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1. � áá¬ âà¨¢ ¥âáï ®¡ëª®¢¥®¥ ¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥�
p(x)u00

�00
= f(x) (1)

  ¬®¦¥áâ¢¥ ¯àï¬®«¨¥©ëå ¨â¥à¢ «®¢ figm1 , à á¯®«®¦¥ëå ¢ ¯à®áâà áâ¢¥ R
n. � ¦¤ë© ¨§

¨â¥à¢ «®¢ i ï¢«ï¥âáï à¥¡à®¬ £¥®¬¥âà¨ç¥áª®£® £à ä  (¢ ¤àã£¨å â¥à¬¨ å | ¯à®áâà áâ¢¥®©
¨«¨ â®¯®«®£¨ç¥áª®© á¥â¨) ¨§ Rn. �â®â £à ä � á®áâ®¨â ¯® ®¯à¥¤¥«¥¨î ¨§ ®¡ê¥¤¨¥¨ï ¢á¥å à¥¡¥à
i, ¤®¯®«¥®£® ¥ª®â®àë¬  ¡®à®¬ â®ç¥ª J(�), ª ¦¤ ï ¨§ ª®â®àëå ï¢«ï¥âáï ®¡é¨¬ ª®æ®¬
¥ ¬¥¥¥ ¤¢ãå à¥¡¥à. � æ¥«®¬ � ¯à¥¤¯®« £ ¥âáï á¢ï§ë¬. �®¦¥áâ¢® ª®æ®¢ i, ¥ ¢®è¥¤è¨å ¢
J(�), ®¡®§ ç¨¬ ç¥à¥§ @�. �®çª¨ ¨§ @�  §ë¢ ¥¬ £à ¨çë¬¨ ¢¥àè¨ ¬¨ � ¢ ®â«¨ç¨¥ ®â â®ç¥ª

J(�),  §ë¢ ¥¬ëå ¢ãâà¥¨¬¨ ¢¥àè¨ ¬¨ �. �«ï ã¤®¡áâ¢  ç¥à¥§
�

� ®¡®§ ç ¥¬ ®¡ê¥¤¨¥¨¥
¢á¥å à¥¡¥à i (i = 1;m). �®¯®«®£¨ï   � ¨¤ãæ¨àã¥âáï ®à¬®© Rn.

�  ª ¦¤®¬ ¨§ à¥¡¥à i ãà ¢¥¨¥ (1) ¯®¨¬ ¥âáï ª ª ®¡ëç®: ¤¨ää¥à¥æ¨à®¢ ¨¥ ¢¤®«ì
®âà¥§ª  ¯à®¨§¢®¤¨âáï ¯®  âãà «ì®¬ã ¯ à ¬¥âàã. �®¤ à¥è¥¨ï¬¨ ãà ¢¥¨ï (1)   � ¡ã¤¥¬
¯®¨¬ âì äãªæ¨¨, § ¤ ë¥   � á® § ç¥¨ï¬¨ ¢ R1, ¥¯à¥àë¢ë¥ ¢ æ¥«®¬   �, ã¤®¢«¥â¢®-

àïîé¨¥ ãà ¢¥¨î (1)  
�

�; ¢ ª ¦¤®¬ ¨§ ¢ãâà¥¨å ¢¥àè¨ a 2 J(�) à¥è¥¨¥ ¯®¬¨¬® ãá«®¢¨ï
¥¯à¥àë¢®áâ¨ ¤®«¦® ã¤®¢«¥â¢®àïâì ¤®¯®«¨â¥«ìë¬ ãá«®¢¨ï¬ á®£« á®¢ ¨ï, ¯à¨¢®¤¨¬ë¬
¤ «¥¥. � £à ¨çëå â®çª å @� ¡ã¤¥¬  ª« ¤ë¢ âì   à¥è¥¨ï ªà ¥¢ë¥ ãá«®¢¨ï. �§ãç ¥¬ ï
¨¦¥ § ¤ ç  ¢®§¨ª ¥â ¯à¨ ¬®¤¥«¨à®¢ ¨¨ ã¯àã£¨å ¤¥ä®à¬ æ¨© ¥ª®â®àëå â¨¯®¢ à¥è¥â®ª ¨§
áâ¥à¦¥©. � æ¥âà¥ ¢¨¬ ¨ï  áâ®ïé¥© à ¡®âë | ¢®¯à®á ®¡ ãá¨«¥¨¨ ¯®«®¦¨â¥«ì®© ®¡à â¨-
¬®áâ¨ (u0-¯®«®¦¨â¥«ì®áâì ¢ â¥à¬¨ å [1]) ®¯¥à â®à , ¯®à®¦¤ ¥¬®£® ãà ¢¥¨¥¬ (1)   £à ä¥
¯à¨ ¥ª®â®àëå £à ¨çëå ãá«®¢¨ïå @�. �ã¤¥¬ ®¯¨à âìáï   ¬¥â®¤®«®£¨î ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨©   £à ä å, à §¢¨âãî ¢ [2], [3], ¤«ï á«ãç ï ãà ¢¥¨ï ¢â®à®£® ¯®àï¤ª . � íâ¨å à ¡®â å
¬®¦®  ©â¨ ¡®«¥¥ à §¢¥àãâ®¥ ®¯¨á ¨¥ à áá¬ âà¨¢ ¥¬ëå £à ä®¢.

�¡®§ ç¨¬ ç¥à¥§ E(�) ¯à®áâà áâ¢® äãªæ¨© u(x), ª ¦¤ ï ¨§ ª®â®àëå § ¤   ¨ ¥¯à¥àë¢ 

  �, ¨¬¥¥â ¥¯à¥àë¢ë¥ ¯à®¨§¢®¤ë¥ ¤® ç¥â¢¥àâ®£® ¯®àï¤ª   
�

� (â. ¥.   ª ¦¤®¬ à¥¡à¥ i) ¨
ã¤®¢«¥â¢®àï¥â ¢ ª ¦¤®© ¢ãâà¥¥© ¢¥àè¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬

u00i (a+ 0) = 0 (i 2 I(a)); (2)X
i2I(a)

�
(piu00i )

0 � qu0i
�
(a+ 0) = 0 (qi > 0): (3)

�¤¥áì I(a) |  ¡®à ¨¤¥ªá®¢ ¯à¨¬ëª îé¨å ª a à¥¡¥à i, ç¥à¥§ ui(�) ®¡®§ ç¥® áã¦¥¨¥ äãª-
æ¨¨ u : � ! R1   à¥¡à® i,   v0i(a + 0) ®§ ç ¥â ¯à®¨§¢®¤ãî ®â vi(x), ¢ëç¨á«¥ãî ¢ â®çª¥
a ¢¤®«ì à¥¡à  i ¯®  ¯à ¢«¥¨î \®â a". �àã£¨¬¨ á«®¢ ¬¨, ¢ª«îç¥¨¥ u(x) 2 E(�) ®§ ç ¥â
£« ¤ª®áâì u(x)   ª ¦¤®¬ à¥¡à¥ i ¨ ¥¯à¥àë¢®áâì u(x) ¢ ª ¦¤®© ¢ãâà¥¥© ¢¥àè¨¥ a ¢¬¥áâ¥
á ãá«®¢¨ï¬¨ £« ¤ª®áâ¨ (2) ¨ (3). �®¤ à¥è¥¨¥¬ (1)   � ¯®¨¬ ¥¬ äãªæ¨î ¨§ E(�), ã¤®¢«¥â¢®-

àïîéãî ãà ¢¥¨î (1)  
�

� ¨«¨, çâ® â® ¦¥, ãá«®¢¨¥ ¥¯à¥àë¢®áâ¨ ¢¬¥áâ¥ á (2) ¨ (3) ¢®á¨¬ ¢
¯®ïâ¨¥ ãà ¢¥¨ï (1)   �.
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�ãªæ¨ï p(�) ¯à¥¤¯®« £ ¥âáï ¤®áâ â®ç® £« ¤ª®©  
�

� ¨, ªà®¬¥ â®£®, inf
�
p(�) > 0. �¥âàã¤®

¯®ª § âì, çâ® ¢ E(�) «¨¥©®¥ ¬®£®®¡à §¨¥ à¥è¥¨© ãà ¢¥¨ï (1) ¨¬¥¥â à §¬¥à®áâì, á®¢¯ -
¤ îéãî á ã¤¢®¥ë¬ ª®«¨ç¥áâ¢®¬ j@�j £à ¨çëå ¢¥àè¨ �, â. ¥. â®ç¥ª ¨§ j@�j. �á«¨ ®ª ¦¥âáï,
çâ® j@�j 6= 2, â® § ¤ ç  �®è¨ ¤«ï ãà ¢¥¨ï (1) «¨è¥  á¬ëá« . �¬¥® ¯®íâ®¬ã  á ¨â¥à¥áã-
îâ «¨èì ªà ¥¢ë¥ § ¤ ç¨ á ãá«®¢¨ï¬¨   j@�j. � ª ¦¤®© ¨§ ¢¥àè¨ b 2 j@�j ¡ã¤¥¬ à áá¬ âà¨¢ âì
ãá«®¢¨ï á«¥¤ãîé¥£® ¢¨¤ 

u(b)� �(pu00)0(b� 0) = 0;

�u0(b� 0) + �u00(b) = 0;
(4)

£¤¥ �; �; � � 0; � + � > 0. �¤¥áì á¨¬¢®« ¬¨ u0(b � 0) ¨ (pu00)0(b � 0) ®¡®§ ç îâáï ¯à®¨§¢®¤ë¥,
¢ëç¨á«¥ë¥ ¢ â®çª¥ b ¯à¨ «®ª «ì®© ®à¨¥â æ¨¨ ®ªà¥áâ®áâ¨ b ¢  ¯à ¢«¥¨¨ \ª b". �â®
¯®§¢®«¨â ¢ ¤ «ì¥©è¥¬ ¯à¨ ¥®¡å®¤¨¬®áâ¨ ®à¨¥â¨à®¢ âì ¯à¨¬ëª îé¨¥ ª b à¥¡à  ¢¨¤  (a; b)
(¯à¨ a 2 J(�)) ¢  ¯à ¢«¥¨¨ ®â a ª b, ¥ ¬¥ïï ¯à¨ íâ®¬ § ª®¢ ª®íää¨æ¨¥â®¢ ª ª ¢ ãá«®¢¨ïå
(3), â ª ¨ ¢ (4). � ¬¥â¨¬, çâ® ãá«®¢¨ï (4) ®å¢ âë¢ îâ ¢á¥ ¨§¢¥áâë¥ á«ãç ¨ § ªà¥¯«¥¨ï ª®æ®¢
áâ¥à¦¥© (¡ «®ª).

�¥®à¥¬  1. � ¤ ç  (1){(4) ¥¢ëà®¦¤¥ , â. ¥. ®¤®§ ç® à §à¥è¨¬  ¯à¨ «î¡®© áã¬¬¨àã-

¥¬®©  
�

� ¯à ¢®© ç áâ¨ f(x). �ãªæ¨ï �à¨  G(x; s) íâ®© § ¤ ç¨ áâà®£® ¯®«®¦¨â¥«ì   

�� � ¨ ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã

u0(x)h1(s) � G(x; s) � u0(x)h2(s); (5)

£¤¥ h1(s), h2(s) | áâà®£® ¯®«®¦¨â¥«ìë¥ ¨ áã¬¬¨àã¥¬ë¥   � äãªæ¨¨,   u0(x) | áâà®£®

¯®«®¦¨â¥«ì®¥ à¥è¥¨¥ § ¤ ç¨ (1){(4) ¯à¨ f(x) � 1.

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¯à¨¢®¤¨âáï ¤ «¥¥ ¢ ¯¯. 2-5. � ¯. 2 ¯®ª §ë¢ ¥âáï ¥¢ëà®¦¤¥-
®áâì § ¤ ç¨, ¢ ¯. 3 ãáâ  ¢«¨¢ ¥âáï ¯®§¨â¨¢ ï à §à¥è¨¬®áâì § ¤ ç¨ (1){(4), â. ¥. á®¨§¬¥à¨-
¬®áâì «î¡ëå ¤¢ãå à¥è¥¨© u(x), v(x) ¨§ E(�) ¥à ¢¥áâ¢ 

(pu00)00 � 0; (6)

ã¤®¢«¥â¢®àïîé¨å ªà ¥¢ë¬ ãá«®¢¨ï¬ (4). � ¯®¬¨¬, çâ® á®£« á® [1] äãªæ¨¨ u(x), v(x) á®¨§-
¬¥à¨¬ë   �, ¥á«¨ ¨å ®â®è¥¨¥ u(x)

v(x)
®¯à¥¤¥«¥® ¨ ®£à ¨ç¥®   � á¢¥àåã ¨ á¨§ã ¯®«®¦¨-

â¥«ìë¬¨ ª®áâ â ¬¨. � ª ç¥áâ¢¥ ®¤®© ¨§ äãªæ¨© ¥áâ¥áâ¢¥® ¢§ïâì à¥è¥¨¥ § ¤ ç¨ (1){(4)
¯à¨ f(x) � 1, çâ® ¨ ¯à¨¢¥¤¥â ¢ ¯. 5 ®â ¯®§¨â¨¢®© à §à¥è¨¬®áâ¨ § ¤ ç¨ ª ®æ¥ª ¬ ¢¨¤  (5).
�à¥¤¢ à¨â¥«ì® ¢ ¯. 4 ¡ã¤¥â ¯®ª § ® áãé¥áâ¢®¢ ¨¥ äãªæ¨¨ �à¨  § ¤ ç¨ (1){(4) ¨ ¨§ãç¥ë
¥ª®â®àë¥ ¥¥ ®á®¢ë¥ á¢®©áâ¢ .

2. �®ª ¦¥¬ ¥¢ëà®¦¤¥®áâì § ¤ ç¨ (1){(4). �«ï íâ®£® ¤®áâ â®ç® ¯®ª § âì, çâ® ®¤®à®¤®¥
ãà ¢¥¨¥

(pu00)00 = 0 (7)

¨¬¥¥â ¢ E(�) ¯à¨ ãá«®¢¨ïå (4) â®«ìª® âà¨¢¨ «ì®¥ à¥è¥¨¥. �à¥¤¯®« £ ï § ¤ çã (1){(4) ¢ëà®-
¦¤¥®©, ®¡®§ ç¨¬ ç¥à¥§ u(x) ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ (7) ¢ E(�) ¯à¨ ãá«®¢¨ïå (4).

� ¯®¬¨¬, çâ® à¥¡à®  = (a; b) £à ä  �  §ë¢ ¥âáï ¢ãâà¥¨¬, ¥á«¨ a ¨ b ¯à¨ ¤«¥¦ â
J(�),   ¥á«¨ «¨¡® a, «¨¡® b ¯à¨ ¤«¥¦¨â @�, â®   §ë¢ ¥âáï âã¯¨ª®¢ë¬ (£à ¨çë¬) à¥¡à®¬.

�¥¬¬  1. �ãáâì  = (a; b) | ¯à®¨§¢®«ì®¥ âã¯¨ª®¢®¥ à¥¡à® �, ¯à¨ç¥¬ a 2 J(�) ¨ b 2 @�.
�ãáâì q(a) > 0. �®£¤  ¥á«¨ u(a) 6= 0, â® ç¨á«  u(a) ¨ [(pu00)0 � qu0](a + 0) ¨¬¥îâ ®¤¨ ª®¢ë©

§ ª.
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�®ª § â¥«ìáâ¢®. � ¤ ¤¨¬    = (a; b) ®à¨¥â æ¨î ¢  ¯à ¢«¥¨¨ \®â a". �ãáâì á ç « 
(pu00)0(x) � c > 0 (x 2 �). �®£¤  ¢ á¨«ã ¯®«®¦¨â¥«ì®áâ¨ p(�) ¨ ãá«®¢¨ï (2) ¨¬¥¥¬ u00(x) > 0
(x 2 ). �®íâ®¬ã u0(x) < 0 ¨ á«¥¤ã¥â, çâ® u(x) ï¢«ï¥âáï ã¡ë¢ îé¥© äãªæ¨¥©. �à®¬¥ â®£®, ¢
á¨«ã ¯¥à¢®£® ãá«®¢¨ï (4) ¨¬¥¥¬ u(b) > 0. �®íâ®¬ã u(a) > 0. � «®£¨ç® ¯®ª §ë¢ ¥âáï, çâ® ¯à¨
c < 0 ç¨á«  u(a) ¨ [(pu00)0 � qu0](a+ 0) ï¢«ïîâáï ®âà¨æ â¥«ìë¬¨.

� áá¬®âà¨¬ â¥¯¥àì á«ãç ©, ª®£¤  c = 0. �®£¤  (pu00)(x) � 0 (x 2 ) ¨ ¢ á¨«ã ¢â®à®£® ãá«®¢¨ï
(4) ¨¬¥¥¬ �u0(b � 0) = 0. �âáî¤  á«¥¤ã¥â, çâ® ¥á«¨ � 6= 0, â® u0(b � 0) = 0, á«¥¤®¢ â¥«ì®,
u0(x) � 0 (x 2 ), â. ¥. u(x) = const. � ª ª ª ¨§ ¯¥à¢®£® ãá«®¢¨ï (4) á«¥¤ã¥â, çâ® u(b) = 0, â®
u(x) � 0 (x 2 ), çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î. �®íâ®¬ã � = 0, ® â®£¤  u(x) ®ª §ë¢ ¥âáï «¨¥©®©
   äãªæ¨¥©, ¯à¨ç¥¬ u(b) = 0. �â® ®§ ç ¥â, çâ® ¯à¨ u(a) < 0 ¤®«¦® ¡ëâì u0(a + 0) < 0,
¯®íâ®¬ã [(pu00)0 � qu0](a+ 0) > 0,   ¯à¨ u(a) < 0 | á®®â¢¥âáâ¢¥® [(pu00)0 � qu0](a+ 0) < 0.

�®ª ¦¥¬ â¥¯¥àì ¥¢ëà®¦¤¥®áâì § ¤ ç¨ (1){(4). � áá¬®âà¨¬ ¢ ç «¥ á«ãç ©, ª®£¤  £à ä
� = �0 ¨¬¥¥â â®«ìª® ®¤ã ¢ãâà¥îî ¢¥àè¨ã a, â. ¥. ï¢«ï¥âáï ¯ãçª®¬. �§ «¥¬¬ë 1 á«¥¤ã¥â, çâ®
¯à¨ u(a) 6= 0 ¢á¥ á« £ ¥¬ë¥ ¢ áã¬¬¥ (3) ¨¬¥îâ ®¤¨ ª®¢ë© § ª, ç¥£® ¥ ¬®¦¥â ¡ëâì. �®íâ®¬ã
u(a) = 0 ¨ u(x) � 0   ª ¦¤®¬ à¥¡à¥ i ¯ãçª  �0.

� áá¬®âà¨¬ ¤ «¥¥ ®¡é¨© á«ãç ©, ª®£¤  ¬®¦¥áâ¢® ¢ãâà¥¨å ¢¥àè¨ J(�) á®áâ®¨â ¨§ ¡®«¥¥
ç¥¬ ¤¢ãå â®ç¥ª. �®£¤    ª ¦¤®¬ ¢ãâà¥¥¬ à¥¡à¥ i à¥è¥¨¥ u(x) ãà ¢¥¨ï (7) ¨¬¥¥â ¢
ª®æ å ã«¥¢ë¥ ¢â®àë¥ ¯à®¨§¢®¤ë¥. �à¨¯¨è¥¬ ª ¦¤®© £à ¨ç®© ¢¥àè¨¥ £à ä  � ã«¥¢®©
à £. �ª ¦¥¬, çâ® ¢ãâà¥ïï ¢¥àè¨  a ¨¬¥¥â à £ 1, ¥á«¨ ª ¥© ¯à¨¬ëª ¥â å®âï ¡ë ®¤®
£à ¨ç®¥ à¥¡à®. �áâ «ìë¬ ¢¥àè¨ ¬ £à ä  � ¯à¨¯¨è¥¬ à £ 2.

�ãáâì a | ¢¥àè¨  à £  1 ¨ u(a) > 0. �®£¤  ¢ á¨«ã «¥¬¬ë 1 ¨¬¥¥¬, çâ® ¢¤®«ì ª ¦¤®£®
£à ¨ç®£® à¥¡à  i, ¯à¨¬ëª îé¥£® ª a, á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® [(piu00i )

0 � qiu
0
i](a+ 0) > 0.

�¡®§ ç¨¬ ç¥à¥§M ¯®¤¬®¦¥áâ¢® �, ¯®«ãç îé¥¥áï ¢ë¡à áë¢ ¨¥¬ ¨§ � ¢á¥å ¥£® £à ¨çëå
à¥¡¥à ¢¬¥áâ¥ á ¢¥àè¨ ¬¨ ¥¤¨¨ç®£® à £ . �ãáâì M0 | ¯à®¨§¢®«ì ï ª®¬¯®¥â  á¢ï§®áâ¨
M . �ç¥¢¨¤®, M0 ï¢«ï¥âáï ¯®¤£à ä®¬ �, ¥£® £à ¨æ  @M0 á®áâ®¨â ¨§ ¢¥àè¨ ¥¤¨¨ç®£® à £ 
�,   ¢ãâà¥¨¬¨ ¢¥àè¨ ¬¨ M0 ï¢«ïîâáï ¢¥àè¨ë � à £  2. � ª «¥£ª® ¢¨¤¥âì, u00(x) � 0  
M0. �®íâ®¬ã ¢ ª ¦¤®© ¢ãâà¥¥© ¤«ï M0 ¢¥àè¨¥ a ãá«®¢¨¥ (3) ¨¬¥¥â ¢¨¤X

i2I(a)

qu0i(a+ 0) = 0 (qi > 0) (8)

¨ u(x) ®ª §ë¢ ¥âáï   M0 à¥è¥¨¥¬ ãà ¢¥¨ï u00(x) � 0 ¢ á¬ëá«¥ à ¡®âë [3]. �®íâ®¬ã ¨«¨
u(x) � const   M0, ¨«¨ u(x) ¯à¨¨¬ ¥â á¢®¨ íªáâà¥¬ «ìë¥ § ç¥¨ï â®«ìª®   £à ¨æ¥ @M0.
� ®¡®¨å á«ãç ïå ¥á«¨ u(x) 6� 0   M0, â® ¢ ®¤®© ¨§ £à ¨çëå ¤«ï M0 ¢¥àè¨ a0 äãª-
æ¨ï u(x) ¨¬¥¥â ¯®«®¦¨â¥«ìë© ¬ ªá¨¬ã¬ ¨«¨ ®âà¨æ â¥«ìë© ¬¨¨¬ã¬. �ãáâì u(a0) > 0 (¥á«¨
u(a0) < 0, â® ¯¥à¥©¤¥¬ ª �u(x)). �¢¨¤ã á¯à ¢¥¤«¨¢®áâ¨ ¯à¥¤ë¤ãé¥£® à ááã¦¤¥¨ï ¤«ï ª ¦¤®©
ª®¬¯®¥âë á¢ï§®áâ¨ M ¨ ª®¥ç®áâ¨ ç¨á«  íâ¨å ª®¬¯®¥â ¬ë ¬®¦¥¬ áç¨â âì, çâ® a0 |
â®çª  ¯®«®¦¨â¥«ì®£® ¬ ªá¨¬ã¬  ®â®á¨â¥«ì® ¢á¥£® M . �¤®«ì ª ¦¤®£® ¢ãâà¥¥£® à¥¡à 
i, ¯à¨¬ëª îé¥£® ª íâ®© ¢¥àè¨¥, ¤®«¦® ¢ë¯®«ïâìáï ¥à ¢¥áâ¢® u0i(a0 + 0) � 0, ¯à¨ç¥¬
(piu00i )

0(a0 + 0) = 0. �â® ¯à®â¨¢®à¥ç¨â (3) ¢ â®çª¥ a0, â. ª. ¤«ï ª ¦¤®£® £à ¨ç®£® à¥¡à  i, ¯à¨-
¬ëª îé¥£® ª a0, ¢ á¨«ã «¥¬¬ë 1 [(pju00j )

0� qju
0
j ](a+0) > 0. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ®§ ç ¥â,

çâ® u(a) = 0 ¤«ï «î¡®© ¢¥àè¨ë a à £  1 £à ä  �. �âáî¤  á«¥¤ã¥â, çâ® u(x) � 0   M . �«¥¤®-
¢ â¥«ì®, ¤«ï ª ¦¤®© ¢¥àè¨ë a ¥¤¨¨ç®£® à £  ¨áå®¤ ï § ¤ ç  ¡¥§ ¨§¬¥¥¨© áã¦ ¥âáï  
§ ¤ çã ¯à¥¦¥£® â¨¯  ¤«ï ¯ãçª  �0, ®¡à §®¢ ®£® ¢á¥¬¨ âã¯¨ª®¢ë¬¨ à¥¡à ¬¨ ¨ ¯à¨¬ëª îé¥£®
ª a. �® ¤®ª § ®¬ã ¢ëè¥ ª ¦¤ ï â ª ï § ¤ ç  ¤«ï ª ¦¤®© ¢¥àè¨ë a ¨§ @M ¥¢ëà®¦¤¥ ,  
¯®íâ®¬ã u(x) � 0   ¢á¥¬ �. �â¨¬ § ¢¥àè ¥âáï ¤®ª § â¥«ìáâ¢® ¥¢ëà®¦¤¥®áâ¨ § ¤ ç¨ (1){(4).

3. �®ª ¦¥¬ â¥¯¥àì ¯®§¨â¨¢ãî à §à¥è¨¬®áâì § ¤ ç¨ (1){(4). �ª ¦¥¬, çâ® â®çª  x0 2 �
ï¢«ï¥âáï â®çª®© ¯®«ãáâà®£®£® ¬¨¨¬ã¬  ¥¯à¥àë¢®©   � äãªæ¨¨ u(x), ¥á«¨ u(x0) � u(x) ¢
¥ª®â®à®© ®ªà¥áâ®áâ¨ x0, ¯à¨ç¥¬ u(x) 6� const ¢¡«¨§¨ x0.
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�¥¬¬  2. �î¡®¥ à¥è¥¨¥ u(x) § ¤ ç¨ (1){(4) ¯à¨ f(x) � 0 ¥ ¬®¦¥â ¨¬¥âì ¢ãâà¨ �
â®ç¥ª ¯®«ãáâà®£®£® ¬¨¨¬ã¬ .

�®ª § â¥«ìáâ¢®. � ¯à¥¤¯®«®¦¥¨¨ ¯à®â¨¢®£® ¤«ï ¥ª®â®à®£® à¥è¥¨ï u(x) ¨¬¥¥¬ â®çªã
¯®«ãáâà®£®£® ¬¨¨¬ã¬  x0 ¢ãâà¨ �. � áá¬®âà¨¬ á ç «  á«ãç ©, ª®£¤  x0 2 J(�). � ª ª ª
u(x0) � u(x) ¢¡«¨§¨ ®â x0, â® ¢¤®«ì «î¡®£® à¥¡à  i, ¯à¨¬ëª îé¥£® ª x0, ¨¬¥¥¬ u0i(x0 + 0) > 0.
�®£¤  ¨§ ãá«®¢¨ï £« ¤ª®áâ¨ (3) ¢ëâ¥ª ¥â, çâ® áãé¥áâ¢ã¥â ¯à¨¬ëª îé¥¥ ª x0 £à ¨ç®¥ à¥¡à®
i0 , ¢¤®«ì ª®â®à®£® (pi0u

00
i0
)0(x0 + 0) > 0. � ª ª ª äãªæ¨ï (pu00)0(x) ¥ ã¡ë¢ ¥â   à¥¡à¥ i0 ¯à¨

®à¨¥â æ¨¨ ¥£® \®â x0", â® (pi0u
00
i0
)0(x) > 0 ¯à¨ ¢á¥å x 2 i0 . �âáî¤  ¢ á¨«ã ¯®«®¦¨â¥«ì®áâ¨ p(�)

u00i0(x) ï¢«ï¥âáï áâà®£® ¬®®â®®©   i0 äãªæ¨¥©. �®£¤  ¢ á¨«ã ãá«®¢¨© (2) ¨¬¥¥¬ u00i0(x) > 0
¯à¨ x 2 i0 . �®íâ®¬ã u0i0(x) ¥ ã¡ë¢ ¥â ¢ i0 ¨ ¢ á¨«ã ¢â®à®£® ãà ¢¥¨ï (4) ¨¬¥¥¬ u0i0(b� 0) � 0,
£¤¥ b | ¤àã£®© ª®¥æ i0 . �«¥¤®¢ â¥«ì®, u

0
i0
(x) � 0 (x 2 i0). �® â®£¤  ui0(x) ¥ ¢®§à áâ ¥â

¢  ¯à ¢«¥¨¨ \®â x0", ¥ ï¢«ïïáì ª®áâ â®© ¢¡«¨§¨ á¯à ¢  ®â â®çª¨ x0, çâ® ¯à®â¨¢®à¥ç¨â
¯à¥¤¯®«®¦¥¨î ® ¯®«ãáâà®£®¬ ¬¨¨¬ã¬¥.

�ãáâì â¥¯¥àì x0 «¥¦¨â ¢ãâà¨ ®¤®£® ¨§ à¥¡¥à  £à ä  �. �®£¤  ¢ íâ®© â®çª¥ u00(x0) > 0. �®
äãªæ¨ï v(x) = (pu00)(x), ã¤®¢«¥â¢®àïï    ¥à ¢¥áâ¢ã v00 � 0 ¨ ¨¬¥ï   ª®æ å  ãá«®¢¨ï ¢¨¤ 
(2) (¥á«¨  | ¢ãâà¥¥¥ à¥¡à®) ¨«¨ (2) ¨ ¢â®à®¥ ãá«®¢¨¥ (4) (¥á«¨  | £à ¨ç®¥ à¥¡à®), áâà®£®
®âà¨æ â¥«ì  ¢ãâà¨ . �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ®§ ç ¥â, çâ® u00(x) � 0   ,   â. ª. u0(x0) = 0,
â® u0(x) � 0, çâ® ¯à®â¨¢®à¥ç¨â ®¯à¥¤¥«¥¨î ¯®«ãáâà®£®£® ¬¨¨¬ã¬ .

�¥à¥¬áï ª ¢®¯à®áã ® ¯®§¨â¨¢®© à §à¥è¨¬®áâ¨ § ¤ ç¨ (1){(4). �ãáâì u(x) | à¥è¥¨¥ § ¤ ç¨
(1) { (4) ¯à¨ f(x) � 0 (f(x) 6� 0). � «®£¨ç® «¥¬¬¥ 1 «¥£ª® ãáâ ®¢¨âì, çâ® u(x) � 0   @�.
�®ª ¦¥¬, çâ® u(x) > 0   �. � ¯à¥¤¯®«®¦¥¨¨ ¯à®â¨¢®£® à áá¬®âà¨¬ ¬®¦¥áâ¢® 
 â®ç¥ª ¨§
�,   ª®â®àëå ¤®áâ¨£ ¥âáï ¨¦ïï £à ì äãªæ¨¨ u(x)   �. �® ¯à¥¤¯®«®¦¥¨î 
 ¥ ¯ãáâ®.
�á«¨ 
 = �, â® u(x) � 0   �, ¥á«¨ ¦¥ 
 6= �, â® «î¡ ï ª®¬¯®¥â  á¢ï§®áâ¨ 
 ï¢«ï¥âáï
¯®¤£à ä®¬ � ¨ «î¡ ï £à ¨ç ï ¤«ï íâ®£® ¯®¤£à ä  ¢¥àè¨ , ¥ «¥¦ é ï ¢ @�, ®ª §ë¢ ¥âáï
â®çª®© ¯®«ãáâà®£®£® ¬¨¨¬ã¬  u(x), ¯à¨ç¥¬ ¢ãâà¥¥© ¤«ï �. �â® ¯à®â¨¢®à¥ç¨¥ á «¥¬¬®© 2
¤®ª §ë¢ ¥â ¥à ¢¥áâ¢® u(x) > 0   �.

�áá«¥¤ã¥¬ â¥¯¥àì ¯®¢¥¤¥¨¥ u(x) ¢ ®ªà¥áâ®áâ¨ â®ç¥ª ¨§ @�. �ãáâì b | ¥ª®â®à ï â®çª 
¨§ @� ¨  { ¯à¨¬ëª îé¥¥ ª ¥© à¥¡à®, ¯à¨ç¥¬ a | ¤àã£®© ª®¥æ . �¡®§ ç¨¬ ç¥à¥§ E0 ¯®¤-
¬®¦¥áâ¢® äãªæ¨© ¨§ E(�), ã¤®¢«¥â¢®àïîé¨å ¥à ¢¥áâ¢ã (pu00)00(x) � 0 ¨ ãá«®¢¨ï¬ (4)  
@�. �«ï «î¡®© ¥âà¨¢¨ «ì®© u(x) 2 E0 ¨¬¥¥¬ u(x) > 0 ¯à¨ x 2 (a; b), ¢ â®çª¥ a | ãá«®¢¨ï
u(a) > 0, u00(a) = 0,   ¢ â®çª¥ b | ãá«®¢¨¥ (4). �à¥¤¯®«®¦¨¬ ¢ ç «¥, çâ® ¤«ï ª ª®©-«¨¡®
u(�) 2 E0 ¨¬¥¥â ¬¥áâ® u(b) = 0. �á«¨ ¢ (4) ª®íää¨æ¨¥â � 6= 0, â® (pu00)0(b) = 0. �âáî¤  ¢ á¨«ã
¥ã¡ë¢ ¨ï äãªæ¨¨ (pu00)0(x)   (a; b) ¨¬¥¥¬ (pu00)0(x) � 0. �®íâ®¬ã u00(x) ¥ ¢®§à áâ ¥â   (a; b)
¨ ¢ á¨«ã u00(a) = 0 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® u00(x) < 0 ¯à¨ x 2 (a; b). �«¥¤®¢ â¥«ì®, ¨§ ¢â®à®£®
ãá«®¢¨ï (4) ¯®«ãç ¥¬ u0(x) � 0 ¯à¨ x 2 (a; b). �âáî¤  á«¥¤ã¥â, çâ® u(x) ¥ ã¡ë¢ ¥â   (a; b) ¨,
â. ª. u(b) = 0, â® u(x) � 0 ¯à¨ x 2 (a; b), çâ® ¥¢®§¬®¦®. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ®§ ç ¥â,
çâ® � = 0 ¨ ¤«ï ¢á¥å ®áâ «ìëå äãªæ¨© u(�) 2 E0 â ª¦¥ ¨¬¥¥â ¬¥áâ® u(b) = 0.

�®¯ãáâ¨¬ â¥¯¥àì, çâ® ¤«ï ª ª®©-«¨¡® u(�) 2 E0 ¯à¨ � = 0 ¨¬¥¥â ¬¥áâ® u(b) = u0(b) = 0.
�®£¤  ¨§ ¢â®à®£® ãá«®¢¨ï (4) ¨¬¥¥¬ �u00(b) = 0. �âáî¤ , ¥á«¨ � > 0, â® u00(b) = 0, á«¥¤®¢ â¥«ì®,
¢ á¨«ã ¥ã¡ë¢ ¨ï (pu00)0(x)   (a; b) ¨¬¥¥¬ u00(x) � 0. �®íâ®¬ã u0(x) ã¡ë¢ ¥â ¨, â. ª. u0(b) = 0,
â® u0(x) � 0 ¯à¨ x 2 (a; b). �âáî¤  á«¥¤ã¥â, çâ® u(x) ¥ ã¡ë¢ ¥â   (a; b), ç¥£® ¡ëâì ¥ ¬®¦¥â.
�®íâ®¬ã � = 0, ¨ ¯à¨ ¢á¥å u(�) 2 E0 ¨¬¥¥â ¬¥áâ® u(b) = u0(b) = 0.

� ª¨¬ ®¡à §®¬, «î¡ë¥ ¤¢¥ ¥âà¨¢¨ «ìë¥ äãªæ¨¨ u(x), v(x) ¨§ E0 ®¤®¢à¥¬¥® «¨¡® ¥
®¡à é îâáï ¢ â®çª¥ x = b ¢ ã«ì, «¨¡® ¨¬¥îâ ¢ íâ®© â®çª¥ ã«ì ®¤®© ¨ â®© ¦¥ ªà â®áâ¨. �â®
®§ ç ¥â, çâ® ®â®è¥¨¥ u(x)

v(x)
®£à ¨ç¥®   � á¢¥àåã ¨ á¨§ã ¯®«®¦¨â¥«ìë¬¨ ª®áâ â ¬¨,

â. ¥. § ¤ ç  (1){(4) ¯®§¨â¨¢® à §à¥è¨¬ .

4. �¥à¥©¤¥¬ â¥¯¥àì ª ¨§ãç¥¨î äãªæ¨¨ �à¨  § ¤ ç¨ (1){(4). �®¤ äãªæ¨¥© �à¨  ªà ¥¢®©

§ ¤ ç¨ (1){(4) ¯®¨¬ ¥¬ äãªæ¨î ¤¢ãå ¯¥à¥¬¥ëå G(x; s), § ¤ ãî   � �
�

� ¨ â ªãî, çâ®
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¤«ï ª ¦¤®© ¥¯à¥àë¢®©   � äãªæ¨¨ f(x) à¥è¥¨¥ § ¤ ç¨ (1){(4) ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥®
¢ ¢¨¤¥

u(x) =
Z
�

G(x; s)f(s)ds: (9)

�«ï ¤®ª § â¥«ìáâ¢  áãé¥áâ¢®¢ ¨ï äãªæ¨¨ �à¨  ¢®á¯®«ì§ã¥¬áï á«¥¤ãîé¨¬ ¯à¨¥¬®¬.
� áá¬®âà¨¬ ãà ¢¥¨¥ (1) ¨ á®®â¢¥âáâ¢ãîé¥¥ ®¤®à®¤®¥ ãà ¢¥¨¥ (7)   ®¡ê¥¤¨¥¨¨ ¢á¥å

à¥¡¥à i (â. ¥.  
�

�), áç¨â ï â¥¯¥àì ¢á¥ ãá«®¢¨ï (2), (3) ¨ (4) ªà ¥¢ë¬¨. � ¯¨è¥¬ ¢á¥ íâ¨ ãá«®¢¨ï
¢ ¢¨¤¥  ¡®à  à ¢¥áâ¢ li(u) = 0 ¯à¨ ¯à®¨§¢®«ì®© ã¬¥à æ¨¨ äãªæ¨® «®¢ li. �®¦® ¯®ª -
§ âì, çâ® ç¨á«® íâ¨å áª «ïàëå ãá«®¢¨© á®¢¯ ¤ ¥â á ¯®àï¤ª®¬ k = 4m á¨áâ¥¬ë ãà ¢¥¨©  
à¥¡à å £à ä  �.

�ãáâì Qi(x; s) | äãªæ¨ï �à¨  ¤«ï ãà ¢¥¨ï (1)   à¥¡à¥ i ¯à¨ ª ª¨å-â® ªà ¥¢ëå ãá«®-
¢¨ïå. �ãªæ¨ï Qi(x; s) § ¤     ij = i � j . �ç¥¢¨¤®,

Q(x; s) =

(
Qi(x; s); (x; s) 2 ii;

0; (x; s) 2 ij (i 6= j);

ï¢«ï¥âáï äã¤ ¬¥â «ìë¬ à¥è¥¨¥¬ ãà ¢¥¨ï (7)   ¬®¦¥áâ¢¥
�

� �
�

�. �ãáâì f'i(x)gk1 |

¯à®¨§¢®«ì ï äã¤ ¬¥â «ì ï á¨áâ¥¬  à¥è¥¨© ®¤®à®¤®£® ãà ¢¥¨ï (7)  
�

�. �ãªæ¨î
�à¨  �(x; s) ªà ¥¢®© § ¤ ç¨ (1){(4) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

G(x; s) = Q(x; s) +
kX

j=1

cj(s)'j(x): (10)

�à¨ ¯®¤áâ ®¢ª¥ G(x; s) ¯® ¯¥à¥¬¥®© x ¢ ªà ¥¢ë¥ ãá«®¢¨ï li(u) = 0 ¤«ï § ç¥¨© s, ®â«¨çëå
®â ª®æ®¢ à¥¡¥à i, ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢¥¨© ®â®á¨â¥«ì® ci(�) á ¥ã«¥¢ë¬ ®¯à¥¤¥«¨â¥«¥¬
(¢ á¨«ã ¥¢ëà®¦¤¥®áâ¨ § ¤ ç¨). �ëà §¨¢ cj(�) ¯® ä®à¬ã«¥ �à ¬¥à  ¨ ¯®¤áâ ¢¨¢ ¢ (10), ¨¬¥¥¬
¤«ï äãªæ¨¨ �à¨  ä®à¬ã«ã

G(x; s) =
1
�


Q(x; s) '1(x) : : : 'k(x)

l1(Q(�; s)) l1('1) : : : l1('k)
: : : : : : : : : : : :

lk(Q(�; s)) lk('1) : : : lk('k)


; (11)

£¤¥ � = det kli('j)k ¥áâì ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë. � á¨«ã ¥¢ëà®¦¤¥®áâ¨ ªà ¥¢®© § ¤ ç¨ (1){
(4) ¬®¦¥¬ áç¨â âì, çâ® äã¤ ¬¥â «ì ï á¨áâ¥¬  f'i(x)g ¢ë¡à   â ª, çâ®¡ë li('j) = �ij (�ij
| á¨¬¢®« �à®¥ª¥à ). �®£¤  ¨§ (11) ¨¬¥¥¬

G(x; s) = Q(x; s)�
kX

i=1

li(Q(�; s))'i(x): (12)

�ãªæ¨ï G(x; y) ¯® ä®à¬ã«¥ (12) ®¯à¥¤¥«¥  ¨ ¥¯à¥àë¢    ¬®¦¥áâ¢¥
�

� �
�

�. �¥ ¬®¦®

¤®®¯à¥¤¥«¨âì ¤® ¥¯à¥àë¢®©   � �
�

� äãªæ¨¨, ¯®« £ ï G(a; s) = lim
�!a

G(�; s), £¤¥ a 2 J(�). �

¯®¬®éìî ¯à¥¤áâ ¢«¥¨ï (12) ¤«ï äãªæ¨¨ �à¨  G(x; y) ¬®¦® ¯®«ãç¨âì ¢á¥ ¥¥ ®á®¢ë¥ á¢®©-
áâ¢ ,   «®£¨çë¥ á¢®©áâ¢ ¬ äãªæ¨¨ �à¨  áª «ïà®© § ¤ ç¨,   ¨¬¥®: ¯à¨ ª ¦¤®¬ ä¨ª-

á¨à®¢ ®¬ s0 2
�

� äãªæ¨ï g(x) = G(x; s0) ã¤®¢«¥â¢®àï¥â ®¤®à®¤®¬ã ãà ¢¥¨î (7) ¢ãâà¨
ª ¦¤®£® à¥¡à  i ¯à¨ x 6= s0, ãá«®¢¨ï¬ á¢ï§¨ (2), (3) ¢® ¢ãâà¥¨å ¢¥àè¨ å a 2 J(�), ªà ¥-
¢ë¬ ãá«®¢¨ï¬ (4) ¢ £à ¨çëå ¢¥àè¨ å b 2 @� ¨ áã¬¬  ª¢ §¨¯à®¨§¢®¤ëå âà¥âì¥£® ¯®àï¤ª 
(pg00)0(x) ¢ â®çª¥ x = s0 (¯®áç¨â ëå ¢ ®¡®¨å  ¯à ¢«¥¨ïå ®â s0) à ¢  1.
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�à¨ ¨áá«¥¤®¢ ¨¨ § ª®®¯à¥¤¥«¥®áâ¨ äãªæ¨¨ G(x; y) ®ª §ë¢ ¥âáï ¢ ¦ë¬   «¨§ ¯à¥-
¤¥«ìëå áà¥§®ª, ®¯à¥¤¥«ï¥¬ëå à ¢¥áâ¢ ¬¨

gi(x) = lim
s!a; s2i

G(x; s): (13)

�® ®â®è¥¨î ª ®¡ëç®© áà¥§ª¥ g(x) = G(x; s0) ¯à¨ s0 =2 J(�) ã ¯à¥¤¥«ì®© áà¥§ª¨ ¬¥ï¥âáï
«¨èì ¯®¢¥¤¥¨¥   \¤¨ £® «¨". �á«¨ ¤«ï ®¡ëç®© áà¥§ª¨ áã¬¬  âà¥âì¨å ª¢ §¨¯à®¨§¢®¤ëå
(pg00)0(x), ¯®áç¨â ëå ¢ â®çª¥ x = s0 ¢ ®¡®¨å  ¯à ¢«¥¨ïå ®â s0, à ¢  ¥¤¨¨æ¥, â® ¤«ï ¯à¥-
¤¥«ì®© áà¥§ª¨ gi(x)   «®£¨ç ï ä®à¬ã«  ¯à¨¬¥â ¢¨¤ (áà. á [4])X

j2I(a)

[(pj(g
i)00j )

0 � qj(g
i)0j ](s0 + 0) = 1 (i 2 I(a)): (14)

5. � íâ®¬ ¯ãªâ¥ ¯à®¢¥¤¥¬   «¨§ á¢®©áâ¢  ¯®§¨â¨¢®áâ¨ äãªæ¨¨ �à¨  § ¤ ç¨ (1){(4) .
�â¬¥â¨¬, çâ® ¢ á¨«ã ¯®§¨â¨¢®© à §à¥è¨¬®áâ¨ § ¤ ç¨ (1){(4) ¨ ä®à¬ã«ë (9) ¤«ï G(x; s) á¯à -
¢¥¤«¨¢® ¥à ¢¥áâ¢® G(x; s) � 0 (G(x; s) 6� 0)   � � �. �®íâ®¬ã ¤«ï ¤®ª § â¥«ìáâ¢  áâà®£®©
¯®«®¦¨â¥«ì®áâ¨ G(x; s) ¤®áâ â®ç® ¯®ª § âì, çâ® G(x; s) ¥ ¨¬¥¥â ã«¥©   �� �.

�ãáâì g(x) = G(x; s0), £¤¥ s0 2 0 = (a0; b0) ¨ 0 | ¥ª®â®à®¥ à¥¡à® £à ä  �. �®ª ¦¥¬, çâ®
g(s0) > 0. � á¨«ã á¢®©áâ¢ äãªæ¨¨ �à¨ , ¯à¨¢¥¤¥ëå ¢ ¯à¥¤ë¤ãé¥¬ ¯ãªâ¥, g(x) ã¤®¢«¥â¢®-
àï¥â   0 ®¤®à®¤®¬ã ãà ¢¥¨î (7) ¯à¨ x 6= s0, ¢ â®çª å a0 ¨ b0 | ãá«®¢¨ï¬ ¢¨¤  (2) (¥á«¨
0 | ¢ãâà¥¥¥ à¥¡à®) ¨«¨ ãá«®¢¨î (2) ¢ â®çª¥ a0 ¨ ¢â®à®¬ã ãá«®¢¨î (4) ¢ â®çª¥ b0 (¥á«¨ 0
| £à ¨ç®¥ à¥¡à® ),   ¯à¨ x = s0 | ãá«®¢¨ï¬ gi(s0 + 0) = gi(s0 � 0) (i = 0; 1; 2) ¨

(pg00)0(s0 + 0)� (pg00)0(s0 � 0) = 1 (15)

(¯à¥¤¯®« £ ¥¬, çâ® 0 = (a0; b0) ®à¨¥â¨à®¢ ® ®â a0 ª b0).
�à¥¤¯®«®¦¨¬, çâ® g(s0) = 0. �®£¤  ¢ á¨«ã ¥®âà¨æ â¥«ì®áâ¨ g(x) â®çª  x = s0 ï¢«ï¥âáï

â®çª®© ¬¨¨¬ã¬  g(x)   0. �âáî¤  á«¥¤ã¥â, çâ® g0(�) � 0 á«¥¢  ¢¡«¨§¨ ®â s0 ¨ g0(�) � 0 á¯à ¢ 
¢¡«¨§¨ ®â s0, â. ¥. g0(�) ¥ ã¡ë¢ ¥â ¢ â®çª¥ s0, á«¥¤®¢ â¥«ì®, g00(�) � 0 ¢ íâ®© â®çª¥. � ª ª ª
g00(a0) = 0 ¨ g00(b0) � 0 (¯®á«¥¤¥¥ á«¥¤ã¥â ¨§ ¢â®à®£® ãá«®¢¨ï (4) ¢ á¨«ã g0(b0 � 0) � 0), â®
(pg00)(x) ï¢«ï¥âáï «¨¥©® ¢®§à áâ îé¥© ¢ (a0; s0) ¨ «¨¥©® ã¡ë¢ îé¥© ¢ (s0; b0). �â® ®§ ç ¥â,
çâ® (pg00)0(s0 � 0) � 0 ¨ (pg00)0(s0 + 0) � 0, çâ® ¯à®â¨¢®à¥ç¨â à ¢¥áâ¢ã (15). �®íâ®¬ã g(s0) > 0

¤«ï «î¡®£® s0 2
�

�.
�®ª ¦¥¬ â¥¯¥àì, çâ® g(x) 6= 0 ¯à¨ x 6= s0. �®¦¥áâ¢® �0 = � n fs0g, ¯®«ãç îé¥¥áï ¢ë-

¡à áë¢ ¨¥¬ ¨§ � â®çª¨ s0, á®áâ®¨â ¨§ ¥ ¡®«¥¥ ¤¢ãå ª®¬¯®¥â á¢ï§®áâ¨ �1 ¨ �2, ª ¦¤ ï ¨§
¨å ï¢«ï¥âáï ¯®¤£à ä®¬ �. �  ª ¦¤®© ¨§ íâ¨å ª®¬¯®¥â äãªæ¨ï g(x) ï¢«ï¥âáï à¥è¥¨¥¬
®¤®à®¤®£® ãà ¢¥¨ï (7). �ãáâì g(x0) = 0 ¯à¨ ¥ª®â®à®¬ x0, ¯à¨ ¤«¥¦ é¥¬,  ¯à¨¬¥à, �1.
�®£¤  x0 (â. ª. g(x) � 0 ¢ �) ï¢«ï¥âáï â®çª®© ¬¨¨¬ã¬  g(x)   �1. �á«¨ x0 2 1 = (a1; b1),
â® g(x), ï¢«ïïáì   �1 à¥è¥¨¥¬ ®¤®à®¤®£® ãà ¢¥¨ï (7) ¨ ã¤®¢«¥â¢®àïï   £à ¨æ å íâ®-
£® ®âà¥§ª  ãá«®¢¨ï¬ g00(a1) = 0, �g0(b1) + �g00(b1) = 0 (¢ á«ãç ¥, ª®£¤  ®¤  ¨§ â®ç¥ª a1 ¨«¨
b1 á®¢¯ ¤ ¥â á s0, á®®â¢¥âáâ¢ãîé¥¥ ãá«®¢¨¥ § ¬¥ï¥âáï   g(s0) > 0), ¥ ¬®¦¥â ¨¬¥âì â®ç¥ª
íªáâà¥¬ã¬  ¢® ¢ãâà¥¨å â®çª å íâ®£® ®âà¥§ª . �®íâ®¬ã x0 2 J(�1), â. ¥. x0 ï¢«ï¥âáï ®¤®©
¨§ ¢ãâà¥¨å ¢¥àè¨ £à ä  �1. �®£¤  ¤«ï ª ¦¤®£® ¯à¨¬ëª îé¥£® ª x0 à¥¡à  i (i 2 I(x0))
¨¬¥¥¬ g0(x0 + 0) � 0 (§¤¥áì ª ¦¤®¥ i ¯ à ¬¥âà¨§®¢ ® \®â x0"). �âáî¤  ¨ ¨§ ãá«®¢¨ï á¢ï§¨ (3)
¢ëâ¥ª ¥â, çâ® ¯à¨ ¥ª®â®à®¬ i0 2 I(x0) ¨¬¥¥â ¬¥áâ® (pi0g

00
i0
)0(x0 +0) > 0. �â® ®§ ç ¥â, çâ® g00i0(x)

¢®§à áâ ¥â ¨ ¢ á¨«ã (2)   à¥¡à¥ i0 ¨¬¥¥â ¬¥áâ® g00i0(x) > 0. �®íâ®¬ã g0i0(x) ¢®§à áâ ¥â   i0 ¨,
â. ª. ¨§ ¢â®à®£® ãá«®¢¨ï (4) ¨¬¥¥¬ g0i0(b�0) � 0, £¤¥ b| ¤àã£®© ª®¥æ à¥¡à  i0 , â® g

0
i0
(x0+0) < 0,

çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥¨î ® ¬¨¨¬ã¬¥ ¢ â®çª¥ x0. �®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ®§ ç ¥â,
çâ® g0i0(x0 + 0) = 0 ¢¤®«ì ª ¦¤®£® à¥¡à  i (i 2 I(x0)). �®íâ®¬ã ¨§ (3) ¢ á¨«ã g(x0) = 0 á«¥¤ã¥â,
çâ® g(x) � 0   ¢á¥å i (i 2 I(x0)). �® â®£¤  ¢ á¨«ã ¥¯à¥àë¢®áâ¨ g(x)   �i ¨¬¥¥¬ g(x) � 0 ¢®
¢á¥å ¤àã£¨å ¢¥àè¨ å �1, ª ª®â®àë¬ ¯à¨¬ëª îâ à áá¬®âà¥ë¥ à¥¡à . �à®¤¢¨£ ïáì ¤ «¥¥ ¯®
¥é¥ ¥ à áá¬®âà¥ë¬ à¥¡à ¬ ¯®¤£à ä  �1, ¯®«ãç¨¬ ¢ á¨«ã ¥£® á¢ï§®áâ¨, çâ® g(x) � 0   ¢á¥©
ª®¬¯®¥â¥ �1. �âáî¤  ¢ á¨«ã ¥¯à¥àë¢®áâ¨ g(x)   �, ¢ â®¬ ç¨á«¥ ¢ â®çª¥ x = s0, ¯®«ãç ¥¬

80



g(s0)=0, çâ® ¯à®â¨¢®à¥ç¨â ¯®«ãç¥®¬ã ¢ëè¥ ¥à ¢¥áâ¢ã g(x) > 0. �®íâ®¬ã g(x) > 0 ¯à¨ ¢á¥å

x 6= s0 ¨ íâ¨¬ ¤®ª §   áâà®£ ï ¯®«®¦¨â¥«ì®áâì G(x; s)   ¬®¦¥áâ¢¥ ��
�

�.
�ãáâì â¥¯¥àì s0 2 J(�) ¨ i | ®¤® ¨§ à¥¡¥à, ¯à¨¬ëª îé¨å ª s0. �à¥¤¥«ì ï áà¥§ª  gi(x)

äãªæ¨¨ �à¨ , ®¯à¥¤¥«¥ ï à ¢¥áâ¢®¬ (13), ¯à¨ x 6= s0 ã¤®¢«¥â¢®àï¥â ®¤®à®¤®¬ã ãà ¢¥-
¨î (7), ¢® ¢ãâà¥¨å ¢¥àè¨ å � ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ á¢ï§¨ (2) ¨ (3), ¢ £à ¨çëå ¢¥à-
è¨ å � | ãá«®¢¨ï¬ (4). �á«®¢¨ï, ®¯à¥¤¥«ïîé¨¥ gi(x), ¬¥ïîâáï ¯® ®â®è¥¨î ª g(x) «¨èì
  ¤¨ £® «¨, â. ¥. ¯à¨ x = s0   «®£ ãá«®¢¨ï (15) ¤«ï gi(x) ¨¬¥¥â ¢¨¤ (14). �®íâ®¬ã   «®£¨ç®
¯à¥¤ë¤ãé¥¬ã á«ãç î ¤®ª §ë¢ ¥âáï, çâ® gi(x) ¥ ¨¬¥¥â ã«¥© ¢ �. � ª¨¬ ®¡à §®¬, G(x; s) ¥
¨¬¥¥â ã«¥©   �� �.

� «¨§ ¯®¢¥¤¥¨ï áà¥§ª¨ äãªæ¨¨ �à¨  g(x) ¢ ®ªà¥áâ®áâ¨ â®ç¥ª ¨§ @� ¯®çâ¨ ¥ ®â«¨ç -
¥âáï ®â ¯à®¢¥¤¥ëå ¢ ¯. 3 à ááã¦¤¥¨© ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯®§¨â¨¢®© ®¡à â¨¬®áâ¨ § ¤ ç¨,
â. ¥.   «®£¨çë¬¨ à ááã¦¤¥¨ï¬¨ ¯®ª §ë¢ ¥âáï, çâ® G(x; s) ¤«ï «î¡®£® s 2 � «¨¡® ¥ ®¡à -
é ¥âáï ¢ ã«ì ¢ â®çª å b 2 @�, «¨¡® ¨¬¥¥â ¢ íâ¨å â®çª å ã«ì ®¤®© ¨ â®© ¦¥ ªà â®áâ¨ ¯à¨
¢á¥å § ç¥¨ïå s 2 �. �â¨¬¨ ¦¥ á¢®©áâ¢ ¬¨ ®¡« ¤ ¥â, ®ç¥¢¨¤®, ¨ äãªæ¨ï u0 =

R
�

G(x; s)ds.

�®íâ®¬ã g(x) ¯à¨ «î¡®¬ s 2 � á®¨§¬¥à¨¬  á u0(x), â. ¥. ®â®è¥¨¥
g(x)

u0(x)
®£à ¨ç¥® á¨§ã ¨

á¢¥àåã ¯®«®¦¨â¥«ìë¬¨ áã¬¬¨àã¥¬ë¬¨ äãªæ¨ï¬¨ 0 < h1(s) �
g(x)

u0(x)
� h2(s) < +1. �âáî¤ 

á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ®æ¥ª¨ (5). �¥®à¥¬  1 ¤®ª §  .

6. �áâ ®¢¨¬áï ¥é¥   ®¤®¬ á¢®©áâ¢¥ à¥è¥¨© § ¤ ç¨ (1){(4), ¨¬¥îé¥¬ ¨â¥à¥áãî ä¨§¨-
ç¥áªãî ¨â¥à¯à¥â æ¨î.

�ãáâì b0 | ¥ª®â®à ï £à ¨ç ï ¢¥àè¨  £à ä  �. �¡®§ ç¨¬ ç¥à¥§ N(b0) ¬®¦¥áâ¢® à¥-
è¥¨© ®¤®à®¤®£® ãà ¢¥¨ï (7) ¢ E(�), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (4)   @�nfb0g,   ¢ â®çª¥
b0 | â®«ìª® ®¤®¬ã ãá«®¢¨î: u00(b0) = 0. �«¥¤ãîé ï «¥¬¬  ï¢«ï¥âáï ®¡®¡é¥¨¥¬ «¥¬¬ë 1.

�¥¬¬  3. �«ï «î¡®© ¥ã«¥¢®© u(x) 2 N(b0) áãé¥áâ¢ã¥â ç¨á«® �0 > 0 â ª®¥, çâ®

u(b0) + �0u
0(b0 + 0) = 0: (16)

�®ª § â¥«ìáâ¢®. �ãáâì a | ¢ãâà¥ïï ¢¥àè¨  £à ä  �, á®¥¤¨¥ ï à¥¡à®¬ i0 á £à -
¨ç®© ¢¥àè¨®© b0. �ãáâì u(x) | ¥ã«¥¢®¥ à¥è¥¨¥ § ¤ ç¨ (7){(4) ¨§ N(b0). �§ ãá«®¢¨ï
u00(b0) = 0 ¢ëâ¥ª ¥â, çâ® u00(x) � 0, äãªæ¨ï u(x)   à¥¡à¥ i0 ï¢«ï¥âáï «¨¥©®©, â. ¥. u(x) =
u(a) + (x� a)u0(b0 + 0)   i0 , ®à¨¥â¨à®¢ ®¬ ¢  ¯à ¢«¥¨¨ \®â b0".

�®¯ãáâ¨¬ á ç « , çâ® u(a) = 0. �®£¤  ª ª ¯à¨ ui0(b0) = 0, â ª ¨ ¯à¨ u0i0(b0 + 0) = 0 ¢ á¨«ã

â¥®à¥¬ë 1 ¤®«¦® ¡ëâì u(x) � 0   �. �®íâ®¬ã ui0(b0) 6= 0, u0i0(b0 + 0) 6= 0, ¯à¨ç¥¬
u0

i0
(b0+0)

ui0
(b0)

< 0.

�ãáâì â¥¯¥àì u(a) 6= 0. �á«®¢¨¥ (3) ¤«ï ¢¥àè¨ë a ¯¥à¥¯¨è¥¬ ¢ ¢¨¤¥X
i2I(a); i 6=i0

[(piu
00
i )
0 � qiu

0
i](a+ 0)� qi0u

0
i0
(a+ 0) = 0:

�¤¥áì ª ¦¤®¥ ¨§ á« £ ¥¬ëå ¯®¤ § ª®¬ áã¬¬ë ¨¬¥¥â ¢ á¨«ã «¥¬¬ë 1 ®¤¨ ª®¢ë© á u(a)
§ ª. �®íâ®¬ã u(a) ¨ u0i0(a+0) â ª¦¥ ¨¬¥îâ ®¤¨ ª®¢ë¥ § ª¨. �âáî¤  ¢ á¨«ã «¨¥©®áâ¨ u(x)
  i0 á«¥¤ã¥â, çâ® u0i0 � const = u0i0(a + 0)   i0 , ¯à¨ç¥¬ u(x) ¨¬¥¥â ®¤¨ ª®¢ë© á u(a) § ª.

�«¥¤®¢ â¥«ì®,
u0

i0
(b0+0)

ui0
(b0)

< 0.

�ç¥¢¨¤®, ¯à®áâà áâ¢® N(b0) ®¤®¬¥à®. �®íâ®¬ã ¤«ï «î¡ëå ¤¢ãå ¥ã«¥¢ëå u(x); v(x) 2
N(b0) ¤®«¦® ¡ëâì u(x) = �v(x) ¯à¨ ¥ª®â®à®¬ �. �® â®£¤  u0(x) = �v0(x), ®âªã¤  u0(x)

v0(x)
= u(x)

v(x)
=

� = u0(b0)
v0(b0)

= u(b0)
v(b0)

. �®íâ®¬ã u0(b0)
u(b0)

= v0(b0)
v(b0)

= �0 < 0 ¤«ï «î¡®© u(x) 2 N(b0). �«¥¤®¢ â¥«ì®,
u(b0) + �0u

0(b0) = 0, £¤¥ �0 = � 1
�0

> 0.

� §®¢¥¬ à¥¡à® i0 £à ä  � ¯¥à¥¬ëçª®©, ¥á«¨ ¥£® ¢ë¡à áë¢ ¨¥ ¨§ � ¢«¥ç¥â  àãè¥¨¥ á¢ï§-
®áâ¨ �, â. ¥. � ni0 | ¥ á¢ï§®¥ ¬®¦¥áâ¢®. �ãáâì a0 | ¢ãâà¥ïï ¢¥àè¨  � ¨ i0 | ¯à¨¬ë-
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ª îé ï ª a0 ¯¥à¥¬ëçª . �¡®§ ç¨¬ ç¥à¥§ �1 á®¤¥à¦ éãî a0 ª®¬¯®¥âã á¢ï§®áâ¨ ¬®¦¥áâ¢ ,
¯®«ãç îé¥£®áï ¨§ � ¢ë¡à áë¢ ¨¥¬ i0 .

� áá¬®âà¨¬   �1 ãà ¢¥¨¥ (1) ¯à¨ ãá«®¢¨¨ (4)   @�1 ¨ ãá«®¢¨ïå (2),(3)   J(�1), ¨áª«îç ï
¢¥àè¨ã a0. � íâ®© ¢¥àè¨¥ ãá«®¢¨¥ (3) § ¬¥ï¥âáï á«¥¤ãîé¨¬X

i2I(a0); i 6=i0

[(piu
00
i )
0 � qiu

0
i](a+ 0) + �0ui0(a) = 0 (�0 > 0): (17)

�¡®§ ç¨¬ à¥è¥¨¥ íâ®© § ¤ ç¨ ç¥à¥§ u0(x).

�¥®à¥¬  2. �¥è¥¨¥ u(x) § ¤ ç¨ (1){(4) á®¢¯ ¤ ¥â   �1 á u0(x).

�®ª § â¥«ìáâ¢®. �ãáâì �2 | ¯à¨¬ëª îé¨© ª a0 ¯®¤£à ä, á®¤¥à¦ é¨© ¯¥à¥¬ëçªã i0 ,
â. ¥. �2 = � n �1. � á¨«ã «¥¬¬ë 3 «î¡®¥ ¥ã«¥¢®¥ à¥è¥¨¥ u(�) § ¤ ç¨ (1){(4) ¯à¨ f(x) = 0
  �2 ã¤®¢«¥â¢®àï¥â ¢ â®çª¥ x = a0 à ¢¥áâ¢ã (16). �à®¬¥ â®£®, ®ç¥¢¨¤®, (pi0u

00
i0
)0(a0 + 0) = 0.

�¡®§ ç¨¬ ç¥à¥§ u(x) à¥è¥¨¥ § ¤ ç¨ (1){(4)   £à ä¥ � ¯à¨ f(x) = 0   ¬®¦¥áâ¢¥ �2. �®£¤ 
¤«ï u(x) ¢ ãá«®¢¨¨ (3) ¯à¨ a = a0 á®®â¢¥âáâ¢ãîé¥¥ á« £ ¥¬®¥ [(pi0u

00
i0
)0 � qi0u

0
i0
](a + 0) ¬®¦®

§ ¬¥¨âì   �0ui0(a0), £¤¥ �0 = �0qi0 , çâ® ¯à¨¢®¤¨â ª (17).

�¥à¥å®¤ ª ®¯¨á ¨î § ¤ ç �1 ®§ ç ¥â ¤«ï ¯«®áª®© à¥è¥âª¨ áâ¥à¦¥©, çâ® ¯à¨ ®âáãâáâ¢¨¨
 £àã§ª¨ f(�)   ¥¥ ç áâ¨, ¯à¨¬ëª îé¥© ª ¢¥àè¨¥ a0 ç¥à¥§ ¯¥à¥¬ëçªã i0 , ¢®§¤¥©áâ¢¨¥ íâ®©
ç áâ¨   ¤¥ä®à¬ æ¨î ®áâ «ì®© à¥è¥âª¨ íª¢¨¢ «¥â® ¯àã¦¨¥, ¯®¤áâ ¢«¥®© ¢ â®çª¥ a0. �®
¥áâì ¥ £àã¦¥ãî ç áâì ¬®¦® § ¬¥¨âì ¯àã¦¨®©.

�á«¨ äãªæ¨ï f(�) ®â«¨ç  ®â ã«ï â®«ìª®   ¥ª®â®à®¬ ¯ãâ¨ ¨§ �, ¥ ¯à¨¬ëª îé¥¬ ª
æ¨ª« ¬, â. ¥. á®áâ®ïé¥¬ ¨§ ¯¥à¥¬ëç¥ª, â® ¢ á¨«ã â¥®à¥¬ë 2 § ¤ ç  (1){(4) ¤®¯ãáª ¥â áª «ïà¨§ -
æ¨î: § ¬¥ïï ¢«¨ï¨¥ ª ¦¤®£® ¯®¤£à ä , ¯à¨¬ëª îé¥£® ª íâ®¬ã ¯ãâ¨, ãá«®¢¨¥¬ (16), ¯®«ãç¨¬
§ ¤ çã ¤«ï æ¥¯®çª¨ è à¨à® á®ç«¥¥ëå áâ¥à¦¥©, ã ª®â®à®© ¥ª®â®àë¥ ¨§ è à¨à®¢ ã¯àã£®
¯®¤¯¥àâë. �â® ®¡áâ®ïâ¥«ìáâ¢® ®ª §ë¢ ¥âáï ¯®«¥§ë¬ ¯à¨ ¨§ãç¥¨¨ ã¯àã£¨å ª®«¥¡ ¨© ¢ á«ãç ¥
«¨¥©®£® à á¯à¥¤¥«¥¨ï ¬ áá.

�¨â¥à âãà 

1. �à á®á¥«ìáª¨© �.�., � ¡à¥©ª® �.�. �¥®¬¥âà¨ç¥áª¨¥ ¬¥â®¤ë ¥«¨¥©®£®   «¨§ . { �.:
� ãª , 1975. { 511 c.

2. �¥ª¨ �.�., �®ª®àë© �.�. � ªà ¥¢®© § ¤ ç¥   £à ä¥ // �¨ää¥à¥æ. ãà ¢¥¨ï. { 1988.
{ T. 24. { ò 4. { C. 701{703.

3. �®ª®àë© �.�., �¥ª¨ �.�. �¥®à¥¬ë �âãà¬  ¤«ï ãà ¢¥¨© ¢ £à ä å // ��� ����. {
1989. { T. 309. { ò6. { C. 1306{1308.

4. �®ª®àë© �.�., � à¥«¨  �.�. � äãªæ¨¨ �à¨  § ¤ ç¨ �¨à¨å«¥   £à ä¥ // ��� ����. {
1991. { T. 318. { ò3. { C. 542{544.

� ãç®-¨áá«¥¤®¢ â¥«ìáª¨© �®áâã¯¨« 

¨áâ¨âãâ ¬ â¥¬ â¨ª¨ 03.03.1998
�®à®¥¦áª®£® £®áã¤ àáâ¢¥®£®

ã¨¢¥àá¨â¥â 

� ¤¦¨ªáª¨© £®áã¤ àáâ¢¥ë©

ã¨¢¥àá¨â¥â

82


