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�¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï ¯®áâà®¥­¨¥ ¯à¥¯ïâáâ¢¨ï ª ¨­â¥£à¨àã¥¬®áâ¨ ¨­ä¨­¨â¥§¨-
¬ «ì­®© ¤¥ä®à¬ æ¨¨ áâàãªâãàë ¬­®£®®¡à §¨ï ­ ¤  «£¥¡à®© k-¤ã «ì­ëå ç¨á¥«. �®ª § ­®, çâ®,
ª ª ¨ ¢ á«ãç ¥ ª®¬¯«¥ªá­®© áâàãªâãàë, íâ¨¬ ¯à¥¯ïâáâ¢¨¥¬ ï¢«ï¥âáï ¤¨ää¥à¥­æ¨ «ì­ ï áª®¡-
ª  [V; V ] ¤«ï ¨­ä¨­¨â¥§¨¬ «ì­®© ¤¥ä®à¬ æ¨¨ V , ª®â®à ï ®¯à¥¤¥«ï¥â ª« áá ¢® ¢â®à®© £àã¯¯¥
ª®£®¬®«®£¨© ¬­®£®®¡à §¨ï á ª®íää¨æ¨¥­â ¬¨ ¢ ¯ãçª¥ £®«®¬®àä­ëå ¢¥ªâ®à­ëå ¯®«¥©.

�á¥ £¥®¬¥âà¨ç¥áª¨¥ ®¡ê¥ªâë ¯à¥¤¯®« £ îâáï £« ¤ª¨¬¨.

1. �­ä¨­¨â¥§¨¬ «ì­ ï ¤¥ä®à¬ æ¨ï k-¤ã «ì­®© áâàãªâãàë

�ãáâì M | ª®¬¯ ªâ­®¥ £« ¤ª®¥ ¬­®£®®¡à §¨¥ à §¬¥à­®áâ¨ n(k + 1) á § ¤ ­­®© ­  ­¥¬ k-
¤ã «ì­®© áâàãªâãà®© J , à áá¬ âà¨¢ ¥¬®© ª ª ­ ¡®à  ää¨­®à­ëå ¯®«¥© J = fJs : M ! T 1

1Mg,
s = 1; k, â ª¨å, çâ® ¤«ï «î¡®© â®çª¨ x ¬­®£®®¡à §¨ï M ¢ë¯®«­ïîâáï ãá«®¢¨ï

1) Js(x) � Jr(x) = 0 8s; r = 1; k;
2) rankkJs(x)k = n, s = 1; k, £¤¥ kJs(x)k | ¬ âà¨æ   ää¨­®à  Js;
3) ­  M áãé¥áâ¢ã¥â  â« á

A = f(U�; '�)g; £¤¥ '� : x! (X i = xi0 + "1x
n+i
1 + � � �+ "kx

n+i
k ); xi0; x

n+i
p 2 R; i = 1; n;

¢ ª àâ å ª®â®à®£® ª®®à¤¨­ âë  ää¨­®à®¢ Js(x) ¯®áâ®ï­­ë. �®£¤  ¢ ¡ §¨á¥
�

@

@xi
0

= @0i ;
@

@
n+i
p

=

@pn+i
	
¬ âà¨æë kJs(x)k  ää¨­®à®¢ Js ¨¬¥îâ ¢¨¤

kJs(x)k =

0B@ 0nsn ; 0nsnk
En
n ; 0nnk

0n(k�s)n ; 0n(k�s)nk

1CA ;
£¤¥ En

n | ¥¤¨­¨ç­ ï ¬ âà¨æ  à §¬¥à  n�n, 0�� | ­ã«¥¢ ï ¬ âà¨æ  à §¬¥à  ���. � ª¨¥ ¬ âà¨æë
¡ã¤¥¬ ­ §ë¢ âì ª ­®­¨ç¥áª¨¬¨. � ¤ ­¨¥ ­  ¬­®£®®¡à §¨¨ k-¤ã «ì­®© áâàãªâãàë íª¢¨¢ «¥­â­®
â®¬ã, çâ® M ï¢«ï¥âáï £« ¤ª¨¬ ¬­®£®®¡à §¨¥¬ ­ ¤  «£¥¡à®© k-¤ã «ì­ëå ç¨á¥« R("1 ; : : : ; "k) =
fa0 + a1"1 + � � �+ ak"k j "s � "p = 0, s; p = 1; k, ai 2 R, i = 0; kg [1].

� áá¬®âà¨¬ à áá«®¥­¨¥ «¨­¥©­ëå à¥¯¥à®¢ (L(M); �;M). �âàãªâãà  ¬­®£®®¡à §¨ï ­ ¤  «-
£¥¡à®© R("1 ; : : : ; "k) ®¯à¥¤¥«ï¥â G-áâàãªâãàã P (M;G) � L(M) á ¯®¤£àã¯¯®© �¨ G = fA 2
GL(n(k + 1))

�� AkJsk = kJskA; s = 1; kg, £¤¥ kJsk | ª ­®­¨ç¥áª¨¥ ¬ âà¨æë áâàãªâãà­ëå  ää¨-
­®à®¢ Js.

�«ï «î¡®© £àã¯¯ë �¨ G ®¯à¥¤¥«ï¥¬ ï á ¯®¬®éìî ­¥¥ G-áâàãªâãà  ­ §ë¢ ¥âáï ¨­â¥£à¨àã¥-
¬®©, ¥á«¨ áãé¥áâ¢ã¥â  ¤ ¯â¨à®¢ ­­ë©  â« á, äã­ªæ¨¨ áª«¥©ª¨ ª®â®à®£® ¨¬¥îâ ¬ âà¨æë �ª®¡¨
¨§ £àã¯¯ë G. � ¤ ­¨¥ ¨­â¥£à¨àã¥¬®© G-áâàãªâãàë íª¢¨¢ «¥­â­® § ¤ ­¨î á¥ç¥­¨ï s :M ! EG

 áá®æ¨¨à®¢ ­­®£® à áá«®¥­¨ï p : (EG = L(M)=G)!M [2].

�¯à¥¤¥«¥­¨¥ 1. �¥ä®à¬ æ¨¥© ¨­â¥£à¨àã¥¬®© G-áâàãªâãàë, § ¤ ­­®© á¥ç¥­¨¥¬ s : M !
EG, ­ §ë¢ ¥âáï â ª®¥ £« ¤ª®¥ ®â®¡à ¦¥­¨¥ es : R �M ! EG, (t; x) 2 R �M ! est(x) 2 EG, çâ®
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1) 8t 2 R ®â®¡à ¦¥­¨¥ est :M ! EG ¥áâì á¥ç¥­¨¥  áá®æ¨¨à®¢ ­­®£® à áá«®¥­¨ï p : EG !M ,
¯à¨ç¥¬ á®®â¢¥âáâ¢ãîé ï íâ®¬ã á¥ç¥­¨î G-áâàãªâãà  ï¢«ï¥âáï ¨­â¥£à¨àã¥¬®©;

2) 8x 2M es0(x) = s(x).

� «®ª «ì­ëå ª®®à¤¨­ â å «¥£ª® ¯à®¢¥à¨âì, çâ® áãé¥áâ¢ã¥â ¢«®¦¥­¨¥ 
 : EG ! �kT 1
1M ,


([ej ]) = (fJ1; : : : ; Jkg :M ! �kT 1
1M) à áá«®¥­¨ï,  áá®æ¨¨à®¢ ­­®£® á G-áâàãªâãà®© P (M;G), ¢

áã¬¬ã �¨â­¨  ää¨­®à­ëå à áá«®¥­¨©. �âáî¤  á«¥¤ã¥â, çâ® ¨§ãç¥­¨¥ ¤¥ä®à¬ æ¨¨G-áâàãªâãàë
¬®¦­® á¢¥áâ¨ ª ¨§ãç¥­¨î ¤¥ä®à¬ æ¨¨ eJ(t) = ( eJ1(t); : : : ; eJk(t)) áâàãªâãà­ëå  ää¨­®à®¢ ­ 
R("1 ; : : : ; "k)-¬­®£®®¡à §¨¨ M .

�ãáâì est | ¤¥ä®à¬ æ¨ï G-áâàãªâãàë. �à¨ ä¨ªá¨à®¢ ­­®© â®çª¥ x 2 M ªà¨¢ ï est «¥¦¨â
¢ á«®¥ ­ ¤ íâ®© â®çª®©, ¯®íâ®¬ã ª á â¥«ì­ë© ¢¥ªâ®à v = dest

dt

��
t=0

ª íâ®© ªà¨¢®© ¢ ­ã«¥ ¡ã¤¥â
¢¥àâ¨ª «ì­ë¬. �¬¥¥â ¬¥áâ® ¨§®¬®àä¨§¬ s�(VEG)

��
s(M)

�= �kT 1
1M (á¬. [3]), £¤¥ s� | ®¡à â­ë©

®¡à § ¢¥àâ¨ª «ì­®£® à áá«®¥­¨ï VEG ¤«ï á¥ç¥­¨ï s. � á¨«ã íâ®£® ¨§®¬®àä¨§¬  ¢¥ªâ®à­®¥ ¯®«¥

v ®¯à¥¤¥«ï¥â ­  M ­ ¡®à  ää¨­®à­ëå ¯®«¥© V = fVpgp=1;k =
�deJp(t)

dt

��
t=0

	
p=1;k

, ª®â®àë© ¡ã¤¥¬
­ §ë¢ âì ¨­ä¨­¨â¥§¨¬ «ì­®© ¤¥ä®à¬ æ¨¥© ¨­â¥£à¨àã¥¬®© k-¤ã «ì­®© áâàãªâãàë.

�¯à¥¤¥«¥­¨¥ 2. �¥ä®à¬ æ¨ï est G-áâàãªâãàë s ­ §ë¢ ¥âáï ­¥áãé¥áâ¢¥­­®©, ¥á«¨ est = b�t �
s � ��t, £¤¥ �t | ¯®â®ª ­  M , b�t | á®®â¢¥âáâ¢ãîé¨© ¯®â®ª ­  EG, ¯®à®¦¤¥­­ë© ¯®â®ª®¬ �t.
� á«ãç ¥ ­¥áãé¥áâ¢¥­­®© ¤¥ä®à¬ æ¨¨ ¢¥ªâ®à­®¥ ¯®«¥ v = dest

dt

��
t=0

á®¢¯ ¤ ¥â á ¯à®¨§¢®¤­®© �¨
Lws(x) á¥ç¥­¨ï s ¢ ­ ¯à ¢«¥­¨¨ ¢¥ªâ®à­®£® ¯®«ï w = d�t

dt

��
t=0

.

�¯à¥¤¥«¥­¨¥ 3. �¥ªâ®à­®¥ ¯®«¥ v = Lws(x) ®¯à¥¤¥«ï¥â ­ ¡®à  ää¨­®à­ëå ¯®«¥© eX =�deJp(t)
dt

��
t=0

�
­  M , ­ §ë¢ ¥¬ë© ­¥áãé¥áâ¢¥­­®© ¨­ä¨­¨â¥§¨¬ «ì­®© ¤¥ä®à¬ æ¨¥© k-¤ã «ì­®©

áâàãªâãàë.

�­®¦¥áâ¢® D ¨­ä¨­¨â¥§¨¬ «ì­ëå ¤¥ä®à¬ æ¨© k-¤ã «ì­®© áâàãªâãàë ï¢«ï¥âáï ¢¥ªâ®à­ë¬
¯®¤¯à®áâà ­áâ¢®¬ ¢ ¯à®áâà ­áâ¢¥ á¥ç¥­¨© à áá«®¥­¨ï �kT 1

1M !M áã¬¬ë �¨â­¨  ää¨­®à­ëå
¯à®áâà ­áâ¢,   ¯à®áâà ­áâ¢® D0 ­¥áãé¥áâ¢¥­­ëå ¨­ä¨­¨â¥§¨¬ «ì­ëå ¤¥ä®à¬ æ¨© k-¤ã «ì­®©
áâàãªâãàë ï¢«ï¥âáï, ¢ á¢®î ®ç¥à¥¤ì, ¢¥ªâ®à­ë¬ ¯®¤¯à®áâà ­áâ¢®¬ ¢ ¢¥ªâ®à­®¬ ¯à®áâà ­áâ¢¥ D.

�¯à¥¤¥«¥­¨¥ 4. �à®áâà ­áâ¢®¬ áãé¥áâ¢¥­­ëå ¨­ä¨­¨â¥§¨¬ «ì­ëå ¤¥ä®à¬ æ¨© k-¤ã «ì-
­®© áâàãªâãàë ­ §ë¢ ¥âáï ä ªâ®à-¯à®áâà ­áâ¢®

D� = D=D0:

� [4] ¡ë«  ¯®áâà®¥­  à¥§®«ì¢¥­â  ¯ãçª  ¢¥ªâ®à­ëå ¯®«¥© Xh, ¤¨ää¥à¥­æ¨àã¥¬ëå ­ ¤  «£¥-
¡à®© k-¯«îà «ì­ëå ç¨á¥«. �«ï k-¤ã «ì­ëå ç¨á¥« íâ  à¥§®«ì¢¥­â  ¡ã¤¥â ¨¬¥âì ¢¨¤

0! Xh
i�Id
��! C0 D�Id

���! C1 D�Id
���! C2 D�Id

���! � � �
D�Id
���! Cp D�Id

���! � � � ;

£¤¥ Cp = Ap
R("1;:::;"k) Xh, Ap = �k
s=1A

p
s , A

p
s | ¯ãçª¨ à®áâª®¢ R("1 ; : : : ; "k)-§­ ç­ëå ¤¨ää¥à¥­æ¨-

 «ì­ëå ä®à¬ áâ¥¯¥­¨ p, ¨¬¥îé¨å ¢ «®ª «ì­ëå ª®®à¤¨­ â å ¢¨¤ ! = f!i1���itj1���jm�
i1
s ^ � � � ^�

it
s ^

�j1
r1
^� � �^�jm

rm
j t+m = p, ri 6= s 8i = 1;m, !i1���itj1���jm | £« ¤ª¨¥ äã­ªæ¨¨g, £¤¥ �i

s = dxi0�"sdx
n+i
s ,

i = 1; n; �i
r = �"sdx

n+i
r , r 6= s, r = 1; k.

�®àä¨§¬ë ¯ãçª®¢ D = fDs : Ap
s ! Ap+1

s g ª®àà¥ªâ­® ®¯à¥¤¥«ïîâáï á ¯®¬®éìî ¤¨ää¥à¥­æ¨-
 «®¢, ¢ëà ¦ îé¨åáï ¢ «®ª «ì­ëå ª®®à¤¨­ â å á«¥¤ãîé¨¬ ®¡à §®¬:

8! 2 Ap
s(U) Ds! = D

s

i! ^�
i
s +

kX
r=1;r 6=s

D
r

i! ^�
i
r;

£¤¥ D
s

i = @sn+i � "s@
0
i , i = 1; n, D

r

i = @rn+i, r 6= s, r = 1; k, i = 1; n.
�â¬¥â¨¬, çâ® ¯à®áâà ­áâ¢® áãé¥áâ¢¥­­ëå ¨­ä¨­¨â¥§¨¬ «ì­ëå ¤¥ä®à¬ æ¨© D� ¨§®¬®àä­®

¯¥à¢®© £àã¯¯¥ ª®£®¬®«®£¨© H1(M;Xh) [4].
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2. �¯¨á ­¨¥ ¯à®áâà ­áâ¢  áãé¥áâ¢¥­­ëå ¨­ä¨­¨â¥§¨¬ «ì­ëå ¤¥ä®à¬ æ¨©
ç¥à¥§ ª®£®¬®«®£¨¨ �¥å 

�ãáâìM | ª®¬¯ ªâ­®¥ ¬­®£®®¡à §¨¥ á § ¤ ­­®© ­  ­¥¬ k-¤ã «ì­®© áâàãªâãà®©, ¨ ¤¥ä®à¬ -
æ¨ï íâ®£® ¬­®£®®¡à §¨ï § ¤ ­  á ¯®¬®éìî ¤¥ä®à¬ æ¨¨ A(t) = f(U�; '�(t))g ­¥ª®â®à®£®  â« á 
A = f(U�; '�)g á R("1 ; : : : ; "k)-¤¨ää¥à¥­æ¨àã¥¬ë¬¨ äã­ªæ¨ï¬¨ áª«¥©ª¨, £¤¥ fU�g | ¯®ªàëâ¨¥
�¥à¥. �®áâà®¨¬ ­  U�� = U� \ U� 6= ; ¢¥ªâ®à­®¥ ¯®«¥ á«¥¤ãîé¨¬ ®¡à §®¬: § ä¨ªá¨àã¥¬ â®çªã
y 2 V�� = '�(U��) ¨ ¯ãáâì y = '�(x), x 2 U��. � áá¬®âà¨¬ ªà¨¢ãî '��(t)(y), ®¯à¥¤¥«¥­­ãî ­ 
­¥ª®â®à®¬ ¨­â¥à¢ «¥ (��; �), ¨ ¢ëç¨á«¨¬ ¥¥ ª á â¥«ì­ë© ¢¥ªâ®à

ev��(y) = d

dt

����
t=0

'��(t)(y) 2 TyV��:

�®«ãç¥­­®¥ ¢¥ªâ®à­®¥ ¯®«¥ £« ¤ª®¥ ¢ á¨«ã £« ¤ª®áâ¨ ®â®¡à ¦¥­¨ï '��(t) 8t : jtj < �: �®«¥¥ â®£®,
íâ® ¢¥ªâ®à­®¥ ¯®«¥ £®«®¬®àä­®¥, â. ª. ï¢«ï¥âáï ª á â¥«ì­ë¬ ª ®¤­®¯ à ¬¥âà¨ç¥áª®¬ã á¥¬¥©áâ¢ã
f(t) = '��(t) � '�� R("1 ; : : : ; "k)-¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨©.

� ¯®¬®éìî ¢¥ªâ®à­®£® ¯®«ï ev�� ­  V�� ¯®áâà®¨¬ ¢¥ªâ®à­®¥ ¯®«¥ v�� ­  U��: v�� = D'�1
� (ev��),

ª®â®à®¥ ¡ã¤¥â £®«®¬®àä­ë¬ ­  M .
�¥ªâ®à­ë¥ ¯®«ï fv��g ï¢«ïîâáï 1-ª®æ¨ª« ¬¨ ­  ¯®ªàëâ¨¨ fU�g á ª®íää¨æ¨¥­â ¬¨ ¢ ¯ãçª¥

£®«®¬®àä­ëå ¢¥ªâ®à­ëå ¯®«¥© Xh, â. ª. ®­¨ ®¡« ¤ îâ á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:
1) v�� = 0 ­  U�;
2) v�� = �v�� ­  U�

T
U�;

3) v�� + v�
 + v
� = 0 ­  U�

T
U�

T
U
 .

�â¨ á¢®©áâ¢  «¥£ª® ¯à®¢¥à¨âì, ¨áå®¤ï ¨§ ®¯à¥¤¥«¥­¨ï £®«®¬®àä­ëå ¢¥ªâ®à­ëå ¯®«¥© ¨ ¨§ á¢®©-
áâ¢  äã­ªæ¨© áª«¥©ª¨

'��(t) � '�
(t) � '
�(t) = Id :

�®æ¨ª« fv��g 2 Z1(fU�g;Xh) ­ §ë¢ ¥âáï ¨­ä¨­¨â¥§¨¬ «ì­®© ¤¥ä®à¬ æ¨¥©  â« á  A =
f(U�; '�)g. �á«¨ ¤¥ä®à¬ æ¨ï A(t)  â« á  A ï¢«ï¥âáï ­¥áãé¥áâ¢¥­­®©, â. ¥. äã­ªæ¨¨ áª«¥©ª¨
¨¬¥îâ ¢¨¤

'��(t) = ��(t) � '��(0) � ��1
� (t);

£¤¥ ��(t) | R("1 ; : : : ; "k)-¤¨ää¥®¬®àä¨§¬ë â ª¨¥, çâ® ��(0) = Id, â® ¨­ä¨­¨â¥§¨¬ «ì­ ï ¤¥ä®à-
¬ æ¨ï fv��g ­ §ë¢ ¥âáï ­¥áãé¥áâ¢¥­­®©. �¥ªâ®à­ë¥ ¯®«ï fv��g ¡ã¤ãâ ª®£à ­¨æ ¬¨ ­  ¯®ªàë-
â¨¨ fU�g á ª®íää¨æ¨¥­â ¬¨ ¢ ¯ãçª¥ Xh, â. ¥. v�� = w� � w�, £¤¥ w� = D'�1

�

�
d��
dt

��
t=0

�
2 Xh(U�),

w� = D'�1
�

�d��
dt

��
t=0

�
2 Xh(U�).

�¥à¥å®¤ï ª ¨­ê¥ªâ¨¢­®¬ã ¯à¥¤¥«ã ¯® ¯®ªàëâ¨î, ¬®¦­® ¯®ª § âì, çâ® ª®æ¨ª« fv��g ®¯à¥¤¥-
«ï¥â ª« áá ª®£®¬®«®£¨© �¥å  �H1(M;Xh) �= �H1(fU�g;Xh).

�â¢¥à¦¤¥­¨¥ 1. �ãé¥áâ¢ã¥â £®¬®¬®àä¨§¬  ¡¥«¥¢ëå £àã¯¯

� : �H1(M;Xh)! D�

â ª®©, çâ® ¥á«¨ ¯® ¤¥ä®à¬ æ¨¨ ¬­®£®®¡à §¨ï M ¯®áâà®¥­ë ¨­ä¨­¨â¥§¨¬ «ì­ ï ¤¥ä®à¬ æ¨ï

 â« á  fv��g ¨ ¨­ä¨­¨â¥§¨¬ «ì­ ï ¤¥ä®à¬ æ¨ï G-áâàãªâãàë v = des(t)
dt

��
t=0

, â® �([v�� ]) = v:

3. �à¥¯ïâáâ¢¨¥ ª ¨­â¥£à¨àã¥¬®áâ¨ ¨­ä¨­¨â¥§¨¬ «ì­®© ¤¥ä®à¬ æ¨¨

�ãáâì fv��g 2 Z1(fU�g;Xh), â. ¥. fv��g ï¢«ï¥âáï ¨­ä¨­¨â¥§¨¬ «ì­®© ¤¥ä®à¬ æ¨¥©  â« á 
A = f(U�; '�)g, £¤¥ fU�g | ¯®ªàëâ¨¥ �¥à¥ [5].

�¯à¥¤¥«¥­¨¥ 5. �­ä¨­¨â¥§¨¬ «ì­ ï ¤¥ä®à¬ æ¨ï fv��g ­ §ë¢ ¥âáï ¨­â¥£à¨àã¥¬®©, ¥á«¨
áãé¥áâ¢ã¥â ¤¥ä®à¬ æ¨ï A(t) = f(U�; '�(t))g § ¤ ­­®£®  â« á  A, ¯®à®¦¤ îé ï ª®æ¨ª« fv��g.
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�«ï «î¡ëå ¤¢ãå ª®æ¨ª«®¢ fv��g; fw��g 2 Z
1(fU�g;Xh) ¯®áâà®¨¬ áª®¡ªã á«¥¤ãîé¨¬ ®¡à §®¬:

�
�� = [v; w]
�� =
1
2
([v
�; w��] + [w
�; v��]);

£¤¥ [ ; ] | áª®¡ª  ¢¥ªâ®à­ëå ¯®«¥©. �®£¤  �
�� 2 Z2(fU�g;Xh).
�á«¨ ®¤¨­ ¨§ ª®æ¨ª«®¢ ï¢«ï¥âáï ª®£à ­¨æ¥©, â® à¥§ã«ìâ â ¨å ¯à®¨§¢¥¤¥­¨ï â ª¦¥ ¡ã¤¥â

ª®£à ­¨æ¥©. �¥©áâ¢¨â¥«ì­®, ¯ãáâì v�� = v� � v�, £¤¥ v�; v� 2 Xh, â®£¤ 

���
 =
1
2
([v� � v�; w�
] + [w��; v� � v
 ]) =

1
2
([w�
 ; v� + v
] +

+ [w�� ; v� + v�] + [w�
; v� + v
]) = �
� + ��� + ��
 2 B
2(fU�g;Xh):

�­ ç¨â, áª®¡ªã ¬®¦­® ¯¥à¥­¥áâ¨ ­  ª« ááë ª®£®¬®«®£¨©

[�] : �H1(fU�g;Xh)� �H1(fU�g;Xh)! �H2(fU�g;Xh)

¨, ¯¥à¥å®¤ï ª ¨­ê¥ªâ¨¢­®¬ã ¯à¥¤¥«ã ¯® ¯®ªàëâ¨î �¥à¥ fU�g, ¯®«ãç¨âì ¯à®¨§¢¥¤¥­¨¥

[�] : �H1(M;Xh)� �H1(M;Xh)! �H2(M;Xh):

�â¢¥à¦¤¥­¨¥ 2. �á«¨ ª®æ¨ª« fv��g ï¢«ï¥âáï ¨­â¥£à¨àã¥¬®© ¨­ä¨­¨â¥§¨¬ «ì­®© ¤¥ä®à-

¬ æ¨¥© § ¤ ­­®£®  â« á  A, â® ª« áá ª®£®¬®«®£¨© áª®¡ª¨ [v; v]
�� = 0 ¯à¨­ ¤«¥¦¨â �H2(M;Xh).

�®ª § â¥«ìáâ¢®. T ª ª ª ª®æ¨ª« fv��g ï¢«ï¥âáï ¨­â¥£à¨àã¥¬®© ¨­ä¨­¨â¥§¨¬ «ì­®© ¤¥-
ä®à¬ æ¨¥©, â® ¯® ®¯à¥¤¥«¥­¨î áãé¥áâ¢ã¥â ¤¥ä®à¬ æ¨ï A(t) = f(U�; '�(t))g ¨áå®¤­®£®  â« á 
A, ¨ ¢ íâ®¬ á«ãç ¥ v�� = D'�1

�
d

dt

��
t=0
'��(t). �¡®§­ ç¨¬ ev
� = d'
�(t)

dt
¨ ¢¢¥¤¥¬ á¥¬¥©áâ¢® ª®æ¨ª«®¢

v
�(t) = D'�1

 (t)ev
�(t). �¨ää¥à¥­æ¨àãï ¯® t à ¢¥­áâ¢® v
�(t) = v
�(t)+v��(t), ¯à¨ t = 0 ¯®«ãç¨¬

 
ev
� �  
ev
� �  �ev�� = � _v
� + _v
� + _v��; (1)

£¤¥  
 = d

dt
D'�1


 (t), ev
� = ev
�(0), _v
� = D'�1

 (0)dev
�

dt

��
t=0

.
�¥ªâ®à­ë¥ ¯®«ï _v
� 2 Xh(U� \ U� \ U
), â. ª. ¥á«¨ v(t) 2 Xh, â® ¤«ï ª ¦¤®£® áâàãªâãà­®£®

 ää¨­®à  Js ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® LvJs = 0. �¨ää¥à¥­æ¨àãï ¯® t íâ® à ¢¥­áâ¢®, ¯®«ãç¨¬
L _vJs = 0, â. ¥. _v(t) 2 Xh. �­ ç¨â, ¯à ¢ ï ç áâì à ¢¥­áâ¢  (1) ¥áâì ª®£à ­¨æ .

�®ª ¦¥¬, çâ® «¥¢ ï ç áâì à ¢¥­áâ¢  (1) á®¢¯ ¤ ¥â á® áª®¡ª®© [v; v]��
 = [v�� ; v�
]. �à¨¬¥­¨¬
®¯¥à â®à D'
 ª  
ev
�, ®¡®§­ ç¨¢ ev
 = d

dt

��
t=0
'
(t):

D'


�
d

dt

����
t=0

D'�1

 (t)ev
�� =

d

dt

����
t=0

D('
 � '
�1

 (t)ev
�) = Lev
 ev
� = [ev
 ; ev
�]:

�®¤¥©áâ¢®¢ ¢ ®¯¥à â®à®¬ D'�1

 ­  ¯®á«¥¤­¥¥ à ¢¥­áâ¢®, ¯®«ãç¨¬

 
ev
� = [v
 ; v
�]; £¤¥ v
 = D'�1

 ev
:

�®«®¬®àä­®¥ ¢¥ªâ®à­®¥ ¯®«¥ v
� ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ v
� = v
�v�, £¤¥ v
 = D'�1



�d'

dt

��
t=0

�
| ¢¥ªâ®à­®¥ ¯®«¥ ­  U
, v� = D'�1

�

�
d'�
dt

��
t=0

�
| ¢¥ªâ®à­®¥ ¯®«¥ ­  U�. �®£¤   
ev
� = [v
 ; v
�] =

[v
 ; v
 � v�] = �[v
 ; v�] = [v�; v
 ] ¨, á«¥¤®¢ â¥«ì­®,

� 
ev
� +  
ev
� +  �ev�� = �[v�; v
 ] + [v�; v�] + [v�; v
 ] = [v� � v�; v� � v
 ] = [v�� ; v�
] = [v; v]��
 :

� ª¨¬ ®¡à §®¬, [v; v]��
 2 B2(M;Xh), â. ¥. [[v; v]��
 ] = 0 2 �H2(M;Xh). �àã£¨¬¨ á«®¢ ¬¨, ¥á«¨
[[v; v]��
 ] 6= 0, â® ­¥ áãé¥áâ¢ã¥â ¤¥ä®à¬ æ¨¨ A(t) = f(U�; '�(t))g, ¤«ï ª®â®à®©

v�� = D'�1
�

�
d('� � '

�1
� )(t)(x)

dt

�
:

� íâ®¬ á¬ëá«¥ áª®¡ª  [v; v]��
 ï¢«ï¥âáï ¯à¥¯ïâáâ¢¨¥¬ ª ¨­â¥£à¨àã¥¬®áâ¨ ¨­ä¨­¨â¥§¨¬ «ì­®©
¤¥ä®à¬ æ¨¨ fv��g.
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�«ï «î¡ëå ¢¥ªâ®à­ëå ä®à¬ ! 2 Cp
s = Ap

s 
 Xh ¨ � 2 Cr
s = Ar

s 
 Xh ®¯à¥¤¥«¨¬ ¤¨ää¥à¥­æ¨-
 «ì­ãî áª®¡ªã

[ ; ] : Cp
s � Cr

s ! Cp+r
s ;

[!; �] = (!i ^ eDi�
j � (�1)pr�i ^ eDi!

j) eDj ;

£¤¥ eDj = ("1 + � � �+ "k)
� kP
q=1

@

@x
n+j
q

�
, i; j = 1; n.

�à®¢¥à¨¬, çâ® ®¯à¥¤¥«¥­¨¥ áª®¡ª¨ ª®àà¥ªâ­®. �ãáâì § ¤ ­  R("1 ; : : : ; "k)-¤¨ää¥à¥­æ¨àã¥¬ ï
§ ¬¥­  ª®®à¤¨­ â (

xi
0

0 = xi
0

0 (x
i
0);

xn+i
0

q = xn+i
0

q (xi0; x
n+i
q ); q = 1; k; i; i0 = 1; n:

�®£¤  ¨§ ãá«®¢¨© �¥ää¥àá  [1] á«¥¤ã¥â, çâ® äã­ªæ¨¨ xi
0

, xn+i
0

¨¬¥îâ á¢®©áâ¢ 

@xi
0

@xi
=
@xn+i

0

q

@xn+iq

;
@xi

0

@xn+iq

= 0:

�¡¥¤¨¬áï, çâ® ¯à¨ â ª®© § ¬¥­¥ ®¯¥à â®àë eDj ¢ëà ¦ îâáï ¤àã£ ç¥à¥§ ¤àã£ :

eDj0 = ("1 + � � �+ "k)
� kX

q=1

@

@xn+j
0

q

�
= ("1 + � � � + "k)

� kX
q=1

@xn+iq

@xn+j
0

q

�
@

@xn+iq

�
=

= ("1 + � � �+ "k)
� kX

q=1

@xi0
@xj

0

0

�
@

@xn+iq

�
=
@xi0
@xj

0

0

("1 + � � � + "k)
� kX

q=1

@

@xn+iq

�
=
@xi0
@xj

0

0

eDi = Bi
i0
eDi:

� ª ª ª ¢¥ªâ®àë f eDig ®¡à §ãîâ ¡ §¨á á R("1 ; : : : ; "k)-¤¨ää¥à¥­æ¨àã¥¬ë¬¨äã­ªæ¨ï¬¨ ¯¥à¥å®¤ ,
â® ®­¨ ®¯à¥¤¥«ïîâ à áá«®¥­¨¥, ¨§®¬®àä­®¥ £®«®¬®àä­®¬ã ª á â¥«ì­®¬ã à áá«®¥­¨î ThM:

�¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ¬®¦­® ¯®ª § âì, çâ® ¡ §¨á­ë¥ 1-ä®à¬ë f�i
qg, q = 1; k,

¢ëà ¦ îâáï ¯à¨ § ¬¥­¥ ª®®à¤¨­ â ¤àã£ ç¥à¥§ ¤àã£  á«¥¤ãîé¨¬ ®¡à §®¬:8>>><>>>:
�i0

s =
�
@xi

0

0

@xj0
� "s

@xn+i
0

s

@xj0

�
�j
s;

�i0

r = �"s
@xn+i

0

r

@xj0
�j
s +

@xi
0

0

@xj0
�j
r; r 6= s; r = 1; k:

�á¯®«ì§ãï á¢®©áâ¢  "i � "j = 0 8i; j = 1; k; @xi0
@x

n+j
r

= 0 8r = 1; k, «¥£ª® ¯®«ãç¨âì, çâ® eDp0(A
j0

i0 ) = 0,

£¤¥ Aj0

i0 | ¬ âà¨æë ¯¥à¥å®¤  ¡ §¨á­ëå 1-ä®à¬ �i. �á¯®«ì§ãï ¯®á«¥¤­¥¥ à ¢¥­áâ¢®, ¯à®¢¥à¨¬
ª®àà¥ªâ­®áâì ®¯à¥¤¥«¥­¨ï áª®¡ª¨: ¯ãáâì

! = !ki1:::ip�
i1
s ^ � � � ^�

it
s ^�

a1
i1
^ � � � ^�am

im
; t+m = p; ai 6= s;

� = �lj1:::jr�
j1
s ^ � � � ^�jq

s ^�i1
b1
^ � � � ^�ju

bu
; q + u = r; bi 6= s:

�®£¤ 

[!; �]k
0

i0
1
:::i0pj

0

1
:::j0r

= (!s
0

[i0
1
:::i0p

eDs0�
k0

j0
1
:::j0r]

� (�1)pr�s
0

[j0
1
:::j0r

eDs0!
k0

i0
1
:::i0p]

) =

= Ai1
i0
1

� � �A
ip
i0p
Bs0

s B
s
s0!

s
[i1:::ip

Ds(A
j1
j0
1

� � �Ajr
j0r
Bk0

k �
k
j1:::jr ]

)�

� (�1)prAj1
j0
1

� � �Ajr
j0r
Bs0

s B
s
s0�

s
[j1:::jr

Ds(A
i1
i0
1

� � �A
ip
i0p
Bk0

k !
k
i1:::ip]

) =

= Ai1
i0
1

� � �A
ip
i0p
Aj1
j0
1

� � �Ajr
j0r
Bk0

k [!; �]
k
i1:::ipj1:::jr

+Ai1
i0
1

� � �A
ip
i0p
Aj1
j0
1

� � �Ajr
j0r
(!s[i1:::ip�

k
J1:::Jr]

�

� (�1)pr�s[j1:::jr!
k
i1:::ip]

)DsB
k0

k +
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+Ai1
i0
1

� � �A
ip
i0p
Bk0

k B
s0

s

� rX
m=1

Aj1
j0
1

� � �A
jm�1

j0
m�1

A
jm+1

j0
m+1

: : : Ajr
j0r
Ds0(A

jm
j0m
)
�
!s[i1:::ip�

k
j1:::jr ]

�

� (�1)prAj1
j0
1

� � �Ajr
j0r
Bk0

k B
s0

s

� pX
m=1

Ai1
i0
1

� � �A
im�1

i0
m�1

A
im+1

i0
m+1

� � �A
ip
i0p
Ds0(A

im
i0m
)
�
�s[j1:::jr!

k
i1:::ip]

=

= Ai1
i0
1

� � �A
ip
i0p
Aj1
j0
1

� � �Ajr
j0r
Bk0

k [!; �]
k
i1:::ipj1:::jr

;

â. ª. !s[i1:::ip�
k
j1:::jr ]

� (�1)pr�s[j1:::jr!
k
i1:::ip]

= 0 ¨ Ds0(A
im
i0m
) = 0.

�­ ç¨â, ¤¨ää¥à¥­æ¨ «ì­ ï áª®¡ª  ­¥ § ¢¨á¨â ®â ¢ë¡®à  ª®®à¤¨­ â.

�â¢¥à¦¤¥­¨¥ 3. �¨ää¥à¥­æ¨ «ì­ ï áª®¡ª  [ ; ] : Cp
s � Cr

s ! Cp+r
s ã¤®¢«¥â¢®àï¥â á«¥¤ãî-

é¨¬ ãá«®¢¨ï¬:

1) [!; �] = (�1)pr+1[�; !];
2) D[!; �] = [D!; �] + (�1)p[!;D�] ¤«ï «î¡ëå ! 2 Cp

s , � 2 C
r
s .

�§ ¢â®à®£® ãá«®¢¨ï ¨ â®£®, çâ® DV = 0 ¤«ï ¨­ä¨­¨â¥§¨¬ «ì­®© ¤¥ä®à¬ æ¨¨ V , á«¥¤ã¥â,
çâ® áª®¡ª  [V; V ] ï¢«ï¥âáï D-§ ¬ª­ãâ®©,   §­ ç¨â, ®¯à¥¤¥«ï¥â ª« áá ¢ H2(M;Xh).

�â¢¥à¦¤¥­¨¥ 4. �¨ää¥à¥­æ¨ «ì­ ï áª®¡ª  [ ; ] ®¯à¥¤¥«ï¥â ã¬­®¦¥­¨¥

H i(M;Xh)�Hj(M;Xh)! H i+j(M;Xh):

�®ª § â¥«ìáâ¢®. �á«¨ ! ¨ � | § ¬ª­ãâë¥ ä®à¬ë, â®

D[!; �] = [D!; �] + (�1)p[!;D�] = 0:

�á«¨, ­ ¯à¨¬¥à, ä®à¬  ! ï¢«ï¥âáï â®ç­®©, â® â®ç­®© ¡ã¤¥â ¨ áª®¡ª  [!; �], â. ª. ¤«ï ! = D�
[!; �] = [D�; �] = D[�; �].

� áá¬®âà¨¬ ¨§®¬®àä¨§¬ë

'� : �Hp(M;Xh)! Hp(M;Xh);

 � : Hp(C �; D)! Hp(M;Xh);

�� = ( �)�1 � '� : �Hp(M;Xh)! Hp(C �;D):

�â¢¥à¦¤¥­¨¥ 5. �«ï «î¡ëå ¤¢ãå ª®æ¨ª«®¢ fv��g, fw��g

��[[v; w]��
 ] = [��[fv��g]; �
�[fw�
g]]:

�«ï ¤®ª § â¥«ìáâ¢  ¯®ª ¦¥¬, ª ª áâà®¨âáï á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã �
�� = [v; w]
�� ¨ áª®¡ª®©
[V;W ]. �á«¨ ª®æ¨ª«ë v
� = v
 � v�, w
� = w
 � w�, 2-ª®æ¨ª« �
�� = �
� + ��
 + ���, £¤¥ �
� =
1
2
([v
 ; w� ] + [w
 ; v�]), â. ¥. �
�� ï¢«ï¥âáï ª®£à ­¨æ¥©, â® D�
�� = D�
� +D��
 +D��� = 0, £¤¥

D�
� =
1
2
D([v
 ; w� ] + [w
 ; v�]) =

1
2
([Dv
; w� ] + [Dw
 ; v�] + [v
 ; Dw�] + [w
 ;Dv�]) = �
 � ��;

�
 = �
1
2
([Dv
 ; w
 ] + [Dw
 ; v
 ]):

�âáî¤  D(D�
�) = D�
 � D�� = 0,   §­ ç¨â, D�� á®£« á®¢ ­ë ­  ¯¥à¥á¥ç¥­¨ïå ¨ á®áâ ¢«ïîâ
¢¥ªâ®à­ãî 2-ä®à¬ã U â ªãî, çâ® U jU
 = �
 ¨ [V;W ] = U . �á«¨ fv��g, fw��g ®¯à¥¤¥«ïîâ ª« ááë
V , W ¨§ H1(C�; D), â® áª®¡ª  ���
 = [v; w]��
 ®¯à¥¤¥«ï¥â ª« áá [V;W ] 2 H2(C �;D) [6]. �

�¯à¥¤¥«¥­¨¥ 6. �­ä¨­¨â¥§¨¬ «ì­ ï ¤¥ä®à¬ æ¨ï V ­ §ë¢ ¥âáï ¨­â¥£à¨àã¥¬®©, ¥á«¨ áã-
é¥áâ¢ã¥â ¤¥ä®à¬ æ¨ï J(t) k-¤ã «ì­®© áâàãªâãàë, ¯®à®¦¤ îé ï V .

�§ ãâ¢¥à¦¤¥­¨ï 5 á«¥¤ã¥â, çâ® ¥á«¨ V | ¨­â¥£à¨àã¥¬ ï ¨­ä¨­¨â¥§¨¬ «ì­ ï ¤¥ä®à¬ æ¨ï
k-¤ã «ì­®© áâàãªâãàë, â® ª« áá ¤¨ää¥à¥­æ¨ «ì­®© áª®¡ª¨ [V; V ] ¢ H2(M;Xh) âà¨¢¨ «¥­.
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