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�¢¥¤¥¨¥. �à¥®¡à §®¢ ¨¥ �®ªáâ¥à  | íâ® áã¯¥à¯®§¨æ¨ï ¯á¥¢¤®®âà ¦¥¨© ®â®á¨â¥«ì®
 ¡®à  £¨¯¥à¯«®áª®áâ¥©. � ë¥ ® á¨áâ¥¬¥ ¯á¥¢¤®®âà ¦¥¨© á®áâ ¢«ïîâ ¬ âà¨æã, ª®â®à®© á®-
®â¢¥âáâ¢ã¥â ( áá®æ¨¨à®¢ ®¥ á ¥©) ¯à¥®¡à §®¢ ¨¥ �®ªáâ¥à . � âà¨æ¥ ¤ ëå ¬®¦® á®¯®-
áâ ¢¨âì £¥®¬¥âà¨ç¥áª¨© ®¡ê¥ªâ | ®á¨â¥«ì, á®áâ®ïé¨© ¨§ \â®ç¥ª" ¨ \¬ àª¨à®¢ ëå á¢ï§¥©"
(¯®á«¥¤¨¥ á¨¬¢®«¨§¨àãîâ ¥ã«¥¢ë¥ í«¥¬¥âë ¬ âà¨æë); £à äë �®ªáâ¥à  ¨ áå¥¬ë �ëª¨ 
([1], £«. V; [2]; [3], £«. I) ï¢«ïîâáï ç áâë¬¨ á«ãç ï¬¨ â ª®© ª®áâàãªæ¨¨.

� [4] ¬ âà¨æ¥ ¤ ëå á®¯®áâ ¢«¥ ª¢ §¨ª®«ç , çâ® ¤ «® ¢®§¬®¦®áâì ãá¨«¨âì ®¤® ãâ¢¥à-
¦¤¥¨¥ ¨§ ([1], á. 175), £¤¥ ®á¨â¥«¥¬ ï¢«ï¥âáï £à ä-«¥á. �®¦® «¨ íâ®â à¥§ã«ìâ â ¥é¥ ãá¨«¨âì,
®á« ¡¨¢ ãá«®¢¨¥ \®á¨â¥«ì | ª¢ §¨ª®«ç "? � áâ âì¥ ¯®ª §ë¢ ¥âáï (â¥®à¥¬  2), çâ® ¥«ì§ï. �®-
«¥¥ â®£®, ª« áá ª¢ §¨ª®«ç ®¢ ï¢«ï¥âáï \ª ®¨ç¥áª¨¬": ª¢ §¨ª®«ç ë å à ªâ¥à¨§ãîâáï ¯à¨
¯®¬®é¨ ¯à¥®¡à §®¢ ¨© �®ªáâ¥à .

1. �à¥®¡à §®¢ ¨¥ �®ªáâ¥à  ¨ ª®«ç ë. �ãáâì A | ª®¬¯«¥ªá ï n� n-¬ âà¨æ . �á«¨
U = U(i; j) | ¥ª®â®à®¥ ãá«®¢¨¥,  «®¦¥®¥   i ¨ j, â® ç¥à¥§ A(U) ®¡®§ ç¨¬ ¬ âà¨æã, ¯®«ã-
ç îéãîáï ¨§ A, ¥á«¨ ¢ ¥© ®áâ ¢¨âì ¢á¥ í«¥¬¥âë, ¨¤¥ªáë ª®â®àëå ã¤®¢«¥â¢®àïîâ ãá«®¢¨î
U ,   ®áâ «ìë¥ § ¬¥¨âì ã«ï¬¨. � ¯à¨¬¥à, ¥á«¨ k | ä¨ªá¨à®¢ ®¥ ç¨á«®, â® A(j=k) ¯®«ã-
ç ¥âáï ¨§ A § ã«¥¨¥¬ ¢á¥å í«¥¬¥â®¢, ªà®¬¥ â¥å, ª®â®àë¥ áâ®ïâ ¢ k-¬ áâ®«¡æ¥. �®«®¦¨¬
Rk(A) = I �A(j=k). �¡®§ ç¨¬

C(A) = R1(A)R2(A) : : : Rn(A):

�à¥®¡à §®¢ ¨¥¬ �®ªáâ¥à , á¢ï§ ë¬ á ¬ âà¨æ¥© A,  §ë¢ ¥âáï ¯à¥®¡à §®¢ ¨¥ ¯à®áâà áâ¢ 
áâà®ª x 7! xC(A).

�à¨¥â¨à®¢ ë¬ £à ä®¬  §ë¢ ¥âáï ¯ à  (I; E), £¤¥ I | ª®¥ç®¥ ¬®¦¥áâ¢® (¢¥àè¨),
E � I2. � ¤ ®© à ¡®â¥ ®á¨â¥«¥¬ OA ¬ âà¨æë A  §®¢¥¬ ®à¨¥â¨à®¢ ë© £à ä, ®¯à¥¤¥«¥-
ë© á«¥¤ãîé¨¬ ®¡à §®¬. � áá¬®âà¨¬ ¯à®¨§¢®«ì®¥ n-í«¥¬¥â®¥ ¬®¦¥áâ¢® I ¨ ¯à®¨§¢®«ìãî
¡¨¥ªæ¨î � : f1; : : : ; ng ! I, ¬®¦¥áâ¢® E á®áâ ¢¨¬ ¨§ â¥å ¨ â®«ìª® â¥å ¯ à (�(i); �(j)), ¤«ï
ª®â®àëå aij 6= 0.

�«¥¬¥â (u; v) 2 E  §ë¢ ¥âáï áâà¥«ª®© á  ç «®¬ u ¨ ª®æ®¬ v. �®âãà®¬ ¤«¨ë k 2
Z=kZ ¢ ®à¨¥â¨à®¢ ®¬ £à ä¥  §ë¢ ¥âáï ¯®á«¥¤®¢ â¥«ì®áâì fe1; : : : ; ekg à §«¨çëå áâà¥«®ª
â ª¨å, çâ® ª®¥æ ei | íâ®  ç «® ei+1, ¨ ¨ ®¤  ¢¥àè¨  ¥ ï¢«ï¥âáï ª®æ®¬ ¤¢ãå áâà¥«®ª
¨§ íâ®© ¯®á«¥¤®¢ â¥«ì®áâ¨. �®«ç  | íâ® ®à¨¥â¨à®¢ ë© £à ä, ¢ ª®â®à®¬ ¥â ª®âãà®¢.
�¢ §¨ª®«ç ®¬  §®¢¥¬ ®à¨¥â¨à®¢ ë© £à ä, ¢ ª®â®à®¬ ¥â ª®âãà®¢ ¤«¨ë � 3.

�á«®¢¨ï, ª á îé¨¥áï  «¨ç¨ï ª®âãà®¢, ®£à ¨ç¥®áâ¨ ¨å ¤«¨ ¨ â. ¯.,  §ë¢ îâáï ãá«®-
¢¨ï¬¨  æ¨ª«¨ç®áâ¨1. �  áâ®ïé¥¥ ¢à¥¬ï ¯à®£à¥áá ¢ ¨áá«¥¤®¢ ¨ïå ¯à¥®¡à §®¢ ¨© �®ªáâ¥à 
áãé¥áâ¢¥® ®¡ãá«®¢«¥  «®¦¥¨¥¬ ¥ª®â®àëå ãá«®¢¨©  æ¨ª«¨ç®áâ¨.

�¥®à¥¬  1 ([4]). �á«¨ OA ï¢«ï¥âáï ª¢ §¨ª®«ç ®¬, â®

j�2I � C(A)j = �nj�I + ��1(A(i=j) � I) +A(i6=j)j: (1)

1� á«ãç ¥ ¥®à¨¥â¨à®¢ ëå £à ä®¢ ¯®ïâ¨¥ ª®âãà  § ¬¥ï¥âáï ¯®ïâ¨¥¬ æ¨ª« .
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�  ï â¥®à¥¬  ï¢«ï¥âáï ãá¨«¥¨¥¬ ãâ¢¥à¦¤¥¨ï ([1], £«. V, x 6, ã¯à. 3). �®ª ¦¥¬, çâ® â¥-
®à¥¬  1 ¥ ¬®¦¥â ¡ëâì ¤ «¥¥ ãá¨«¥  á ¯®¬®éìî ®á« ¡«¥¨ï ãá«®¢¨ï \OA | ª¢ §¨ª®«ç ".

2. �á«®¢¨ï ã¨¢¥àá «ì®áâ¨ ¨  æ¨ª«¨ç®áâ¨. � âà¨æã A  §®¢¥¬ ã¨¢¥àá «ì®©, ¥á«¨
å à ªâ¥à¨áâ¨ç¥áª¨© ¬®£®ç«¥ ¯à®¨§¢¥¤¥¨ï ¬ âà¨æ R1(A); R2(A); : : : ; Rn(A) ¥ § ¢¨á¨â ®â ¯®-
àï¤ª  á®¬®¦¨â¥«¥©.

� [1] ¬ âà¨æ¥ A ¯®áâ ¢«¥ ¢ á®®â¢¥âáâ¢¨¥ ¥ª®â®àë© £à ä �A,   ä®à¬ã«  (1) ¤®ª §   ¯à¨
ãá«®¢¨ïå, çâ® �A ï¢«ï¥âáï «¥á®¬ ¨ aii = 2. �§ íâ¨å ãá«®¢¨©, ¢ ç áâ®áâ¨, ¢ëâ¥ª ¥â1 ã¨¢¥àá «ì-
®áâì ¬ âà¨æë A. � [5] ¨ [6] ¨áá«¥¤®¢ «áï ¢®¯à®á ®¡ ã¨¢¥àá «ì®áâ¨ á¨¬¬¥âà¨ç¥áª¨å ª®¬¯«¥ªá-
ëå ¬ âà¨æ. �ë«  â ª¦¥ ®¡ àã¦¥  á¢ï§ì ãá«®¢¨ï ã¨¢¥àá «ì®áâ¨ á ¥ª®â®àë¬ ãá«®¢¨¥¬
 æ¨ª«¨ç®áâ¨. �«¥¤ãîé ï â¥®à¥¬  ãáâ  ¢«¨¢ ¥â á¢ï§ì ãá«®¢¨ï \®á¨â¥«ì | ª¢ §¨ª®«ç " á
ãá«®¢¨¥¬ ã¨¢¥àá «ì®áâ¨ ¬ âà¨æ, ¨¬¥îé¨å ä¨ªá¨à®¢ ë© ®á¨â¥«ì. � ¦ë¬ ï¢«ï¥âáï ¨ â®,
çâ® íâ¨ ãá«®¢¨ï á¢ï§ ë â ª¦¥ á à ¢¥áâ¢®¬ (1).

�¥®à¥¬  2. �«ï ®à¨¥â¨à®¢ ®£® n-¢¥àè¨®£® £à ä  G á«¥¤ãîé¨¥ ãá«®¢¨ï à ¢®á¨«ìë:

(i) ®à¨¥â¨à®¢ ë© £à ä G ï¢«ï¥âáï ª¢ §¨ª®«ç ®¬;
(ii) «î¡ ï ¬ âà¨æ  A, ¨¬¥îé ï ®á¨â¥«¥¬ G, ã¨¢¥àá «ì ;
(iii) «î¡ ï ¬ âà¨æ  A, ¨¬¥îé ï ®á¨â¥«¥¬ G, ã¤®¢«¥â¢®àï¥â à ¢¥áâ¢ã (1).

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥ (i) ) (iii) | íâ® â¥®à¥¬  1. �®ª ¦¥¬ (iii) ) (ii). �á«¨ ¯®¤-
áâ ®¢ª  � 2 Sn, â® ç¥à¥§ A � � ®¡®§ ç¨¬ ¬ âà¨æã, ¯®«ãç îéãîáï ¨§ A ¯¥à¥áâ ®¢ª®© áâà®ª,
á®®â¢¥âáâ¢ãîé¥© ¯®¤áâ ®¢ª¥ �, ¨ â ª®© ¦¥ ¯¥à¥áâ ®¢ª®© áâ®«¡æ®¢. �§ à ¢¥áâ¢  (1) ¢¨¤®,
çâ® j�I � C(A � �)j ¥ § ¢¨á¨â ®â �.

�«ï ª®¬¯«¥ªá®© n� n-¬ âà¨æë B ¨ ¯®¤áâ ®¢ª¨ � 2 Sn ¯®«®¦¨¬

C�(B) = R�(1)(B)R�(2)(B) : : : R�(n)(B):

�¨¢¥àá «ì®áâì ¬ âà¨æë B | íâ® ¥§ ¢¨á¨¬®áâì j�I � C�(B)j ®â �. �®áª®«ìªã B(j=k) � � =
(B � �)(j=�(k)), â® R�(k) = (Rk(B � ��1)) � �. �®íâ®¬ã

C�(B) = (C(B � ��1)) � �:

� ç¨â, ã¨¢¥àá «ì®áâì ¬ âà¨æë B à ¢®á¨«ì  ¥§ ¢¨á¨¬®áâ¨ j�I � C(B � �)j ®â �.
(ii) ) (i). �«ï ª®¬¯«¥ªá®£® � ¨ ¬ âà¨æë A ç¥à¥§ � �A ®¡®§ ç¨¬ ¬ âà¨æã, ¯®«ãç îéãîáï

¨§ A ¯à¨¡ ¢«¥¨¥¬ � � 1 ª ª ¦¤®¬ã ¤¨ £® «ì®¬ã í«¥¬¥âã ¨ ã¬®¦¥¨¥¬   � ª ¦¤®£®
í«¥¬¥â , áâ®ïé¥£® ¢ëè¥ £« ¢®© ¤¨ £® «¨. � ([1], £«. V, x 6, ã¯à. 3) ¤®ª § ®, çâ®

j�I � C(A)j = j� �Aj:

�¥¬¬ . �ãáâì G = (I; E)| ®à¨¥â¨à®¢ ë© £à ä ¨ ¢áïª ï ¬ âà¨æ , ¨¬¥îé ï ®á¨â¥«ì

G, ã¨¢¥àá «ì . �á«¨ ®à¨¥â¨à®¢ ë© £à ä G0 = (I 0; E0)| ¯®¤£à ä ¢ G (â. ¥. I 0 � I, E0 � E),
â® ¢áïª ï ¬ âà¨æ , ¨¬¥îé ï ®á¨â¥«ì G0, ã¨¢¥àá «ì .

�®ª § â¥«ìáâ¢®. �ãáâì ¬ âà¨æ  B0 ¨¬¥¥â ®á¨â¥«ì G0, jI 0j = n0,   �0 : f1; : : : ; n0g ! I 0 | á®-
®â¢¥âáâ¢ãîé ï ¡¨¥ªæ¨ï. � áá¬®âà¨¬ ¥ª®â®àãî ¡¨¥ªæ¨î � : f1; : : : ; ng ! I, ¯à®¤®«¦ îéãî �0.

�«ï z 6= 0 ®¯à¥¤¥«¨¬ ¬ âà¨æã B á«¥¤ãîé¨¬ ®¡à §®¬:

bij =

8>><
>>:
b0ij ; ¥á«¨ (�(i); �(j)) 2 E0;

z; ¥á«¨ (�(i); �(j)) 2 E nE0;

0; ¥á«¨ (�(i); �(j)) =2 E:

�®á¨â¥«¥¬ ¬ âà¨æë B ¡ã¤¥â G.

1�§ íâ¨å ¦¥ ãá«®¢¨© ¢ [2] ¢ë¢¥¤¥® ¡®«ìè¥¥: ¢á¥¢®§¬®¦ë¥ ¯à®¨§¢¥¤¥¨ï ¬ âà¨æR1(A); R2(A); : : : ; Rn(A)
(¢§ïâëå ª ¦¤ ï ¯® ®¤®¬ã à §ã) á®¯àï¦¥ë ¢ £àã¯¯¥, ¯®à®¦¤¥®© ¬ âà¨æ ¬¨ R1(A); R2(A); : : : ; Rn(A).
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�ãáâì �0 | ¯à®¨§¢®«ì ï ¯®¤áâ ®¢ª  ¬®¦¥áâ¢  f1; : : : ; n0g, a � | ¥ª®â®à ï ¯®¤áâ ®¢ª 
¬®¦¥áâ¢  f1; : : : ; ng, ¯à®¤®«¦ îé ï �0. � à ¢¥áâ¢¥ ¬®£®ç«¥®¢ j�� (B ��)j = j��Bj ¯¥à¥©¤¥¬
ª ¯à¥¤¥«ã ¯à¨ z ! 0. �®«ãç¨¬ à ¢¥áâ¢® ¬®£®ç«¥®¢ j��(B0 ��0)j(��1)n�n

0

= j��B0j(��1)n�n
0

,
£¤¥ ¬®¦¨â¥«ì (�� 1)n�n

0

®âáãâáâ¢ã¥â, ¥á«¨ I 0 = I.

�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ â®ç® ¯®ª § âì, çâ® ¥á«¨ k � 3, â® áãé¥áâ¢ã¥â
¥ã¨¢¥àá «ì ï ¬ âà¨æ , ¨¬¥îé ï ®á¨â¥«¥¬ ª®âãà ¤«¨ë k. � áá¬®âà¨¬ k � k-¬ âà¨æã

F =

0
BBBBBBB@

1 �1 0 0 : : : 0 0
0 1 �1 0 : : : 0 0
0 0 1 �1 : : : 0 0
: : : : : : : : : : : : : : : : : : : : : : : : : :
0 0 0 0 : : : 1 �1
�1 0 0 0 : : : 0 1

1
CCCCCCCA
:

�®¬¥ï¥¬ ¢ ¥© ¬¥áâ ¬¨ ¯¥à¢ãî ¨ ¢â®àãî áâà®ª¨, § â¥¬ | ¯¥à¢ë© ¨ ¢â®à®© áâ®«¡æë. �®«ã-
ç¨¬ ¬ âà¨æã eF . �¥£ª® ¢¨¤¥âì, çâ® j� � F j = �k � �k�1 6= �k � �k�2 = j� � eF j. �®íâ®¬ã F ¥
ã¨¢¥àá «ì .
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