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�â âìï ¯®á¢ïé¥­  â¥®à¥¬ ¬ ¢«®¦¥­¨ï ¤«ï ª« áá®¢ äã­ªæ¨©, ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ª®â®-
àëå ¯à¨­ ¤«¥¦ â à §«¨ç­ë¬ á¨¬¬¥âà¨ç­ë¬ ¯à®áâà ­áâ¢ ¬. �®ª § â¥«ìáâ¢  ¯à¨¢¥¤¥­­ëå à¥-
§ã«ìâ â®¢ ¡ §¨àãîâáï ­  ¯à¨¬¥­¥­¨¨ ¨­â¥à¯®«ïæ¨®­­ëå ª®­áâàãªæ¨© [1], â¥®à¨¨ ¯à®áâà ­áâ¢
�®¡®«¥¢  [2] ¨ ãáâ ­®¢«¥­­ëå ¢ à ¡®â å [3], [4] äã­ªæ¨®­ «ì­ëå ­¥à ¢¥­áâ¢ å.

� áâ âì¥ ¨á¯®«ì§ã¥âáï â¥à¬¨­®«®£¨ï, ¯à¨­ïâ ï ¢ â¥®à¨¨ á¨¬¬¥âà¨ç­ëå ¯à®áâà ­áâ¢ [1]. �á«¨
E | á¨¬¬¥âà¨ç­®¥ ¯à®áâà ­áâ¢® (��) äã­ªæ¨©, â® 'E | äã­¤ ¬¥­â «ì­ ï äã­ªæ¨ï ¯à®áâà ­-
áâ¢  E ([1], á. 37), E0 |  áá®æ¨¨à®¢ ­­®¥ ¤«ï E ¯à®áâà ­áâ¢® ([1], á. 65). �¥à¥§ M� (0 � � � 1)
®¡®§­ ç ¥âáï ¯à®áâà ­áâ¢® � àæ¨­ª¥¢¨ç  M ([1], á. 154) á  (s) = s1��; ¯à¥¤¯®« £ ¥âáï, çâ®
­®à¬ë ¢ ¯à®áâà ­áâ¢ å �¥¡¥£  Lp (1 � p � 1), �à«¨ç  LM , � àæ¨­ª¥¢¨ç  M ®¯à¥¤¥«¥­ë
áâ ­¤ àâ­ë¬ ®¡à §®¬ [1]. �á«¨ E0, E1 | �� ¨ E0 � E1, â® ç¥à¥§ E1=E0 ®¡®§­ ç ¥âáï ¯à®áâà ­-
áâ¢® ¬ã«ìâ¨¯«¨ª â®à®¢ ¨§ E0 ¢ E1, á®áâ®ïé¥¥ ¨§ äã­ªæ¨© h, ¤«ï ª®â®àëå ¨¬¥¥â á¬ëá« ¨ ª®­¥ç­ 
­®à¬ 

kh;E1=E0k = supfkhg;E1k; kg;E0k � 1g;

¯à®áâà ­áâ¢® E1=E0 â ª¦¥ á¨¬¬¥âà¨ç­®. � ¡®àã �� E1; : : : ; Ek ¨ ª®­áâ ­â �1 > 0; : : : ; �k > 0,
�1 + � � � + �k = 1 ¬®¦­® á®¯®áâ ¢¨âì ¯à®áâà ­áâ¢® áà¥¤­¨å � «ì¤¥à®­  E�1

1 : : : E�k
k [1], â ª¦¥

ï¢«ïîé¥¥áï á¨¬¬¥âà¨ç­ë¬. � ¯¨áì E � F ®§­ ç ¥â, çâ® �� F ¬ ¦®à¨àã¥â �� E [4].
�ãáâì 
 | ®¡« áâì ¢ Rn (­¥ ¨áª«îç ¥âáï á«ãç © 
 = Rn), ! | ®£à ­¨ç¥­­®¥ ®âªàëâ®¥

¯®¤¬­®¦¥áâ¢® ®¡« áâ¨ 
, �(h) = f(x1; : : : ; xn) : 0 < xi < h; i = 1; : : : ; ng | ªã¡ ¢ Rn, ¯à¨ç¥¬
!+�(h) = fx+y; x 2 !; y 2 �(h)g � 
. � à¥ (
; !) ¨ ­ âãà «ì­®¬ã ç¨á«ã ` á®¯®áâ ¢¨¬ «¨­¥©­®¥
¯à®áâà ­áâ¢® W `(
; !) äã­ªæ¨© f : 
 ! R, à ¢­ëå 0 ¢­¥ ! ¨ ¨¬¥îé¨å ¢ 
 ¯à®¨§¢®¤­ë¥ ¢
á¬ëá«¥ �®¡®«¥¢  D�f ¤® ¯®àï¤ª  ` ¢ª«îç¨â¥«ì­®. �¤¥áì ¨ ¤ «¥¥ ¨á¯®«ì§ãîâáï ®¡®§­ ç¥­¨ï:
� = (�1; : : : ; �n) | ¬ã«ìâ¨¨­¤¥ªá, j�j = �1+ � � �+�n | ¯®àï¤®ª ¬ã«ìâ¨¨­¤¥ªá , � ! = �1 ! : : : �n !,
Di = @

@xi
, D� = D�1

1 : : : D�n
n .

�à¥¤¯®«®¦¨¬, çâ® ª ¦¤®¬ã ¬ã«ìâ¨¨­¤¥ªáã � ¯®àï¤ª  ` á®¯®áâ ¢«¥­® ¬ ªá¨¬ «ì­®¥ ��
P�(!) äã­ªæ¨© ­  ¬­®¦¥áâ¢¥ ! ¨§¬¥à¨¬ëå ®â­®á¨â¥«ì­® n-¬¥à­®© «¥¡¥£®¢®© ¬¥àë mesn. �¡®-
§­ ç¨¬ ç¥à¥§ W `(P�; 
; !) ¯®¤¯à®áâà ­áâ¢® W `(
; !), á®áâ®ïé¥¥ ¨§ äã­ªæ¨© f , ¤«ï ª®â®àëå
¨¬¥¥â á¬ëá« ¨ ª®­¥ç­  ­®à¬ 

kf ;W `(P�; 
; !)k =
X
j�j=`

kD�f ;P�(!)k:

� «¥¥ a = mesn !, P� | �� äã­ªæ¨© ­  (0; a), á®®â¢¥âáâ¢ãîé¥¥ �� P�(!), �
 = (j
j)!=n�j
j
!,
£¤¥ 
 = (
1; : : : ; 
n) | ¯à®¨§¢®«ì­ë© ¬ã«ìâ¨¨­¤¥ªá

P =
Y
j�j=`

P ��
� ;

â. ¥. P | ¯à®áâà ­áâ¢® áà¥¤­¨å � «ì¤¥à®­  ¤«ï ­ ¡®à  �� P� ¨ ª®­áâ ­â �� (j�j = `), Q| á¨¬-
¬¥âà¨ç­®¥ ¯à®áâà ­áâ¢® äã­ªæ¨© ­  (0; a), Q(!) | á®®â¢¥âáâ¢ãîé¥¥ Q ¯à®áâà ­áâ¢® äã­ªæ¨©
­  !, �� | ­¨¦­¨© ¯®ª § â¥«ì à áâï¦¥­¨ï ¯à®áâà ­áâ¢  P� ([1], á. 134).
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�¥®à¥¬  1. �ãáâì ¤«ï ª ¦¤®£® ¬ã«ìâ¨¨­¤¥ªá  � (1 � j�j � ` � 1, ` > 1)¢ë¯®«­ï¥âáï
­¥à ¢¥­áâ¢®

X
j
j=`�j�j

��+
�
 >
`� j�j

n
: (1)

�á«¨ ®¯¥à â®à

Az =
Z a

t

s`=n�1z(s)ds

¤¥©áâ¢ã¥â ¨ ­¥¯à¥àë¢¥­ ¨§ P (0; a) ¢ Q(0; a), â® ¯à®áâà ­áâ¢® W `(P�;
; !) ­¥¯à¥àë¢­® ¢«®¦¥-

­® ¢ �� Q(!) ¨ á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

kf ;Q(!)k � c
Y
j�j=`

kD�f ;P�(!)k�� (2)

á ­¥ª®â®à®© ¯®áâ®ï­­®© c.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¯à®¢®¤¨âáï ¬¥â®¤®¬ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨ ¯® ¯ à ¬¥âàã `. �à¨
` = 1 ãá«®¢¨¥ (1) â¥àï¥â á¬ëá«, ®¤­ ª® ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë á®åà ­ï¥âáï [3].

�®¬¡¨­¨àãï â¥®à¥¬ã 1 á ¨§¢¥áâ­ë¬¨ ¯à¨§­ ª ¬¨ ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  A, ¬®¦­® ¯®«ã-
ç¨âì ¡®«¥¥ ®¡®§à¨¬ë¥ â¥®à¥¬ë ¢«®¦¥­¨ï. �®«¥§­® § ¬¥â¨âì, çâ® A| ¢®«ìâ¥àà®¢ ¨­â¥£à «ì­ë©
®¯¥à â®à á ®¤­®à®¤­ë¬ ï¤à®¬. �ä®à¬ã«¨àã¥¬ ­¥áª®«ìª® á«¥¤áâ¢¨© ¨§ â¥®à¥¬ë 1.

�«¥¤áâ¢¨¥ 1. �ãáâì ­¨¦­¨¥ ¯®ª § â¥«¨ à áâï¦¥­¨ï �� (j�j = `) ã¤®¢«¥â¢®àïîâ ®æ¥­ª ¬ (1)
¤«ï ª ¦¤®£® ¬ã«ìâ¨¨­¤¥ªá  � ¯®àï¤ª  ­¥ ¢ëè¥ `�1. �®£¤  ¢¥à­® ­¥à ¢¥­áâ¢® (2) c Q = P=M`=n.

�¨¦­¨© ¯®ª § â¥«ì à áâï¦¥­¨ï ¯à®áâà ­áâ¢  �¥¡¥£  Lp à ¢¥­ 1=p. �á«¨ P� = Lp� , 1 � p� �
1, â® (1) á¢®¤¨âáï ª ®æ¥­ª ¬

X
j
j=`�j�j

�

p�+


>
`� j�j

n
; (3)

¯à®áâà ­áâ¢® áà¥¤­¨å � «ì¤¥à®­  á®¢¯ ¤ ¥â á ¯à®áâà ­áâ¢®¬ Lp, £¤¥

1
p
=
X
j�j=`

��
1
p�
:

�«¥¤áâ¢¨¥ 2. �ãáâì ¨¬¥îâ ¬¥áâ® ®æ¥­ª¨ (3), £¤¥ j�j = 1; : : : ; `� 1. �®£¤  á¯à ¢¥¤«¨¢® ­¥à -
¢¥­áâ¢® (2), ¢ ª®â®à®¬ P� = Lp� , j�j = `, ¯à®áâà ­áâ¢® Q ¯à¨ p` < n á®¢¯ ¤ ¥â á ¯à®áâà ­áâ¢®¬
Lp=M`=n, Q = L1 ¯à¨ p` > n, ¨, ­ ª®­¥æ, ¯à¨ p` = n Q ¥áâì ¯à®áâà ­áâ¢® �à«¨ç  LM , ¯®à®¦¤ -
¥¬®¥ N -äã­ªæ¨¥© M(t) = exp jtjp=(p�1) � 1.

�«¥¤áâ¢¨¥ 3. �ãáâì �� P ¬ ¦®à¨àã¥â [4] �� Q (Q � P ). �ãáâì ¯®ª § â¥«¨ ��, j�j = `
ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 1. �á«¨

sup
0<t<a

f'Q(t)ks`=n�1;P 0(t; a)kg <1;

â® ¨¬¥¥â ¬¥áâ® ®æ¥­ª  (2).

�à âª® ®¡áã¤¨¬ ­®¢ë¥ ¬®¬¥­âë, ¢®§­¨ª îé¨¥ ¯à¨ ¨§ãç¥­¨¨ ¯à®áâà ­áâ¢ äã­ªæ¨©, ­¥ ã¤®-
¢«¥â¢®àïîé¨å ­ã«¥¢ë¬ £à ­¨ç­ë¬ ãá«®¢¨ï¬. �¤¥áì áãé¥áâ¢¥­­ãî à®«ì ­ ç¨­ îâ ¨£à âì ¬« ¤-
è¨¥ ¯à®¨§¢®¤­ë¥ ¨ £¥®¬¥âà¨ç¥áª¨¥ á¢®©áâ¢  ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï à áá¬ âà¨¢ ¥¬ëå äã­ªæ¨©.

�ãáâì 
| ®£à ­¨ç¥­­ ï ®¡« áâì ¢ Rn,W `(
) | ¯à®áâà ­áâ¢® äã­ªæ¨©, ¨¬¥îé¨å ¢ 
 ¯à®¨§-
¢®¤­ë¥ ¢ á¬ëá«¥ �®¡®«¥¢  ¤® ¯®àï¤ª  ` ¢ª«îç¨â¥«ì­®. �à¥¤¯®«®¦¨¬, çâ® ª ¦¤®¬ã ¬ã«ìâ¨¨­-
¤¥ªáã � ¯®àï¤ª  j�j � ` ¯®áâ ¢«¥­® ¢ á®®â¢¥âáâ¢¨¥ �� P�(
) äã­ªæ¨© ­  ®¡« áâ¨ 
. �¡®§­ ç¨¬
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ç¥à¥§ W `(P� ;
) ç áâì W `(
), á®áâ®ïéãî ¨§ äã­ªæ¨© f , ¤«ï ª®â®àëå ¨¬¥¥â á¬ëá« ¨ ª®­¥ç­ 
­®à¬ 

kf ;W `(P�;
)k =
X
j�j�`

kD�f ;P�(
)k:

�à®áâà ­áâ¢® W `(P� ;
) á ¤ ­­®© ­®à¬®© ¯®«­®.
�§ãç¥­¨¥ â¥®à¥¬ ¢«®¦¥­¨ï ¤«ï ¯à®áâà ­áâ¢ W `(P�; 
) ¬®¦¥â ¡ëâì à¥¤ãæ¨à®¢ ­® ª à áá¬®-

âà¥­­ë¬ ¢ëè¥ à¥§ã«ìâ â ¬ ¯à¨ ¢ë¯®«­¥­¨¨ á«¥¤ãîé¨å ãá«®¢¨©: 1) �� P� ­¥¯à¥àë¢­® ¢«®¦¥­®
¢ �� P
 , ¥á«¨ � � 
; 2) ®¡« áâì 
 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ªã¡  ([2], á. 119).

�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï 1), 2). �ãáâì a = mesn
,¯à®áâà ­áâ¢  P� (j�j = `),
Q ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ â¥®à¥¬ë 1. �®£¤  ¯à®áâà ­áâ¢® W `(P� ;
) ­¥¯à¥àë¢­® ¢«®¦¥­® ¢

¯à®áâà ­áâ¢® Q(
).

�á«®¢¨¥ 1) ¬®¦¥â ¡ëâì § ¬¥­¥­® «î¡ë¬ ¤àã£¨¬, ®¡¥á¯¥ç¨¢ îé¨¬ ¢ë¯®«­¥­¨¥ á«¥¤ãîé¥£®
âà¥¡®¢ ­¨ï: ª ¦¤ ï äã­ªæ¨ï ª« áá  C1(
), ¨¬¥îé ï ®£à ­¨ç¥­­ë¥ ¯à®¨§¢®¤­ë¥ ¤® ¯®àï¤ª 
` ¢ª«îç¨â¥«ì­®, ï¢«ï¥âáï ¬ã«ìâ¨¯«¨ª â®à®¬ ¢ ¯à®áâà ­áâ¢¥ W `(P� ;
). �­ «®£¨ç­® ãá«®¢¨¥
ªã¡ , ä¨£ãà¨àãîé¥¥ ¢ âà¥¡®¢ ­¨¨ 2), ¬®¦­® § ¬¥­¨âì ­¥ª®â®àë¬ ãá«®¢¨¥¬ à®£  ([2], x 8) ¨«¨
¡àãá  [3], ¯®«­¥¥ ãç¨âë¢ îé¨¬ áâ¥¯¥­ì  ­¨§®âà®¯­®áâ¨ ­ ¡®à  P� (j�j = `). � ¯à¨¬¥à, ¥á«¨ ¢á¥
¯à®áâà ­áâ¢  P� ®¤¨­ ª®¢ë (¨§®âà®¯­ë© á«ãç ©), â® 2) ¬®¦­® § ¬¥­¨âì ãá«®¢¨¥¬ ª®­ãá  ¤«ï
®¡« áâ¨ 
.
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