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�ãáâì äã­ªæ¨ï f 2 C2�, â. ¥. f ¯¥à¨®¤  2� ¨ ­¥¯à¥àë¢­  ­  ®á¨ (�1;1). �®«®¦¨¬, ª ª
®¡ëç­®, (á¬., ­ ¯à., [1], á. 115) ¤«ï 0 � � � �

!2(f; �) = sup
jhj��

max
x

j�2
hf(x)j;

£¤¥ ¢â®à ï à §­®áâì á è £®¬ h ¥áâì

�2
hf(x) = f(x+ 2h)� 2f(x+ h) + f(x):

� ¤ ­­ãî ­  [0; �] äã­ªæ¨î '(�) ­ §ë¢ îâ ¬®¤ã«¥¬ ­¥¯à¥àë¢­®áâ¨ ¢â®à®£® ¯®àï¤ª , ¥á«¨
¤«ï ­¥ª®â®à®© äã­ªæ¨¨ f' 2 C2�

!2(f'; �) = '(�); 0 � � � �:

� ¯à¨¬¥à, ¢á¥ ¯¥à¢ë¥ ¬®¤ã«¨ ­¥¯à¥àë¢­®áâ¨ áãâì ¬®¤ã«¨ ­¥¯à¥àë¢­®áâ¨ ¢â®à®£® ¯®àï¤ª 1).
�® á¨å ¯®à ­¥ ­ ©¤¥­® å à ªâ¥à¨áâ¨ç¥áª®¥ á¢®©áâ¢® ¬®¤ã«¥© ­¥¯à¥àë¢­®áâ¨ ¢â®à®£® ¯®àï¤-

ª . �§¢¥áâ­ë© ¨­â¥à¥á ¯à¥¤áâ ¢«ï¥â â ª¦¥ § ¤ ç  ¯®¨áª  ¤®áâ â®ç­ëå ãá«®¢¨©.

�¥®à¥¬  1. �ã­ªæ¨ï '(�), 0 � � � � ï¢«ï¥âáï ¬®¤ã«¥¬ ­¥¯à¥àë¢­®áâ¨ ¢â®à®£® ¯®àï¤ª ,

¥á«¨

(a) '(0) = 0;
(¡) '(�) ­¥ ã¡ë¢ ¥â ¨ ­¥¯à¥àë¢­  ­  [0; �];

(¢) ¢ à §«®¦¥­¨¨ ' ¯® ª®á¨­ãá ¬ '(x) = A +
1P
n=1

an cosnx (0 � x � �) ¢á¥ ª®íää¨æ¨¥­âë

an � 0.

�®ª § â¥«ìáâ¢®. �â¬¥â¨¬, çâ® à §«®¦¥­¨¥ (¢) § ¢¥¤®¬® áãé¥áâ¢ã¥â, â. ª. á®£« á­® (¡)

äã­ªæ¨ï ' ¨¬¥¥â ®£à ­¨ç¥­­ãî ¢ à¨ æ¨î ­  [0; �], � «¥¥, ¢ á¨«ã (a) ¨§ (¢) ¨¬¥¥¬ A = �
1P
n=1

an,
¯®íâ®¬ã

'(x) = �
1X
n=1

an +
1X
n=1

an cosnx = (�2)
1X
n=1

an sin
2 n

x

2
; 0 � x � �: (1)

�¥¯¥àì ¢ ª ç¥áâ¢¥ âà¥¡ã¥¬®© äã­ªæ¨¨ f' à áá¬®âà¨¬

f'(x) =
1
2

1X
n=1

an cosnx; �1 < x < +1: (2)

� ª ª ª f'(x) = ('(x) � A)=2, 0 � x � �, â® f' 2 C2�. �«ï íâ®© äã­ªæ¨¨ (á¬., ­ ¯à., [2], á. 70)
¨¬¥¥¬

�2
hf'(x) = (�2)

1X
n=1

an cosn(x+ h) sin2 n
h

2
:

1) �  f' 2 C2� ¡¥à¥¬ ç¥â­®¥ ¯à®¤®«¦¥­¨¥ '(�)=2 ¤«ï (�1;+1).
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�âáî¤  ¯® ¯à¥¤¯®«®¦¥­¨î an � 0 (n � 1) á ãç¥â®¬ á®®â­®è¥­¨ï (1) ¯®«ãç ¥¬

k�2
hf'(x)kC = 2

1X
n=1

(�an) sin
2 n

h

2
= '(jhj): (3)

�­ ç¨â, ¢¢¨¤ã ¢®§à áâ ­¨ï '(h) (á¬. (¡)), !2(f'; �) = '(�) (0 � � � �).

�§ â¥®à¥¬ë ¢ëâ¥ª ¥â å®à®è® ¨§¢¥áâ­®¥

�«¥¤áâ¢¨¥. �á«¨ äã­ªæ¨ï '(�) ¯à¨ ãá«®¢¨ïå (a), (¡) â¥®à¥¬ë 1 ï¢«ï¥âáï ¢ë¯ãª«®© ¢¢¥àå
­  [0; �], â® ®­  ¥áâì ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ ¢â®à®£® ¯®àï¤ª .

�®ª § â¥«ìáâ¢®. �¥â­®¥ ¯à®¤®«¦¥­¨¥ äã­ªæ¨¨ ' ­  ¢áî ®áì á ¯¥à¨®¤®¬ 2� ¡ã¤¥â, ®ç¥-
¢¨¤­®, ¢ë¯ãª«ë¬ ¢¢¥àå ­  [0; 2�]. �®£¤  ¯® â¥®à¥¬¥ 35 ([3], á. 46) ¥£® ª®íää¨æ¨¥­âë �ãàì¥
­¥¯®«®¦¨â¥«ì­ë (n � 1). �®íâ®¬ã ãá«®¢¨¥ (¢) â¥®à¥¬ë 1 â ª¦¥ ¨¬¥¥â ¬¥áâ®.

�®â ä ªâ, çâ® ¤®ª § ­­ ï â¥®à¥¬  1 ­¥ á¢®¤¨âáï ª á«¥¤áâ¢¨î, ¯®¤â¢¥à¦¤ ¥â ¯à®áâ¥©è¨©
¯à¨¬¥à äã­ªæ¨¨ '(�) = 1� cos � (0 � � � �). �«ï ­¥¥ ãá«®¢¨ï (a), (¡), (¢) â¥®à¥¬ë 1, ®ç¥¢¨¤­®,
¨¬¥îâ ¬¥áâ®. �­ ç¨â, '(�) | ¢â®à®© ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨, ¯à¨ç¥¬ ­¥ ï¢«ïîé¨©áï ¢ë¯ãª«®©
­  [0; �] äã­ªæ¨¥©.

�¨¦¥á«¥¤ãîé ï â¥®à¥¬  2 ¯®ª §ë¢ ¥â, çâ® § ¯ á äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ â¥-
®à¥¬ë 1, ï¢«ï¥âáï ¤®áâ â®ç­® è¨à®ª¨¬. �®âà¥¡ã¥âáï á«¥¤ãîé ï

�¥¬¬ . �ãáâì 1) äã­ªæ¨ï f(x) ­¥®âà¨æ â¥«ì­  ¨ áã¬¬¨àã¥¬  ­  [0; �]; 2) ¢á¥ ¥¥ á¨­ãá-

ª®íää¨æ¨¥­âë bn(f) � 0, â®£¤  ¯¥à¢®®¡à §­ ï F (x) =
xR
0

f(t)dt (0 � x � �) ¥áâì ¢â®à®© ¬®¤ã«ì

­¥¯à¥àë¢­®áâ¨.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á¨­ãá-àï¤ �ãàì¥

f(x) �
1X
n=1

bn(f) sinnx; bn(f) =
2
�

Z �

0

f(t) sinnt dt:

�® áã¬¬¨àã¥¬®áâ¨ f ¯®ç«¥­­ë¬ ¨­â¥£à¨à®¢ ­¨¥¬ ¨¬¥¥¬ ¤«ï 0 � x � � á®®â­®è¥­¨¥

F (x) =
1X
n=1

n�1bn(f)�
1X
n=1

bn(f)
n

cosnx:

�®£¤ , ®ç¥¢¨¤­®, F (0) = 0 ¨ F |  ¡á®«îâ­® ­¥¯à¥àë¢­ ï äã­ªæ¨ï. � «¥¥, ¯®áª®«ìªã f(t) �

0 ¤«ï t 2 [0; �], â® ¯¥à¢®®¡à §­ ï F (x) =
xR
0

f(t)dt ­¥ ã¡ë¢ ¥â ­  [0; �]. � ª®­¥æ, ¥¥ ª®á¨­ãá-

ª®íää¨æ¨¥­âë ­¥¯®«®¦¨â¥«ì­ë, â. ª. ¢á¥ bn(f) � 0 ¯® ãá«®¢¨î 2).

�¥®à¥¬  2. �®¤ã«¥¬ ­¥¯à¥àë¢­®áâ¨ ¢â®à®£® ¯®àï¤ª  ï¢«ï¥âáï «î¡ ï äã­ªæ¨ï ¢¨¤ 

F (x) = A�
1X
n=1

an
2n� 1

cos(2n� 1)x; 0 � x � �; (4)

£¤¥ A ¢ë¡à ­® ¨§ ãá«®¢¨ï F (0) = 0, ¯à¨ç¥¬
(a) 0 < an # 0 ¯à¨ n " 1;

(¡)
1P
n=1

an
n
< +1.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯®ç«¥­­® ¯à®¤¨ää¥à¥­æ¨à®¢ ­­ë© àï¤ ¤«ï F (x), â. ¥.

f(x) =
1X
n=1

an sin(2n� 1)x: (5)

�¥âàã¤­® ¢¨¤¥âì, çâ® ®­ áå®¤¨âáï ­  ¢á¥© ®á¨, ¯à¨ç¥¬ ¥£® áã¬¬  f(x) áã¬¬¨àã¥¬  ­  [0; �] ¢¢¨¤ã
¯à¥¤¯®«®¦¥­¨© (a), (¡) (á¬. â ª¦¥ â¥®à¥¬ã 47 ([3], á. 57)).
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� «¥¥, b2n�1(f) = an > 0, b2n = 0 ¯® ãá«®¢¨î. � â. ª. äã­ªæ¨ï (4) ï¢«ï¥âáï ¯¥à¢®®¡à §­®©
äã­ªæ¨¨ (5), â® ¢¢¨¤ã «¥¬¬ë ®áâ ¥âáï «¨èì ¤®ª § âì, çâ® f(x) � 0 ¤«ï x 2 [0; �]. � á¢ï§¨ á
íâ¨¬ ¢ë¯®«­¨¬ ¯à¥®¡à §®¢ ­¨¥ �¡¥«ï àï¤  (5). �®£¤ , ¯®«®¦¨¢ �an = an � an+1 (n = 1; 2; : : : ),
¡ã¤¥¬ ¨¬¥âì

f(x) =
1X
n=1

�an

nX
j=1

sin(2j � 1)x: (6)

�­ãâà¥­­ïï áã¬¬  ¢ (6) ­¥®âà¨æ â¥«ì­  ¯à¨ 0 < x < �, â. ª.

2 sinx
nX
j=1

sin(2j � 1)x =
nX
j=1

[cos(j � 1)2x � cos j2x] = 1� cos 2nx = 2 sin2 nx � 0:

�à®¬¥ â®£®, �an � 0 ¤«ï ¢á¥å n ¯® ¯à¥¤¯®«®¦¥­¨î (a), â ª çâ® äã­ªæ¨ï (5) ¨ ¢ á ¬®¬ ¤¥«¥
­¥®âà¨æ â¥«ì­  ¤«ï x 2 [0; �].

�¥¦ éãî ¢ ®á­®¢¥ â¥®à¥¬ë 2 â¥®à¥¬ã 1 ­¥âàã¤­® ¢ë¢¥áâ¨ â ª¦¥ ¨§ á«¥¤ãîé¥£® à¥§ã«ìâ â .

�¥®à¥¬  3. �ã­ªæ¨ï '(�) (0 � � � �) ï¢«ï¥âáï ¬®¤ã«¥¬ ­¥¯à¥àë¢­®áâ¨ ¢â®à®£® ¯®àï¤ª ,

¥á«¨

(a) '(0) = 0,
(¡) ' ­¥ ã¡ë¢ ¥â ¨ ­¥¯à¥àë¢­  ­  [0; �],
(¢) ç¥â­®¥ ¯à®¤®«¦¥­¨¥ b' ¯¥à¨®¤  2� ¤«ï ' ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

j�2
h b'(x)j � 2'(jhj) (jxj < +1; jhj � �): (7)

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ äã­ªæ¨î f'(x) = b'(x)=2. �®£¤  f' 2 C2�, ¯à¨ç¥¬ ¯® ¯à¥¤¯®-
«®¦¥­¨î (7) ¨ ¯à¨ ¯®¬®é¨ (¡) ¡ã¤¥¬ ¨¬¥âì

!2(f'; �) = !2( b'=2; �) � '(�); 0 � � � �: (8)

�¡à â­®¥ ­¥à ¢¥­áâ¢® ¢ëâ¥ª ¥â ¨§ á«¥¤ãîé¥£® ãâ¢¥à¦¤¥­¨ï: ç¥â­®¥ ¯¥à¨®¤  2� ¯à®¤®«¦¥­¨¥b' ­  (�1;+1) ¢áïª®© äã­ªæ¨¨ '(�) � 0 (0 � � � �), '(0) = 0 ®¡« ¤ ¥â á¢®©áâ¢®¬

!2( b'; �) � 2'(�); 0 � � � �: (9)

� á ¬®¬ ¤¥«¥, ¤«ï 0 � � � � ¨¬¥¥¬ á­ ç «  ®ç¥¢¨¤­®¥ ­¥à ¢¥­áâ¢®

!2( b'; �) � max
x

j b'(x+ 2�) � 2 b'(x+ �) + b'(x)j:
�§ï¢ §¤¥áì x = ��, á ãç¥â®¬ á¢®©áâ¢ '(0) = 0 � '(�) ¯®«ãç¨¬ (9)

!2( b'; �) � j b'(�) + b'(��)j = 2'(�):

�­ ç¨â, !2(f'; �) � '(�) (0 � � � �). �®£¤  ¢¢¨¤ã (8) â¥®à¥¬  3 ¤®ª § ­ . �®¯à®á ® ¢®§¬®¦­®áâ¨
¥¥ ®¡à é¥­¨ï ®áâ ¥âáï ¯®ª  ­¥à¥è¥­­®© § ¤ ç¥©.

�â¬¥â¨¬ ¢ § ª«îç¥­¨¥, çâ® ¡¨¡«¨®£à ä¨î ¨ ®¡§®à à¥§ã«ìâ â®¢ ¯® ¬®¤ã«ï¬ ­¥¯à¥àë¢­®áâ¨
à §«¨ç­ëå ¯®àï¤ª®¢ ¬®¦­® ­ ©â¨ ¢ [4] (á¬. x 2).
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