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� áâ âì¥ à áá¬ âà¨¢ îâáï  ­ «¨â¨ç¥áª¨¥ ¯®¢¥àå­®áâ¨ ¯à®áâà ­áâ¢  R3 , ¨¬¥îé¨¥ í««¨¯â¨-
ç¥áª¨© â¨¯ ¢¡«¨§¨ ¢ë¤¥«¥­­®© â®çª¨.

�®¤  ää¨­­®© ®¤­®à®¤­®áâìî ¯®¢¥àå­®áâ¨ M � R
3 ¢¡«¨§¨ â®çª¨ p 2 M ¯®¤à §ã¬¥¢ ¥âáï

á«¥¤ãîé¥¥ ¥¥ á¢®©áâ¢®: ¤«ï «î¡®© ¡«¨§ª®© ª p â®çª¨ q 2 M ­ ©¤ãâáï ®ªà¥áâ­®áâ¨ U(p), V (q)
â®ç¥ª p ¨ q á®®â¢¥âáâ¢¥­­® ¨  ää¨­­®¥ ¯à¥®¡à §®¢ ­¨¥ ¯à®áâà ­áâ¢  R

3 , ¯¥à¥¢®¤ïé¥¥ p ¢ q,  
M \ U(p) | ¢ M \ V (q).

�¥«ì à ¡®âë | ®å à ªâ¥à¨§®¢ âì ®¤­®à®¤­ë¥ ¯®¢¥àå­®áâ¨ ­ §¢ ­­®£® ª« áá  ¢ â¥à¬¨­ å
ª®íää¨æ¨¥­â®¢ ¨å á¯¥æ¨ «ì­ëå ãà ¢­¥­¨©. �­ «¨â¨ç¥áª¨© ¯®¤å®¤ ª ¨§ãç¥­¨î ®¤­®à®¤­®áâ¨
¤®¯®«­ï¥â âà ¤¨æ¨®­­ë¥ ¤¨ää¥à¥­æ¨ «ì­®-£¥®¬¥âà¨ç¥áª¨¥ (­ ¯à., [1]) ¨  «£¥¡à ¨ç¥áª¨¥ [2] ¬¥-
â®¤ë ¨ ï¢«ï¥âáï ¤®áâ â®ç­® íää¥ªâ¨¢­ë¬. �¥§ã«ìâ âë â¨¯  â¥®à¥¬ 1 ¨ 2 ®ª §ë¢ îâáï ¯®«¥§­ë-
¬¨ ¯à¨ ª« áá¨ä¨ª æ¨¨ £®«®¬®àä­® ®¤­®à®¤­ëå ¢¥é¥áâ¢¥­­ëå ¯®¤¬­®£®®¡à §¨© ª®¬¯«¥ªá­ëå
¯à®áâà ­áâ¢ (­ ¯à., [3]).

�â¬¥â¨¬, çâ® ®¤­®à®¤­ë¥ ¯®¢¥àå­®áâ¨ í««¨¯â¨ç¥áª®£® â¨¯  (áâà®£® ¢ë¯ãª«ë¥) ¬®£ãâ ®ª -
§ âìáï ¡®«¥¥ ¨­â¥à¥á­ë¬¨ ¢ ¯à¨«®¦¥­¨ïå, ç¥¬ á¥¤«®¢¨¤­ë¥. � â® ¦¥ ¢à¥¬ï ¡®«¥¥ ¯à®áâë¥
ä®à¬ã«ë, ®¯¨áë¢ îé¨¥ ­®à¬ «ì­ë¥ ãà ¢­¥­¨ï, ¯®«ãç îâáï ¨¬¥­­® ¢ £¨¯¥à¡®«¨ç¥áª®¬ á«ãç ¥
(á¬. [4]).

1. �á­®¢­ë¥ ãâ¢¥à¦¤¥­¨ï

�à ¢­¥­¨¥ áâà®£® ¢ë¯ãª«®© (¨¬¥îé¥© í««¨¯â¨ç¥áª¨© â¨¯)  ­ «¨â¨ç¥áª®© ¯®¢¥àå­®áâ¨ M
¢¡«¨§¨ «î¡®© ¥¥ â®çª¨ ¬®¦­® ¯à¨¢¥áâ¨  ää¨­­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ª ¢¨¤ã (­ ¯à., [5], x 30)

z = (x2 + y2) + (f30x
3 + f21x

2y + f12xy
2 + f03y

3) +
X

k+l�4

fklx
kyl: (1)

�¬¥¥â ¬¥áâ® ¨ ¡®«¥¥ â®ç­®¥

�à¥¤«®¦¥­¨¥ 1. �à ¢­¥­¨¥ (1) áâà®£® ¢ë¯ãª«®© ¯®¢¥àå­®áâ¨ M ¬®¦­® ¯à¨¢¥áâ¨  ää¨­-

­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ª ®¤­®¬ã ¨§ ¤¢ãå ¢¨¤®¢:

z = (x2 + y2) +
X

k+l�4

fklx
kyl (2)

¨«¨

z = (x2 + y2) + x3 +
X

k+l�4

fklx
kyl: (3)

� ¡®â  ­ ¤ áâ âì¥© ¢â®à®£®  ¢â®à  ç áâ¨ç­® ¯®¤¤¥à¦ ­  �®áá¨©áª¨¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨á-
á«¥¤®¢ ­¨© (£à ­â 96-01-01002).
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�«ï ®¯¨á ­¨ï ¯¥à¥å®¤  ®â ãà ¢­¥­¨ï (1) ª (2) ¨«¨ (3) ã¤®¡­® ¢¢¥áâ¨ ¢¬¥áâ® ¢¥é¥áâ¢¥­­ëå
ª®®à¤¨­ â x, y ª®¬¯«¥ªá­ë¥ ¯¥à¥¬¥­­ë¥ w = x+ iy ¨ w = x� iy.

�¨­¥©­ ï § ¬¥­ , á®åà ­ïîé ï ¢¨¤ (1) ãà ¢­¥­¨ï ¯®¢¥àå­®áâ¨ M , ¨¬¥¥â ¢¨¤

w = Cw� +Dz�; z = jCj2z�; (4)

£¤¥ C ¨ D | ­¥ª®â®àë¥ ª®¬¯«¥ªá­ë¥ ç¨á« , ¯à¨ç¥¬ C 6= 0.
�¤­®à®¤­ ï ª®¬¯®­¥­â  ��

3(w;w) =
P

k+l=3
��

klw
kwl âà¥âì¥© áâ¥¯¥­¨ ­®¢®£® ãà ¢­¥­¨ï ¯®¢¥àå-

­®áâ¨ M ¨¬¥¥â ¯à¨ íâ®¬ ¢¨¤ ��
3(w;w) =

1
jCj2

�
�3(Cw;Cw) + (CDw + CDw)jwj2�. � ¬¥â¨¬, çâ®

��
3(w;w) = (w + w)3=8 = x3 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

(
( 1
jCj
)2�30C

3 = 1=8;

( 1
jCj
)2(�21C

2C + CD) = 3=8:
(5)

�à¨ �30 = (1=8)((f30 � f12) + i(f03 � f21)) 6= 0 ¨§ (5) á«¥¤ã¥â, çâ® C = jCjei�, £¤¥

jCj = 1
8j�30j ; �30jCje3i� = 1

8
; (6)

  D = 3
8
C � �12jCj2.

�â®¡à ¦¥­¨¥ (4) á â ª¨¬¨ C, D ¯à¨¢®¤¨â ãà ¢­¥­¨¥ (1) ª ¢¨¤ã (3).
�á«¨ ¦¥ �30 = 0, â®, ¯®« £ ï

C = 1; D = ��12 = �(1=8)((3f30 + f12) + i(3f03 + f21));

¯à¨å®¤¨¬ ª ¢ëà®¦¤¥­­®¬ã ¢ âà¥âì¥¬ ¯®àï¤ª¥ ãà ¢­¥­¨î (2).
�â®à ï ¨§ ä®à¬ã« (6) ®¡êïá­ï¥â ¯à®¨áå®¦¤¥­¨¥ æ¨ª«¨ç¥áª®© £àã¯¯ë âà¥âì¥£® ¯®àï¤ª , ¤¥©-

áâ¢ãîé¥© ­  ¬­®¦¥áâ¢¥ ­®à¬ «ì­ëå ãà ¢­¥­¨© ¢¨¤  (3). �§ ¯à¨¢¥¤¥­­®£® à ááã¦¤¥­¨ï á«¥¤ã¥â
â ª¦¥, çâ® áãé¥áâ¢ãîâ â®«ìª® âà¨ «¨­¥©­ëå ®â®¡à ¦¥­¨ï, á®åà ­ïîé¨å íâ®â ¢¨¤.

� §®¢¥¬ áâà®£® ¢ë¯ãª«ãî  ­ «¨â¨ç¥áªãî ¯®¢¥àå­®áâì ­¥¢ëà®¦¤¥­­®© ¢ âà¥âì¥¬ ¯®àï¤-
ª¥, ¥á«¨ ¥¥ ãà ¢­¥­¨¥ ¬®¦­® ¯à¨¢¥áâ¨ ª ¢¨¤ã (3), ¨ ¢ëà®¦¤¥­­®© ¢ âà¥âì¥¬ ¯®àï¤ª¥, ¥á«¨ ¥¥
ãà ¢­¥­¨¥ ¯à¨¢®¤¨âáï ª ¢¨¤ã (2). �à¨ íâ®¬ (3) ¡ã¤¥¬ ­ §ë¢ âì ­®à¬ «ì­®© ä®à¬®© ãà ¢­¥­¨ï
­¥¢ëà®¦¤¥­­®© ¯®¢¥àå­®áâ¨. �® ¯à¥¤«®¦¥­¨î 1 ¢á¥ à áá¬ âà¨¢ ¥¬ë¥ ¯®¢¥àå­®áâ¨ ¤¥«ïâáï ­ 
¢ëà®¦¤¥­­ë¥ ¨ ­¥¢ëà®¦¤¥­­ë¥.

� ¬¥â¨¬, çâ® ¨­¢ à¨ ­â �¨ª  J ¨ â¥­§®à � à¡ã Tijk ¢ëà®¦¤¥­­®© ¢ âà¥âì¥¬ ¯®àï¤ª¥ ¢ë-
¯ãª«®© ¯®¢¥àå­®áâ¨ à ¢­ë ­ã«î [5]. �á«¨ íâ  ¯®¢¥àå­®áâì  ä¨­­®-®¤­®à®¤­ , â® ïá­®, çâ® íâ¨
¨­¢ à¨ ­âë à ¢­ë ­ã«î ¢® ¢á¥å â®çª å. � â®¦¤¥áâ¢® Tijk � 0 å à ªâ¥à¨§ã¥â, ª ª ¨§¢¥áâ­® [5],
¯®¢¥àå­®áâ¨ ¢â®à®£® ¯®àï¤ª . � á¨«ã íâ®£® á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �ää¨­­®-®¤­®à®¤­ ï áâà®£® ¢ë¯ãª« ï ¯®¢¥àå­®áâì M , ¢ëà®¦¤¥­­ ï ¢ âà¥-

âì¥¬ ¯®àï¤ª¥,  ää¨­­®-íª¢¨¢ «¥­â­ 

«¨¡® 1) ¯ à ¡®«®¨¤ã z = x2 + y2,

«¨¡® 2) í««¨¯á®¨¤ã z =
p
1� x2 � y2,

«¨¡® 3) £¨¯¥à¡®«®¨¤ã z =
p
x2 + y2 + 1.

�á­®¢­ë¬ à¥§ã«ìâ â®¬ ¤ ­­®© áâ âì¨ ï¢«ï¥âáï ¯à¨¢®¤¨¬®¥ ­¨¦¥ ®¯¨á ­¨¥ ®¤­®à®¤­ëå ¯®-
¢¥àå­®áâ¥© ¢ ­¥¢ëà®¦¤¥­­®¬ á«ãç ¥.

�¥®à¥¬  2. �à ¢­¥­¨¥ ¢¨¤  (3)  ää¨­­®-®¤­®à®¤­®© ¯®¢¥àå­®áâ¨ ®¤­®§­ ç­® ®¯à¥¤¥«ï¥âáï

­ ¡®à®¬ ¥¥ ª®íää¨æ¨¥­â®¢ (f40; f31; f22; f13; f04) ç¥â¢¥àâ®£® ¯®àï¤ª . �â®â ­ ¡®à ã¤®¢«¥â¢®àï-
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¥â á«¥¤ãîé¥© á¨áâ¥¬¥ ãà ¢­¥­¨©:

f31(27 � 24f40 + 20f22 + 32f04) + f13(174 � 136f40 � 4f22) = 0;

f31(8f04 + 4f22) + f13(63� 48f40 � 4f22 + 8f04) = 0;

(2f04 + f22)(3 � f40 + 2f22)� f13(5f31 + f13) = 0;

f04(�54 + 48f40 � 16f22 � 8f04)� 2f 2
22 + f13(3f31 + 7f13) = 0:

(7)

�¯¥æ¨ «ì­ ï áâàãªâãà  á¨áâ¥¬ë (7) ¯®§¢®«ï¥â ­ ©â¨ ¥¥ à¥è¥­¨¥ ¢ ï¢­®¬ ¢¨¤¥.

�à¥¤«®¦¥­¨¥ 2. �áïª¨© ­ ¡®à (f40; f31; f22; f13; f04), ï¢«ïîé¨©áï à¥è¥­¨¥¬ á¨áâ¥¬ë (7),
¨¬¥¥â ®¤¨­ ¨§ á«¥¤ãé¨å ¢¨¤®¢:

(t; 0; 0; 0; 0); t 2 R; (8)�
s; t; 2s� 3

2
; 0; t

�
; (s; t) 2

�
(s� t)2 +

15
4
t� 3

2
s+

9
16

= 0
�
; (9)

�
t; s;

�
6s� 27

4

�
; 0;
�
27
8
� 3s

��
; (s; t) 2 R

2 ; (10)

�
21
16

� 1
6
t;�"s; t; "s;�1

6
t

�
; (s; t) 2 f144s2 = 2t(27 � 32t)g; " = �1; (11)

�
(2t+ 36)

32
; "

p
3

32
(8t� 15);

(36t� 27)
32

; "

p
3

32
(24t� 27);

(18t� 27)
32

�
;

t 2 R; " = �1; (12)�
3
128

P1(t); �"9
p
3(1� 3t)
16

; � 9
64
P2(t); "

9
p
3t

16
;

9
128

P3(t)
�
;

P1(t) = 47 + 54t� 96t2; P2(t) = 1� 18t+ 32t2; P3(t) = 1 + 2t� 32t2;

t 2 R; " = �1: (13)

�«¥¤áâ¢¨¥. � ¡®à ª®íää¨æ¨¥­â®¢ (f40; f31; f22; f13; f04) ãà ¢­¥­¨ï  ää¨­­®-®¤­®à®¤­®© ¯®-
¢¥àå­®áâ¨ (3) â ª¦¥ ¨¬¥¥â ãª § ­­ë© ¢ ¯à¥¤«®¦¥­¨¨ ¢¨¤.

�â¬¥â¨¬, ®¤­ ª®, çâ® ­  ¬­®¦¥áâ¢¥ ­®à¬ «ì­ëå ãà ¢­¥­¨© ¢¨¤  (3) ¤¥©áâ¢ã¥â æ¨ª«¨ç¥áª ï
£àã¯¯  3-£® ¯®àï¤ª . � á¨«ã íâ®£®, ­ ¯à¨¬¥à, ­®à¬ «ì­®¥ ãà ¢­¥­¨¥ á ­ ¡®à®¬ ª®íää¨æ¨¥­-
â®¢ (f40; f31; f22, f13; f04) (12) ¬®¦­® ¯à¥®¡à §®¢ âì «¨­¥©­®© § ¬¥­®© ¢ ãà ¢­¥­¨¥ á ­ ¡®à®¬
ª®íää¨æ¨¥­â®¢ (8).

�ë¤¥«¥­¨¥ ¨§ ¬­®¦¥áâ¢  à¥è¥­¨© (8){(13) ¬¨­¨¬ «ì­®£® ¯®¤¬­®¦¥áâ¢ , á®¤¥à¦ é¥£® ¢á¥
­®à¬ «ì­ë¥ ä®à¬ë, ¯à¥¤áâ ¢«ï¥â á®¡®© ®â¤¥«ì­ãî § ¤ çã, ª®â®àãî ¬ë §¤¥áì ­¥ à áá¬ âà¨¢ ¥¬.
�¥ à¥è¥­¨¥ ¬®¦­® ¯®«ãç¨âì ¯®á«¥ ¯à¨¢¥¤¥­¨ï ª ­®à¬ «ì­®¬ã ¢¨¤ã (3) ¢á¥å áâà®£® ¢ë¯ãª«ëå
¯®¢¥àå­®áâ¥© ¨§ á¯¨áª  [2]. � â® ¦¥ ¢à¥¬ï, ª ª ¯®ª §ë¢ îâ ¯à¨¢®¤¨¬ë¥ ­¨¦¥ ¯à¨¬¥àë, ¯à®æ¥-
¤ãà  â ª®© ­®à¬ «¨§ æ¨¨ ï¢«ï¥âáï ¢¥áì¬  £à®¬®§¤ª®© ¤«ï á¥¬¥©áâ¢ ¯®¢¥àå­®áâ¥©, § ¢¨áïé¨å
®â ¯ à ¬¥âà®¢.

2. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 2

� áá¬®âà¨¬ áâà®£® ¢ë¯ãª«ãî  ­ «¨â¨ç¥áªãî ¯®¢¥àå­®áâì M , § ¤ ­­ãî ­®à¬ «ì­ë¬ ãà ¢-
­¥­¨¥¬ z = F (x; y) = (x2 + y2) + x3 +

P
k+l�4

fklx
kyl.

� ª ¦¤®© ¡«¨§ª®© ª ­ ç «ã ª®®à¤¨­ â â®çª¥ q(a; b; F (a; b)) íâ®© ¯®¢¥àå­®áâ¨ ¥¥ ãà ¢­¥­¨¥
¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

z =
X
k;l

Fkl(x� a)k(y � b)l; (14)
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£¤¥ Fkl = 1
k!l!

@k+lF

@xkyl
(q). �à¨¢¥¤¥¬ íâ® ãà ¢­¥­¨¥ ª ­®à¬ «ì­®© ä®à¬¥. �à¥®¡à §®¢ ­¨¥

x� = x� a; y� = y � b; z� = z � F10(x� a)� F01(y � b)

¯à¥¢à é ¥â (14) ¢

z = (F20x
2 + F11xy + F02y

2) +
X

k+l�3

Fklx
kyl: (15)

�®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ãî ª¢ ¤à â¨ç­ãî ä®à¬ã

F2(x; y) = Ax2 + 2Bxy +Dy2

á ¬ âà¨æ¥©, ¡«¨§ª®© ª ¥¤¨­¨ç­®©, ¬®¦­® ¯à¨¢¥áâ¨ ª áã¬¬¥ ª¢ ¤à â®¢ ¯à¥®¡à §®¢ ­¨¥¬

x =
1p
A
x� � B

!
y�; y =

p
A

!
y�; (16)

£¤¥ ! =
p
AD �B2. � âà¨æ  íâ®£® ¯à¥®¡à §®¢ ­¨ï â ª¦¥ ¡«¨§ª  ª ¥¤¨­¨ç­®©, ¯®íâ®¬ã ª®íä-

ä¨æ¨¥­âë ­®¢®£® ãà ¢­¥­¨ï ¯®¢¥àå­®áâ¨

z = (x2 + y2) +
X

k+l�3

gklx
kyl (17)

¡«¨§ª¨ ª á®®â¢¥âáâ¢ãîé¨¬ ª®íää¨æ¨¥­â ¬ ãà ¢­¥­¨ï (15). � ¢¥àè îé¥¥ ­®à¬ «¨§ æ¨î ¯à¥-
®¡à §®¢ ­¨¥ (4) ®¯à¥¤¥«ï¥âáï ª®íää¨æ¨¥­â ¬¨ âà¥âì¥£® ¯®àï¤ª  ãà ¢­¥­¨ï (17). �«¥¤®¢ â¥«ì-
­®, ®­® § ¢¨á¨â ®â ¯à®¨§¢®¤­ëå ­¥ ¡®«¥¥ ç¥¬ âà¥âì¥£® ¯®àï¤ª  ¨áå®¤­®© äã­ªæ¨¨ F (x; y) ¨
â ª¦¥ ¡«¨§ª® ª â®¦¤¥áâ¢¥­­®¬ã. � á¨«ã íâ®£® ª ¦¤ë© ¨§ ª®íää¨æ¨¥­â®¢ hkl ç¥â¢¥àâ®£® ¯®àï¤-
ª  ­®¢®£® ­®à¬ «ì­®£® ãà ¢­¥­¨ï ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

hkl = bkl(D3F )Fkl +
X

(st)6=(kl)

aklst(D2F;D3F )Fst + '(Fst j (s+ t) < 4):

�¤¥áì ª®íää¨æ¨¥­âë bkl ¡«¨§ª¨ ª ¥¤¨­¨æ¥,   aklst | ª ­ã«î, ¥á«¨ à áá¬ âà¨¢ ¥¬ ï â®çª  (a; b; c)
¯®¢¥àå­®áâ¨ M ­ å®¤¨âáï ¢¡«¨§¨ ­ ç «  ª®®à¤¨­ â. �¥à¥§ D2F ¨ D3F ®¡®§­ ç¥­ë ­ ¡®àë ¯à®-
¨§¢®¤­ëå äã­ªæ¨¨ F (x; y) á®®â¢¥âáâ¢¥­­® ¢â®à®£® ¨ âà¥âì¥£® ¯®àï¤ª®¢.

�§ ®¤­®à®¤­®áâ¨ ¯®¢¥àå­®áâ¨ ¢ëâ¥ª ¥â á®¢¯ ¤¥­¨¥ â ª¨å ª®íää¨æ¨¥­â®¢ á ª®íää¨æ¨¥­â ¬¨
¨áå®¤­®£® ãà ¢­¥­¨ï

hkl(q) � fkl = const (k + l = 4):

�âáî¤  ¯®«ãç ¥âáï á¨áâ¥¬  ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå

@4F

@xky4�k
(q) = 'k

�
f40; f31; f22; f13; f04 ;

@sF

@xtys�t
(q)
�
;

£¤¥ 0 � s � 3, 0 � k � 4.
�­ «¨â¨ç¥áª®¥ à¥è¥­¨¥ F (x; y) ¢¨¤  (3) â ª®© á¨áâ¥¬ë ®¤­®§­ ç­® ¢®ááâ ­ ¢«¨¢ ¥âáï ¯®

­ ¡®àã f40, f31, f22, f13, f04, çâ® ¤®ª §ë¢ ¥â ¯¥à¢ãî ç áâì â¥®à¥¬ë 2.
�«ï ¯®«ãç¥­¨ï ä®à¬ã« (7) à áá¬®âà¨¬ ¡®«¥¥ ¯®¤à®¡­® ¨§¬¥­¥­¨ï ª®íää¨æ¨¥­â®¢ ç¥â¢¥à-

â®£® ¯®àï¤ª  ­®à¬ «ì­®£® ãà ¢­¥­¨ï (3) ¯à¨ á¬¥é¥­¨¨ ¨§ ­ ç «  ª®®à¤¨­ â ¢ ¡«¨§ªãî ª ­¥¬ã
â®çªã q(a; b; F (a; b)) 2M . �¥à¥­®áï á¨áâ¥¬ã ª®®à¤¨­ â ¢ íâã â®çªã, ¯®«ãç¨¬ ãà ¢­¥­¨¥

z + F (a; b) = (x+ a)2 + (y + b)2 + (x+ a)3 +
X

k+l�4

fkl(x+ a)k(y + b)l:

�à¨¢¥¤¥¬ ¥£® ª ­®à¬ «ì­®© ä®à¬¥. �  ¯à®¬¥¦ãâ®ç­ëå íâ ¯ å ­®à¬ «¨§ æ¨¨ ¡ã¤¥¬ á«¥¤¨âì
«¨èì §  ¡¥áª®­¥ç­® ¬ «ë¬¨ ¢¥«¨ç¨­ ¬¨ ¯¥à¢®£® ¯®àï¤ª  ¯® a ¨ b. � ¯à¨¬¥à, ¯®á«¥ à áªàëâ¨ï
áª®¡®ª ¨¬¥¥¬ ãà ¢­¥­¨¥

z � (2a+ � � � )x� (2b+ � � � )y = (1 + 3a+ � � � )x2 + (0 + � � � )xy + (1 + � � � )y2 +
X

k+l�3

Fklx
kyl: (18)
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�à¨ íâ®¬

Fkl = fkl + ((k + 1)fk+1;la+ (l + 1)fk;l+1b) + � � � ;
£¤¥ ¬­®£®â®ç¨ï¬¨ ®¡®§­ ç¥­ë ¡¥áª®­¥ç­® ¬ «ë¥ ¢¥«¨ç¨­ë ¢ëáè¨å ¯®àï¤ª®¢ ¯® a, b. �®£¤  ¯à¥-
®¡à §®¢ ­¨¥ (16), ¯à¨¢®¤ïé¥¥ ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã ª¢ ¤à â¨ç­ãî ä®à¬ã F2(x; y) ¯®¢¥àå­®áâ¨
(18), ¨¬¥¥â ¢¨¤

x = (1� 3
2
a+ � � � )x� + (0 + � � � )y�; y = (1 + � � � )y�:

�®«ãç ¥¬ ­®¢®¥ ãà ¢­¥­¨¥ ¢¨¤  (17). �£® ª®íää¨æ¨¥­âë âà¥âì¥£® ¨ ç¥â¢¥àâ®£® ¯®àï¤ª®¢ à ¢­ë
á®®â¢¥âáâ¢¥­­®

g30 = 1 + (4f40 � 9=2)a + f31b+ � � � ;
g21 = (3f31a+ 2f22b) + � � � ;
g12 = (2f22a+ 3f13b) + � � � ;
g03 = (f13a+ 4f04b) + � � �

¨

g40 = f40 + (�6f40 + 5f50)a+ f41b+ � � � ;
g31 = f31 + (� 9

2
f31 + 4f41)a+ 2f32b+ � � � ;

g22 = f22 + (�3f22 + 3f32)a+ 3f23b+ � � � ;
g13 = f13 + (� 3

2
f13 + 2f23)a+ 4f14b+ � � � ;

g04 = f04 + (f14a+ 5f05b) + � � �
�áâ ¥âáï ¯à¥®¡à §®¢ ­¨¥¬ (4) ¯à¥¢à â¨âì (17) ¢ ­®à¬ «ì­®¥ ãà ¢­¥­¨¥ z = (x2 + y2) + x3 +P
k+l�4

hklx
kyl.

�®¬¯«¥ªá­ë¥ ç¨á«  C ¨ D ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬ (6) ¨ § ¢¨áïâ, ª ª ¨ ª®íää¨æ¨¥­âë
�30, �12, ®â ¯ à ¬¥âà®¢ á¬¥é¥­¨ï a, b. � ç áâ­®áâ¨, C = jCjei�, £¤¥ jCj = 1=(8j�30(a; b)j). �«ï
ã£«  � = �(a; b) ¨¬¥¥¬ ãà ¢­¥­¨¥

e3i� =
j�30j
�30

:

� ª ç¥áâ¢¥ ¥£® à¥è¥­¨ï �(a; b) ¬®¦­® ¢§ïâì ­¥¯à¥àë¢­ãî ¢¥â¢ì ªã¡¨ç¥áª®£® ª®à­ï á ­ ç «ì­ë¬
§­ ç¥­¨¥¬ �(0; 0) = 0.

�ëç¨á«¥­¨ï, ª®â®àë¥ §¤¥áì ­¥ ¯à¨¢®¤ïâáï, ¤ îâ á«¥¤ãîé¨¥ ä®à¬ã«ë ¤«ï ª®íää¨æ¨¥­â®¢
hkl ç¥â¢¥àâ®£® ¯®àï¤ª  ­®¢®£® ­®à¬ «ì­®£® ãà ¢­¥­¨ï:

h40 = f40 +
�
5f50 + 3f40 � 5f22 � 2f40(4f40 � 2f22)� 1

3
f13(f13 � 3f31)

�
a+

+
�
f41 � 15

2
f13 � 2f40(f31 � 3f13)� 1

3
f31(4f04 � 2f22)

�
b+ � � � ; (19)

h31 = f31 +
�
4f41 +

9
2
f31 � f13 +

1
3
(4f40 � 2f22)(f13 � 9f31)

�
a+

+
�
2f32 � 4f04 +

1
3
(4f40 � 2f22)(4f04 � 2f22)� 2f31(f31 � 3f13)

�
b+ � � � ; (20)

h22 = f22 +
�
3f32 + 3f22(f31 � f13)(f13 � 3f31)� 2f22(4f40 � 2f22)

�
a+

+
�
3f23 � 9

2
f13 + (f31 � f13)(4f04 � 2f22)� 2f22(f31 � 3f13)

�
b+ � � � ; (21)
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h13 = f13 +
�
2f23 +

15
2
f13 +

1
3
(2f22 � 4f04)(f13 � 3f31)� 2f13(4f40 � 2f22)

�
a+

+
�
4f14 � 1

3
(4f04 � 2f22)2 � 2f13(f31 � 3f13)

�
b+ � � � ; (22)

h04 = f04 +
�
f14 + 9f04 +

1
3
f13(f13 � 3f31)� 2f04(4f40 � 2f22)

�
a+

+
�
5f05 +

1
3
f13(4f04 � 2f22)� 2f04(f31 � 3f13)

�
b+ � � � (23)

� ®¤­®à®¤­®¬ á«ãç ¥ ¢á¥ ¢ë¯¨á ­­ë¥ ª®íää¨æ¨¥­âë ¤®«¦­ë ¡ëâì ª®­áâ ­â ¬¨, ­¥ § ¢¨áï-
é¨¬¨ ®â â®çª¨ q(a; b; F (a; b)) ¯®¢¥àå­®áâ¨ M . �«¥¤®¢ â¥«ì­®, ª®íää¨æ¨¥­âë ¯à¨ a ¨ b ¢ ä®à-
¬ã« å (19){(23) à ¢­ë ­ã«î ¤«ï ®¤­®à®¤­®© ¯®¢¥àå­®áâ¨ M .

�á¢®¡®¦¤ ïáì ¢ íâ¨å ãà ¢­¥­¨ïå ®â ª®íää¨æ¨¥­â®¢ ¯ïâ®£® ¯®àï¤ª , ¯®«ãç ¥¬ á¨áâ¥¬ã (7)
¨ § ¢¥àè ¥¬ â¥¬ á ¬ë¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �

� ¬¥ç ­¨¥ 1. �­ «®£¨ç­®, ¨á¯®«ì§ãï ãà ¢­¥­¨ï ¢¨¤  (2) ¨ ­¥ ¨á¯®«ì§ãï ¨­¢ à¨ ­â �¨ª 
¨ â¥­§®à � à¡ã, ¬®¦­® ¤®ª § âì ¨ â¥®à¥¬ã 1.

� ¬¥ç ­¨¥ 2. �®¦­® ¯®ª § âì, çâ® ¨á¯®«ì§ã¥¬®¥ ¢ áâ âì¥ ®¯à¥¤¥«¥­¨¥ ®¤­®à®¤­®áâ¨ ¢ á¨-
«ã á¢®©áâ¢ ¥¤¨­áâ¢¥­­®áâ¨ ¨ ­¥¯à¥àë¢­®áâ¨ ¯®«ãç ¥¬ëå ­®à¬ «ì­ëå ãà ¢­¥­¨© íª¢¨¢ «¥­â­®
âà ¤¨æ¨®­­®¬ã ®¯à¥¤¥«¥­¨î. �®á«¥¤­¥¥ á¢ï§ ­® á ­ «¨ç¨¥¬ ¢ £àã¯¯¥ A�(3) ¯®¤£àã¯¯ë �¨,
âà ­§¨â¨¢­® ¤¥©áâ¢ãîé¥© ­  à áá¬ âà¨¢ ¥¬®© ¯®¢¥àå­®áâ¨ ¢¡«¨§¨ ¢ë¤¥«¥­­®© â®çª¨.

� â ª®© á¨âã æ¨¨ ¤«ï ã¯à®é¥­¨ï ¢ëç¨á«¥­¨© ¬®¦­® ¯à¨¢«¥çì, ­ ¯à¨¬¥à, «¨­¥©­ë¥ ¢¥ªâ®à-
­ë¥ ¯®«ï ­  ¯®¢¥àå­®áâ¨. �®¤®¡­ ï ¨¤¥ï à¥ «¨§®¢ ­  ¢ á«ãç ¥ ¢¥é¥áâ¢¥­­ëå ¯®¤¬­®£®®¡à §¨©
¯à®áâà ­áâ¢  C 2 ¢ áâ âì¥ [6].

3. �¥è¥­¨¥ á¨áâ¥¬ë (7) ¨ ­¥ª®â®àë¥ ¯à¨¬¥àë

� áá¬®âà¨¬ ¯à¥¦¤¥ ¢á¥£® ¤¢  ¯¥à¢ëå ãà ¢­¥­¨ï á¨áâ¥¬ë (7) ª ª «¨­¥©­ãî ®¤­®à®¤­ãî
á¨áâ¥¬ã ®â­®á¨â¥«ì­® f31 ¨ f13.

�á«¨ ¥¥ ®¯à¥¤¥«¨â¥«ì �, í«¥¬¥­âë ª®â®à®£® | «¨­¥©­ë¥ äã­ªæ¨¨ ®â­®á¨â¥«ì­® f40, f22,
f04, ®â«¨ç¥­ ®â ­ã«ï, â® f31 = f13 = 0. �®£¤  ¢ ¤¢ãå ¯®á«¥¤­¨å ãà ¢­¥­¨ïå ¢®§¬®¦­ë ­¥áª®«ìª®
á«ãç ¥¢.

1. 2f04 + f22 = 0, f04 = 0; ¯®«ãç ¥¬ à¥è¥­¨¥ (t; 0; 0; 0; 0), â. ¥. ­ ¡®à (8) ¨§ ¯à¥¤«®¦¥­¨ï 2.
2. 2f04 + f22 = 0, f04 6= 0; ¨¬¥¥¬ 8f40 + 8f04 � 27 = 0, çâ® á®®â¢¥âáâ¢ã¥â ­ ¡®àã (10) ¯à¨ t = 0.
3. 3� f40 + 2f22 = 0; ¯®«ãç ¥¬ ­ ¡®à (9).

�ãáâì â¥¯¥àì ®¯à¥¤¥«¨â¥«ì � à ¢¥­ ­ã«î. �®£¤  â ª¦¥ ¬®¦­® à áá¬®âà¥âì ­¥áª®«ìª® á«ãç ¥¢.
4. �¥à¢ë© áâ®«¡¥æ � ­ã«¥¢®©, â. ¥. 27 � 24f40 + 20f22 + 32f04 = 0, 2f04 + f22 = 0; ¯®«ãç ¥¬

¤¢ãå¯ à ¬¥âà¨ç¥áª®¥ à¥è¥­¨¥ (10).
5. O¯à¥¤¥«¨â¥«ì � = 0, ­® ¥£® ¯¥à¢ë© áâ®«¡¥æ ­¥­ã«¥¢®©. �®£¤  ¢â®à®© áâ®«¡¥æ íâ®£® ®¯à¥-

¤¥«¨â¥«ï ¯®«ãç ¥âáï ¨§ ¯¥à¢®£® ã¬­®¦¥­¨¥¬ ­  ­¥ª®â®à®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«® �. �¬¥¥¬ ¢ á¨«ã
íâ®£® âà¨ à ¢¥­áâ¢ :

174� 136f40 � 4f22 = �(27� 24f40 + 20f22 + 32f04);

63� 48f40 � 4f22 + 8f04 = �(8f04 + 4f22);

f31 = ��f13:
�§ ­¨å ­ å®¤¨¬

f40 =
1
48
(63� 4(1 + �)f22 + 8(1� �)f04)

¨
4(3�2 + 16�� 11)f22 + 8(3�2 + 4�+ 17)f04 = 27(�� 1):
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�®¤áâ ¢«ïï íâ¨ ä®à¬ã«ë ¢ ¤¢  ¯®á«¥¤­¨å à ¢¥­áâ¢  (7), ¯®«ãç¨¬ á¨áâ¥¬ã ®â­®á¨â¥«ì­® f22, f13
¢¨¤ 

�1f
2
22 + �1f22 + 
1 = (1� 5�)f 2

13;

�2f
2
22 + �2f22 + 
2 = (3�� 7)f 2

13:

�®íää¨æ¨¥­âë íâ®© á¨áâ¥¬ë ï¢«ïîâáï à æ¨®­ «ì­ë¬¨ äã­ªæ¨ï¬¨ ®â­®á¨â¥«ì­® � á ®¡é¨¬
§­ ¬¥­ â¥«¥¬ (3�2+4�+17)2 6= 0. �á¢®¡®¦¤ ïáì ®â íâ®£® §­ ¬¥­ â¥«ï ¨ ®â f 2

13, ¯®«ãç ¥¬ ­®¢®¥
ª¢ ¤à â­®¥ ãà ¢­¥­¨¥

�f 2
22 + �f22 + 
 = 0; (24)

£¤¥

� = 64 � 12 � 256(� � 1)(�+ 3)2(3�+ 1);

� = �64 � 27 � 32(�� 1)(� + 1)(3�2 + 46�+ 47);


 = �48 � 27 � 27(�� 1)(� + 1)2(�� 13):

�à¨ � = 1 ¯®«ãç ¥¬ á«ãç © (11) ¨§ ¯à¥¤«®¦¥­¨ï 2.
�¥è ï ãà ¢­¥­¨¥ (24) ¯à¨ � 6= 1, ¯®«ãç ¥¬ ¤¢¥ äã­ªæ¨¨ f22 = f22(�):

(f22)1 =
81
64

(�+ 1)
(3�+ 1)

; (f22)2 =
�
� 9
64

�
(�+ 1)(�� 13)

(�+ 3)2
:

�¥à¢ ï ¨§ íâ¨å ä®à¬ã« á®®â¢¥âáâ¢ã¥â á«ãç î (12) ¨§ ¯à¥¤«®¦¥­¨ï 2 ¯à¨ t = 27�+15
8(3�+1)

,   ¢â®à ï
| ­ ¡®àã (13) ¯à¨ t = 1

�+3
.

� § ª«îç¥­¨¥ à áá¬®âà¨¬ ­¥áª®«ìª® ¯à¨¬¥à®¢ ®¤­®à®¤­ëå ¯®¢¥àå­®áâ¥© ¨ ¨å ­®à¬ «ì­ëå
ãà ¢­¥­¨©. � ªâ ®¤­®à®¤­®áâ¨ ¢á¥å íâ¨å ¯®¢¥àå­®áâ¥© «¥£ª® ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®. �à®-
¬¥ â®£®, ¢á¥ ®­¨ ¨¬¥îâáï ¢ á¯¨áª¥ [2].

�à¨¬¥à 1. �®¢¥àå­®áâì z = y2 � x� ¢¡«¨§¨ â®çª¨ (1; 0;�1) ¯à¨ 0 < � < 1.

�®á«¥ ¯®¢®à®â  ®á¥© ¢ ãª § ­­®© â®çª¥ ¨¬¥¥¬ ãà ¢­¥­¨¥

z = y2 �
X
k�2

�kx
k; � =

1
k!
�(� � 1) � � � (�� k + 1):

�®á«¥¤ãîé¥¥ à áâï¦¥­¨¥ ®á¥© ¤ ¥â ãà ¢­¥­¨¥ ¢¨¤  (3) c

f40 =
�2�4
�2
3

=
3
4
�� 3
�� 2

:

� á¨«ã à ¢¥­áâ¢  ­ã«î ®áâ «ì­ëå ª®íää¨æ¨¥­â®¢ ç¥â¢¥àâ®£® ¯®àï¤ª  f31; : : : ; f04 ¨¬¥¥¬ §¤¥áì
á«ãç © (8) ¯à¥¤«®¦¥­¨ï 2 ¯à¨

t =
3
4
�� 3
�� 2

:

�áâ «ì­ë¥ §­ ç¥­¨ï ¯ à ¬¥âà  t ¢ (8) à¥ «¨§ãîâáï ­  ¯®¢¥àå­®áâïå z = y2 + x� (� =2 (0; 1)),  
â ª¦¥ ­  ¯®¢¥àå­®áâïå z = y2 + ex, z = y2 � lnx, z = y2 + x lnx.

�à¨¬¥à 2. xz = y2 � x� (� 2 (1; 2)) ¢¡«¨§¨ â®çª¨ (1; 0;�1).
� §à¥è ï ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® z, «¥£ª® ¢¨¤¥âì, çâ® ¥£® ¯à ¢ ï ç áâì ¨¬¥¥â ¢ â¥©«®à®¢-

áª®¬ à §«®¦¥­¨¨ â®«ìª® á« £ ¥¬ë¥ ¤¢ãå â¨¯®¢: xk ¨ xly2. � á¨«ã íâ®£® ¢®§¬®¦­  ¤®áâ â®ç­®
¯à®áâ ï ­®à¬ «¨§ æ¨ï ãà ¢­¥­¨ï, § âà £¨¢ îé ï «¨èì ¯¥à¥¬¥­­ë¥ x ¨ z. �à¨ íâ®¬ ¯®«ãç ¥¬
¢ ­®à¬ «ì­®¬ ãà ¢­¥­¨¨ f31 = f13 = 0 ¨

f40 =
3(�2 + 3�� 3)

4�2
; f22 =

9(� � 1)
2�2

; f04 = � 9
4�2

:
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� ª®© ­ ¡®à ª®íää¨æ¨¥­â®¢ § ¤ ¥â ç áâì ¯ à ¡®«ë (9) .

�à¨¬¥à 3. z = lnx+ � ln y ¢¡«¨§¨ â®çª¨ (1; 1; 0) ¯à¨ � > 0.

�®á«¥ ¯¥à¥­®á  ¨ ¯®¢®à®â  á¨áâ¥¬ë ª®®à¤¨­ â ¨¬¥¥¬ §¤¥áì ãà ¢­¥­¨¥

z = (x2 + �y2) +
2
3
(x3 + �y3) +

1
2
(x4 + �y4) + � � �

�«ï ¤ «ì­¥©è¨å ¯à¥®¡à §®¢ ­¨© ãà ¢­¥­¨ï ®ª §ë¢ ¥âáï ã¤®¡­ë¬ ¢¢¥áâ¨ ¢¬¥áâ® � ­®¢ë©
¯ à ¬¥âà

t =
1
3
arctg

�
1p
�

�
2
�
0;
�

6

�
:

�®íää¨æ¨¥­â C ­®à¬ «¨§ãîé¥£® ®â®¡à ¦¥­¨ï (4) ¯à¨ íâ®¬ ¬®¦­® ¯®«®¦¨âì à ¢­ë¬
(3=2) cos 3t e�it. �®£¤  ¢ ­®à¬ «ì­®¬ ãà ¢­¥­¨¨ ª®íää¨æ¨¥­âë ¨¬¥îâ ¢¨¤

f40 =
3
64
(25 � cos 4t); f31 =

3
8
sin 4t; f22 =

9
32
(1� cos 4t);

f13 = 0; f40 = � 9
64
(1� cos 4t):

�á­®, çâ® íâ®â ­ ¡®à § ¤ ¥â ¤ã£ã í««¨¯á  ¢ ¯«®áª®áâ¨ (10).
�à¨¬¥ç ­¨¥ ¯à¨ ª®àà¥ªâãà¥. �®á«¥ â®£®, ª ª ¤ ­­ ï à ¡®â  ¡ë«  ­ ¯à ¢«¥­  ¢ ¯¥-

ç âì, ¢ëè«  ¢ á¢¥â áâ âìï: Eastwood M., Ezhov V. On a�ne normal forms and a classi�cation of
homogeneous surfaces in a�ne three-space // Geom. Dedicata. { 1999. { V. 77. { P. 11{69. � ­¥© à¥è -
¥âáï  ­ «®£¨ç­ ï § ¤ ç  ®¯¨á ­¨ï  ää¨­­®-®¤­®à®¤­ëå ¯®¢¥àå­®áâ¥© ¢ âà¥å¬¥à­®¬ ¯à®áâà ­-
áâ¢¥ ¢ â¥à¬¨­ å ª®íää¨æ¨¥­â®¢ ­®à¬ «ì­ëå ãà ¢­¥­¨© â ª¨å ¯®¢¥àå­®áâ¥©. � í««¨¯â¨ç¥áª®¬
á«ãç ¥ �áâ¢ã¤ ¨ �¦®¢ ¨á¯®«ì§ãîâ ª ­®­¨ç¥áª¨© ¢¨¤ ãà ¢­¥­¨ï, á®¢¯ ¤ îé¨© á ¯à¥¤«®¦¥­­ë¬
¢ [5] ¨ ®â«¨ç îé¨©áï ®â ­ è¥£®. � ¨å à ¡®â¥ ¯à¨¢®¤¨âáï ¡®«¥¥ ¤¥â «ì­®¥ ®¡áã¦¤¥­¨¥ á¢ï§e©
¬¥¦¤ã á¯¨áª®¬ ¯à¥¤« £ ¥¬ëå ­®à¬ «ì­ëå ãà ¢­¥­¨© ¨ ª« áá¨ä¨ª æ¨¥© ®¤­®à®¤­ëå ¯®¢¥àå­®-
áâ¥© ¨§ [2].
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