â¥«ì­ë¥) á®áâ ¢«ï-
îé¨¥ ¯à¥¤¥«ì­ëå §­ ç¥­¨© ¢¥ªâ®à®¢ v1, v2 (b�1v1, b�2v2):

[v1(x; y)]n = [v2q(x; y)]n; [b�1v1(x; y)]� = [b�2v2(x; y)]� ; (x; y) 2 L: (2)

� â®çª å ¬­®¦¥áâ¢  T ã ª®¬¯®­¥­â®¢ ¢¥ªâ®à  v ¤®¯ãáª îâáï ¨­â¥£à¨àã¥¬ë¥ ®á®¡¥­­®áâ¨. �®
¢â®à®¬ ãá«®¢¨¨ à¥äà ªæ¨¨ (2) b�p | ¯®áâ®ï­­ë© ¢ ä §¥ Sp ª®íää¨æ¨¥­â, å à ªâ¥à¨§ãîé¨©
ä¨§¨ç¥áª¨¥ á¢®©áâ¢  áà¥¤ë. �à¨ à¥ «¨§ æ¨¨ ª®­ªà¥â­ëå ä¨§¨ç¥áª¨å ¬®¤¥«¥© íâ®â ª®íää¨-
æ¨¥­â, ª ª ¯à ¢¨«®, ¯à¨­¨¬ ¥â áª «ïà­ë¥ ¢¥é¥áâ¢¥­­ë¥ ­¥®âà¨æ â¥«ì­ë¥ §­ ç¥­¨ï. �¤­ ª® ¢
àï¤¥ á«ãç ¥¢, ­ ¯à¨¬¥à, ¢ § ¤ ç å í«¥ªâà®¤¨­ ¬¨ª¨ ¯à¨ à áç¥â¥ í«¥ªâà¨ç¥áª¨å ¯®«¥© á ãç¥-
â®¬ ¢«¨ï­¨ï ®¤­®à®¤­®£® í«¥ªâà®¬ £­¨â­®£® ¯®«ï (®àâ®£®­ «ì­®£® ¯«®áª®áâ¨ â¥ç¥­¨ï â®ª )
¯à¨å®¤¨âáï à áá¬ âà¨¢ âì á«ãç ¨, ª®£¤  ª®íää¨æ¨¥­â b�p ï¢«ï¥âáï â¥­§®à®¬:

b�p = �p

�
1 �p
��p 1

�
; (3)

£¤¥ �p � 0 | ª®íää¨æ¨¥­â á®¯à®â¨¢«¥­¨ï,   �p 2 R | ¯ à ¬¥âà �®««  ¬ â¥à¨ «  ä §ë Sp,
p = 1; 2.

� ¤ «ì­¥©è¥¬ ä¨§¨ç¥áª ï ¯«®áª®áâì (x; y) ¡ã¤¥â ¨­â¥à¯à¥â¨à®¢ âìáï ª ª ¯«®áª®áâì ª®¬-
¯«¥ªá­®£® ¯¥à¥¬¥­­®£® z = x+ i y,   ¢¥ªâ®à v ª ª ª®¬¯«¥ªá­®§­ ç­ ï äã­ªæ¨ï v(z) = vx + i vy
ª®¬¯«¥ªá­®£®  à£ã¬¥­â  z = x+ i y. �¥­§®à (3) ¢ íâ®¬ á«ãç ¥ ¬®¦­® ®â®¦¤¥áâ¢¨âì á ª®¬¯«¥ªá-
­ë¬ ç¨á«®¬

b�p = �p(1� i�p): (4)

� á¨«ã ãá«®¢¨© (1) ª®¬¯«¥ªá­®-á®¯àï¦¥­­ ï á v(z) äã­ªæ¨ï v(z) = vp(z) = vpx(x; y)� ivpy(x; y)
£®«®¬®àä­  ¢ ª ¦¤®¬ ¨§ ª®¬¯®­¥­â®¢ Sp. � § ¬ëª ­¨¨ Sp äã­ªæ¨ï v(z) ­¥¯à¥àë¢­  ¢áî¤ã,
§  ¨áª«îç¥­¨¥¬ à §¢¥ «¨èì ã£«®¢ëå â®ç¥ª T , £¤¥ ã ­¥¥ ¤®¯ãáª ¥âáï ­ «¨ç¨¥ ¨­â¥£à¨àã¥¬ëå

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© ¨
ä®­¤  ����� ��� (¯à®¥ªâë 03-01-96193 ¨ 05-5.1-265/2004 �(5)).
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®á®¡¥­­®áâ¥©. � ª®­¥æ, £à ­¨ç­ë¥ ãá«®¢¨ï (2) ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢ á«¥¤ãîé¥© íª¢¨¢ «¥­â­®©
ä®à¬¥:

v1(t) = Av2(t)�B[t0(s)]�2v2(t); t 2 L; (5)

£¤¥ A = A12, B = B12 ¨ t(s) | äã­ªæ¨ï â®çª¨ ª®­âãà  L ®â ­ âãà «ì­®£® ¯ à ¬¥âà  s, ¯à®-
¨§¢®¤­ ï t0(s) = exp(i�(s)) á®¢¯ ¤ ¥â á ¥¤¨­¨ç­ë¬ ¢¥ªâ®à®¬ ª á â¥«ì­®© ª L ¢ â®çª¥ t = t(s)
(�(s) | ã£®«, ª®â®àë© ®¡à §ã¥â ª á â¥«ì­ ï ª ¤ã£¥ L ¢ â®çª¥ t á ¢¥é¥áâ¢¥­­®© ®áìî),

Apq =
�p + �q
2�p

� i
�p�p � �q�q

2�p
; Bpq =

�p � �q
2�p

� i
�p�p � �q�q

2�p
; (6)

¢ ç áâ­®áâ¨,

Apq =
�p + �q
2�p

; Bpq =
�p � �q
2�p

; (7)

¥á«¨ á®¯à®â¨¢«¥­¨¥ (4) ¢¥é¥áâ¢¥­­® (b�p = �p � 0).
� ¤ ­­®© à ¡®â¥ à áá¬®âà¨¬ § ¤ çã (5) ª ª á ¢¥é¥áâ¢¥­­ë¬¨ (7), â ª ¨ á ª®¬¯«¥ªá­ë¬¨

ª®íää¨æ¨¥­â ¬¨ (6) ¤«ï ¤¢ãåä §­®© áà¥¤ë ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® «¨­¨ï à §¤¥«  ä § á®áâ®¨â
¨§ ®¤­®© ª®¬¯®­¥­âë L | ¯à ¢®© ¢¥â¢¨ £¨¯¥à¡®«ë, ®¯à¥¤¥«¥­­®© ãà ¢­¥­¨¥¬

x2

a2
� y2

b2
= 1; (8)

£¤¥ a > 0, b > 0 | § ¤ ­­ë¥ ¯ à ¬¥âàë. �à¥¤¯®«®¦¨¬, çâ® S2 | ¢­ãâà¥­­®áâì,   S1 | ¢­¥è-
­®áâì ¢ë¡à ­­®© ¢¥â¢¨ £¨¯¥à¡®«ë (à¨á. 1).

�¨á. 1. �¨¯¥à¡®«¨ç¥áª®¥ ¢ª«îç¥­¨¥

�ã¤¥¬ ®âëáª¨¢ âì à¥è¥­¨¥ § ¤ ç¨ (5) ¢ ª« áá¥ äã­ªæ¨©, ¤«ï ª®â®àëå ¢ ®ªà¥áâ­®áâ¨ ¡¥áª®-
­¥ç­®áâ¨ (ã£«®¢ ï â®çª  ª®­âãà !) á¯à ¢¥¤«¨¢  ®æ¥­ª 

jv(z)j = o(jzj) ¯à¨ jzj � 1: (9)

� ª¨¬ ®¡à §®¬, à áá¬ âà¨¢ ¥¬ ï ¯«®áª ï ¤¢ãåä §­ ï áà¥¤ , ¯à¥¤áâ ¢«ï¥â ¨§ á¥¡ï ç áâ­ë©
á«ãç © ¡¥áª®­¥ç­®© ®¤­®à®¤­®© ¬ âà¨æë S1 á ¨­®à®¤­ë¬ ¢ª«îç¥­¨¥¬ S2, ®£à ­¨ç¥­­ë¬ ®¤­®©
¨§ ªà¨¢ëå ¢â®à®£® ¯®àï¤ª . �¥è¥­¨¥ á®®â¢¥âáâ¢ãîé¥© ªà ¥¢®© § ¤ ç¨ ¢ á«ãç ¥ ®¤­®£® í««¨-
¯â¨ç¥áª®£® (¢ ç áâ­®áâ¨, ªàã£®¢®£®) ¢ª«îç¥­¨ï å®à®è® ¨§¢¥áâ­® [1]{[3]. �á®¡® ®â¬¥â¨¬ à ¡®âã
[4], ¢ ª®â®à®© ­ àï¤ã á í««¨¯â¨ç¥áª¨¬ à áá¬ âà¨¢ «¨áì á«ãç ¨ ¯ à ¡®«¨ç¥áª®£® ¨ £¨¯¥à¡®«¨-
ç¥áª®£® ¢ª«îç¥­¨©, ¯à¨ç¥¬ ¢ ¤®¢®«ì­® ®¡é¥© á¨âã æ¨¨ | ¯à¨ ¯à®¨§¢®«ì­® § ¤ ­­®© £« ¢­®©
ç áâ¨ ¨áª®¬®£® ª®¬¯«¥ªá­®£® ¯®â¥­æ¨ « . �® ¢á¥å âà¥å á«ãç ïå ¢ [4] ¯à¨¬¥­ï« áì ¥¤¨­ ï áå¥¬ 
¨áá«¥¤®¢ ­¨ï | ¯¥à¥å®¤®¬ ª ¤ã¡«î ¨áå®¤­ ï § ¤ ç  ¯¥à¥­®á¨« áì ­  á®®â¢¥âáâ¢ãîéãî ¤¢ãå-
«¨áâ­ãî à¨¬ ­®¢ã ¯®¢¥àå­®áâì. �®á«¥¤ãîé¥¥ ª®­ä®à¬­®¥ ®â®¡à ¦¥­¨¥ ¯®«ãç¥­­®© à¨¬ ­®¢®©
¯®¢¥àå­®áâ¨ ­  ¯«®áª®áâì z1 ¯®§¢®«¨«®  ¢â®à ¬ á¢¥áâ¨ ¨áå®¤­ãî § ¤ çã ª § ¤ ç ¬ ¤«ï ¯®«®áë
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(¯ à ¡®« ), ¤«ï ª®­æ¥­âà¨ç¥áª®£® ª®«ìæ  (í««¨¯á), ¤«ï á¨áâ¥¬ë ¯¥à¨®¤¨ç¥áª¨å ¯®«®á (£¨¯¥à-
¡®« ). � â¥¬ á ¨á¯®«ì§®¢ ­¨¥¬ ¨§¢¥áâ­ëå à¥è¥­¨© ¯®á«¥¤­¨å § ¤ ç ([5]) à¥è¥­¨ï ¨áå®¤­ëå
¯à®¡«¥¬ ¢ë¯¨áë¢ «¨áì ¢ ¢¨¤¥ ¡¥áª®­¥ç­ëå àï¤®¢.

�â¬¥â¨¬ â ª¦¥ à ¡®âë [6], [7], £¤¥ ¯à¥¤«®¦¥­­ë© ¢ ([8], á. 360) ¤«ï ¥¤¨­¨ç­®© ®ªàã¦­®áâ¨
¬¥â®¤ á¨¬¬¥âà¨¨ à á¯à®áâà ­¥­ ­  á«ãç © ¯à®¨§¢®«ì­®©  «£¥¡à ¨ç¥áª®© ªà¨¢®© L. �«¥¤ã¥â
áª § âì, çâ® ­¥¯®áà¥¤áâ¢¥­­®¥ ¯à¨¬¥­¥­¨¥ ¬¥â®¤  á¨¬¬¥âà¨¨ ¯®§¢®«ï¥â á¢¥áâ¨ § ¤ çã (5) ª
­¥ª®â®à®© íª¢¨¢ «¥­â­®© ¬­®£®¬¥à­®© § ¤ ç¥ �¨¬ ­ . �áâ¥áâ¢¥­­® ¢®§­¨ª ¥â ¢®¯à®á ® ä ªâ®-
à¨§ æ¨¨ ¥¥ ¬ âà¨ç­®£® ª®íää¨æ¨¥­â . �®á«¥¤­ïï ¯à®¡«¥¬ , ª ª ¨§¢¥áâ­®, ®ç¥­ì á«®¦­  ¨ ¢
®¡é¥¬ á«ãç ¥ ¢ ª¢ ¤à âãà å ­¥ à¥è ¥âáï.

�¨¦¥ à¥è¥­¨¥ § ¤ ç¨ ® £¨¯¥à¡®«¨ç¥áª®¬ ¢ª«îç¥­¨¨,   â ª¦¥ â¥á­® ¯à¨¬ëª îé¥© ª ­¥© § -
¤ ç¨ ® ª«¨­¥ (á«ãç ©, ª®£¤  ªà¨¢ ï ¢â®à®£® ¯®àï¤ª  à á¯ ¤ ¥âáï ­  ¯ àã ¯¥à¥á¥ª îé¨åáï ¯àï-
¬ëå), ¡ã¤¥â ¯®«ãç¥­® ¢ § ¬ª­ãâ®© ä®à¬¥ ¨ ¢ëà ¦¥­® ç¥à¥§ í«¥¬¥­â à­ë¥ äã­ªæ¨¨. � ¨¤¥©­®¬
¯« ­¥ íâ  à ¡®â  â¥á­® ¯à¨¬ëª ¥â ª à ¡®â¥ [9], £¤¥ ¯®«ãç¥­® à¥è¥­¨¥ § ¤ ç¨ ® ¯ à ¡®«¨ç¥áª®¬
¢ª«îç¥­¨¨,   § ¤ ç  ® ª«¨­¥ ®¡®¡é ¥â á®®â¢¥âáâ¢ãîé¨© à¥§ã«ìâ â à ¡®âë [10].

�à¨¢¥¤¥¬ á­ ç «  ¯à®áâ®¥, ­® çà¥§¢ëç ©­® ¯®«¥§­®¥ ¯à¨ ¨áá«¥¤®¢ ­¨¨ ¯à®¨§¢®«ì­ëå ¤¢ãå-
ä §­ëå áâàãªâãà ®¡é¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥®à¥¬  1 (â¥®à¥¬  ® ¤¢ãåä §­ëå áâàãªâãà å). �á«¨

v(z) =

(
v1(z;A;B); z 2 S1;

v2(z;A;B); z 2 S2;

| à¥è¥­¨¥ ¤¢ãåä §­®© § ¤ ç¨ (5) á ¯à®¨§¢®«ì­ë¬¨ ¢¥é¥áâ¢¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ A, B
¢¬¥áâ® A12, B12, ã¤®¢«¥â¢®àïîé¨¬¨ «¨èì ãá«®¢¨î í««¨¯â¨ç­®áâ¨ jAj > jBj, â® à¥è¥­¨¥¬

§ ¤ ç¨ (5) á ¯à®¨§¢®«ì­ë¬¨ ª®¬¯«¥ªá­ë¬¨ ª®íää¨æ¨¥­â ¬¨ A, B ¯à¨ á®åà ­¥­¨¨ ãá«®¢¨ï jAj >
jBj ¡ã¤¥â

v(z) = v (z; jAj; jBj) �
(p

AB; z 2 S1;p
AB; z 2 S2:

(10)

�â¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¢ëâ¥ª ¥â ¨§ â®£® ä ªâ , çâ® § ¬¥­ 

v(z) =

(p
ABV1(z); z 2 S1;p
ABV2(z); z 2 S2;

(11)

¯à¨¢®¤¨â ª § ¤ ç¥ (5) á ¢¥é¥áâ¢¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ jAj, jBj ®â­®á¨â¥«ì­® ­®¢®© ­¥¨§¢¥áâ-
­®© ªãá®ç­®-£®«®¬®àä­®© äã­ªæ¨¨ V (z) = fV1(z), z 2 S1; V2(z), z 2 S2g.

�®¤ç¥àª­¥¬, çâ® ¢ ª®­ªà¥â­ëå ¯à¨ª« ¤­ëå ¢®¯à®á å à¥è¥­¨¥ § ¤ ç¨ (5) ¯à¥¤áâ ¢«ï¥â ¨­-
â¥à¥á «¨èì ¢ á«ãç ¥, ª®£¤  ¥¥ ª®íää¨æ¨¥­âë ¨¬¥îâ ¢¨¤ (6), ¢ ç áâ­®áâ¨, (7). �¤­ ª® ¤«ï â®£®
çâ®¡ë ¨¬¥âì ¢®§¬®¦­®áâì ¯à¨¬¥­ïâì ¤®ª § ­­®¥ ãâ¢¥à¦¤¥­¨¥, ­¥®¡å®¤¨¬® §­ âì ¥¥ à¥è¥­¨¥ á
¯à®¨§¢®«ì­ë¬¨ ¢¥é¥áâ¢¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¢ í««¨¯â¨ç¥áª®¬ á«ãç ¥. �¬¥­­® ¯®íâ®¬ã ¢
¤ «ì­¥©è¥¬ à¥è¥­¨¥ § ¤ ç¨ (5) ¡ã¤¥â á­ ç «  ¯®«ãç¥­® ¢ ¯à¥¤¯®«®¦¥­¨¨, çâ® ¥¥ ¢¥é¥áâ¢¥­­ë¥
ª®íää¨æ¨¥­âë ã¤®¢«¥â¢®àïîâ «¨èì ®¤­®¬ã ®£à ­¨ç¥­¨î jAj � jBj.

2. �¡é¥¥ à¥è¥­¨¥ § ¤ ç¨ ® £¨¯¥à¡®«¨ç¥áª®¬ ¢ª«îç¥­¨¨
¢ ¢¥é¥áâ¢¥­­®¬ á«ãç ¥

�à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¢¢¨¤ã á¨¬¬¥âà¨ç­®áâ¨ £¨¯¥à¡®«ë L ®â­®á¨â¥«ì­® ¢¥é¥áâ¢¥­­®©
®á¨ à¥è¥­¨¥¬ § ¤ ç¨ (5) á ¢¥é¥áâ¢¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ A, B ¢¬¥áâ¥ á äã­ªæ¨¥© v(z) ¡ã¤¥â
¨ äã­ªæ¨ï v(z),   §­ ç¨â, á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

v(z) = vR(z) + vI(z); (12)
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£¤¥ vR(z) = (v(z) + v(z))=2 ¨ vI(z) = (v(z) � v(z))=2 | ç áâ­ë¥ à¥è¥­¨ï â®© ¦¥ § ¤ ç¨, ã¤®¢«¥-
â¢®àïîé¨¥ ãá«®¢¨ï¬

vR(z) � vR(z) ¨ vI(z) � �vI(z) (13)

á®®â¢¥âáâ¢¥­­®.
� á¨«ã (13) ¯à¨ ¯®áâà®¥­¨¨ ç áâ­ëå à¥è¥­¨© vR(z), vI(z) ¤®áâ â®ç­® à áá¬®âà¥âì «¨èì ¢¥àå-

­îî ¯®«ã¯«®áª®áâì C
+ . � ©¤¥¬ ¤«ï ç áâ¨ L+ 2 C

+ ¢ë¡à ­­®© ¢¥â¢¨ £¨¯¥à¡®«ë § ¢¨á¨¬®áâì
äã­ªæ¨¨ t0(s) ®â t. � ¯¨è¥¬ ¯ à ¬¥âà¨ç¥áª®¥ ãà ¢­¥­¨¥ L+ ¢ ¢¨¤¥ t = a ch'+i b sh', 0 < ' <1.
�âáî¤  dt

ds
= a sh'+i b ch'p

a2 sh2 '+b2 ch2 '
. �®«®¦¨¬ a+ i b = c exp(i��=2). �à¥¤ë¤ãé¥¥ à ¢¥­áâ¢® â®£¤  ¯¥à¥-

¯¨è¥âáï ¢ ¢¨¤¥
dt
ds

=
e'+i��=2 � e�'�i��=2p
e2' + e�2' � 2 cos ��

;

  ¨§ ãà ¢­¥­¨ï £¨¯¥à¡®«ë ­ ©¤¥¬

e'+i ��=2 =
1
c
(t+

p
t2 � c2); e�('+i��=2) =

1
c
(t�

p
t2 � c2):

� ¯¥à¢®¬ ¨§ íâ¨å ¤¢ãå á®®â­®è¥­¨© ¯®¤ äã­ªæ¨¥©  à£ã¬¥­â  t ¯®­¨¬ ¥âáï ¯à¥¤¥«ì­®¥ §­ ç¥­¨¥
­  L+ ä¨ªá¨à®¢ ­­®© ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ ãá«®¢¨¥¬ �(1) =1 ¢¥â¢¨ äã­ªæ¨¨

�(z) =
1
c
(z +

p
z2 � c2); (14)

®¡à â­®© ª

z(�) =
c

2

�
� +

1
�

�
: (15)

� ¯®¬®éìî ¯®á«¥¤­¨å ¢ëª« ¤®ª ¯®«ãç¨¬

dt
ds

=
p
t2 � c2

�
(t2 � c2) cos ��� i t sin��

p
t2 � c2

��1=2
= (t2 � c2)1=4

�
cos ��

p
t2 � c2 � i t sin��

��1=2
:

�¨á. 2. �¥àå­ïï ¯®«ã¯«®áª®áâì z ¨ ¥¥ ®¡à § ¢ ¯«®áª®áâ¨ �

¯à¨ ®â®¡à ¦¥­¨¨ á ¯®¬®éìî äã­ªæ¨¨ (14)

�ã­ªæ¨ï (14) ª®­ä®à¬­® ®â®¡à ¦ ¥â (à¨á. 2) ¯®«ã¯«®áª®áâì C + ­  ®¡« áâì S� | ¢¥àå­îî
¯®«ã¯«®áª®áâì á ¢ë¡à®è¥­­ë¬ ¥¤¨­¨ç­ë¬ ¯®«ãªàã£®¬. �ãç L�1=f� : arg � = ��=2, j�j > 1g |
®¡à § L+=L\ C + | à §¤¥«ï¥â S� ­  ®¡« áâ¨ S�1 ¨ S�2 , ¯à®®¡à § ¬¨ ª®â®àëå ï¢«ïîâáï S+

1 ¨ S+
2

| ¢¥àå­¨¥ ¯®«®¢¨­ë ®¡« áâ¥© S1 ¨ S2 á®®â¢¥âáâ¢¥­­®. �«ï äã­ªæ¨¨ [t0(s)]�2 ¢ ¯«®áª®áâ¨ � á
ãç¥â®¬ à ¢¥­áâ¢ p

t2 � c2 =
c

2
(� � 1=�) ; t =

c

2
(� + 1=�)

á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥�
dt
ds

��2
=
(� � 1=�) cos ��� i (� + 1=�) sin��

� � 1=�
=

� � 1=�
� � 1=�

; � 2 L�1:
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�  ®á­®¢ ­¨¨ ¯®«ãç¥­­®£® á®®â­®è¥­¨ï ¨ â®£®, çâ® ¢ëà ¦¥­¨¥ �� 1=� ¢¥é¥áâ¢¥­­® ­  ¤¥©áâ¢¨-
â¥«ì­®© ®á¨ ¨ ç¨áâ® ¬­¨¬® ­  ¥¤¨­¨ç­®© ®ªàã¦­®áâ¨, ®â­®á¨â¥«ì­® äã­ªæ¨¨

V (�) = (� � 1=�) vR

�
c

2

�
� + 1=�

��
(16)

¯à¨¤¥¬ ª ªà ¥¢®© § ¤ ç¥

V1(�) = AV2(�)�BV2(�); � 2 L�1;
ImV (�) = 0; � 2 R n [�1; 1]; (17)

ReV (�) = 0; j� j = 1; Im � > 0:

�§ (9) ¨ ®¯à¥¤¥«¥­¨ï (16) á«¥¤ã¥â, çâ® à¥è¥­¨¥ § ¤ ç¨ (17) ­¥®¡å®¤¨¬® ¨áª âì ¢ ª« áá¥ äã­ªæ¨©,
ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬

jV (�)j = o(j�j2); j�j � 1; V (�1) = 0: (18)

�à®¤®«¦¨¬ äã­ªæ¨î V (�) ¯® á¨¬¬¥âà¨¨ ¨§ S� ¢ ¯®«ã¯«®áª®áâì C
+ ­  ®á­®¢ ­¨¨ ¯®á«¥¤­¥£®

ãá«®¢¨ï (17). �«ï ¯à®¤®«¦¥­­®© ªãá®ç­®-£®«®¬®àä­®© äã­ªæ¨¨, ¯à¥â¥à¯¥¢ îé¥© à §àë¢ ¯¥à-
¢®£® à®¤  ­  «ãç¥ L� = f� : arg � = ��=2, j�j > 0g, á®åà ­¨¬ áâ à®¥ ®¡®§­ ç¥­¨¥ V (�) = fV2(�),
0 < arg � < ��=2; V1(�), ��=2 < arg � < �g. �¢¨¤ã ¢¥é¥áâ¢¥­­®áâ¨ ª®íää¨æ¨¥­â®¢ ¯¥à¢®£®
£à ­¨ç­®£® ãá«®¢¨ï (17) ¯à¨¤¥¬ ª ªà ¥¢®© § ¤ ç¥

V1(�) = AV2(�)�BV2(�); � 2 L�;
ImV (�) = 0; � 2 R n f0g;

(19)

á ¤®¯®«­¨â¥«ì­ë¬¨ ãá«®¢¨ï¬¨ (18), ªà®¬¥ ª®â®àëå ¤®«¦­ë ¥é¥ ¢ë¯®«­ïâìáï á«¥¤ãîé¨¥ ¤¢ :

jV (�)j = o(j�j�2); j�j � 1; V (1=�) � �V (�): (20)

� áá¬®âà¨¬ ä¨ªá¨à®¢ ­­ãî ¢ ¯«®áª®áâ¨ � á à §à¥§®¬ ¯® «ãçã L� âã ¢¥â¢ì äã­ªæ¨¨ !(�) =
�
 á ¤¥©áâ¢¨â¥«ì­ë¬ ¯®ª § â¥«¥¬ 
, ª®â®à ï ¢¥é¥áâ¢¥­­  (¯®«®¦¨â¥«ì­ ) ­  ¯®«®¦¨â¥«ì­®©
¯®«ã®á¨. �«ï ¢ë¡à ­­®© ¢¥â¢¨ á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢® !(1=�) � 1=!(�) ¨ ¯®íâ®¬ã, ª ª «¥£ª®
¢¨¤¥âì, äã­ªæ¨ï

V (�) =

(
V1(�) = c11(ei �
�
 � e�i�
��
); �(�=2 � 2) � arg � � ��;
V2(�) = c12(�
 � ��
); 0 � arg � � ��=2;

(21)

ã¤®¢«¥â¢®àï¥â ¯à¨ ¯à®¨§¢®«ì­ëå ¢¥é¥áâ¢¥­­ëå c11, c12 ¨ 0 < 
 < 2 ¢á¥¬ ãá«®¢¨ï¬ (18){(20), § 
¨áª«îç¥­¨¥¬ ¯¥à¢®£® £à ­¨ç­®£® ãá«®¢¨ï (19). �®¤áâ ¢«ïï ¢ ¯®á«¥¤­¥¥ äã­ªæ¨î (21), á ãç¥â®¬
¯à¥¤¥«ì­ëå ­  L� à ¢¥­áâ¢

!+(�) = r
ei�
(�=2�2) ¯à¨ � ! � ¨§ S�1 ;

!�(�) = r
ei�
�=2 ¯à¨ � ! � ¨§ S�2 ;

¯®«ãç¨¬, ¯à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ r�
, ®â­®á¨â¥«ì­® ­¥®¯à¥¤¥«¥­­ëå ª®­áâ ­â 
, c11,
c12 á¨áâ¥¬ã ¢¨¤ 

c11 cos[�
(1 � �=2)] � c12(A�B) cos(�
�=2) = 0;

c11 sin[�
(1 � �=2)] + c12(A+B) sin(�
�=2) = 0:
(22)

�¨­¥©­ ï ®¤­®à®¤­ ï ®â­®á¨â¥«ì­® c11, c12 á¨áâ¥¬  (22) ¨¬¥¥â ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥, ¥á«¨
â®«ìª® ¥¥ ®¯à¥¤¥«¨â¥«ì à ¢¥­ ­ã«î. � ª¨¬ ®¡à §®¬, ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ®â­®á¨â¥«ì­® 

ãà ¢­¥­¨î:

(A�B) sin[�
(1 � �=2)] cos
�
�

2
+ (A+B) cos[�
(1� �=2)] sin

�
�

2
= 0:
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�®«ãç¥­­®¥ ãà ¢­¥­¨¥ «¥£ª® ¯à¥®¡à §ã¥âáï ª íª¢¨¢ «¥­â­®© ä®à¬¥

sin(�
)��sin[�
(1 � �)] = 0; (23)

£¤¥ � = B=A. � á ¨­â¥à¥áãîâ à¥è¥­¨ï ãà ¢­¥­¨ï (23) ­  ¨­â¥à¢ «¥ (0; 2), ¯à¨ íâ®¬ ­ ¤® ãç¨-
âë¢ âì, çâ® ¯ à ¬¥âà � ¯à¨­¨¬ ¥â §­ ç¥­¨ï ¨§ ¨­â¥à¢ «  (0; 1),   j�j < 1, ¯®áª®«ìªã A > jBj.

�à¥¦¤¥ ç¥¬ ¨áá«¥¤®¢ âì ãà ¢­¥­¨¥ (23), á«¥¤ã¥â áª § âì, çâ® ¯®áâà®¥­¨¥ äã­ªæ¨¨ vI(z),
ã¤®¢«¥â¢®àïîé¥© ¢â®à®¬ã ãá«®¢¨î (13), ¯à¨¢®¤¨â ª ¯à¥¤áâ ¢«¥­¨î

V (�) =

(
V1(�) = i c21(ei�
�
 � e�i �
��
); �(�=2 � 2) < arg � < ��;
V2(�) = i c22(�
 � ��
); 0 < arg � < ��=2;

(24)

¢¬¥áâ® (21); ª á¨áâ¥¬¥

c21 cos[�
(1 � �=2)] � c22(A+B) cos(�
�=2) = 0;

c21 sin[�
(1 � �=2)] + c22(A�B) sin(�
�=2) = 0
(25)

¢¬¥áâ® (22); ¨ á®®â¢¥âáâ¢¥­­® ª ãà ¢­¥­¨î

sin(�
) + �sin[�
(1 � �)] = 0; (26)

ª®â®à®¥ ®â«¨ç ¥âáï ®â ãà ¢­¥­¨ï (23) «¨èì §­ ª®¬ ¯¥à¥¤ ¢â®àë¬ á« £ ¥¬ë¬.
�¥á«®¦­® ¯®ª § âì (¤®áâ â®ç­® «¨èì ¯®áâà®¨âì á®®â¢¥âáâ¢ãîé¨¥ £à ä¨ª¨), çâ® ¯ à  âà ­á-

æ¥­¤¥­â­ëå ãà ¢­¥­¨© (23), (26) ¢® ¢á¥å ­¥¯à¥¤¥«ì­ëå (� 6= �1) ¨ ­¥¢ëà®¦¤¥­­®¬ (� 6= 0)
á«ãç ïå ¢á¥£¤  ¨¬¥¥â à®¢­® âà¨ à¥è¥­¨ï ­  ¨­â¥à¢ «¥ 
 2 (0; 2) ¯à¨ � 2 (0; 1) ¨ � 6= 1=2.
�¬¥­­®, ¥á«¨ 0 < � < 1=2, â® ¯à¨ � > 0 ãà ¢­¥­¨¥ (23) ¨¬¥¥â ¤¢  ª®à­ï 
1, 
2 (1=2 < 
1 < 1,
3=2 < 
2 < 2),   ãà ¢­¥­¨¥ (26) | ®¤¨­ ª®à¥­ì 
3 (1 < 
3 < 3=2), ¯à¨ � < 0 ¨¬¥¥â ¬¥áâ® ®¡à â­ ï
á¨âã æ¨ï; ¥á«¨ 1=2 < � < 1, â® ¯à¨ � > 0 ãà ¢­¥­¨¥ (23) ¨¬¥¥â ®¤¨­ ª®à¥­ì (1=2 < 
1 < 1),  
ãà ¢­¥­¨¥ (2) | ¤¢  ª®à­ï (1 < 
2 < 3=2, 3=2 < 
3 < 2), ¨ ­ ®¡®à®â ¯à¨ � < 0.

� á«ãç ¥ � = 1=2 ãà ¢­¥­¨ï (23), (26) à §à¥è¨¬ë ¢ ï¢­®¬ ¢¨¤¥ ¨ ¨¬¥îâ ­  ¨­â¥à¥áãîé¥¬
­ á ¨­â¥à¢ «¥ ¯® ®¤­®¬ã ª®à­î á®®â¢¥âáâ¢¥­­®


1 =
2
�
arccos

�
2
; 
2 = 2� 
1: (27)

� ¯à¥¤¥«ì­ëå á«ãç ïå (� = �1) á¨âã æ¨ï á à §à¥è¨¬®áâìî ãà ¢­¥­¨© (23), (26) á®åà ­ï¥â-
áï, §  ¨áª«îç¥­¨¥¬ á«ãç ï � = 2=3, ª®£¤  ã ãà ¢­¥­¨ï (23) ¯à¨ � = �1,   §­ ç¨â, ã ãà ¢­¥­¨ï
(26) ¯à¨ � = 1 ¨¬¥¥âáï «¨èì ®¤¨­ ª®à¥­ì 
 = 1;5. �¥£ª® ã¡¥¤¨âìáï, çâ® ¢ íâ®¬ á¬ëá«¥ §­ ç¥-
­¨¥ � = 2=3 ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ ¨áª«îç¥­¨¥¬. � á ¬®¬ ¤¥«¥, ¥á«¨ � = 1, â® ¨áá«¥¤ã¥¬ë¥
ãà ¢­¥­¨ï á¢®¤ïâáï á®®â¢¥âáâ¢¥­­® ª á«¥¤ãîé¨¬:

cos[�
(1 � �=2)] sin(�
�=2) = 0; sin[�
(1 � �=2)] cos(�
�=2) = 0;

(­ ®¡®à®â ¯à¨ � = �1). �¥à¢®¥ ¨§ ¢ë¯¨á ­­ëå ãà ¢­¥­¨© ¨¬¥¥â ­  ¨­â¥à¢ «¥ (0; 2) ª®à¥­ì
1=(2� �) < 1 ¯à¨ «î¡®¬ ¤®¯ãáâ¨¬®¬ §­ ç¥­¨¨ �, ¥á«¨ ¦¥ � < 1=2, â® ¥£® ¢â®àë¬ ª®à­¥¬ ¡ã¤¥â
3=(2 � �) < 2. �¥«¨ç¨­ë 2=(2 � �) < 2 ¯à¨ «î¡®¬ 0 < � < 1 ¨ 1=� ¯à¨ � > 1=2 ï¢«ïîâáï
à §«¨ç­ë¬¨ à¥è¥­¨ï¬¨ ¢â®à®£® ãà ¢­¥­¨ï, ¥á«¨ � 6= 2=3.

�â¬¥â¨¬, çâ® ¢ ®¡é¥¬ á«ãç ¥, ª®£¤  ç¨á«® 1 � � = p=q à æ¨®­ «ì­®¥ ¨ p=q | ¯à ¢¨«ì­ ï
¤à®¡ì, ¨­â¥à¥áãîé¨¥ ­ á ãà ¢­¥­¨ï ¯à¨¢®¤ïâáï ®â­®á¨â¥«ì­® x = cos(�
=q) ª  «£¥¡à ¨ç¥áª¨¬
ãà ¢­¥­¨ï¬ ¢¨¤ 

[(q�1)=2]X
k=0

(�1)k
 
q � 2k � 1

k

!
(2x)q�2k�1 = ��

[(p�1)=2]X
k=0

(�1)k
 
p� 2k � 1

k

!
(2x)p�2k�1;
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§¤¥áì ª¢ ¤à â­ë¥ áª®¡ª¨ ®§­ ç îâ æ¥«ãî ç áâì ç¨á« . �âáî¤  ª®à­¨ ãà ¢­¥­¨© (23), (26) ®¯à¥-
¤¥«ïîâáï â®ç­® ¯® ä®à¬ã« ¬,  ­ «®£¨ç­ë¬ (27). � á«¥¤ãîé¨å ç¥âëà¥å ­ ¨¡®«¥¥ ¯à®áâëå á«ã-
ç ïå ®­¨ ¨¬¥îâ ¢¨¤


1;2 =
5
�
arcsin

s
5���p5 + 2� +�2

8
; 
3 = 
1(��) (� = 2=5);


1;3 =
5
�
arcsin

s
5�p5 + 4�

8
; 
2 = 
1(��) (� = 4=5);


1;2 =
3
�
arccos

��p4 +�2

4
; 
3 = 3� 
2 (� = 1=3);


1;2 =
3
�
arccos

p
1��
2

; 
3 = 3� 
2 (� = 2=3):

�«ï � = 1=4 ¨ � = 3=4 ¨áª®¬ë¥ §­ ç¥­¨ï 
 ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬ 
p = 4��1 arccos xp,
£¤¥ xp | á®®â¢¥âáâ¢ãîé¨¥ ª®à­¨ ¡¨ªã¡¨ç¥áª¨å ãà ¢­¥­¨©

16x2(2x2 � 1)2 = �2(4x2 � 1)2; 16x2(2x2 � 1)2 = �2:

� à¥è¥­¨î ¡¨ªã¡¨ç¥áª¨å ¦¥ ãà ¢­¥­¨© á¢®¤ïâáï á«ãç ¨ � = 2=7, 4=7, 6=7. �«ï ¤àã£¨å §­ ç¥­¨©
� ¯®«ãç îâáï ãà ¢­¥­¨ï ¡®«¥¥ ¢ëá®ª¨å ¯®àï¤ª®¢.

�¥è ï á¨áâ¥¬ã (22) á ãç¥â®¬ á®®â­®è¥­¨ï (23) ¨ ¯à¥¤è¥áâ¢ãîé¥£® ¥¬ã, ­ ©¤¥¬

c11 = c1; c12 = c1
sign cos �
p

A2 +B2 � 2AB cos(�
�)
= c1�1(
): (28)

�¥è¥­¨¥ á¨áâ¥¬ë (25) ¬®¦¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥

c21 = c2; c22 = c2
sign cos �
p

A2 +B2 + 2AB cos(�
�)
= c2�2(
); (29)

§¤¥áì c2 ¨ ¢ëè¥ c1 | ¯à®¨§¢®«ì­ë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ª®­áâ ­âë.
�â®£ ¯à®¢¥¤¥­­ë¬ ¨áá«¥¤®¢ ­¨ï¬ ¯®¤¢®¤¨â

�¥®à¥¬  2. � ­¥¢ëà®¦¤¥­­®¬ ¨ ¢® ¢á¥å ­¥¯à¥¤¥«ì­ëå á«ãç ïå � = B=A 6= 0;�1 § ¤ ç 

(5) ¤«ï ®¤­®£® £¨¯¥à¡®«¨ç¥áª®£® ¢ª«îç¥­¨ï (8) ¯à¨ � = 2��1 arg(a + i b) 2 (0; 1=2), � > 0 ¨

� 2 (1=2; 1), � < 0 ¨¬¥¥â à¥è¥­¨¥ ¢¨¤ 

v1(z) = c1�1(z; 
1) + c2�1(z; 
2) + i c3�1(z; 
3);

v2(z) = c1�1(
1)�2(z; 
1) + c2�1(
2)�2(z; 
2) + i c3�2(
3)�2(z; 
3);
(30)

£¤¥ 
1, 
2 | ª®à­¨ ãà ¢­¥­¨ï (23),   
3 | ª®à¥­ì ãà ¢­¥­¨ï (26); ®¤­®§­ ç­ë¥ ¢¥â¢¨ äã­ªæ¨©

�1(z; 
) =
e�i�
(z +

p
z2 � c2)
 � ei�
(z �pz2 � c2)
p

z2 � c2
;

�2(z; 
) =
(z +

p
z2 � c2)
 � (z �pz2 � c2)
p

z2 � c2

(31)

ä¨ªá¨à®¢ ­ë ¢ á®®â¢¥âáâ¢ãîé¨å ®¡« áâïå S1, S2 ¨ ¯à¨­¨¬ îâ ¢¥é¥áâ¢¥­­ë¥ §­ ç¥­¨ï ­ 

¤¥©áâ¢¨â¥«ì­®© ®á¨; ª®­áâ ­âë �1, �2 ®¯à¥¤¥«ïîâáï á®®â­®è¥­¨ï¬¨ (28), (29); ­ ª®­¥æ, c1,
c2, c3 | ¯à®¨§¢®«ì­ë¥ ¢¥é¥áâ¢¥­­ë¥ ¯ à ¬¥âàë.

�à¨ � 2 (0; 1=2), � < 0 ¨ � 2 (1=2; 1), � > 0 à¥è¥­¨¥¬ § ¤ ç¨ (5) ¡ã¤¥â

v1(z) = c1�1(z; 
1) + i c2�1(z; 
2) + i c3�1(z; 
3);

v2(z) = c1�1(
1)�2(z; 
1) + i c2�2(
2)�2(z; 
2) + i c3�2(
3)�2(z; 
3);
(32)

£¤¥ 
1 | ª®à¥­ì ãà ¢­¥­¨ï (23),   
2, 
3 | ª®à­¨ ãà ¢­¥­¨ï (26).
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�á«¨ � = 1=2, â® ®¡é¥¥ à¥è¥­¨¥ § ¤ ç¨ (5) ®¯à¥¤¥«ï¥âáï ¯® ä®à¬ã« ¬

v1(z) = c1�1(z; 
) + i c2�1(z; 2� 
);

v2(z) = �A�1 (c1�2(z; 
) + i c2�2(z; 2 � 
)) ;
(33)

£¤¥ 
 = 
1 ¤ ¥âáï á®®â­®è¥­¨¥¬ (27).

�â¢¥à¦¤¥­¨ï â¥®à¥¬ë ¢ëâ¥ª îâ ¨§ ¯à¥¤áâ ¢«¥­¨© (24), (21), (16), (15) ¨ (14). �à¨ � = 1=2
­  ®á­®¢ ­¨¨ (27){(29) «¥£ª® ¯®«ãç¨âì �1(
) = �2(2 � 
) = �A�1 ¨ â¥¬ á ¬ë¬ ã¡¥¤¨âìáï ¢
á¯à ¢¥¤«¨¢®áâ¨ ¯à¥¤áâ ¢«¥­¨ï (33). � ª®­¥æ, ¯®¢â®àïï ¯®çâ¨ ¤®á«®¢­® ¢ëª« ¤ª¨ à ¡®âë [10],
­¥âàã¤­® ¤®ª § âì, ãç¨âë¢ ï ¢â®à®¥ ãá«®¢¨¥ (20), ®¡é­®áâì à¥è¥­¨ï (33).

� ¬¥ç ­¨¥ 1. � ç áâ­®¬ á«ãç ¥ ¢¥é¥áâ¢¥­­ëå ª®íää¨æ¨¥­â®¢ A = A12, B = B12, ®¯à¥¤¥-
«ï¥¬ëå ä®à¬ã« ¬¨ (7), ¨ á®®â¢¥âáâ¢¥­­® � = �12 = B12=A12, §­ ç¥­¨ï ª®íää¨æ¨¥­â®¢ �1;2(
)
¢ ¯à¥¤áâ ¢«¥­¨ïå (30), (32) ¬®¦­® ­¥áª®«ìª® ãâ®ç­¨âì ¨ ¢¬¥áâ® (28), (29) ¢§ïâì ¨å ¢ á«¥¤ãîé¥©
ä®à¬¥:

�1 =
sign cos�
q

sin2(�
�=2) + �2 cos2(�
�=2)
;

�2 =
sign cos�
q

�2 sin2(�
�=2) + cos2(�
�=2)
;

£¤¥ � = �2=�1.

� ¬¥ç ­¨¥ 2. �«ï ¯à®¨§¢®«ì­ëå ª®¬¯«¥ªá­ëå ª®íää¨æ¨¥­â®¢ A, B, ã¤®¢«¥â¢®àïîé¨å
«¨èì ãá«®¢¨î jAj > jBj, ¢ ç áâ­®áâ¨, ¤«ï ª®íää¨æ¨¥­â®¢ A = A12, B = B12 ¢¨¤  (6), á®®â-
¢¥âáâ¢ãîé¥¥ à¥è¥­¨¥ § ¤ ç¨ (5) ­  ®á­®¢ ­¨¨ â¥®à¥¬ë 1 ¬®¦¥â ¡ëâì ¢ë¯¨á ­® ¯® ä®à¬ã« ¬
â¥®à¥¬ë 2.

� ¬¥ç ­¨¥ 3. � â¥®à¥¬¥ 2 ­¥ ãâ¢¥à¦¤ ¥âáï, çâ® ¯®áâà®¥­­ë¥ à¥è¥­¨ï (30), (32) ï¢«ïîâ-
áï ®¡é¨¬¨ à¥è¥­¨ï¬¨ à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ¢ á®®â¢¥âáâ¢ãîé¨å á«ãç ïå. �«¥¤®¢ â¥«ì­®,
­¥«ì§ï ãâ¢¥à¦¤ âì, çâ® ®¡é¨¬¨ ¡ã¤ãâ à¥è¥­¨ï § ¤ ç¨ (5) ¢ á«ãç ïå, ® ª®â®àëå ¨¤¥â à¥çì ¢
§ ¬¥ç ­¨ïå 1, 2. �¬¥áâ¥ á â¥¬ ¢®§­¨ª ¥â ¥áâ¥áâ¢¥­­ë© ¢®¯à®á ® ­ «®¦¥­¨¨ ­  ¨áª®¬®¥ à¥è¥­¨¥
­¥ª®â®àëå ¤®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥­¨©, ª®â®àë¥ ¯®§¢®«ï«¨ ¡ë ¢ë¤¥«¨âì ¨§ ­ ©¤¥­­®£® á¥¬¥©-
áâ¢  à¥è¥­¨©, ¢ ®¡é¥¬ á«ãç ¥ âà¥å¯ à ¬¥âà¨ç¥áª®£®, ®¤­® ¥¤¨­áâ¢¥­­®¥. �¤­ ª®, ¯®áª®«ìªã ¢®-
¯à®á ® áâ¥¯¥­¨ ®¡é­®áâ¨ ­ ©¤¥­­®£® à¥è¥­¨ï ®áâ ¥âáï ®âªàëâë¬, ¬ë ­¥ ¡ã¤¥¬ §¤¥áì § ­¨¬ âìáï
¨ ¢ëïá­¥­¨¥¬ å à ªâ¥à  â ª¨å ®£à ­¨ç¥­¨©.

�ç¥­ì ¡«¨§ª® ª à áá¬®âà¥­­®© ¯à¨¬ëª ¥â

� ¤ ç  ® ª«¨­¥. �ãáâì 0 < � < 1. �®¤ ª«¨­®¬ ¡ã¤¥¬ ¯®­¨¬ âì ¡¥áª®­¥ç­ë© ã£®« S2 =
fz : 0 � j arg zj < ��=2g, ç¥à¥§ S1 ®¡®§­ ç¨¬ ¤®¯®«­¥­¨¥ § ¬ëª ­¨ï ª«¨­  ¤® ¯®«­®© ¯«®áª®áâ¨
(à¨á. 3).

� ª¨¬ ®¡à §®¬, ¢ ¤ ­­®¬ á«ãç ¥ £à ­¨æ  á®¯àï¦¥­¨ï à §­®à®¤­ëå ä § (L=L+[L�) ¯à¥¤áâ -
¢«ï¥â ¨§ á¥¡ï ¯à ¢ãî ¯®«®¢¨­ã ¯ àë ¯àï¬ëå, § ¤ ¢ ¥¬ëå ãà ¢­¥­¨¥¬ x2=a2 � y2=b2 = 0. �¨¦¥
¤«ï ª«¨­  â ª ¦¥, ª ª ¨ ¤«ï £¨¯¥à¡®«¨ç¥áª®£® ¢ª«îç¥­¨ï, ¡ã¤¥â ¯®áâà®¥­® (­¥ ¯à¥â¥­¤ãîé¥¥
­  ®¡é­®áâì) ­¥ª®â®à®¥ á¥¬¥©áâ¢® à¥è¥­¨© § ¤ ç¨ (5) ¢ ª« áá¥ äã­ªæ¨© v(z), ã¤®¢«¥â¢®àïîé¨å
­  ¡¥áª®­¥ç­®áâ¨ ãá«®¢¨î (14) ¢¬¥áâ¥ á äã­ªæ¨¥© v(1=z), â. ¥. á ¨­â¥£à¨àã¥¬®© ®á®¡¥­­®áâìî ¢
­ã«¥.
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�¨á. 3. �«¨­ | ¡¥áª®­¥ç­ë© ã£®« à áâ¢®à  �� < �

�à ­¨ç­®¥ ãá«®¢¨¥ (5) ¢ë£«ï¤¨â ¢ ¤ ­­®¬ á«ãç ¥ ®á®¡¥­­® ¯à®áâ®

v1(t) = Av2(t)�Be���v2(t); t 2 L�; (34)

¨«¨ ¢ íª¢¨¢ «¥­â­®© ä®à¬¥

tv1(t) = Atv2(t)�Btv2(t); t 2 L:
�á­®, çâ® ¤«ï ª«¨­ , ª ª ¨ ¤«ï «î¡®© ¤àã£®© áâàãªâãàë, á¨¬¬¥âà¨ç­®© ®â­®á¨â¥«ì­® ¢¥é¥-
áâ¢¥­­®© ®á¨, ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥­¨¥ (12), ¨, á«¥¤®¢ â¥«ì­®, ¤®áâ â®ç­® ¯®áâà®¨âì à¥è¥­¨¥
¢ ¯®«ã¯«®áª®áâ¨ C + .

�¢¥¤¥¬ ­®¢ãî ­¥¨§¢¥áâ­ãî äã­ªæ¨î

V (z) = zvR(z): (35)

� á¨«ã (34), ¯¥à¢®£® ãá«®¢¨ï (13) ¨ ®£à ­¨ç¥­¨©, ­ «®¦¥­­ëå ­  ¯®¢¥¤¥­¨¥ ¨áª®¬®© äã­ªæ¨¨
¢ ­ ç «¥ ª®®à¤¨­ â ¨ ­  ¡¥áª®­¥ç­®áâ¨, ®â­®á¨â¥«ì­® äã­ªæ¨¨ (35) ¯à¨¤¥¬ ª § ¤ ç¥ (19) á
¤®¯®«­¨â¥«ì­ë¬¨ ãá«®¢¨ï¬¨

jV (�)j = o(j�j2); ¯à¨ j�j � 1; V (0) = 0:

�á«¨ à¥è¥­¨¥ ¯®«ãç¥­­®© § ¤ ç¨ ¨áª âì ¢ ¢¨¤¥ (áà. á (21))

V (�) =

(
V1(�) = c11ei �
�
; ��=2 < arg � < �;

V2(�) = c12�

; 0 < arg � < ��=2;

á ¢¥é¥áâ¢¥­­ë¬ ¯®ª § â¥«¥¬ 
 2 (0; 2), â® ¢á¥ ¤ «ì­¥©è¨¥ ¯®áâà®¥­¨ï ¯®«­®áâìî ¯®¢â®àïâ
¯à®¢¥¤¥­­ë¥ ¢ ¯à¥¤ë¤ãé¥¬ ¯ã­ªâ¥. �â® ¯®§¢®«ï¥â áà §ã áä®à¬ã«¨à®¢ âì ®ª®­ç â¥«ì­ë© à¥-
§ã«ìâ â.

�¥®à¥¬  3. � ­¥¢ëà®¦¤¥­­®¬ ¨ ¢® ¢á¥å ­¥¯à¥¤¥«ì­ëå á«ãç ïå § ¤ ç  (34) ¤«ï ª«¨­ , £à -

­¨æ  ª®â®à®£® ®¯à¥¤¥«¥­  ãá«®¢¨ï¬¨ x2=a2 � y2=b2 = 0, x > 0, ¨¬¥¥â ¯à¨ � = 2��1 arg(a+ i b) 2
(0; 1=2), � > 0 ¨ � 2 (1=2; 1), � < 0 à¥è¥­¨¥ ¢¨¤ 

v1(z) = c1(�z)
1�1 + c2(�z)
2�1 + i c3(�z)
3�1;
v2(z) = c1�1(
1)z
1�1 + c2�1(
2)z
2�1 + i c3�2(
3)z
3�1;

£¤¥ 
1, 
2 | ª®à­¨ ãà ¢­¥­¨ï (23),   
3 | ª®à¥­ì ãà ¢­¥­¨ï (26); ®¤­®§­ ç­ë¥ ¢¥â¢¨ äã­ªæ¨©

(�z)
 ¨ z
 ä¨ªá¨à®¢ ­ë ¢ ®¡« áâïå S1, S2 á®®â¢¥âáâ¢¥­­® ãá«®¢¨¥¬ ¢¥é¥áâ¢¥­­®áâ¨ ­  ®â-

à¨æ â¥«ì­®© ¨ ¯®«®¦¨â¥«ì­®© ç áâïå ¤¥©áâ¢¨â¥«ì­®© ®á¨; ª®­áâ ­âë �1, �2 ®¯à¥¤¥«ïîâáï

á®®â­®è¥­¨ï¬¨ (28), (29); ­ ª®­¥æ, c1, c2, c3 | ¯à®¨§¢®«ì­ë¥ ¢¥é¥áâ¢¥­­ë¥ ¯ à ¬¥âàë.

�à¨ � 2 (0; 1=2), � < 0 ¨ � 2 (1=2; 1), � > 0 à¥è¥­¨¥¬ § ¤ ç¨ (34) ¡ã¤¥â

v1(z) = c1(�z)
1�1 + i c2(�z)
2�1 + i c3(�z)
3�1;
v2(z) = c1�1(
1)z


1�1 + i c2�1(
2)z

2�1 + i c3�2(
3)z


3�1;
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£¤¥ 
1 | ª®à¥­ì ãà ¢­¥­¨ï (23),   
2, 
3 | ª®à­¨ ãà ¢­¥­¨ï (26).
�á«¨ � = 1=2, â® ®¡é¥¥ à¥è¥­¨¥ § ¤ ç¨ ® ¯àï¬®ã£®«ì­®¬ ª«¨­¥ ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨-

ï¬¨

v1(z) = c1(�z)
�1 + i c2(�z)1�
 ;
v2(z) = �A�1

12 (c1z

�1 + i c2z

1�
);

£¤¥ 
 = 
1 ¤ ¥âáï ä®à¬ã«®© (27).

� ª ¨ ¤«ï £¨¯¥à¡®«¨ç¥áª®£® ¢ª«îç¥­¨ï, §¤¥áì ¬®¦­® ¡ë«® ¡ë ¢ë¯¨á âì à¥è¥­¨¥ § ¤ ç¨ ®
ª«¨­¥ ¢ á«ãç ïå ¢¥é¥áâ¢¥­­ëå ¨ ª®¬¯«¥ªá­ëå ª®íää¨æ¨¥­â®¢ ¢¨¤  (7) ¨ (6) á®®â¢¥âáâ¢¥­­®.
�¤­ ª® ¬ë ­  íâ®¬ ­¥ ®áâ ­ ¢«¨¢ ¥¬áï â®ç­® â ª ¦¥, ª ª ¨ ­  ¢®¯à®á¥ ® ¢ë¤¥«¥­¨¨ ¥¤¨­áâ¢¥­-
­®£® à¥è¥­¨ï ¯®áâ ¢«¥­­®© § ¤ ç¨.

�¨â¥à âãà 

1. Obdam A.N.V., Veiling E.J.M. Elliptical inhomogeneities in groundwater 
ow | an analytical

description // J. Hydrology. { 1987. { V. 95. { P. 87{96.
2. Ungureanu E. Sur le mouvement des 
uides dans les milieux poreux non homog�enes // C.R. Acad.

Sci. { 1969. { V.A268. { ò3. { P. 181{183.
3. �¬¥æ �.�. �«¥ªâà¨ç¥áª¨¥ å à ªâ¥à¨áâ¨ª¨ ª®¬¯®§¨æ¨®­­ëå ¬ â¥à¨ «®¢ á à¥£ã«ïà­®©

áâàãªâãà®©. { �¨¥¢: � ãª. ¤ã¬ª , 1986. { 190 á.
4. �®«ã¡¥¢  �.�., �¯¨«¥¢®© �.�. � ¯«®áª®© ä¨«ìâà æ¨¨ ¢ áà¥¤ å á ¯à¥àë¢­® ¨§¬¥­ïîé¥©áï

¯à®­¨æ ¥¬®áâìî ¢¤®«ì ªà¨¢ëå ¢â®à®£® ¯®àï¤ª  // �§¢. �� ����. �¥å ­¨ª  ¦¨¤ª®áâ¨ ¨
£ § . { 1967. { ò2. { �. 174{179.

5. �®áâ¨æë­  �.�. � ¢®¯à®áã ® ¤¢¨¦¥­¨¨ ä¨«ìâà æ¨®­­®£® ¯®â®ª  ¢ ªãá®ç­®-®¤­®à®¤­®© áà¥-

¤¥ // �ç¥­. § ¯. �®áª®¢áª. ®¡«. ¯¥¤. ¨­-â . { 1966. { �. 164. { �ë¯. 6. { C. 67{82.
6. �¨¡à¨ª®¢  �.�., � «¥å®¢ �.�. �à¨¬¥­¥­¨¥ ¬¥â®¤  á¨¬¬¥âà¨¨ ¯à¨ à¥è¥­¨¨ ®¤­®© § ¤ ç¨

«¨­¥©­®£® á®¯àï¦¥­¨ï // �§¢. ¢ã§®¢. � â¥¬ â¨ª . { 1968. { ò 9. { C. 94{105.
7. � ¬¡¨­ �.�. �¥è¥­¨¥ ­¥ª®â®àëå ªà ¥¢ëå § ¤ ç ¯® ¬¥â®¤ã á¨¬¬¥âà¨¨ // ���. { 1950. {

�. 14. { �ë¯. 6. { �. 611{618.
8. �®«ã¡ à¨­®¢ -�®ç¨­  �.�. �¥®à¨ï ¤¢¨¦¥­¨ï £àã­â®¢ëå ¢®¤. { 2-¥ ¨§¤. { �.: � ãª , 1977.

{ 664 á.
9. Kacimov A.R., Obnosov Yu.V. Steady water 
ow around parabolic cavities and parabolic inclusions

in unsaturated and saturated soils // J. Hydrology. { 2000. { V. 238. { P. 64-76.
10. �¡­®á®¢ �.�. �¥è¥­¨¥ § ¤ ç¨ R-«¨­¥©­®£® á®¯àï¦¥­¨ï â¥®à¨¨ ª®¬¯®§¨â®¢ ¤«ï ®¤­®©

âà¥åª®¬¯®­¥­â­®© áà¥¤ë // �§¢. ¢ã§®¢. � â¥¬ â¨ª . { 1996. { ò5. { �. 63-72.

� § ­áª¨© £®áã¤ àáâ¢¥­­ë© �®áâã¯¨« 

ã­¨¢¥àá¨â¥â 06.08.2002

62


