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1. �¢¥¤¥­¨¥

� áâ âì¥ ¨§ãç ¥âáï ®¤­  ­¥«¨­¥©­ ï í««¨¯â¨ç¥áª ï ªà ¥¢ ï § ¤ ç  á ­ ª«®­­®© ¯à®¨§¢®¤-
­®©. �â  ªà ¥¢ ï § ¤ ç  ¯®à®¦¤ ¥â ¢ á®®â¢¥âáâ¢ãîé¨å ¯à®áâà ­áâ¢ å äà¥¤£®«ì¬®¢® ®â®¡à ¦¥-
­¨¥ ¨­¤¥ªá  2, ¢®§¬ãé¥­­®¥ ¢¯®«­¥ ­¥¯à¥àë¢­ë¬ ®â®¡à ¦¥­¨¥¬. �¥â®¤ ¬¨ â¥®à¨¨ áâ¥¯¥­¨ ¤«ï
äà¥¤£®«ì¬®¢ëå ®â®¡à ¦¥­¨© ¯®«®¦¨â¥«ì­®£® ¨­¤¥ªá  ¤®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ ®¤­®¯ à -
¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢  à¥è¥­¨© íâ®£® ãà ¢­¥­¨ï ¤«ï ®¤­®£® ç áâ­®£® á«ãç ï ­¥«¨­¥©­®áâ¨,
ä¨£ãà¨àãîé¥© ¢ § ¤ ç¥. � ª ¨§¢¥áâ­®, ¯à¨¬¥­¥­¨¥ â¥®à¨¨ áâ¥¯¥­¨ ª ¨áá«¥¤®¢ ­¨î à §à¥è¨-
¬®áâ¨ í««¨¯â¨ç¥áª¨å ªà ¥¢ëå § ¤ ç ¨ ¤àã£¨å ãà ¢­¥­¨© á äà¥¤£®«ì¬®¢ë¬¨ ­¥«¨­¥©­ë¬¨ ®¯¥-
à â®à ¬¨ ¯®«®¦¨â¥«ì­®£® ¨­¤¥ªá  ¢ë§ë¢ ¥â ®¯à¥¤¥«¥­­ë¥ âàã¤­®áâ¨. �â¨ âàã¤­®áâ¨ á¢ï§ ­ë
á ­¥®¡å®¤¨¬®áâìî £®¬®â®¯¨à®¢ âì ¨áå®¤­®¥ ®â®¡à ¦¥­¨¥, ¯®à®¦¤¥­­®¥ ªà ¥¢®© § ¤ ç¥©, ª ®â®-
¡à ¦¥­¨î, ª®â®à®¥ ãáâà®¥­® ª ª ¡¥áª®­¥ç­®¬¥à­ ï ­ ¤áâà®©ª  ­ ¤ ª®­¥ç­®¬¥à­ë¬ áâ ¡¨«ì-
­® £®¬®â®¯¨ç¥áª¨ ­¥âà¨¢¨ «ì­ë¬ ®â®¡à ¦¥­¨¥¬ ¯®«®¦¨â¥«ì­®£® ¨­¤¥ªá . � ª¨¥ ®â®¡à ¦¥­¨ï
¢ë£«ï¤ïâ ¢¥áì¬  á«®¦­®, ¯®íâ®¬ã âàã¤­® ¯®­ïâì, ª ª ¤®«¦­  § ¤ ¢ âìáï £®¬®â®¯¨ï ­  ãà®¢­¥
¨áå®¤­®© ªà ¥¢®© § ¤ ç¨. � íâ®¬ á®áâ®¨â áãé¥áâ¢¥­­®¥ ®â«¨ç¨¥ ®â § ¤ ç á äà¥¤£®«ì¬®¢ë¬¨
®â®¡à ¦¥­¨ï¬¨ ­ã«¥¢®£® ¨­¤¥ªá , ª®£¤  £®¬®â®¯¨ï ®áãé¥áâ¢«ï¥âáï, ª ª ¯à ¢¨«®, ª á®®â¢¥â-
áâ¢ãîé¥¬ã «¨­¥©­®¬ã ®â®¡à ¦¥­¨î.

�¬¥¥âáï àï¤ à ¡®â, ¯®á¢ïé¥­­ëå ¯à¨«®¦¥­¨î â¥®à¨¨ áâ¥¯¥­¨ äà¥¤£®«ì¬®¢ëå ®â®¡à ¦¥­¨©
¯®«®¦¨â¥«ì­®£® ¨­¤¥ªá  ª í««¨¯â¨ç¥áª¨¬ ªà ¥¢ë¬ § ¤ ç ¬, ®¤­ ª® à¥§ã«ìâ âë ä®à¬ã«¨àãîâ-
áï ¯à¨ ãá«®¢¨¨ áãé¥áâ¢®¢ ­¨ï á®®â¢¥âáâ¢ãîé¥© £®¬®â®¯¨¨ (­ ¯à., [1], [2]). � ­ áâ®ïé¥© à ¡®â¥
â ª ï £®¬®â®¯¨ï áâà®¨âáï, ­¥¯®áà¥¤áâ¢¥­­ë¥ ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ ¥¥ ­¥¢ëà®¦¤¥­­®áâì ­ 
£à ­¨æ¥ ¢ë¡à ­­®© ®¡« áâ¨.

�®âï ¨áá«¥¤ã¥¬®¥ ®â®¡à ¦¥­¨¥ ¨¬¥¥â ¨­¤¥ªá 2, ¢ ¤ ­­®© à ¡®â¥ ¯à¨¬¥­ï¥âáï ¯®­¨¦¥­¨¥
¨­¤¥ªá  ­  ¥¤¨­¨æã ¯ãâ¥¬ ¯à¨¯¨áë¢ ­¨ï ¤®¯®«­¨â¥«ì­®£® ãá«®¢¨ï, ª®â®à®¥ ¯®­¨¦ ¥â à §¬¥à-
­®áâì ï¤à  ­  ¥¤¨­¨æã.

2. �®áâ ­®¢ª  § ¤ ç¨. �¥à¥å®¤ ª ®¯¥à â®à­®¬ã ãà ¢­¥­¨î

� áá¬ âà¨¢ ¥âáï ªà ¥¢ ï § ¤ ç  ¢¨¤ 

�u+
�
a(x; y)

@u

@x
+ b(x; y)

@u

@y

�
u = f(x; y); (x; y) 2 
 � R2; (1)

@u

@x

����
@


= 0; (2)

£¤¥ 
 | ®¡« áâì ¢ R2 á C1 £à ­¨æ¥©, a(x; y), b(x; y), f(x; y) | ®£à ­¨ç¥­­ë¥, ¨§¬¥à¨¬ë¥ ¢ 

äã­ªæ¨¨.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©, £à ­â ò98-01-

00029.
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�« ¢­ ï ç áâì íâ®© í««¨¯â¨ç¥áª®© ªà ¥¢®© § ¤ ç¨ ¯®à®¦¤ ¥â «¨­¥©­®¥ äà¥¤£®«ì¬®¢® ®â®-
¡à ¦¥­¨¥

A :W 2
2 (
) �! L2(
)�W 1=2

2 (@
);

Au =
�
�u;

@u

@x

����
@


�
:

(3)

�­¤¥ªá íâ®£® «¨­¥©­®£® ®â®¡à ¦¥­¨ï à ¢¥­ 2 (á¬. [3], á. 351). �¤à® ¥£® ¤¢ã¬¥à­®, ®­® á®áâ®¨â
¨§ «¨­¥©­ëå äã­ªæ¨© ®â ¢â®à®£®  à£ã¬¥­â  KerA = fu = ay + bg,   ®¡à § á®¢¯ ¤ ¥â á® ¢á¥¬
¯à®áâà ­áâ¢®¬ L2(
)�W

1=2
2 (@
).

�¡®§­ ç¨¬ ç¥à¥§ g(x; y; u;Du) = [a(x; y)@u
@x

+ b(x; y)@u
@y
]u ­¥«¨­¥©­ãî ç áâì ãà ¢­¥­¨ï (1) ¨

à áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ G : W 2
2 (
) �! L2(
) �W

1=2
2 (@
), £¤¥ G(u) = (g(x; y; u;Du); 0). �â®-

¡à ¦¥­¨¥ G ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬. �¥©áâ¢¨â¥«ì­®, ¤«ï äã­ªæ¨¨ u 2 W 2
2 (
) ¯¥à¢ë¥

¯à®¨§¢®¤­ë¥ ¯à¨­ ¤«¥¦ â W 1
2 (
). � á¨«ã â¥®à¥¬ ¢«®¦¥­¨ï ([4], á. 156) ¤«ï ¯«®áª®© ®¡« áâ¨

á £« ¤ª®© £à ­¨æ¥© W 2
2 (
) � C(
), ¯®íâ®¬ã u 2 C(
). �à®¨§¢¥¤¥­¨¥ âà¥å äã­ªæ¨©: ®£à ­¨-

ç¥­­®©, ¨§¬¥à¨¬®© äã­ªæ¨¨ a(x; y) ¨«¨ b(x; y) ­  ­¥¯à¥àë¢­ãî äã­ªæ¨î u(x; y) ¨ § â¥¬ ­  ¥¥
¯à®¨§¢®¤­ãî ¨§ W 1

2 (
) ¯à¨­ ¤«¥¦¨â L2(
). � ª¨¬ ®¡à §®¬, ®¯¥à â®à G ¤¥©áâ¢ã¥â ¢ ãª § ­-
­®¥ ¯à®áâà ­áâ¢®. � áá¬®âà¨¬ â¥¯¥àì ¯®á«¥¤®¢ â¥«ì­®áâì un, ®£à ­¨ç¥­­ãî ¢ W 2

2 (
). � á¨«ã
ª®¬¯ ªâ­®áâ¨ ¢«®¦¥­¨ï W 2

2 (
) � C(
) íâã ¯®á«¥¤®¢ â¥«ì­®áâì ¬®¦­® áç¨â âì áå®¤ïé¥©áï ¢
C(
). � «¥¥, ¯®á«¥¤®¢ â¥«ì­®áâì ¯¥à¢ëå ¯à®¨§¢®¤­ëå D1un ®£à ­¨ç¥­  ¢ W 1

2 (
), ¢ á¨«ã ª®¬-
¯ ªâ­®áâ¨ ¢«®¦¥­¨ï ¥¥ ¬®¦­® áç¨â âì áå®¤ïé¥©áï ¢ L2(
). �®áª®«ìªã äã­ªæ¨¨ a(x; y), b(x; y)
®£à ­¨ç¥­ë, â® ¯®á«¥¤®¢ â¥«ì­®áâì G(un) ¡ã¤¥â áå®¤ïé¥©áï ¢ L2(
).

�¡®§­ ç¨¬ ç¥à¥§ F : W 2
2 (
) �! L2(
) � W 1=2

2 (@
) ­¥«¨­¥©­®¥ ®â®¡à ¦¥­¨¥ F = A + G.
� §à¥è¨¬®áâì ªà ¥¢®© § ¤ ç¨ (1){(2) íª¢¨¢ «¥­â­  à §à¥è¨¬®áâ¨ ®¯¥à â®à­®£® ãà ¢­¥­¨ï

F (u) = 0: (4)

�ãáâì W 2
2;0(
) = fu 2 W 2

2 (
) : uj@
 = 0g. �®áª®«ìªã KerA \W 2
2;0 = 0, ¬®¦­® à áá¬®âà¥âì

¯àï¬ãî áã¬¬ã W 2
2;0(
)�KerA ¨ ­¥¯à¥àë¢­ãî ¯à®¥ªæ¨î

Q1 :W 2
2;0(
)�KerA �!W 2

2;0(
):

� áá¬®âà¨¬ â ª¦¥ ®àâ®£®­ «ì­ãî ¯à®¥ªæ¨î

Q2 :W 2
2 (
) �!W 2

2;0(
)�KerA

¢ á¬ëá«¥ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¢ W 2
2 (
). �ãáâì, ­ ª®­¥æ, Q = Q1 � Q2 : W 2

2 (
) �! W 2
2;0(
)

| ¨å áã¯¥à¯®§¨æ¨ï.
�«ï ä¨ªá¨à®¢ ­­®£® r > 0 à áá¬®âà¨¬ ­¥¯à¥àë¢­ë© äã­ªæ¨®­ « �r :W 2

2 (
)! R1, �r(u) =
k(I �Q)uk2W 2

2

� r2 ¨ ®â®¡à ¦¥­¨¥

Fr : W
2
2 (
) �! L2(
)�W

1=2
2 (@
)�R1; (5)

£¤¥ Fr(u) = (F (u);�r(u)).
�¥è¥­¨¥ ãà ¢­¥­¨ï

Fr(u) = 0 (6)

¯à¨ «î¡®¬ r > 0 ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (4), ã¤®¢«¥â¢®àïîé¨¬ ¤®¯®«­¨â¥«ì­®¬ã ãá«®-
¢¨î k(I �Q)ukW 2

2

= r.

�¥¬¬  1. �â®¡à ¦¥­¨¥ Fr, ®¯à¥¤¥«¥­­®¥ á®®â­®è¥­¨¥¬ (5), ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢-

­ë¬ ¢®§¬ãé¥­¨¥¬ äà¥¤£®«ì¬®¢  ®â®¡à ¦¥­¨ï ¨­¤¥ªá  1, á®¡áâ¢¥­­ë¬ ­  ®£à ­¨ç¥­­ëå ¬­®-

¦¥áâ¢ å.
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�®ª § â¥«ìáâ¢®. �â®¡à ¦¥­¨¥ Fr ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ Fr(u) = (A(u); 0)+(G(u);�r(u)).
�¥à¢®¥ á« £ ¥¬®¥ «¨­¥©­®¥, ¨ ¤«ï ­¥£® ¢¥à­ë á®®â­®è¥­¨ï

Ker(A; 0) = KerA; Coker(A; 0) = CokerA�R1 = R1;

dimKer(A; 0) = 2; dimCoker(A; 0) = 1:

� ª¨¬ ®¡à §®¬, ind(A; 0) = 1.
�â®à®¥ ®â®¡à ¦¥­¨¥ ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬. �¨­¥©­®¥ äà¥¤£®«ì¬®¢® ®â®¡à ¦¥­¨¥

ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ­  ®£à ­¨ç¥­­ëå ¬­®¦¥áâ¢ å. �ã¬¬  á®¡áâ¢¥­­®£® ¨ ¢¯®«­¥ ­¥¯à¥àë¢-
­®£® ®â®¡à ¦¥­¨ï ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ®â®¡à ¦¥­¨¥¬ ­  ®£à ­¨ç¥­­ëå ¬­®¦¥áâ¢ å.

� ª¨¬ ®¡à §®¬, ¯¥à¥å®¤ ®â ®â®¡à ¦¥­¨ï F ª ®â®¡à ¦¥­¨î Fr ¯®§¢®«ï¥â á­¨§¨âì ¨­¤¥ªá
äà¥¤£®«ì¬®¢®áâ¨ ­  ¥¤¨­¨æã.

�á­®¢­ë¬ à¥§ã«ìâ â®¬ áâ âì¨ ï¢«ï¥âáï

�¥®à¥¬  1. �ãáâì

g(x; y; u;Du) =
xu(x; y)p
x2 + y2

@u

@x
;

â®£¤  ¤«ï ª ¦¤®£® r � r0 = 210
p
5� áãé¥áâ¢ã¥â à¥è¥­¨¥ ãà ¢­¥­¨ï Fr(u) = 0.

�«ï ¤®ª § â¥«ìáâ¢  íâ®© â¥®à¥¬ë ¡ã¤¥â ¨á¯®«ì§®¢ ­  ®à¨¥­â¨à®¢ ­­ ï áâ¥¯¥­ì ¤«ï ¢¯®«-
­¥ ­¥¯à¥àë¢­ëå ¢®§¬ãé¥­¨© ­¥«¨­¥©­ëå äà¥¤£®«ì¬®¢ëå ®â®¡à ¦¥­¨© ¯®«®¦¨â¥«ì­®£® ¨­¤¥ª-
á  á® §­ ç¥­¨ï¬¨ ¢ £àã¯¯¥ GLc-®á­ é¥­­ëå ¡®à¤¨§¬®¢ [5]{[7]. �à¥¦¤¥ ¢á¥£® ­ ¬ ¯®­ ¤®¡ïâáï
 ¯à¨®à­ë¥ ®æ¥­ª¨, ¯®§¢®«ïîé¨¥ ¢ë¤¥«¨âì ®¡« áâì ¢ W 2

2 (
), ­  £à ­¨æ¥ ª®â®à®© ­¥â à¥è¥­¨©
ãà ¢­¥­¨ï Fr(u) = 0, ¨, á«¥¤®¢ â¥«ì­®, ­  ª®â®à®© ¡ã¤¥â ®¯à¥¤¥«¥­  áâ¥¯¥­ì ®â®¡à ¦¥­¨ï Fr.

3. �¯à¨®à­ë¥ ®æ¥­ª¨

�à¨¢¥¤¥¬ ¤¢¥ «¥¬¬ë, ª®â®àë¥ ¨¬¥îâáï ¢ [8] ¢ ­¥áª®«ìª® ¡®«¥¥ ®¡é¥¬ ¢¨¤¥.

�¥¬¬  2 ([8], c. 80). �ãáâì u 2 C2(
) \ C0(
) | à¥è¥­¨¥ ãà ¢­¥­¨ï

�u+ g(x; y; u;Du) = 0; (7)

£¤¥ äã­ªæ¨ï g(x; y; z; p) ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ¯® p 2 Rn ¯à¨ ¢á¥å (x; y; z) 2 
 � R1.

�ãáâì g(x; y; z; 0) = 0. �®£¤ 
sup


juj � sup

@

juj:

�¥¬¬  3 ([8], c. 81). �á«¨ ¢ ãà ¢­¥­¨¨ (1) å®âï ¡ë ®¤­  ¨§ äã­ªæ¨© a(x; y); b(x; y) � 0 (¨«¨
� 0) ¢ 
, â® ¤«ï «î¡®£® à¥è¥­¨ï u 2W 2

2 (
) ãà ¢­¥­¨ï (1) ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

sup


juj � sup

@

juj+ c sup



jf j;

£¤¥ ª®­áâ ­â  c § ¢¨á¨â â®«ìª® ®â ¤¨ ¬¥âà  ®¡« áâ¨ 
.

�¥¬¬  4. �á«¨ u 2W 2
2 (
) | à¥è¥­¨¥ ãà ¢­¥­¨ï (1), â® ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

kukW 2

2

� 
(sup


juj+ sup



jf j);

£¤¥ 
(�) | ­¥¯à¥àë¢­ ï äã­ªæ¨ï.

�®ª § â¥«ìáâ¢®. �«ï à¥è¥­¨ï «¨­¥©­®£® í««¨¯â¨ç¥áª®£® ãà ¢­¥­¨ï Lu = h(x; y) ¢ ®¡« áâ¨

 2 R2 ¨¬¥¥â ¬¥áâ®  ¯à¨®à­ ï ®æ¥­ª 

kukW 2

2

� c0khkL2
+ c1kukL2

; (8)

£¤¥ ª®­áâ ­âë c0, c1 ®¯à¥¤¥«ïîâáï ª®­áâ ­â ¬¨ í««¨¯â¨ç­®áâ¨ ®¯¥à â®à  L, L2-­®à¬ ¬¨ ¥£®
ª®íää¨æ¨¥­â®¢ ¨ á¢®©áâ¢ ¬¨ £à ­¨æë ([9], á. 258).
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�â®¡ë ¢®á¯®«ì§®¢ âìáï ®æ¥­ª®© (8), ¯¥à¥¯¨è¥¬ ãà ¢­¥­¨¥ (1) ¢ ¢¨¤¥

�u = �
�
a(x; y)

@u

@x
+ b(x; y)

@u

@y

�
u+ f(x; y); (9)

¨ ®æ¥­¨¬ ­®à¬ã ¯à ¢®© ç áâ¨ ¢ L2.
�¡®§­ ç¨¬ ç¥à¥§ Du ç áâ­ãî ¯à®¨§¢®¤­ãî ¯¥à¢®£® ¯®àï¤ª  @u

@x
¨«¨ @u

@y
á®®â¢¥âáâ¢¥­­®. �«ï

äã­ªæ¨¨ u 2 W 2
2 (
) ¯¥à¢ë¥ ¯à®¨§¢®¤­ë¥ ¯à¨­ ¤«¥¦ â W

1
2 (
) ¨ á®£« á­® â¥®à¥¬¥ ¢«®¦¥­¨ï |

¯à®áâà ­áâ¢ ¬ Lr(
) ¤«ï ¢á¥å r 2 [1;1). �® ­¥à ¢¥­áâ¢ã ��¥«ì¤¥à 

kuDukL2
� kukL4

kDukL4
: (10)

�æ¥­¨¬ â¥¯¥àì kDukL4
á ¯®¬®éìî ­¥à ¢¥­áâ¢  �¨à¥­¡¥à£ {� «ìïà¤® ([10], c. 107)

kDukL4
� c2kuk1=2W 2

2

kuk1=20;1 + c3kuk0;1; (11)

£¤¥ kuk0;1 = sup


ju(x; y)j.

�®¥¤¨­ïï (10) ¨ (11) ¨ ®¡®§­ ç ï ç¥à¥§ M áã¯à¥¬ã¬ ¬®¤ã«¥© ª®íää¨æ¨¥­â®¢ a(x; y), b(x; y)
­  
, ®æ¥­¨¬ ¯à ¢ãî ç áâì ãà ¢­¥­¨ï (9) ¢ëà ¦¥­¨¥¬

MkukL4

�
c2kuk1=2W 2

2

sup


juj1=2 + c3 sup



juj�+ sup



jf j:

�®¤áâ ¢«ïï íâã ®æ¥­ªã ¢ (8), ¯®«ãç¨¬

kukW 2

2

� c0MkukL4

�
c2kuk1=2W 2

2

sup


juj1=2 + c3 sup



juj�+ c1kukL2

+ c0 sup


jf j:

�âáî¤ 

kuk1=2W 2

2

� c0MkukL4

�
c2 sup



juj1=2 + c3 sup



juj kuk�1=2W 2

2

�
+
�
c1kukL2

+ c0 sup


jf j�kuk�1=2W 2

2

:

� ¬¥â¨¬, çâ® «¨¡® kukW 2

2

� 1, «¨¡®

kuk1=2W 2

2

� c0MkukL4

�
c2 sup



juj1=2 + c3 sup



juj�+ c1kukL2

+ c0 sup


jf j:

�ª®­ç â¥«ì­®, ãç¨âë¢ ï, çâ® ¤«ï ­¥¯à¥àë¢­®© äã­ªæ¨¨ u ­®à¬  ¢ L2 ®æ¥­¨¢ ¥âáï ç¥à¥§ sup


juj,

¯®«ãç ¥¬ ®æ¥­ªã

kukW 2

2
� 


�
sup


juj+ sup



jf j�: �

�¥®à¥¬  2. � ãá«®¢¨ïå «¥¬¬ë 3 ¤«ï à¥è¥­¨ï u 2W 2
2 (
) ãà ¢­¥­¨ï (6) ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

kukW 2

2

� 
(r + h);

£¤¥ h = sup


jf(x; y)j,   
(t) | ­¥¯à¥àë¢­ ï äã­ªæ¨ï.

�®ª § â¥«ìáâ¢®. �á«¨ u | à¥è¥­¨¥ ãà ¢­¥­¨ï (6), â® k(I � Q)ukW 2

2

= r ¨ u ï¢«ï¥âáï
à¥è¥­¨¥¬ § ¤ ç¨ (1){(2).

�® ®¯à¥¤¥«¥­¨î ¯à®¥ªæ¨¨ Q ¨¬¥¥¬ uj@
 = Quj@
 + (I � Q)uj@
 = (I � Q)uj@
. �®£¤ 
sup
@


juj = sup
@


j(I � Q)uj � sup


j(I � Q)uj � ck(I � Q)ukW 2

2

= r (¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢ëâ¥ª -

¥â ¨§ ­¥¯à¥àë¢­®£® ¢«®¦¥­¨ï W 2
2 (
) � C(
)). �ç¨âë¢ ï «¥¬¬ë 3, 4, ¯®«ãç¨¬

kukW 2

2

� 

�
r + sup



jf j�: �
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4. �ëç¨á«¥­¨¥ áâ¥¯¥­¨ ®â®¡à ¦¥­¨ï Fr

�«ï ä¨ªá¨à®¢ ­­®£® r à áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ Fr ­  è à¥ BR = fu 2W 2
2 (
) : kukW 2

2

� Rg,
£¤¥ ç¨á«® R § ¢¨á¨â ®â r ¨ ¢ë¡¨à ¥âáï ­ áâ®«ìª® ¡®«ìè¨¬, çâ®¡ë 
(r + sup



jf j) � R, £¤¥ 
(�)

| äã­ªæ¨ï ¨§ â¥®à¥¬ë 2. �®£¤  ­  £à ­¨æ¥ è à  BR ­¥â à¥è¥­¨© ãà ¢­¥­¨ï (6), ¨ ¯®íâ®¬ã
®¯à¥¤¥«¥­  áâ¥¯¥­ì ®â®¡à ¦¥­¨ï Fr.

�«ï ¯à®áâ®âë ¢ëç¨á«¥­¨© ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ®¡« áâì 
 | ¥¤¨­¨ç­ë© ªàã£ ­  ¯«®á-
ª®áâ¨.

�ç¨âë¢ ï á¢®©áâ¢® £®¬®â®¯¨ç¥áª®© ¨­¢ à¨ ­â­®áâ¨ áâ¥¯¥­¨ ([6], á¢®©áâ¢® 3), ¯à®¢¥¤¥¬ ¤¢¥
£®¬®â®¯¨¨, ¬¥­ïîé¨¥ â®«ìª® ¢¯®«­¥ ­¥¯à¥àë¢­ãî ç áâì ®â®¡à ¦¥­¨ï.

� à¥§ã«ìâ â¥ ¯¥à¢®© £®¬®â®¯¨¨ ®â®¡à ¦¥­¨ï Fr

Fr(u; t) =
�
�u+ g(x; y; u;Du) � tf(x; y);

@u

@x

����
S

;�r(u)
�
; t 2 [0; 1];

¯à¨ t = 1 ¯®«ãç¨¬ ®â®¡à ¦¥­¨¥, á®®â¢¥âáâ¢ãîé¥¥ ®¤­®à®¤­®¬ã ãà ¢­¥­¨î. �ç¥¢¨¤­®, íâ  £®-
¬®â®¯¨ï ¯à®å®¤¨â ¡¥§ ­ã«¥© ­  @BR.

�«ï ®¯¨á ­¨ï á«¥¤ãîé¥© £®¬®â®¯¨¨ ¯®­ ¤®¡ïâáï ¤®¯®«­¨â¥«ì­ë¥ ¯®áâà®¥­¨ï.
� áá¬®âà¨¬ ¢ W 2

2 (
) ç¥âëà¥å¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® E1, ­ âï­ãâ®¥ ­  äã­ªæ¨¨

e1 = 1; e2 = y; e3 = (x2 + y2 � 1)2; e4 = (x2 + y2 � 1)2y:

� ¬¥â¨¬, çâ® ¤«ï ¢á¥å äã­ªæ¨© ¨§ ¯®¤¯à®áâà ­áâ¢  E1 ¢ë¯®«­ï¥âáï £à ­¨ç­®¥ ãá«®¢¨¥ (2):
@u
@x

��
S
= 0, £¤¥ S | ¥¤¨­¨ç­ ï ®ªàã¦­®áâì.

� ¤ «ì­¥©è¥¬ ã¤®¡­® ¡ã¤¥â ¨á¯®«ì§®¢ âì ¯®«ïà­ë¥ ª®®à¤¨­ âë r, '. � íâ¨å ª®®à¤¨­ â å

e1 = 1; e2 = r sin'; e3 = (r2 � 1)2; e4 = (r2 � 1)2r sin':

�ëç¨á«¨¬

�e1 = �e2 = 0; �e3 = 8(2r2 � 1); �e4 = 8(3r2 � 2)r sin':

�¡®§­ ç¨¬ f1 = 2r2 � 1, f2 = (3r2 � 2)r sin', â®£¤  ®¡à § ¯®¤¯à®áâà ­áâ¢  E1 ¯à¨ ¤¥©áâ¢¨¨
«¨­¥©­®£® ®¯¥à â®à  A (á¬. (3)) à ¢¥­ A(E1) = L(f1; f2) � f0g � L2(
) � W

1=2
2 (@
). � ¬¥â¨¬

â ª¦¥, çâ® äã­ªæ¨¨ f1, f2 ®¡à §ãîâ ®àâ®£®­ «ì­ë© ¡ §¨á ¢ ¯®¤¯à®áâà ­áâ¢¥ A(E1) ¢ á¬ëá«¥
áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¢ L2, ¯®áª®«ìªãZ



f1f2 dx dy =

Z 1

0

Z 2�

0
r(2r2 � 1)(3r2 � 2)r sin'dr d' = 0:

�®à¬¨àã¥¬ ¨å bf1 = f1=kf1k, bf2 = f2=kf2k, £¤¥ kf1k2 =
R



f 21 dx dy = �=3, kf2k2 = �=8.

�¡®§­ ç¨¬ ç¥à¥§ p ®àâ®£®­ «ì­ãî ¯à®¥ªæ¨î

p : L2(
)! L(f1; f2);
pv = (v; bf1) bf1 + (v; bf2) bf2 = bf1

Z


v bf1 dx dy + bf2

Z


v bf2 dx dy:

�¤¥áì (�; �) | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ L2. �ãáâì P : L2(
) ! A(E1), P (u) = (p(u); 0) � áá¬®-
âà¨¬ £®¬®â®¯¨î ®â®¡à ¦¥­¨ï Fr

F t
r (u) =

�
�u+ (1� t)g(x; y; u;Du) + tPg(x; y; (I �Q)(u);Du);

@u

@x

����
S

;�r(u)
�
: (12)

�¥¬¬  5. �á«¨ ç¨á«® R ¤®áâ â®ç­® ¢¥«¨ª®, â® £®¬®â®¯¨ï (12) ¯à®å®¤¨â ¡¥§ ­ã«¥© ­ 

@BR.
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�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¥á«¨ F t
r (u) = 0, â® k(I �Q)ukW 2

2

= r ¨

k(1� t)g(x; y; u;Du) + tPg(x; y; (I �Q)u;Du)kL2
�

� (1� t)kg(x; y; u;Du)kL2
+ tkPkkg(x; y; (I �Q)u;Du)kL2

:

�®íâ®¬ã ¤®áâ â®ç­® ¯à®¢¥à¨âì ¢ë¯®«­¥­¨¥  ¯à¨®à­ëå ®æ¥­®ª ¢ ¯. 3. �¯à¨®à­ ï ®æ¥­ª  ¯®«ãç -
¥âáï â ª ¦¥, ª ª ¢ â¥®à¥¬¥ 2, â®«ìª® ¢¬¥áâ® «¥¬¬ë 3, ãá«®¢¨ï ª®â®à®© §¤¥áì ­¥ ¢ë¯®«­ïîâáï,
­ã¦­® ¢®á¯®«ì§®¢ âìáï «¥¬¬®© 2 ¤«ï ®¤­®à®¤­®£® ãà ¢­¥­¨ï.

� à¥§ã«ìâ â¥ íâ®© £®¬®â®¯¨¨ ¯®«ãç¨«¨ ®â®¡à ¦¥­¨¥

F 1
r : W

2
2 (
) �! L2(
)�W

1=2
2 (@
)�R1;

F 1
r (u) =

�
�u+ Pg(x; y; (I �Q)(u);Du);

@u

@x

����
S

;�r(u)
�
;

ª®â®à®¥ ¨¬¥¥â ¢¨¤ F 1
r = A1 + G1, £¤¥ A1(u) = (Au; 0) | «¨­¥©­®¥ äà¥¤£®«ì¬®¢® ®â®¡à ¦¥­¨¥

¨­¤¥ªá  1,  

G1(u) = (Pg(x; y; (I �Q)(u);Du); 0;�r(u))

| ª®­¥ç­®¬¥à­®¥ ®â®¡à ¦¥­¨¥.
�«ï ¢ëç¨á«¥­¨ï áâ¥¯¥­¨ ®â®¡à ¦¥­¨ï F 1

r ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© 1 ¨§ [7]. �ä®à¬ã«¨àã¥¬
íâã â¥®à¥¬ã.

�ãáâì F ¨ E | ¢¥é¥áâ¢¥­­ë¥ ¡ ­ å®¢ë ¯à®áâà ­áâ¢  ¨ L : F ! E | «¨­¥©­ë© äà¥¤£®«ì¬®¢
®¯¥à â®à ¨­¤¥ªá  1. �à¥¤¯®«®¦¨¬, çâ® ¯à®áâà ­áâ¢® F ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥ ¯àï¬®£®
¯à®¨§¢¥¤¥­¨ï F = F1 � F2 � R1, £¤¥ F2 | ª®­¥ç­®¬¥à­®¥ ¯à®áâà ­áâ¢®,   ¯à®áâà ­áâ¢® E | ¢
¢¨¤¥ E = L(F1)� F2, £¤¥ KerL � F2 � R1, â ª çâ® áã¦¥­¨¥ ®¯¥à â®à  L ­  ¯®¤¯à®áâà ­áâ¢® F1

ï¢«ï¥âáï «¨­¥©­ë¬ ¨§®¬®àä¨§¬®¬ ­  ¯®¤¯à®áâà ­áâ¢® L(F1), ®¡à § ¯®¤¯à®áâà ­áâ¢  F2 � R1

«¥¦¨â ¢ 0� F2.
�ãáâì K | ­¥¯à¥àë¢­ë© ª®­¥ç­®¬¥à­ë© ®¯¥à â®à, ®¡à § ª®â®à®£® á®¤¥à¦¨âáï ¢ F2. �à®¬¥

â®£®, ¯à¥¤¯®« £ ¥âáï, çâ® ¯à®áâà ­áâ¢® E ã¤®¢«¥â¢®àï¥â á¢®©áâ¢ã ª®­¥ç­®¬¥à­®©  ¯¯à®ªá¨¬ -
æ¨¨ (â. ¥. ¤«ï «î¡®£® ª®¬¯ ªâ­®£® ¬­®¦¥áâ¢  M ¢ E ¨ «î¡®£® � > 0 ­ ©¤¥âáï ª®­¥ç­®¬¥à­ë©
«¨­¥©­ë© ®¯¥à â®à T â ª®©, çâ® kTx� xk < � ¤«ï ¢á¥å x 2M).

�¬¥¥â ¬¥áâ®

�¥®à¥¬  3. �ãáâì ®â®¡à ¦¥­¨¥ L + K ­¥ ®¡à é ¥âáï ¢ ­ã«ì ­  £à ­¨æ¥ è à  B á æ¥­-

âà®¬ ¢ ­ã«¥ ¯à®áâà ­áâ¢  F . �ãáâì áã¦¥­¨¥ L+KjB\(F2�R1) : B \ (F2 �R1)! F2 £®¬®â®¯­®

ª®­¥ç­®ªà â­®© ­ ¤áâà®©ª¥ ­ ¤ m-ªà â­ë¬ ®â®¡à ¦¥­¨¥¬ �®¯ä . �á«¨ m ­¥ç¥â­®, â®£¤ 

áâ¥¯¥­ì ®â®¡à ¦¥­¨ï L+K ®â«¨ç­  ®â ­ã«ï.

� ¯®¬­¨¬, çâ® m-ªà â­®¥ ®â®¡à ¦¥­¨¥ �®¯ä  | íâ® ®â®¡à ¦¥­¨¥ � : S3 ! S2. �á«¨
à áá¬ âà¨¢ âì S3 ª ª ¥¤¨­¨ç­ãî áä¥àã ¢ C2, â® ¢ ª®¬¯«¥ªá­ëå ª®®à¤¨­ â å ®­® ¨¬¥¥â ¢¨¤
�(�; !) = (�

m
!; j�j2 � j!j2). �à¨ ­¥ç¥â­®¬ m íâ® ®â®¡à ¦¥­¨¥ ï¢«ï¥âáï áâ ¡¨«ì­® £®¬®â®¯¨ç¥-

áª¨ ­¥âà¨¢¨ «ì­ë¬.
�â¬¥â¨¬, çâ® c®¡®«¥¢áª¨¥ ¯à®áâà ­áâ¢  ¨¬¥îâ ¡ §¨á � ã¤¥à  [11] ¨ ¯®íâ®¬ã ®¡« ¤ îâ á¢®©-

áâ¢®¬ ª®­¥ç­®¬¥à­®©  ¯¯à®ªá¨¬ æ¨¨ [12].
� ¨áá«¥¤ã¥¬®© á¨âã æ¨¨ «¨­¥©­ë© ®¯¥à â®à L = A1 = (A; 0), ª®­¥ç­®¬¥à­ë© ®¯¥à â®à

K = (G1;�r), ¢ ª ç¥áâ¢¥ ª®­¥ç­®¬¥à­®£® ¯®¤¯à®áâà ­áâ¢  F2 ¢®§ì¬¥¬ âà¥å¬¥à­®¥ ¯®¤¯à®áâà ­-
áâ¢® A(E1)�R1. �¡à § ª®­¥ç­®¬¥à­®£® ®¯¥à â®à  K = (G1;�r) «¥¦¨â ¢ íâ®¬ ¯®¤¯à®áâà ­áâ¢¥.
�¥âëà¥å¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® E1 á®¤¥à¦¨â ï¤à® ®¯¥à â®à  (A; 0). M®¦­® áç¨â âì, çâ® ®­®
¨§®¬®àä­® F2 � R1. �®«ì F1 ¡ã¤¥â ¢ë¯®«­ïâì ®àâ®£®­ «ì­®¥ ¤®¯®«­¥­¨¥ E1 ¢ W 2

2 (
), ®¡®§­ -
ç¨¬ ¥£® ç¥à¥§ E?

1 . �ã¦¥­¨¥ ®¯¥à â®à  (A; 0) ­  E?
1 ¡ã¤¥â ¨§®¬®àä¨§¬®¬ ­  ®¡à §. �®áª®«ìªã

ª®ï¤à® ®¯¥à â®à  (A; 0) á®¢¯ ¤ ¥â á 0�R1, â® ¯à®áâà ­áâ¢® L2(
)�W
1=2
2 (@
)�R1 ¬®¦¥â ¡ëâì
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¯à¥¤áâ ¢«¥­® ª ª ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ A(E?
1 ) ¨ F2 = A(E1) � R1. � ª¨¬ ®¡à §®¬, ãª § ­­ ï

â¥®à¥¬  á¢®¤¨â ¢®¯à®á ª ¨§ãç¥­¨î ®â®¡à ¦¥­¨ï

F 1
r jBR\E1

: �R \E1 ! A(E1)�R1;

ª®â®à®¥ ¢ ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ­ §ë¢ âì à¥¤ãæ¨à®¢ ­­ë¬.
� á«¥¤ãîé¨å ¤¢ãå ¯ã­ªâ å ¢ëç¨á«ï¥âáï à¥¤ãæ¨à®¢ ­­®¥ ®â®¡à ¦¥­¨¥ ¢ ª®®à¤¨­ â å á®-

®â¢¥âáâ¢ãîé¨å ¯à®áâà ­áâ¢ ¨ ¯®ª §ë¢ ¥âáï, çâ® ®­® £®¬®â®¯­® ®¤­®ªà â­®¬ã ®â®¡à ¦¥­¨î
�®¯ä  ¯à¨ r � r0 = 210

p
5�.

5. �ëç¨á«¥­¨¥ à¥¤ãæ¨à®¢ ­­®£® ®â®¡à ¦¥­¨ï ¤«ï ®¤­®£® ç áâ­®£® á«ãç ï

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì ­¥«¨­¥©­ãî ç áâì g ãà ¢­¥­¨ï (1) ¢ ¢¨¤¥

g(x; y; u;Du) =
xu(x; y)p
x2 + y2

@u

@x
:

�ëç¨á«¨¬ ª®¬¯®­¥­âë à¥¤ãæ¨à®¢ ­­®£® ®â®¡à ¦¥­¨ï ¢ ª®®à¤¨­ â å, á®®â¢¥âáâ¢ãîé¨å ¡ -
§¨áã ei ¯à®áâà ­áâ¢  E1 ¨ ¡ §¨áã bfi ¯à®áâà ­áâ¢  A(E1).

�ã­ªæ¨ï u 2 E1 ¨¬¥¥â ¢¨¤ u = a+ by + c(x2 + y2 � 1)2 + d(x2 + y2 � 1)2y. �®íâ®¬ã

@u

@x
= 4cx(x2 + y2 � 1) + 4dxy(x2 + y2 � 1) = 4r(r2 � 1) cos'[c+ dr sin']:

� ¬¥â¨¬, çâ® a+by 2 KerA,   c(x2+y2�1)2+d(x2+y2�1)2 2W 2
2;0(
), ¯®íâ®¬ã u 2W 2

2;0(
)�KerA
¨, §­ ç¨â, Q2u = u,   Qu = Q1u = c(x2 + y2 � 1)2 + d(x2 + y2 � 1)2y, (I �Q)u = a+ by.

� ª¨¬ ®¡à §®¬, ¢ ¤ ­­®¬ á«ãç ¥

g(x; y; (I �Q)u;Du) = 4r(r2 � 1) cos2 '(c+ dr sin')(a + br sin'):

� «¥¥, Pg =
� R



g bf1 dx dy� bf1 + � R



g bf2 dx dy� bf2. �ëç¨á«ïï ¨­â¥£à «ë, ¯®«ãç¨¬ ¢ ¡ §¨á¥ bf1; bf2
ª®®à¤¨­ âë

Pg(x; y; (I �Q)u;Du) =
�
2
p
�

35
p
3

�
4ac� 1

3
bd

�
;
4
p
2�

105
(ad+ bc)

�
:

�ç¨âë¢ ï, çâ® �u = 8(cf1 + df2) = 8(ckf1k bf1 + dkf2k bf2), ¯®«ãç¨¬
�u+ Pg(x; y; (I �Q)u;Du) =

�
8
p
�

105
p
3
(105c + 3ac� 1=4bd);

8
p
�

105
p
8
(105d + 2ad+ 2bc)

�
:

�ëç¨á«¨¬ ¯®á«¥¤­îî ª®¬¯®­¥­âã ®â®¡à ¦¥­¨ï F 1
r . �«ï (I �Q)u = a+ by

k(I �Q)uk2W 2

2

=
Z



X
j�j�2

D�(I �Q)u dx dy = �

�
a2 +

5
4
b2
�
:

� ª¨¬ ®¡à §®¬, à¥¤ãæ¨à®¢ ­­®¥ ®â®¡à ¦¥­¨¥ � : E1 ! A(E1)�R1 ¨¬¥¥â ¢¨¤

�(a; b; c; d) =

8>><
>>:
�(105c + 3ac� 1=4bd);

�(105d + 2ad+ 2bc);

�(a2 + 5b2=4)� r2;

£¤¥ � = 8
p
�

105
p
3
¨ � = 8

p
�

105
p
8
.
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6. �®¬®â®¯¨ï à¥¤ãæ¨à®¢ ­­®£® ®â®¡à ¦¥­¨ï ª ®â®¡à ¦¥­¨î �®¯ä 

�®¬®â®¯¨¨ ¢ ¯. 4 ¡ë«¨ ­¥¢ëà®¦¤¥­ë ­  £à ­¨æ¥ è à  ¯à®áâà ­áâ¢  W 2
2 (
) ¤®áâ â®ç­® ¡®«ì-

è®£® à ¤¨ãá . �¥¤ãæ¨à®¢ ­­®¥ ®â®¡à ¦¥­¨¥ á«¥¤ã¥â à áá¬ âà¨¢ âì ­  ¯¥à¥á¥ç¥­¨¨ íâ®£® è à 
á ¯à®áâà ­áâ¢®¬ E1. �® ¯®áª®«ìªã ¢á¥ ­®à¬ë ¢ ª®­¥ç­®¬¥à­®¬ ¯à®áâà ­áâ¢¥ íª¢¨¢ «¥­â­ë, ¡ã-
¤¥¬ à áá¬ âà¨¢ âì à¥¤ãæ¨à®¢ ­­®¥ ®â®¡à ¦¥­¨¥ ­  ¬­®¦¥áâ¢¥ Br;� = fa2+ b2+ c2+d2 � r2+�2

�
g,

à ¤¨ãá ª®â®à®£® ¬®¦¥â ¡ëâì á¤¥« ­ ª ª ã£®¤­® ¡®«ìè¨¬ ¯à¨ ä¨ªá¨à®¢ ­­®¬ r §  áç¥â ¢ë¡®à  �.
� áá¬®âà¨¬ £®¬®â®¯¨î

�t(a; b; c; d) =

8>><
>>:
�[105(1 � t)c+ 3ac� 11t+1

4
bd];

�[105(1 � t)d+ (2 + t)(ad+ bc)];

�(a2 + 5�t
4
b2)� r2:

(13)

�à¨ t = 0 ¯®«ãç ¥¬ ¨áå®¤­®¥ ®â®¡à ¦¥­¨¥,   ¯à¨ t = 1 | ®â®¡à ¦¥­¨¥

�1(a; b; c; d) =

8>><
>>:
3�(ac � bd);

3�(ad + bc);

�(a2 + b2)� r2:

�¥¬¬  6. �à¨ r � r0 = 210
p
5� ¨ «î¡®¬ � > 0 £®¬®â®¯¨ï (13) ¯à®å®¤¨â ¡¥§ ­ã«¥© ­ 

£à ­¨æ¥ Br;�.

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï

� = a+ ib; ! = c+ id;

�1 =
p
3a+

p
11t+ 1
2

bi; !1 =
p
3c+

p
11t+ 1
2

di;

�2 = a+

p
5� t

2
bi;

z = �1!1 = 3ac� 11t+ 1
4

bd+

p
3(11t+ 1)

2
(ad+ bc)i;

z1 = Re z +
2(t+ 2)p
3(11t+ 1)

Im zi = 3ac� 11t+ 1
4

bd+ (t+ 2)(ad+ bc)i:

�á«¨ �t = 0, â®

105(1 � t)c+ 3ac � 11t+ 1
4

bd = 0;

105(1 � t)d+ (2 + t)(ad+ bc) = 0;

�

�
a2 +

5� t

4
b2
�
� r2 = 0:

�¬­®¦¨¬ ¢â®à®¥ à ¢¥­áâ¢® ­  i ¨ á«®¦¨¬ á ¯¥à¢ë¬. �ç¨âë¢ ï ¢¢¥¤¥­­ë¥ ®¡®§­ ç¥­¨ï, ¯®«ãç¨¬

105(1 � t)! + z1 = 0;

�j�2j2 = r2:
(14)

� ¬¥â¨¬, çâ® jz1j =
q
(Re z)2 + 4(t+2)2

3(11t+1)
(Im z)2. � áá¬®âà¨¬ äã­ªæ¨î h(t) = 4(t+2)2

3(11t+1)
. �®áª®«ìªã

h0(t) < 0 ­  [0; 1], â® 1 = h(1) < h(t) < h(0) = 16
3
. �®íâ®¬ã

jzj � jz1j � 4p
3
jzj: (15)
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� ¤àã£®© áâ®à®­ë, z = �1!1. �®áª®«ìªã ­  ®âà¥§ª¥ [0; 1] ¨¬¥¥¬ 1
2
�

p
11t+1
2

� p
3, â® 1

2
j�j �

j�1j �
p
3j�j, 1

2
j!j � j!1j �

p
3j!j. �¥à¥¬­®¦ ï íâ¨ ­¥à ¢¥­áâ¢ , ¯®«ãç¨¬

1
4
j�j j!j � jzj � 3j�j j!j: (16)

�à ¢­¨¢ ï (15) ¨ (16), ¯®«ãç¨¬

1
4
j�j j!j � jz1j � 4

p
3j�j j!j: (17)

�«ï à¥è¥­¨ï ãà ¢­¥­¨ï �t = 0 ¨¬¥¥¬ jz1j = 105(1 � t)j!j, ¯®íâ®¬ã ¨§ (17) ¯®«ãç ¥¬
1
4
j�j j!j � 105(1 � t)j!j � 4

p
3j�j j!j:

�§ íâ®£® ­¥à ¢¥­áâ¢  ¢ëâ¥ª ¥â, çâ® «¨¡® ! = 0, «¨¡®

1
4
j�j � 105(1 � t) � 4

p
3j�j;

oâªã¤ 

0 � j�j � 420 ¯à¨ ! 6= 0: (18)

�à®¬¥ â®£®, ¨§ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ¢ (14) j�2j = r=
p
�. �®áª®«ìªã j�2j =

q
a2 + ( 5�t

4
)2b2, â®

j�j � j�2j �
p
5
2
j�j, ¯®íâ®¬ã j�j � rp

�
�

p
5
2
j�j. �âáî¤  ¯®«ãç ¥¬ ¢â®àãî ®æ¥­ªã ­  j�j
2rp
5�

� j�j � r

�
: (19)

�ãáâì â¥¯¥àì (�; !) | à¥è¥­¨¥ á¨áâ¥¬ë (14), ¯à¨­ ¤«¥¦ é¥¥ £à ­¨æ¥ ®¡« áâ¨ Br;�. �®£¤  ¢
­ è¨å ®¡®§­ ç¥­¨ïå ¨¬¥¥¬ j�j2 + j!j2 = r2+�2

�
. �á«¨ ! = 0, â® j�j2 + j!j2 = j�j2 = r2+�2

�
. �®íâ®¬ã

¤«ï ¢á¥å � > 0 ¨¬¥¥¬ j�j > rp
�
, â ª çâ® ®æ¥­ª  (19) ­¥ ¢ë¯®«­ï¥âáï.

�á«¨ â¥¯¥àì ! 6= 0, â® ¯à¨ r > 210
p
5� ­¥à ¢¥­áâ¢  (18) ¨ (19) ­¥ ¬®£ãâ ¢ë¯®«­ïâìáï ®¤­®-

¢à¥¬¥­­®.

�«¥¤ãîé ï £®¬®â®¯¨ï

[3�(1 � t) + t](ac� bd); [3�(1 � t) + t](ad+ bc); �j�j2 � r2

¯à®å®¤¨â ¡¥§ ­ã«¥© ­  £à ­¨æ¥ ¢ë¡à ­­®© ­ ¬¨ ®¡« áâ¨.
� «¥¥ £®¬®â®¯¨î § ¤ ¤¨¬ ä®à¬ã« ¬¨

ac� bd; ad+ bc; (1� t)(�(a2 + b2)� r2) + t(�2 � �j!j2):
�¥à¥å®¤ï ª ®¡®§­ ç¥­¨ï¬ «¥¬¬ë 6, ¯®«ãç¨¬

�! = 0; (1� t)(�j�j2 � r2) + t(�2 � �j!j2) = 0:

�á«¨ (�; !) 2 @Br;�, â® j�j2 + j!j2 = r2+�2

�
, â. ¥. �2 � �j!j2 = �j�j2 � r2, ¯®íâ®¬ã ¢â®à®¥ ãà ¢­¥­¨¥

¯à¨­¨¬ ¥â ¢¨¤ �j�j2 = r2 ¨«¨ �j!j2 = �2. � ª¨¬ ®¡à §®¬, ¤«ï (�; !) 2 @Br;� ¯¥à¢®¥ ãà ¢­¥­¨¥
¢ë¯®«­ïâìáï ­¥ ¬®¦¥â.

� à¥§ã«ìâ â¥ íâ®© £®¬®â®¯¨¨ ¯®«ãç¨¬ ®â®¡à ¦¥­¨¥ (�!; �2 � �j!j2).
� ª®­¥æ, ¯®á«¥¤­ïï £®¬®â®¯¨ï (�!; t�j�j2+(1� t)�2��j!j2). �á«¨ íâ  £®¬®â®¯¨ï ®¡à é ¥âáï

¢ ­y«ì, â® «¨¡® � = 0, «¨¡® ! = 0. � ¯¥à¢®¬ á«ãç ¥ (1� t)�2 = �j!j2, ¨ â®£¤  j�j2 + j!j2 = j!j2 =
(1�t)�2

�
� �2

�
< r2+�2

�
. �®íâ®¬ã à¥è¥­¨¥ ­¥ ¬®¦¥â «¥¦ âì ­  £à ­¨æ¥ ªàã£ . �® ¢â®à®¬ á«ãç ¥ ¯à¨

! = 0 ¯®«ãç ¥¬ t�j�j2 + (1� t)�2 = 0, ®âªã¤  � = 0.
� à¥§ã«ìâ â¥ ¯®á«¥¤­¥© £®¬®â®¯¨¨ ¯®«ãç ¥¬ ®â®¡à ¦¥­¨¥ (�!; �(j�j2 � j!j2)), ª®â®à®¥, ®ç¥-

¢¨¤­®, £®¬®â®¯­® ®â®¡à ¦¥­¨î �®¯ä .
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �§ â¥®à¥¬ë 3 ¨ £®¬®â®¯¨© ¯à¥¤ë¤ãé¥£® ¯ã­ªâ  ¢ëâ¥ª ¥â,
çâ® áâ¥¯¥­ì ®â®¡à ¦¥­¨ï F 1

r ­¥ à ¢­  ­ã«î ¯à¨ r � r0 = 210
p
5�. � á¨«ã £®¬®â®¯¨ç¥áª®©

¨­¢ à¨ ­â­®áâ¨ áâ¥¯¥­¨ ¤«ï ®â®¡à ¦¥­¨ï Fr áâ¥¯¥­ì â ª¦¥ ­¥ à ¢­  ­ã«î. �®£¤  ¯® á¢®©áâ¢ã
áâ¥¯¥­¨ ([6], á¢®©áâ¢® 2) ãà ¢­¥­¨¥ Fr = 0 ¨¬¥¥â à¥è¥­¨¥ ¯à¨ r � r0: �

�¨â¥à âãà 
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