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� áá«®¥­¨ï A -¡«¨§ª¨å â®ç¥ª ­ ¤ ¤¨ää¥à¥­æ¨àã¥¬ë¬ ¬­®£®®¡à §¨¥¬ Mn ¡ë«¨ ¢¢¥¤¥­ë
�. �¥©«¥¬ [1]. �.�®à¨¬®â® ¯®áâà®¨« «¨äâë â¥­§®à­ëå ¯®«¥© â¨¯  (p; q) (p; q = 0 ¨«¨ 1) ¨§
Mn ¢ à áá«®¥­¨¥ �¥©«ï M A

n ­ ¤ ¯à®¨§¢®«ì­®© «®ª «ì­®©  «£¥¡à®© A [2]. � íâ®© ¦¥ à ¡®â¥ ¨¬
¯®áâà®¥­ ¯®«­ë© «¨äâ rC «¨­¥©­®© á¢ï§­®áâ¨ r, § ¤ ­­®© ­  Mn. �­®£®®¡à §¨ï ­ ¤ «®ª «ì-
­ë¬¨  «£¥¡à ¬¨ ¨ á¢ï§­®áâ¨ ­  ­¨å ¨§ãç «¨áì ¢ [3]{[5].

� ¤ ­­®© à ¡®â¥ ¯®áâà®¥­ë «¨äâë äã­ªæ¨© ¨ â¥­§®à­ëå ¯®«¥© ¨§ Mn ¢ M A

n ¨ á¨­¥ªâ¨ç¥-
áª¨© ¢ á¬ëá«¥ �.�.�¨à®ª®¢  «¨äâ «¨­¥©­®© á¢ï§­®áâ¨. � à¥§ã«ìâ â¥ ¨§ãç¥­¨ï £®«®¬®àä­ëå
á¢ï§­®áâ¥© ­  M A

n , ãáâ ­®¢«¥­®, çâ® ¢áïª¨© á¨­¥ªâ¨ç¥áª¨© «¨äâ «¨­¥©­®© á¢ï§­®áâ¨ ï¢«ï¥âáï
¢¥é¥áâ¢¥­­®© à¥ «¨§ æ¨¥© ­¥ª®â®à®© £®«®¬®àä­®© «¨­¥©­®© á¢ï§­®áâ¨ ­  M A

n .

1. �à®áâà ­áâ¢® A -¡«¨§ª¨å â®ç¥ª ­ ¤ R
n

�ãáâì C1(Rn) |  «£¥¡à  £« ¤ª¨å äã­ªæ¨© ª« áá  C1, § ¤ ­­ëå ­  R
n , A | «®ª «ì­ ï

 «£¥¡à . � ¯®¬­¨¬, çâ® «®ª «ì­®©  «£¥¡à®© ­ ¤ R ­ §ë¢ ¥âáï ª®¬¬ãâ â¨¢­ ï,  áá®æ¨ â¨¢­ ï
 «£¥¡à  A á ¥¤¨­¨æ¥©, ®¡« ¤ îé ï ­¨«ì¯®â¥­â­ë¬ ¨¤¥ «®¬ I â ª¨¬, çâ® ä ªâ®à «£¥¡à  A =I
¨§®¬®àä­  ¯®«î ¤¥©áâ¢¨â¥«ì­ëå ç¨á¥« R ([6], c. 146).

� ¨¬¥­ìè¥¥ ­ âãà «ì­®¥ ç¨á«® r, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î I
r+1 = 0, ­ §ë¢ ¥âáï ¢ëá®â®©,

  à §¬¥à­®áâì ä ªâ®à «£¥¡àë I=I2 | è¨à¨­®© «®ª «ì­®©  «£¥¡àë A . �«£¥¡à  A ª ª ¢¥ªâ®à­®¥
¯à®áâà ­áâ¢® ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥ ¯àï¬®© áã¬¬ë R � I.

�¯à¥¤¥«¥­¨¥ 1.1 ([7]). �®çª®©, A -¡«¨§ª®© ª â®çª¥ x 2 R
n , ­ §ë¢ ¥âáï £®¬®¬®àä¨§¬ x0 :

C1(Rn)! A , ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î x0(f) � f(x)modI ¤«ï «î¡®© äã­ªæ¨¨ f 2 C1(Rn).

�­®¦¥áâ¢® â®ç¥ª x0, A -¡«¨§ª¨å ª â®çª¥ x 2 R
n , ®¡®§­ ç¨¬ ç¥à¥§ (Rn)Ax ¨ ¯®«®¦¨¬ (Rn)A =

[
x2Rn

(Rn)Ax . �§ ®¯à¥¤¥«¥­¨ï A -¡«¨§ª¨å â®ç¥ª ¨ á¢®©áâ¢  «£¥¡àë A á«¥¤ã¥â, çâ® x0(c) = c ¤«ï

«î¡®© ¯®áâ®ï­­®© äã­ªæ¨¨ c 2 C1(Rn).
�áâ ­®¢¨¬áï ­  «®ª «ì­®¬ ¯à¥¤áâ ¢«¥­¨¨ £®¬®¬®àä¨§¬  x0 2 (Rn)A . �ãáâì f 2 C1(Rn) ¨

x0 = (x10; x
2
0; : : : ; x

n
0 ) 2 R

n . �ãé¥áâ¢ã¥â ®ªà¥áâ­®áâì â®çª¨ x0, ¢ ª®â®à®© ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

f = f(x0) +
rX

jpj=1

1
p!
Dpf(x0)(x� x0)

p +
X

jpj=r+1

1
p!
(Dpf � �)(x� x0)

p: (1.1)

�¤¥áì p = (p1; p2; : : : ; pn) | ¬ã«ìâ¨¨­¤¥ªá, pi | æ¥«ë¥ ­¥®âà¨æ â¥«ì­ë¥ ç¨á« , jpj = p1 + p2 +
� � � + pn, p! = p1!p2! : : : pn!, (x � x0)p = (x1 � x10)

p1(x2 � x20)
p2 : : : (xn � xn0 )

pn , xi | ª®®à¤¨­ â­ë¥
äã­ªæ¨¨, � = x+ �(x� x0), ¯à¨ç¥¬ 0 < � < 1;

Dpf(x0) =
@jpjf

(@x1)p1 : : : (@xn)pn
(x0):

�á¯®«ì§ãï à §«®¦¥­¨¥ (1.1), ¤«ï ¢áïª®© â®çª¨ x00 A -¡«¨§ª®© ª â®çª¥ x0 2 R
n ¯®«ãç¨¬

x00(f) = f(x0) +
rX

jpj=1

1
p!
Dpf(x0)(x00(x)� x0)p +

X
jp0j=r+1

1
p0!
x00(Dp0f � �)(x00(x)� x0)p

0

:
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� íâ®¬ à ¢¥­áâ¢¥

(x00(x)� x0)p = (x00(x
1)� x10)

p1 : : : (x00(x
n)� xn0 )

pn =

= (x1(x0) +X1
1 � x10)

p1 : : : (xn(x0) +Xn
1 � xn0 )

pn = (X1
1 )

p1 : : : (Xn
1 )

pn = Xp
1 ;

£¤¥ X i
1 2 I. �­ «®£¨ç­®

(x00(x)� x0)p
0

= Xp0

1 :

� ª ª ª jp0j = r + 1, X i
1 2 I, â® Xp0

1 2 I
r+1. �«¥¤®¢ â¥«ì­®, Xp0

1 = 0. �®£¤ 

x00 = f(x0) +
rX

jpj=1

1
p!
Dpf(x0)X

p
1 : (1.2)

�à¨¬¥­¨¢ ä®à¬ã«ã (1.2) ¤«ï ª®®à¤¨­ â­ëå äã­ªæ¨© xi, ¯®«ãç¨¬

x00(x
i) = xi0 + xi0�"

�; � 6= 0:

�®¬®¬®àä¨§¬ë x0 2 (Rn)A ¯®§¢®«ïîâ ¢¢¥áâ¨ ¯®­ïâ¨¥ ¥áâ¥áâ¢¥­­®£® ¯à®¤®«¦¥­¨ï £« ¤ª¨å
äã­ªæ¨©, § ¤ ­­ëå ­  R

n .

�¯à¥¤¥«¥­¨¥ 1.2 ([7]). �ã­ªæ¨ï f A : (Rn)A ! A , ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î f A (x0) = x0(f)
¤«ï ¢á¥å x0 2 (Rn)A , ­ §ë¢ ¥âáï ¥áâ¥áâ¢¥­­ë¬ ¯à®¤®«¦¥­¨¥¬ äã­ªæ¨¨ f 2 C1(Rn).

� á¨«ã à ¢¥­áâ¢  (1.2) ¨¬¥¥¬

f A (x0) = f(x) +
rX

jpj=1

1
p!
Dpf(x)X

p
1 :

�§ ®¯à¥¤¥«¥­¨ï ¯à®¤®«¦¥­¨ï f A á«¥¤ã¥â, çâ®

(f + g)A = f A + gA ; (cf)A = cf A (c 2 R); (fg)A = f A gA :

� ¦¤®© â®çª¥ x0, A -¡«¨§ª®© ª x, ¬®¦­® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ n ª®®à¤¨­ â ¨§ A ¯®
¯à ¢¨«ã x0 7! (xi)A (x0),   â ª¦¥ nN ¢¥é¥áâ¢¥­­ëå ª®®à¤¨­ â xi�, ª®â®àë¥ ¬®¦­® ®¯à¥¤¥«¨âì ¢
¢¨¤¥

xi�(x
0) = "�((x

i)A (x0));

£¤¥ "� | ¢¥ªâ®àë ¤ã «ì­®£® ¡ §¨á  ª ¡ §¨áã ("�), N = dim A .
�ãáâì A

� | ¯à®áâà ­áâ¢® «¨­¥©­ëå ä®à¬, § ¤ ­­ëå ­  A ¨ a� 2 A
� . �«ï ª ¦¤®© äã­ªæ¨¨

f 2 C1(Rn) ¯®áâà®¨¬ äã­ªæ¨î f(a�) : (Rn)A ! R, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î

f(a�)(x
0) = a�(f A (x0))

¤«ï ¢á¥å x0 2 (Rn)A . � á«ãç ¥, ª®£¤  a� ï¢«ï¥âáï ¡ §¨á­ë¬ ¢¥ªâ®à®¬ "�, f("�) ®¡®§­ ç¨¬ ç¥à¥§
f(�). �§ áª § ­­®£® á«¥¤ã¥â, çâ® xi� = (xi)(�) ¨

f A = f(�)"
�:

�áïª ï «¨­¥©­ ï ä®à¬  a�2A � ¨ í«¥¬¥­â b  «£¥¡àë A ¯®à®¦¤ îâ «¨­¥©­ãî ä®à¬ã a� � b2A �

¯® § ª®­ã
a� � b(c) = a�(bc)

¤«ï «î¡ëå c 2 A . �ã­ªæ¨î f(a��b) ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ f (b)(a�). � ç áâ­®áâ¨, ç¥à¥§ f (�)(�) ¡ã¤¥â

®¡®§­ ç âìáï äã­ªæ¨ï f ("
�)

("�)
. �â¬¥â¨¬ ­¥ª®â®àë¥ á¢®©áâ¢  ¢¢¥¤¥­­ëå äã­ªæ¨©.

�à¥¤«®¦¥­¨¥ 1.1. �«ï «î¡ëå äã­ªæ¨© f; g 2 C1(Rn) ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

f (0)(�) = f(�); f (�)(0) = ��0 f(0);

f
(�)
(�) = c��� f(�); (fg)(b)(a�) = f

(�)
(a�)g

(b)
(�);

£¤¥ c��� | áâàãªâãà­ë¥ ¯®áâ®ï­­ë¥  «£¥¡àë A ®â­®á¨â¥«ì­® ¡ §¨á  ("�).
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�â¨ â®¦¤¥áâ¢  ¤®ª §ë¢ îâáï ­¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨ á ¨á¯®«ì§®¢ ­¨¥¬ á¢®©áâ¢
A -¯à®¤®«¦¥­¨© äã­ªæ¨©.

�à¥¤«®¦¥­¨¥ 1.2. �«ï «î¡ëå äã­ªæ¨© f1; f2; : : : ; fk 2 C
1(Rn), í«¥¬¥­â®¢ b1; b2; : : : ; bk 2 A

¨ a� 2 A
� ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

(f1f1 : : : fk)
(b1b2:::bk)
(a�) = a�("�1"�2 : : : "�k)(f1)

(b1)
(�1)

(f2)
(b2)
(�2)

: : : (fk)
(bk)
(�k)

;

£¤¥ ("�) | ¡ §¨á  «£¥¡àë A , ¯à¨ç¥¬ "0 = 1, � = 0; 1; : : : ; N � 1.

�®ª § â¥«ìáâ¢®. �à¨ k = 1 ¨¬¥¥¬

(f1)
(b1)
(a�) = a�(f1)

(b1)
(�) = a�("�)(f1)

(b1)
(�) :

�à¥¤¯®«®¦¨¬, çâ® ãâ¢¥à¦¤¥­¨¥ ¢¥à­® ¯à¨ ¢á¥å k < s. �®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥­¨ï
¯à¨ k = s.

(f1f2 : : : fs)
b1b2:::bs
(a�) = ((f1f2 : : : fs�1)fs)

(b1b2:::bs)
(a�) = a�("�"�)(f1f2 : : : fs�1)

b1b2:::bs�1

(�) (fs)
(bs)
(�) =

= a�("�"�)"�("�1"�2 : : : "�s�1)(f1)
(b1)
(�2)

(f2)
(b2)
(�2)

: : : (fs�1)
(bs�1)
(�s�1)

f
(bk)
(�) =

= a�("�1 : : : "�s�1"�)(f1)
(b1)
(�1)

: : : (fs�1)
(bs�1)
(�s�1)

(fs)
(bs)
(�s)

: �

�á¯®«ì§ãï íâ® ¯à¥¤«®¦¥­¨¥, ¬®¦­® ¤®ª § âì á«¥¤ãîé¥¥

�à¥¤«®¦¥­¨¥ 1.3. �«ï «î¡ëå f; f1; f2; : : : ; fk 2 C1(Rn), b1; b2; : : : ; bk 2 A , a� 2 A
� ¨¬¥¥â

¬¥áâ® à ¢¥­áâ¢®

(ff1 : : : fk)
(b1b2:::bk)
(a�) = f ("

�1"�2 :::"�k )
(a�) (f1)

(b1)
(�1)

(f2)
(b2)
(�2)

: : : (fk)
(bk)
(�k)

:

�à¥¤«®¦¥­¨¥ 1.4. �«ï «î¡®© äã­ªæ¨¨ f 2 C1(Rn) ¨¬¥¥â ¬¥áâ® â®¦¤¥áâ¢® @�i f(�) =
(@if)

(�)
(�) , £¤¥ @

�
i | ®¯¥à â®à ç áâ­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯® ¯¥à¥¬¥­­®© xi�.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã f(�) = "� � f
A , â® @�i f(�) = "� � @

�
i f

A . �á«¨ � = 0, â®

@0i f(�) = "� �
�
@0i

rX
jsj=0

1
s!
DsfX

s
1

�
= "� �

� rX
jsj=0

Ds(@if)Xs
1

�
= "� � (@if)A = (@if)

(0)
(�):

�ãáâì � 6= 0, â®£¤ 

@�i f(�) = "� �
�
@0i

rX
jsj=0

1
s!
DsfX

s
1

�
= "� �

� rX
jsj=1

1
s!
Dsf@

�
i X

s
1

�
=

= "� �
� rX
jsj=1

1
s!
Dsf(s1(X1

1 )
s1�1(X2

1 )
s2 : : : (Xn

1 )
sn�1i "

� + � � � + sn(X1)s1(X2
1 )

s2 : : : (Xn
1 )

sn�1�ni "
�)
�
=

= "� �
� r�1X
js0j=0

1
s0!
Ds0(@1f)(X

1
1 )

s1 : : : (Xn
1 )

sn�1i "
� + � � � +

r�1X
js0j=0

1
s0!
Ds0(@nf)(X

1
1 )

s1 : : : (Xn
1 )

sn�ni "
�
�
=

= "� � ("
�(@if)

A ) = (@if)
(�)
(�) : �

� áá¬®âà¨¬ äã­ªæ¨¨, § ¤ ­­ë¥ ­  (Rn )A (¨«¨ ­  ­¥ª®â®à®¬ ®âªàëâ®¬ ¬­®¦¥áâ¢¥ íâ®£® ¯à®-
áâà ­áâ¢ ) á® §­ ç¥­¨ï¬¨ ¢ A . �à¥¤¨ â ª¨å äã­ªæ¨© ¬®¦­® ¢ë¤¥«¨âì £®«®¬®àä­ë¥ äã­ªæ¨¨ ¢
á¬ëá«¥ �¥ää¥àá .

�¯à¥¤¥«¥­¨¥ 1.3 ([6]). �ã­ªæ¨ï F : ��1(U) ! A , £¤¥ � : (Rn)A ! R
n | ª ­®­¨ç¥áª ï ¯à®-

¥ªæ¨ï, U � R
n | ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® ¢ Rn , ­ §ë¢ ¥âáï £®«®¬®àä­®© ¢ á¬ëá«¥ �¥ää¥àá ,

¥á«¨ dF = �idX
i, £¤¥ dF | ¤¨ää¥à¥­æ¨ «äã­ªæ¨¨ F = F�"

� : dF = dF�"
�,  X i = (xi)A = xi�"

�,
dX i = dxi�"

�.
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�ã­ªæ¨¨ �i, ¢å®¤ïé¨¥ ¢ ¯à¥¤áâ ¢«¥­¨¥ dF , ­ §ë¢ îâáï ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ äã­ªæ¨¨
F ¯® ¯¥à¥¬¥­­ë¬ X i ¨ ®¡®§­ ç îâáï �i = @F

@Xi .
�ëè¥ ¬ë à áá¬ âà¨¢ «¨ ¥áâ¥áâ¢¥­­ë¥ ¯à®¤®«¦¥­¨ï äã­ªæ¨© ¨§ R

n ¢ (Rn)A . �áâ¥áâ¢¥­­®¥
¯à®¤®«¦¥­¨¥ f A äã­ªæ¨¨ f ï¢«ï¥âáï £®«®¬®àä­®© äã­ªæ¨¥© ­ ¤ A . �¥©áâ¢¨â¥«ì­®,

df A = d(f(�)"�) = df(�)"
� = (@�i f(�)dx

i
�"

�):

�âáî¤  ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 1.4 ¨¬¥¥¬

df A = (@if)
(�)
(�)dx

i
�"

�:

�§ ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¯®«ãç¨¬

df A = c��� (@if)(�)dx
i
�"

� = (@if)(�)"
�dxi�"

� = (@if)
A dX i;

â. ¥. f A | £®«®¬®àä­ ï ­ ¤  «£¥¡à®© A äã­ªæ¨ï. �§ à ¢¥­áâ¢  df A = (@if)A dX i á«¥¤ã¥â

@f A

@X i
= (@if)A :

� [4] ¤®ª § ­®, çâ® ¯à®¨§¢®«ì­ ï £®«®¬®àä­ ï äã­ªæ¨ï F , ®¯à¥¤¥«¥­­ ï ­  ¬­®¦¥áâ¢¥
��1(U), £¤¥ U | ®âªàëâ®¥ ¬­®¦¥áâ¢® ¢ R

n , ¨ ¯à¨­¨¬ îé ï §­ ç¥­¨ï ¢ A , ¨¬¥¥â ¢¨¤ F = f A� "
�.

2. � áá«®¥­¨ï �¥©«ï. �¨äâë

�ãáâìMn | ¤¨ää¥à¥­æ¨àã¥¬®¥ ¬­®£®®¡à §¨¥ ª« áá  C1, A | «®ª «ì­ ï  «£¥¡à  ¢ëá®âë r
¨ è¨à¨­ëm. �«£¥¡àã £« ¤ª¨å äã­ªæ¨© (ª« áá  C1), § ¤ ­­ëå ­ Mn, ®¡®§­ ç¨¬ ç¥à¥§ C1(Mn).

�¯à¥¤¥«¥­¨¥ 2.1. �®¬®¬®àä¨§¬ x0 : C1(Mn) ! A , ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨î x0(f) �
f(x)modI ¤«ï ¢á¥å f 2 C1(Mn), ­ §ë¢ ¥âáï A -¡«¨§ª®© â®çª®© ª â®çª¥ x 2Mn.

�­®¦¥áâ¢® ¢á¥å â®ç¥ª x0, A -¡«¨§ª¨å ª x 2 Mn, ®¡®§­ ç¨¬ ç¥à¥§ M A

x ¨ ¯®áâà®¨¬ ®¡ê-
¥¤¨­¥­¨¥ M A

n = [
x2Mn

M A

x . � ­®­¨ç¥áª ï ¯à®¥ªæ¨ï � : M A

n ! Mn ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬

x0(f) = f(�(x0))mod I ¤«ï ¢á¥å f 2 C1(Mn). � áá«®¥­¨¥ (M A

n ; �;Mn) ­ §ë¢ ¥âáï à áá«®¥­¨¥¬
�¥©«ï. �¨ää¥à¥­æ¨àã¥¬ ï áâàãªâãà  ¬­®£®®¡à §¨ïMn ¨­¤ãæ¨àã¥â áâàãªâãàã ¤¨ää¥à¥­æ¨àã-
¥¬®£® ¬­®£®®¡à §¨ï ­  M A

n . �«ï ®¯¨á ­¨ï íâ®© áâàãªãâãàë ¢ë¡¥à¥¬  â« á ¬­®£®®¡à §¨ï Mn,
¢  «£¥¡à¥ A | ­¥ª®â®àë© ¡ §¨á (1 = "0; "1; : : : ; "N�1), £¤¥ N = dim A . �ãáâì (U; xi) | ª àâ 
¨§ íâ®£®  â« á . �«ï ª ¦¤®© â®çª¨ x0 2 ��1(U) ¨¬¥¥¬ x0(xi) = xi�(x

0)"�. �ã­ªæ¨¨ xi� ¬®¦­®
¯à¨­ïâì ¢ ª ç¥áâ¢¥ ª®®à¤¨­ â­ëå äã­ªæ¨© ¢ ��1(U). �á¯®«ì§ãï íâ¨ äã­ªæ¨¨ ­  M A

n , ¯®«ãç¨¬
¡ §ã ¥áâ¥áâ¢¥­­®© â®¯®«®£¨¨,   á®¢®ªã¯­®áâì ®ªà¥áâ­®áâ¥© (��1(U); xi�) ¡ã¤¥â ï¢«ïâìáï  â« á®¬
­  M A

n ¤¨ää¥à¥­æ¨àã¥¬®© áâàãªâãàë.
�ãáâì f | £« ¤ª ï äã­ªæ¨ï ­ Mn. �¯à¥¤¥«¥­¨ï äã­ªæ¨© f A , f(a�), f

(b)
(a�) ­ M

A

n  ­ «®£¨ç­ë
á®®â¢¥âáâ¢ãîé¨¬ ®¯à¥¤¥«¥­¨ï¬, ¤ ­­ë¬ ¢ x 1.

�«ï ª ¦¤®£® ¢¥ªâ®à­®£® ¯®«ï X 2 T 1
0 (Mn) ¨ ª ¦¤®£® í«¥¬¥­â  a 2 A áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­-

­®¥ ¢¥ªâ®à­®¥ ¯®«¥ X(a), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î X(a)f(b�) = (Xf)(a)(b�) ¤«ï «î¡ëå f 2 C
1(Mn)

¨ b� 2 A
� . �¥ªâ®à­®¥ ¯®«¥ X(a) ­ §ë¢ ¥âáï (a)-«¨äâ®¬ ¢¥ªâ®à­®£® ¯®«ï X. � á«ãç ¥ a = "�

¢¥ªâ®à­®¥ ¯®«¥ X("�) ®¡®§­ ç¨¬ X(�).
�¥£ª® ãáâ ­®¢¨âì á«¥¤ãîé¨¥ á¢®©áâ¢  ¢¢¥¤¥­­ëå ¢¥ªâ®à­ëå ¯®«¥©

(X + Y )(a) = X(A) + Y (a); (cX)(a) = cX(a) (c 2 R); [X(a); Y (b)] = [X;Y ](ab):

�à¥¤«®¦¥­¨¥ 2.1. �«ï «î¡ëå f 2 C1(Mn), X 2 T 1
0 (Mn), a 2 A ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥

(fX)(a) = f
(a)
(�)X

(�):

�®ª § â¥«ìáâ¢®. �ãáâì g | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¨§ C1(Mn). �®£¤  (fX)(a)g(�) =
((fX)g)(a)(�) = (f(Xg))(�)(�) = f

(a)
(�) (Xg)

(�)
(�) = f

(a)
(�)X

(�)g(�). �âáî¤  á«¥¤ã¥â ¨­â¥à¥áãîé¥¥ ­ á à ¢¥­-
áâ¢®.
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�ãáâì (U; xi) | ª®®à¤¨­ â­ ï ®ªà¥áâ­®áâì ­  Mn, @
@xi

= @i | ¢¥ªâ®à­ë¥ ¯®«ï á®®â¢¥âáâ¢ãî-
é¥£® ­ âãà «ì­®£® à¥¯¥à . � áá¬®âà¨¬ ¯à®¤®«¦¥­¨ï (@i)(�). �«ï ª®®à¤¨­ â­ëå äã­ªæ¨© xi� ­ 
��1(U) ¨¬¥¥¬

(@i)(�)xi� = (@i)(�)(xj)(�) = (@ixj)
(�)
(�) = �ji �

�
� =

@

@xi�
(xj�):

�âáî¤  á«¥¤ã¥â (@i)(�) = @�i .

�à¥¤«®¦¥­¨¥ 2.2. �á«¨ e! | q-ä®à¬ , § ¤ ­­ ï ­  M A

n , ¨

e!(X(�1)
1 ; X

(�2)
2 ; : : : ; X(�q)

q ) = 0

¤«ï ¯à®¨§¢®«ì­ëå ¢¥ªâ®à­ëå ¯®«¥© X1;X2; : : : ;Xq, § ¤ ­­ëå ­  Mn, ¨ «î¡ëå ¨­¤¥ªá®¢
�1; �2; : : : ; �q, â® e! = 0.

�®ª § â¥«ìáâ¢®. �ãáâì x0 | ¯à®¨§¢®«ì­ ï â®çª  ¯à®áâà ­áâ¢  M A

n ¨ (��1(U); xi�) | ª®®à-
¤¨­ â­ ï ®ªà¥áâ­®áâì, á®¤¥à¦ é ï íâã â®çªã. �®§ì¬¥¬ ¢ ª ç¥áâ¢¥ ¢¥ªâ®à­ëå ¯®«¥©X1;X2; : : : ;Xq

¢¥ªâ®à­ë¥ ¯®«ï @i1 ; @i2 ; : : : ; @iq ­ âãà «ì­®£® à¥¯¥à  ¢ ®ªà¥áâ­®áâ¨ U . �®£¤  e!(@�1

i1
; : : : ; @

�q
iq
) = 0,

â. ¥. e! = 0.

�à¥¤«®¦¥­¨¥ 2.3. �ãáâì a� 2 A
� , ! 2 T 0

q (Mn). �ãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï q-ä®à¬  e! ­ 

M A

n , ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

e!(X(�1)
1 ;X

(�2)
2 ; : : : ;X

(�q)
1 ) = (!(X1;X2; : : : ;Xq))

("�1 "�2 :::"�q )
(a�) (2.1)

¤«ï «î¡ëå X1;X2; : : : ;Xq 2 T
1
0 (Mn).

�®ª § â¥«ìáâ¢®. �¤¨­áâ¢¥­­®áâì e! á«¥¤ã¥â ¨§ ¯à¥¤«®¦¥­¨ï 2.2. �®ª ¦¥¬ áãé¥áâ¢®¢ ­¨¥
íâ®© ä®à¬ë. �ãáâì (U; xi) | ª®®à¤¨­ â­ ï ®ªà¥áâ­®áâì ­ Mn ¨ ! = !i1i2:::iqdx

i1
dxi1
� � �
dxiq

| «®ª «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ! ¢ íâ®© ®ªà¥áâ­®áâ¨. � ¤ ¤¨¬ ¢ ª àâ¥ (��1(U); xi�) q-ä®à¬ã e! ­ 
��1(U) á«¥¤ãîé¨¬ ®¡à §®¬:

e! = (!i1i2:::iq )
("�1"�2 :::"�q )
(a�) dxi1�1


 dxi2�2

 � � � 
 dxiq�q : (2.2)

�ãáâì, ¤ «¥¥, (V; yi) | ¤àã£ ï ª àâ  ­ Mn â ª ï, çâ® U\V 6= 0,  j1j2:::jq | ª®¬¯®­¥­âë q-ä®à¬ë
¢ ª àâ¥ (V; yi) ¨ e | q-ä®à¬  ­  ��1(V ), ®¯à¥¤¥«ï¥¬ ï ä®à¬ã«®©

e = ( j1j2:::jq)
("�1 "�2 :::"�q )
(a�) dyj1�1


 dyj2�2

 � � � 
 dyjq�q :

�¬¥¥¬
!i1i2:::iq =  j1j2:::jq@i1y

j1@i2y
j2 : : : @iqy

jq :

�®áª®«ìªã yi� = (yi)(�), â® dyi� = @�j (y
i)(�)dxj� = (@jyi)

(�)
(�)dx

j
�. �á¯®«ì§ãï íâ®, ¯®«ãç¨¬

e = ( j1j2:::jq )
("�1"�2 :::"�q )
(a�) (@k1y

j1)(�1)(�1)
(@k2y

j2)(�2)(�2)
: : : (@kqy

jq )(�q)(�q)
dxk1�1 
 dxk2�2 
 � � � 
 dxkq�q :

� á¨«ã ¯à¥¤«®¦¥­¨ï 1.3 ¯®á«¥¤­¥¥ á®®â­®è¥­¨¥ ¯à¨¬¥â á«¥¤ãîé¨© ¢¨¤:

e = ( j1j2:::jq@k1y
j1@k2y

j2 : : : @kqy
jq )("

�1"�2 :::"�q )
(a�) dxk1�1 
 dxk2�2 
 � � � 
 dxkq�q = e!:

�âáî¤  á«¥¤ã¥â, çâ® á®®â¢¥âáâ¢¨¥ x0 7! e!x0 , £¤¥ e!x0 ®¯à¥¤¥«¥­ë ¯® ä®à¬ã«¥ (2.2), ï¢«ï¥âáï q-
ä®à¬®© ­  M A

n . �®ª ¦¥¬, çâ® ¯®áâà®¥­­ ï q-ä®à¬  e! ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î (2.1). �ãáâì
Xs = �js@j | «®ª «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¢¥ªâ®à­ëå ¯®«¥© Xs (s = 1; q). �®£¤  X(�)

s = (�js)
(�)
(�)@

�
j ,

e!(X(�1)
1 ;X

(�2)
2 ; : : : ;X(�q)

q ) = (!i1i2:::iq)
("�1"�2 :::"�q )
(a�) dxi1�1(X

(�1)
1 ) : : : dxiq�q (X

(�q)
q ) =

= (!i1i2:::iq)
("�1"�2 :::"�q )
(a�) (�i11 )

(�1)
(�1)

(�i22 )
(�2)
(�2)

: : : (�iqq )
(�q)

(�q)
=

= (!i1i2:::iq�
i1
1 �

i2
2 : : : �

iq
q )

("�1"�2 :::"�q )
(a�) = (!(X1; X2; : : : ; Xq))

("�1"�2 :::"�q )
(a�) : �

�®ª § ­­®¥ ¯à¥¤«®¦¥­¨¥ ¯®§¢®«ï¥â ¢¢¥áâ¨ á«¥¤ãîé¥¥
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�¯à¥¤¥«¥­¨¥ 2.2. �ã¤¥¬ ­ §ë¢ âì (a�)-«¨äâ®¬ q-ä®à¬ë !, § ¤ ­­®© ­ Mn, ¥¤¨­áâ¢¥­­ãî
q-ä®à¬ã w(a�) ­  M A

n , ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î

!(a�)(X
(�1)
1 ;X

(�2)
2 ; : : : ;X(�q)

q ) = (!(X1;X2; : : : ;Xq))
("�1 "�2 :::"�q )
(a�)

¤«ï «î¡ëå X1; X2; : : : ;Xq 2 T
1
0 (Mn).

� ãª § ­­®¬ á®®â­®è¥­¨¨ "�1"�2 : : : "�q ®§­ ç ¥â ¯à®¨§¢¥¤¥­¨¥ ¡ §¨á­ëå ¢¥ªâ®à®¢ "�  «£¥-
¡àë A .

�á«¨ � | 1-ä®à¬ , § ¤ ­­ ï ­  Mn, â® (a�)-«¨äâ íâ®© ä®à¬ë ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬
�(a�)(X(b)) = (�(X))(b)(a�). �®¦­® ã¡¥¤¨âìáï, çâ® ¤«ï «î¡®© äã­ªæ¨¨ f 2 C1(Mn) (df)(a�) = df(a�).
� ç áâ­®áâ¨, dxi� = (dxi)(�).

�à¥¤«®¦¥­¨¥ 2.4. �á«¨ !1 2 T
0
p (Mn), !2 2 T 0

q (Mn), â®

(!1 
 !2)(a�) = a�("�1"�2)(!1)(�1) 
 (!2)(�2):

�®ª § â¥«ìáâ¢®. �«ï ¯à®¨§¢®«ì­ëå ¢¥ªâ®à­ëå ¯®«¥© X1;X2; : : : ;Xp, Y1; Y2; : : : ; Yq ­  Mn

¨¬¥¥¬

(!1 
 !2)(a�)(X
(�1)
1 ; : : : ;X(�p)

p ; Y
(�1)
1 ; : : : ; Y (�q)

q ) = (!1(X1; : : : ;Xp)!2(Y1; : : : ; Yq))
(bc)
(a�);

£¤¥ b = "�1"�2 : : : "�p , c = "�1"�2 : : : "�q . �ç¨âë¢ ï ¯à¥¤«®¦¥­¨¥ 1.2, ¯®«ãç¨¬

(!1(X1;X2; : : : ;Xp)!2(Y1; Y2; : : : ; Yq))
(bc)
(a�) = a�("�1"�2)(!1(X1; : : : ; Xp))

(b)
(�1)

(!2(Y1; : : : ; Yq))
(c)
(�2)

=

= a�("�1"�2)(!1)(�1)(X
(�1)
1 ; : : : ;X(�p)

p )(!2)(�2)(Y
(�1)
1 ; : : : ; Y (�q)

q ) =

= a�("�1"�2)(!1)(�1) 
 (!2)(�2)(X
(�1)
1 ; : : : ;X(�p)

p ; Y (�1)
1 ; : : : ; Y (�q)

q ):

�§ ¯®«ãç¥­­ëå á®®â­®è¥­¨© á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥­¨ï.

�à¥¤«®¦¥­¨¥ 2.5. �«ï «î¡ëå X 2 T 1
0 (Mn), ! 2 T 0

q (Mn), a� 2 A � , b 2 A ¨¬¥¥â ¬¥áâ®
à ¢¥­áâ¢®

LX(b)!(a�) = (LX!)(a��b);

£¤¥ LX | á¨¬¢®« ¯à®¨§¢®¤­®© �¨ ¢¤®«ì ¢¥ªâ®à­®£® ¯®«ï X.

�®ª § â¥«ìáâ¢® íâ®£® ¯à¥¤«®¦¥­¨ï ¬®¦­® ¯à®¢¥áâ¨, ¨á¯®«ì§ãï á¢®©áâ¢  ¯à®¨§¢®¤­®© �¨,
(b)-«¨äâ®¢ ¢¥ªâ®à­ëå ¯®«¥© ¨ (a�)-«¨äâ®¢ q-ä®à¬. �®¦­® ¤®ª § âì â ª¦¥ á«¥¤ãîé¥¥

�à¥¤«®¦¥­¨¥ 2.6. �ãáâì K | â¥­§®à­®¥ ¯®«¥ â¨¯  (1; q) ­  Mn, a 2 A . �  M A

n áãé¥-
áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ â¥­§®à­®¥ ¯®«¥ K(a), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î

K(a)(X(b1)
1 ;X

(b2)
2 ; : : : ;X(bq)

q ) = (K(X1;X2; : : : ;Xq))
(ab1b2:::bq)

¤«ï «î¡ëå ¢¥ªâ®à­ëå ¯®«¥© X1; X2; : : : ;Xq ­  Mn ¨ «î¡ëå b1; b2; : : : ; bq 2 A .

�¥­§®à­®¥ ¯®«¥ K(a) ­ §ë¢ ¥âáï (a)-«¨äâ®¬ â¥­§®à­®£® ¯®«ï K.

3. �¨­¥ªâ¨ç¥áª¨© «¨äâ ¢ á¬ëá«¥ �.�.�¨à®ª®¢  «¨­¥©­®© á¢ï§­®áâ¨

�ãáâì r | «¨­¥©­ ï á¢ï§­®áâì, § ¤ ­­ ï ­  Mn. �.�®à¨¬®â® ¤®ª § «, çâ® ­  M A

n áãé¥-
áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï «¨­¥©­ ï á¢ï§­®áâì rC , ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

rC
X(a)Y (b) = (rXY )(ab)

¤«ï ¢á¥å X;Y 2 T 1
0 (Mn) ¨ a; b 2 A [2]. �¢ï§­®áâì rC ­ §ë¢ ¥âáï ¯®«­ë¬ «¨äâ®¬ á¢ï§­®áâ¨ r.

�®«­ë© «¨äâ «¨­¥©­®© á¢ï§­®áâ¨ ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬ á¨­¥ªâ¨ç¥áª®£® «¨äâ  á¢ï§­®áâ¨
¢ á¬ëá«¥ �.�.�¨à®ª®¢ .

69



�à¥¤«®¦¥­¨¥ 3.1. �ãáâì r = �0 | «¨­¥©­ ï á¢ï§­®áâì ­  Mn, ("�), � 2 f0; 1; : : : ; N�1g,
| ¡ §¨á  «£¥¡àë A , ¯à¨ç¥¬ "0 = 1, �� (� 6= 0) | â¥­§®à­ë¥ ¯®«ï â¨¯  (1:2) ­  Mn. �®£¤  ­ 
M A

n áãé¥áâ¢ã¥â ¨ ¯à¨â®¬ ¥¤¨­áâ¢¥­­ ï «¨­¥©­ ï á¢ï§­®áâì rSh, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

rSh
X(a)Y (b) = (��(X;Y ))

("�ab) (3.1)

¤«ï «î¡ëå X;Y 2 T 1
0 (Mn), a; b 2 A .

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ­ M A

n «¨­¥©­ãî á¢ï§­®áâì rSh = rC+�(�)� (¯® � ¢¥¤¥âáï áã¬-
¬¨à®¢ ­¨¥ ¯à¨ ãá«®¢¨¨ � 6= 0). �«ï «î¡ëå ¢¥ªâ®à­ëå ¯®«¥© X;Y 2 T 1

0 (Mn) ¨ «î¡ëå í«¥¬¥­â®¢
a ¨ b  «£¥¡àë A ¨¬¥¥¬

rSh
X(a)Y (b) = rC

X(a)Y (b) +�(�)� (X(a); Y (b)) = (rXY )(ab) + (��(X;Y ))("
�ab) = (��(X;Y ))("

�ab):

�¤¨­áâ¢¥­­®áâì á¢ï§­®áâ¨rSh á«¥¤ã¥â ¨§ â®£®, çâ® à §­®áâì ª®¢ à¨ ­â­ëå ¯à®¨§¢®¤­ëå ®â­®á¨-
â¥«ì­® ¤¢ãå «¨­¥©­ëå á¢ï§­®áâ¥© | â¥­§®à­®¥ ¯®«¥ eS â¨¯  (1.2), ¯à¨ç¥¬ ¤«ï «î¡ëå ¢¥ªâ®à­ëå
¯®«¥© X(a), Y (b) eS(X(a); Y (b)) = 0 ¨, á«¥¤®¢ â¥«ì­®, eS = 0.

�¯à¥¤¥«¥­¨¥ 3.1. �¨­¥©­ ï á¢ï§­®áâì rSh, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î (3.1), ­ §ë¢ ¥âáï
á¨­¥ªâ¨ç¥áª¨¬ «¨äâ®¬ ¢ á¬ëá«¥ �.�.�¨à®ª®¢  á¢ï§­®áâ¨ r, ¯®áâà®¥­­ë¬ á ¯®¬®éìî â¥­§®à-
­ëå ¯®«¥© �� (� 6= 0).

�¥­§®à­®¥ ¯®«¥ ªà¨¢¨§­ë RSh á¢ï§­®áâ¨ rSh ¬®¦­® ¯à¥¤áâ ¢¨âì á«¥¤ãîé¨¬ ®¡à §®¬: RSh =
R(�)
� , £¤¥ R0 | â¥­§®à­®¥ ¯®«¥ ªà¨¢¨§­ë á¢ï§­®áâ¨ r,   R� | â¥­§®à­ë¥ ¯®«ï â¨¯  (1.3), ®¯à¥-

¤¥«¥­­ë¥ ãá«®¢¨ï¬¨

R�(X;Y;Z) = rX��(Y;Z)�rY ��(X;Z) + ��(T (X;Y ); Z) + c��� ��� (X;Y;Z)

¤«ï «î¡ëå X;Y;Z 2 T 1
0 (Mn). � íâ¨å á®®â­®è¥­¨ïå �; �; � 6= 0, T | â¥­§®à­®¥ ¯®«¥ ªàãç¥­¨ï

á¢ï§­®áâ¨ r, c��� | áâàãªâãà­ë¥ ¯®áâ®ï­­ë¥  «£¥¡àë A ,   ��� | â¥­§®à­ë¥ ¯®«ï, ®¯à¥¤¥«¥­­ë¥
ãá«®¢¨ï¬¨

��� (X;Y;Z) = ��(X;�� (Y;Z)) � ��(Y;�� (X;Z)):

�¥­§®à­®¥ ¯®«¥ ªàãç¥­¨ï T Sh á¢ï§­®áâ¨ rSh ¨¬¥¥â ¢¨¤ T Sh = T (�)
� , £¤¥ T0 = T , T� | â¥­§®à-

­ë¥ ¯®«ï â¨¯  (1.2) ­  Mn, ®¯à¥¤¥«¥­­ë¥ á«¥¤ãîé¨¬ ®¡à §®¬: T�(X;Y ) = ��(X;Y ) � ��(Y;X)
(� 6= 0).

4. �®«®¬®àä­ë¥ «¨­¥©­ë¥ á¢ï§­®áâ¨ ­  Mn

� áá«®¥­¨¥M A

n ¤®¯ãáª ¥â áâàãªâãàã n-¬¥à­®£® £« ¤ª®£® ¬­®£®®¡à §¨ï ­ ¤  «£¥¡à®© A . �«ï
¯®áâà®¥­¨ï  â« á  íâ®© áâàãªâãàë ¤«ï ª ¦¤®© ª àâë (U; xi) ¢ ®ªà¥áâ­®áâ¨ ��1(U) ¢ ª ç¥áâ¢¥
ª®®à¤¨­ â­ëå äã­ªæ¨© ¢ë¡¥à¥¬ äã­ªæ¨¨ (xi)A = X i. � á¨«ã áª § ­­®£® ¬®¦­® £®¢®à¨âì ®
£®«®¬®àä­ëå äã­ªæ¨ïå, â¥­§®à­ëå ¯®«ïå ¨ £®«®¬®àä­ëå «¨­¥©­ëå á¢ï§­®áâïå ­  M A

n .

�¯à¥¤¥«¥­¨¥ 4.1. �¥ªâ®à­®¥ ¯®«¥ eX ­  M A

n ­ §ë¢ ¥âáï £®«®¬®àä­ë¬, ¥á«¨ ¤«ï «î¡®©
£®«®¬®àä­®© äã­ªæ¨¨ F , § ¤ ­­®© ­  M A

n , äã­ªæ¨ï eXF £®«®¬®àä­ .

�¥ªâ®à­®¥ ¯®«¥ eX £®«®¬®àä­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®© äã­ªæ¨¨ f 2 C1(Mn)
äã­ªæ¨ï eXf A £®«®¬®àä­ .

�«ï ª ¦¤®£® ¢¥ªâ®à­®£® ¯®«ï X 2 T 1
0 (Mn) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ¢¥ªâ®à­®¥ ¯®«¥ XA ­ 

M A

n â ª®¥, çâ® XA f A = (Xf)A ¤«ï «î¡®© äã­ªæ¨¨ f 2 C1(Mn). �¥ªâ®à­®¥ ¯®«¥ XA ­ §ë¢ ¥âáï
¥áâ¥áâ¢¥­­ë¬ ¯à®¤®«¦¥­¨¥¬ X [2]. �§ ®¯à¥¤¥«¥­¨ï á«¥¤ã¥â, çâ® XA £®«®¬®àä­®¥. �à¨¢¥¤¥­­ë©
¢ x 1 à¥§ã«ìâ â ® áâà®¥­¨¨ £®«®¬®àä­ëå äã­ªæ¨© ¯®§¢®«ï¥â ¤®ª § âì

�à¥¤«®¦¥­¨¥ 4.1. �¥ªâ®à­®¥ ¯®«¥ eX â®£¤  ¨ â®«ìª® â®£¤  ï¢«ï¥âáï £®«®¬®àä­ë¬, ª®£¤ 

¥£® ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ eX = a�XA

� , £¤¥ a
� 2 A , X� | ¢¥ªâ®à­ë¥ ¯®«ï ­  Mn.
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�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì á«¥¤ã¥â ¨§ â®£®, çâ® XA

� £®«®¬®àä­ë¥. �®ª ¦¥¬ ­¥®¡å®-
¤¨¬®áâì. �ãáâì (��1(U);X i) | ¯à®¨§¢®«ì­ ï ª àâ  ¨§ ¢ëè¥ãª § ­­®£®  â« á  M A

n ¨ eX = eX i @
@Xi

| «®ª «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ £®«®¬®àä­®£® ¢¥ªâ®à­®£® ¯®«ï eX ¢ íâ®© ª àâ¥. �®£¤  X i = eX(xi)A
| £®«®¬®àä­ë¥ äã­ªæ¨¨ ­ ¤ A , ¯®íâ®¬ã áãé¥áâ¢ãîâ äã­ªæ¨¨ X i

� 2 C1(U) â ª¨¥, çâ®eX i = (X i
�)

A "�. � ª®®à¤¨­ â­®© ®ªà¥áâ­®áâ¨ (U; xi) ¯®áâà®¨¬ ¢¥ªâ®à­ë¥ ¯®«ï X� = X i
�@i. �ãáâì

¢ ª àâ¥ (��1(V ); Y i) eX = eY i @

@Y i ¨ eY i = (Y i
�)

A "�. �à¥¤¯®«®¦¨¬, çâ® U \ V 6= ;. �®£¤  ¤«ï «î¡®©
äã­ªæ¨¨ f 2 C1(Mn) ¢ ��1(U) \ ��1(V ) ¡ã¤¥¬ ¨¬¥âì

eXf A = eX i @f
A

@X i
= (X i

�)
A "�(@if)

A = (X i
�)

A

�
@f

@yj
@yj

@xi

�A
"� =

=
�
X i

�

@yj

@xi

�A�
@f

@yj

�A
"� = (X i

�@iy
j)A "�

@f A

@Y j
:

�âáî¤  á«¥¤ã¥â, çâ®
Y i
� = Xj

�@jy
i:

� ª¨¬ ®¡à §®¬, á®®â¢¥âáâ¢¨¥ x 7! X i
�(x)@ijx ï¢«ï¥âáï ¢¥ªâ®à­ë¬ ¯®«¥¬ ­  Mn ¯à¨ «î¡®¬ � =

0; 1; : : : ; N � 1. �­ ç¨â, eX = XA

�"
�, £¤¥ X� | ¢¥ªâ®à­ë¥ ¯®«ï ­  Mn.

�¯à¥¤¥«¥­¨¥ 4.2. �¨­¥©­ ï á¢ï§­®áâì er, § ¤ ­­ ï ­ M A

n , ­ §ë¢ ¥âáï £®«®¬®àä­®©, ¥á«¨
¤«ï «î¡ëå £®«®¬®àä­ëå ¢¥ªâ®à­ëå ¯®«¥© eX, eY ¢¥ªâ®à­®¥ ¯®«¥ ereX eY £®«®¬®àä­®.

�®¦­® ¤®ª § âì, çâ® er £®«®¬®àä­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  erXAY A £®«®¬®àä­®¥ ¤«ï
«î¡ëå ¢¥ªâ®à­ëå ¯®«¥© X;Y 2 T 1

0 (Mn). � á¨«ã ¯à¥¤«®¦¥­¨ï 4.1 áãé¥áâ¢ãîâ ¢¥ªâ®à­ë¥ ¯®«ï
��(X;Y ) ­  Mn â ª¨¥, çâ® erXAY A = (��(X;Y ))

A "�:

�âáî¤  á«¥¤ã¥â, çâ® £®«®¬®àä­ ï á¢ï§­®áâì er ¨­¤ãæ¨àã¥â ®â®¡à ¦¥­¨ï

�� : T
1
0 (Mn)� T 1

0 (Mn)! T 1
0 (Mn):

�áâ ­®¢¨¬áï ­  ­¥ª®â®àëå á¢®©áâ¢ å íâ¨å ®â®¡à ¦¥­¨©. �ãáâì X1, X2, Y1, Y2 | ¯à®¨§¢®«ì­ë¥
¢¥ªâ®à­ë¥ ¯®«ï ­  Mn, f | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï ¨§ C1(Mn). �§ ®¯à¥¤¥«¥­¨ï (4.2) ¨¬¥¥¬

er(X1+X2)AY
A

1 = (��(X1 +X2; Y1))A "�:

� ª ª ª (X1 +X2)A = XA

1 +XA

2 , â®

er(X1+X2)AY
A

1 = (��(X1; Y1) + ��(X2; Y1))A "�:

�«¥¤®¢ â¥«ì­®,
��(X1 +X2; Y1) = ��(X1; Y1) + ��(X2; Y1):

�­ «®£¨ç­® ãáâ ­ ¢«¨¢ ¥âáï â®¦¤¥áâ¢®

��(X1; Y1 + Y2) = ��(X1; Y1) + ��(X1; Y2):

�«ï ¢¥ªâ®à­®£® ¯®«ï er(fX1)AY
A

1 ¨¬¥¥¬

er(fX1)AY
A

1 = (��(fX1; Y1))A "�:

� ¤àã£®© áâ®à®­ë,

er(fX1)AY
A

1 = erfAXA

1
Y A

1 = f A (��(X1; Y1))
A "� = (f��(X1; Y1))

A "�:

�§ íâ¨å á®®â­®è¥­¨© á«¥¤ã¥â
��(fX1; Y1) = f��(X1; Y1):
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� áá¬®âà¨¬ ¢¥ªâ®à­®¥ ¯®«¥ erXA

1
(fY1)A . � ª ¨ ¢ ¯à¥¤ë¤ãé¨å à ááã¦¤¥­¨ïå, ¯à¥¤áâ ¢¨¬ ¥£®

¤¢ã¬ï á¯®á®¡ ¬¨:

erXA

1
(fY1)A = (��(X1; fY1))A "�;erXA

1
(fY1)A = erXA

1
f AY A

1 = f A erXA

1
Y A

1 + (XA

1 f
A )Y A

1 =

= (f��(X1; Y1))
A "� + ((X1f)Y1)

A = (f�0(X1; Y1) + (X1f)Y1)
A + (f��(X1; Y1))

A "� (� 6= 0):

�§ íâ¨å á®®â­®è¥­¨© ¯®«ãç¨¬

�0(X1; fY1) = f�0(X1Y1) + (X1f)Y1;

��(X1; fY1) = f��(X1; Y1):

� ª¨¬ ®¡à §®¬, ¢áïª ï £®«®¬®àä­ ï «¨­¥©­ ï á¢ï§­®áâì ­ M A

n ¯®à®¦¤ ¥â ­ Mn «¨­¥©­ãî
á¢ï§­®áâì �0 ¨ â¥­§®à­ë¥ ¯®«ï �� (� 6= 0) â¨¯  (1.2). �¥à­® ¨ ®¡à â­®¥: ¢áïª¨© ­ ¡®à (�0;��)
(� 6= 0), £¤¥ �0 | «¨­¥©­ ï á¢ï§­®áâì, �� | â¥­§®à­ë¥ ¯®«ï, ¯®à®¦¤ ¥â ­  M A

n £®«®¬®àä­ãî
á¢ï§­®áâì er ¯® ¯à ¢¨«ã

erXAY A = (��(X;Y ))A "�: (4.1)

�áâ ­®¢«¥­­®¥ á®®â¢¥âáâ¢¨¥ ï¢«ï¥âáï ¢§ ¨¬­® ®¤­®§­ ç­ë¬. �á¯®«ì§ãï íâ® á®®â¢¥âáâ¢¨¥,
«¥£ª® ãáâ ­®¢¨âì ¢§ ¨¬­® ®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã ¬­®¦¥áâ¢®¬ £®«®¬®àä­ëå á¢ï§­®-
áâ¥© ­  M A

n ¨ ¬­®¦¥áâ¢®¬ á¨­¥ªâ¨ç¥áª¨å «¨äâ®¢ «¨­¥©­ëå á¢ï§­®áâ¥© ¨§ Mn ¢ M A

n : á®®â¢¥â-
áâ¢ãîé¨¬¨ ¡ã¤¥¬ ­ §ë¢ âì â ª¨¥ á¢ï§­®áâ¨ er ¨ rSh, ª®â®àë¥ ¯®à®¦¤ îâáï ®¤­¨¬ ¨ â¥¬ ¦¥
­ ¡®à®¬ (�0;��) (� 6= 0).

�¯à¥¤¥«¥­¨¥ 4.3. �¨­¥ªâ¨ç¥áª¨© «¨äâ �Sh0 «¨­¥©­®© á¢ï§­®áâ¨ �0 ¯à¨ ¯®¬®é¨ â¥­§®à­ëå
¯®«¥© �� (� 6= 0) ­ §ë¢ ¥âáï ¢¥é¥áâ¢¥­­®© à¥ «¨§ æ¨¥© £®«®¬®àä­®© «¨­¥©­®© á¢ï§­®áâ¨ er,
®¯à¥¤¥«¥­­®© ¯® ä®à¬ã«¥ (4.1).
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