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� á¯¥æ¨ «ì­®¬ ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ ¢¢®¤ïâáï ¤¢   ­ «®£  á« ¡®© áå®¤¨¬®áâ¨ ¯®á«¥-
¤®¢ â¥«ì­®áâ¨ ¢ ¢¥é¥áâ¢¥­­®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ ¨ ¨áá«¥¤ãîâáï ¨å á¢®©áâ¢ .

1. �¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï ¨ â¥®à¥¬ë

�ãáâì ¢ ¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ (X; �) ¢ë¤¥«¥­® á¥¬¥©áâ¢® S «ãç¥© (â. ¥. ®¡à §®¢ ¬­®-
¦¥áâ¢  R+ ¢á¥å ­¥®âà¨æ â¥«ì­ëå ¢¥é¥áâ¢¥­­ëå ç¨á¥« á® áâ ­¤ àâ­®© ¬¥âà¨ª®© ¯à¨ ¨§®¬¥-
âà¨ç¥áª¨å ®â®¡à ¦¥­¨ïå ¢ ¯à®áâà ­áâ¢® (X; �) ([1], c. 52)) á ®¡é¨¬ ­ ç «®¬ ¢ â®çª¥ p 2 X,
ã¤®¢«¥â¢®àïîé¥¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬.

(A) �«ï ª ¦¤®© â®çª¨ x 2 X, ®â«¨ç­®© ®â â®çª¨ p, ­ ©¤¥âáï ¥¤¨­áâ¢¥­­ë© «ãç lx ¨§ á¥¬¥©-
áâ¢  S, á®¤¥à¦ é¨© íâã â®çªã.

(B) �«ï ª ¦¤®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ â®ç¥ª (xn) (n = 1; 2; : : : ), áå®¤ïé¥©áï ¢ ¯à®áâà ­áâ¢¥ X
ª ­¥ª®â®à®© â®çª¥ x 6= p, ¯®á«¥¤®¢ â¥«ì­®áâì «ãç¥© (lxn) 2 S (n = 1; 2; : : : ) ¯®â®ç¥ç­® áå®¤¨âáï
ª «ãçã lx 2 X («ãç¨ à áá¬ âà¨¢ îâáï ¢ ­ âãà «ì­®© ¯ à ¬¥âà¨§ æ¨¨).

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ­ « £ âì ­  ¯à®áâà ­áâ¢® X ¤®¯®«­¨â¥«ì­ë¥ ãá«®¢¨ï (C), (D) ¨«¨ (E).
(C) �î¡ë¥ ¤¢¥ à §«¨ç­ë¥ â®çª¨ x; y 2 X ¬®¦­® á®¥¤¨­¨âì ¥¤¨­áâ¢¥­­ë¬ á¥£¬¥­â®¬ [x; y]

(â. ¥. ªà¨¢®©, ¤«¨­  ª®â®à®© à ¢­  à ááâ®ï­¨î ¬¥¦¤ã ¥¥ ª®­æ ¬¨ ([1], c. 42)), ¨ ª ¦¤ë© «ãç
¨§ á¥¬¥©áâ¢  S ¬®¦­® ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ¯à®¤®«¦¨âì ¤® ®à¨¥­â¨à®¢ ­­®© ¯àï¬®© (®¡à § 
¬­®¦¥áâ¢  R ¢á¥å ¢¥é¥áâ¢¥­­ëå ç¨á¥« á® áâ ­¤ àâ­®© ¬¥âà¨ª®© ¯à¨ ¨§®¬¥âà¨ç¥áª®¬ ®â®¡à -
¦¥­¨¨ ¢ ¯à®áâà ­áâ¢® (X; �)), ®à¨¥­â æ¨ï ª®â®à®© ®¯à¥¤¥«ï¥âáï íâ¨¬ «ãç®¬.

�®«ãç¥­­®¥ á¥¬¥©áâ¢® ®à¨¥­â¨à®¢ ­­ëå ¯àï¬ëå ®¡®§­ ç¨¬ ç¥à¥§ bS ¨ ®â¬¥â¨¬, çâ® ¯®«­®¥
¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î (C), ï¢«ï¥âáï £¥®¤¥§¨ç¥áª¨¬ ¯à®áâà ­-
áâ¢®¬ [2].

�à¥¦¤¥ ç¥¬ ä®à¬ã«¨à®¢ âì ãá«®¢¨ï (D), (E), ­ ¯®¬­¨¬ ­¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï ¨ ¯à¨¬¥¬
á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: B[x; r] (B(x; r)) | § ¬ª­ãâë© (®âªàëâë©) è à á æ¥­âà®¬ ¢ â®çª¥ x 2 X

à ¤¨ãá  r > 0; �[x;M ] = inf
y2M

�[x; y], £¤¥ x 2 X, M � X; M (
�

M ) | § ¬ëª ­¨¥ (¢­ãâà¥­­®áâì)

¬­®¦¥áâ¢ M � X; �OAB | âà¥ã£®«ì­¨ª ¢ ¥¢ª«¨¤®¢®© ¯«®áª®áâ¨ á ¤«¨­ ¬¨ áâ®à®­ a = �[p; x],
b = �[p; y], c = �[x; y], á®®â¢¥âáâ¢ãîé¨© âà¥ã£®«ì­¨ªã pxy ¯à®áâà ­áâ¢  X, ã¤®¢«¥â¢®àïîé¥£®
ãá«®¢¨ï¬ (A), (B), (C); 
lm[a; b] | ¢¥«¨ç¨­  ã£«  ¯à¨ ¢¥àè¨­¥ O ¢ âà¥ã£®«ì­¨ª¥ OAB; �[l;m] =
lim

a!0; b!0

lm[a; b] | ¢¥àå­¨© ã£®« ¬¥¦¤ã «ãç ¬¨ l, m, £¤¥ x 2 l, y 2 m [3]; l 2 S,  l : X ! R,

 l[x] = �[p; x] cos�[lx; l] ¯à¨ x 6= p,  l[p] = 0; 	p(X) = f l : X ! R : l 2 Sg.
�á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (C) ¨ � 2 [0; 1] (� 2 R+), â® ®¡®§­ ç¨¬ ç¥à¥§ !�[x; y] (!�[p; x])

â®çªã ­  á¥£¬¥­â¥ [x; y] � X («ãç¥ lx � S), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î �[x; !�[x; y]] = ��[x; y]
(�[p; !�[p; x]] = ��[p; x]).

�­®¦¥áâ¢® M � X ­ §ë¢ ¥âáï ¢ë¯ãª«ë¬ (áâà®£® ¢ë¯ãª«ë¬), ¥á«¨ ¤«ï «î¡ëå à §«¨ç­ëå

x; y 2M (x; y 2M) [x; y] �M (!�[x; y] 2
�

M ¤«ï ª ¦¤®£® � 2 (0; 1)) ([1], á. 153).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 00-01-00308.
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(D) �á¥ § ¬ª­ãâë¥ è àë ¯à®áâà ­áâ¢  X áâà®£® ¢ë¯ãª«ë.
(E) �§ ¯®â®ç¥ç­®© áå®¤¨¬®áâ¨ «ãç¥© ¢ S á«¥¤ã¥â áå®¤¨¬®áâì íâ¨å «ãç¥© ®â­®á¨â¥«ì­® ¯á¥¢-

¤®¬¥âà¨ª¨ �.
�â¬¥â¨¬, çâ® ãá«®¢¨¥ (E) ¢ë¯®«­ï¥âáï ¤«ï ¯®«­ëå ¯à®áâà ­áâ¢ ­¥¯®«®¦¨â¥«ì­®© ªà¨¢¨§­ë

¯® �.�.�«¥ªá ­¤à®¢ã, ï¢«ïîé¨åáï ®¡« áâï¬¨ RK ¯à¨ K � 0 [3].
�ãáâì ¢ë¯®«­ïîâáï ãá«®¢¨ï (C), (D) ¨ L 2 bS, â®£¤  ®¯à¥¤¥«¥­® ®â®¡à ¦¥­¨¥ 'L : X ! R,

'L[x] = "L[x]�[p; xL], £¤¥ â®çª  xL 2 L â ª ï, çâ® �[x; xL] = �[x;L] (¤«ï ¯à®¨§¢®«ì­® § ¤ ­-
­®© â®çª¨ x 2 X cãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­®áâì â®çª¨ xL «¥£ª® ãáâ ­®¢¨âì ([1], c. 22)), "L[x]
à ¢­ï¥âáï 0, 1 ¨«¨ -1, ¥á«¨ á®®â¢¥âáâ¢¥­­® xL = p, xL 2 l n p ¨«¨ xL 2 L n l.

�¡®§­ ç¨¬ �p(X) = f'L : X ! R : L 2 bSg; Fp(X) = ff : X ! R : f [p] = 0,
kfk = supf jf [x]j

�[p;x]
: x 6= pg < +1g; FCp(X) = ff 2 Fp(X) : f ­¥¯à¥àë¢­®g ¨ ç¥à¥§ b	p(X) (b�p(X))

| § ¬ª­ãâãî «¨­¥©­ãî ®¡®«®çªã ¬­®¦¥áâ¢  	p(X) (�p(X)) ¢ «¨­¥©­®¬ ­®à¬¨à®¢ ­­®¬ ¯à®-
áâà ­áâ¢¥ (Fp(X); k � k).

�â¬¥â¨¬, çâ® FCp(X) ï¢«ï¥âáï § ¬ª­ãâë¬ «¨­¥©­ë¬ ¯®¤¯à®áâà ­áâ¢®¬ ¢ ¡ ­ å®¢®¬ ¯à®-
áâà ­áâ¢¥ (Fp(X); k � k) (íâ® ­¥¯®áà¥¤áâ¢¥­­®¥ á«¥¤áâ¢¨¥ â¥®à¥¬ë 1 ¨§ [4], c. 181 ¨ á«¥¤áâ¢¨ï 2
â¥®à¥¬ë 2 ¨§ [4], c. 184).

�ä®à¬ã«¨àã¥¬ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë.

�¥¬¬  1. 1: �á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (E), â® 	p(X) � FCp(X) ¨  [!�[p; x]] = � [x] ¤«ï
ª ¦¤ëå  2 b	p(X), � 2 R+, x 2 X.

2: �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (C), (D), â® �p(X) � FCp(X).
3: �á«¨ (S; �) | ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®, â® ¤«ï «î¡ëå à §«¨ç­ëå x; y 2 X ­ ©¤¥âáï

 l 2 	p(X) â ª®¥, çâ®  l[x] 6=  l[y].
4: �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (C), (D), �[p; xL] � �[p; x] ¤«ï ª ¦¤ëå x 2 X ¨ L 2 bS, â® ¤«ï

«î¡ëå à §«¨ç­ëå x; y 2 X ­ ©¤¥âáï 'L 2 �p(X) â ª®¥, çâ® 'L[x] 6= 'L[y].

� ¯®á«¥¤ãîé¨å ä®à¬ã«¨à®¢ª å ¯à¥¤¯®« £ ¥¬, çâ® ¯à¨ à áá¬®âà¥­¨¨ ¯à®áâà ­áâ¢  b	p(X)
(b�p(X)) ¢ë¯®«­ï¥âáï ¤®¯®«­¨â¥«ì­®¥ ãá«®¢¨¥ (E) (¢ë¯®«­ïîâáï ¤®¯®«­¨â¥«ì­ë¥ ãá«®¢¨ï (C),
(D)).

�¯à¥¤¥«¥­¨¥ 1. �®á«¥¤®¢ â¥«ì­®áâì (xn) � X (n = 1; 2; : : : ) ­ §ë¢ ¥âáï  -áå®¤ïé¥©áï
('-áå®¤ïé¥©áï) ª â®çª¥ x 2 X, ¥á«¨ ¤«ï ª ¦¤®£®  2 b	p(X) (' 2 b�p(X)) lim

n!1
 [xn] =  [x]

( lim
n!1

'[xn] = '[x]).

�«¥¤ãîé¨¥ â¥®à¥¬ë 1, 2  ­ «®£¨ç­ë á®®â¢¥âáâ¢ãîé¨¬ â¥®à¥¬ ¬ 1, 2 ([5], á. 225{227) ® á¢®©-
áâ¢ å á« ¡® áå®¤ïé¨åáï ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¢ ­®à¬¨à®¢ ­­®¬ ¯à®áâà ­áâ¢¥.

�¥®à¥¬  1. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì (xn) � X  -áå®¤¨âáï ¨«¨ '-áå®¤¨âáï ª â®çª¥

x 2 X, â® ®­  ®£à ­¨ç¥­ .

�¥®à¥¬  2. �ãáâì ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï:

1. ¯®á«¥¤®¢ â¥«ì­®áâì (xn) � X ®£à ­¨ç¥­ ;
2. lim

n!1
 l[xn] =  l[x] ( lim

n!1
'L[xn] = 'L[x]) ¤«ï ª ¦¤®£®  l 2 	p(X) ('L 2 �p(X)) ¨ ­¥ª®â®à®©

â®çª¨ x 2 X.
�®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì (xn) � X  -áå®¤¨âáï ('-áå®¤¨âáï) ª â®çª¥ x 2 X.

�«¥¤áâ¢¨¥ 1. �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì (xn) � X áå®¤¨âáï ª â®çª¥ x 2 X, â® ®­   -áå®¤¨âáï
('-áå®¤¨âáï) ª â®çª¥ x 2 X.

�«¥¤áâ¢¨¥ 2. b	p(X) � FCp(X) (b�p(X) � FCp(X)).

�¯à¥¤¥«¥­¨¥ 2. �®á«¥¤®¢ â¥«ì­®áâì ( n) � b	p(X) (('n) � b�p(X)) ­ §ë¢ ¥âáï á« ¡® áå®-
¤ïé¥©áï ª  2 b	p(X) (' 2 b�p(X)), ¥á«¨ lim

n!1
 n[x] =  [x] ( lim

n!1
'n[x] = '[x]) ¤«ï ª ¦¤®£® x 2 X.
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�«¥¤ãîé ï «¥¬¬  2  ­ «®£¨ç­  á®®â¢¥âáâ¢ãîé¥© â¥®à¥¬¥ 1� ([5], á. 230).

�¥¬¬  2. �á«¨ X | ¯®«­®¥ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® ¨ ¯®á«¥¤®¢ â¥«ì­®áâì ( n) �b	p(X) (('n) � b�p(X)) á« ¡® áå®¤¨âáï ª  2 b	p(X) (' � b�p(X)), â® íâ  ¯®á«¥¤®¢ â¥«ì­®áâì
®£à ­¨ç¥­  ­  ­¥ª®â®à®¬ è à¥ ¯à®áâà ­áâ¢  X.

�à¨¬¥à 1. �¥âàã¤­® ¯à®¢¥à¨âì, çâ® ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ X ¯®á«¥¤®¢ â¥«ì­®áâì
(xn) � X  -áå®¤¨âáï ('-áå®¤¨âáï) ª â®çª¥ x 2 X â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  á« ¡® áå®¤¨âáï
ª â®çª¥ x 2 X.

�à¨¬¥à 2. �ãáâì X | ®âªàëâë© è à ¥¤¨­¨ç­®£® à ¤¨ãá  á æ¥­âà®¬ ¢ ­ã«¥¢®¬ ¢¥ªâ®à¥
¢¥é¥áâ¢¥­­®£® £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢  V á ¬¥âà¨ª®©

� : X �X ! R+; �[x; y] = kArch
�

1� (x; y)
[(1 � x2)(1� y2)]1=2

�
;

£¤¥ (x; y) | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢ x; y 2 X, k > 0. �â® ¡¥áª®­¥ç­®¬¥à­ë© ¢ à¨ ­â
¨§¢¥áâ­®© ¨­â¥à¯à¥â æ¨¨ �¥«ìâà ¬¨{�«¥©­  £¥®¬¥âà¨¨ �®¡ ç¥¢áª®£® ([6], á. 48). �¥âàã¤­® ¯à®-
¢¥à¨âì, çâ® ¢ ¯à®áâà ­áâ¢¥ �®¡ ç¥¢áª®£® (X; �) ¯®á«¥¤®¢ â¥«ì­®áâì (xn) � (X; �)  -áå®¤¨âáï
('-áå®¤¨âáï) ª â®çª¥ x 2 (X; �) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®­  á« ¡® áå®¤¨âáï ª �[0;x]

jxj
x 2 V

(x 2 V ). �â¬¥â¨¬ â ª¦¥, çâ® ãá«®¢¨ï (A){(E) ¢ë¯®«­ïîâáï ¢ ¯à®áâà ­áâ¢¥ �®¡ ç¥¢áª®£® (X; �).
�­ «®£¨ç­®¥ áà ¢­¥­¨¥ á« ¡ëå áå®¤¨¬®áâ¥© ¢ ¡®«¥¥ ®¡é¨å £¥®¬¥âà¨ïå �¨«ì¡¥àâ  ([1], c. 140; [7])
ï¢«ï¥âáï á«®¦­®© ¨ ­¥à¥è¥­­®© § ¤ ç¥©.

�ãáâì " > 0. �¢¥¤¥¬ ¬­®¦¥áâ¢  Vx1;:::;xN ; " = f 2 b	p(X) : j [xk]j < ", k = 1; : : : ; Ng
(Wx1;:::;xN ; " = f' 2 b�p(X) : j'[xk]j

�[p;xk]
< ", k = 1; : : : ; Ng, £¤¥ â®çª¨ x1; : : : ; xN ®â«¨ç­ë ®â â®ç-

ª¨ p). �á«¨ ¢ë¡à âì íâ¨ ¬­®¦¥áâ¢  ¢ ª ç¥áâ¢¥ á¨câ¥¬ë ®ªà¥áâ­®áâ¥© ­ã«ï ¢ ¯à®áâà ­áâ¢¥ b	p(X)
(b�p(X)), â® ®­¨ ®¯à¥¤¥«ïâ â®¯®«®£¨î � (�') ¢ íâ®¬ ¯à®áâà ­áâ¢¥. �â®  ­ «®£¨ �-á« ¡®© â®¯®-
«®£¨¨ ¢ á®¯àï¦¥­­®¬ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ ([5], c. 230).

�«¥¤ãîé ï â¥®à¥¬  3  ­ «®£¨ç­  â¥®à¥¬¥ 4 ¨§ ([5], á. 232{234).

�¥®à¥¬  3. �ãáâì X | á¥¯ à ¡¥«ì­®¥ ¯à®áâà ­áâ¢® ¨ B[0; 1] | § ¬ª­ãâë© è à á æ¥­-

âà®¬ ¢ ­ã«¥ à ¤¨ãá  1 ¢ ¯à®áâà ­áâ¢¥ b	p(X) (b�p(X)). �®£¤  â®¯®«®£¨ï ¢ B[0; 1], ¨­¤ãæ¨à®¢ ­-
­ ï â®¯®«®£¨¥© � (�'), á¨«ì­¥¥ â®¯®«®£¨¨, ®¯à¥¤¥«¥­­®© á ¯®¬®éìî ¬¥âà¨ª¨

d : B[0; 1]�B[0; 1]! R+; d[f; g] =
1X
n=1

2�nj(f � g)[xn]j
�
d[f; g] =

1X
n=1

2�n
j(f � g)[xn]j
�[p; xn]

�
;

£¤¥ fxng (xn 6= p, n = 1; 2; : : : ) | ä¨ªá¨à®¢ ­­®¥ áç¥â­®¥ ¢áî¤ã ¯«®â­®¥ ¬­®¦¥áâ¢® ¢ § ¬ª­ã-

â®¬ è à¥ B[p; 1] � X (¯à®áâà ­áâ¢¥ X).

�¥®à¥¬  4. �ãáâì Up | ®ªà¥áâ­®áâì â®çª¨ p 2 X ¨ ¢ ¬­®¦¥áâ¢¥ P =
Q
x2X

Dx, £¤¥ Dx =

f� 2 R : j�j � �[x]g ¨ �[x] 2 R+ â ª®¥, çâ® x 2 !�[x][p; Up], § ¤ ­  â®¯®«®£¨ï ¯à®¨§¢¥¤¥­¨ï � .

�®£¤  â®¯®«®£¨ï � ­  ¯®¤¬­®¦¥áâ¢¥ K = f 2 b	p(X) : 8x 2 Up (j [x]j � 1)g � P á®¢¯ ¤ ¥â á

â®¯®«®£¨¥©, ¨­¤ãæ¨à®¢ ­­®© â®¯®«®£¨¥© ¯à®¨§¢¥¤¥­¨ï � . �à®¬¥ â®£®, § ¬ëª ­¨¥ ¬­®¦¥áâ¢ 

K ¢ ¯à®áâà ­áâ¢¥ (P; �) ¯à¨­ ¤«¥¦¨â ¬­®¦¥áâ¢ã

ff 2 Fp(X) : 8x 2 X; 8� 2 R+ (f [!�[p; x]] = �f [x]); 8x 2 Up (jf [x]j � 1)g:

� ¬¥ç ­¨¥. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© â¥®à¥¬ë � ­ å {�« ®£«ã ([8], c. 80) ¬­®¦¥áâ¢® K
§ ¬ª­ãâ® ¢ ¯à®áâà ­áâ¢¥ (P; �). � ¤ ç  ® ­ å®¦¤¥­¨¨ áâàãªâãàë ¯®¤¬­®¦¥áâ¢  K nK � (P; �)
¢ ãá«®¢¨ïå â¥®à¥¬ë 4 ®áâ ¥âáï ¯®ª  ­¥à¥è¥­­®© ¨ ¨­â¥à¥á­®©.
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2. �®ª § â¥«ìáâ¢  ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢

�®ª § â¥«ìáâ¢® «¥¬¬ë 1. 1. �«®¦¥­¨¥ 	p(X) � FCp(X) ¯à¨ x = p ¨«¨ y = p ®ç¥¢¨¤­®.
�á«¨ x 6= p, y 6= p, â® ®­® á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢

j l[x]�  l[y]j = j�[p; x] cos�[lx; l]� �[p; y] cos�[ly; l]j �

� �[x; y] + �[p; x]2
���� sin

�
�[lx; l] + �[ly; l]

2

�
sin

�
�[lx; l]� �[ly; l]

2

����� � �[x; y] + �[p; x]�[lx; ly]:

�â®à®¥ ãâ¢¥à¦¤¥­¨¥ ­¥âàã¤­® ¯®«ãç¨âì ¨§ ®¯à¥¤¥«¥­¨© b	p(X), !�[p; x],  l (l 2 S).

2. �â¢¥à¦¤¥­¨¥ á«¥¤ã¥â ¨§ à ¢¥­áâ¢ j'L[x] � 'L[y]j = j"L[x]�[p; xL] � "L[y]�[p; yL]j = �[xL; yL]
¨ ­¥¯à¥àë¢­®© § ¢¨á¨¬®áâ¨ xL 2 L ®â x 2 X ([1], c. 22).

3. �®ª ¦¥¬ ¬¥â®¤®¬ ®â ¯à®â¨¢­®£®. �ãáâì ­ ©¤ãâáï à §«¨ç­ë¥ x; y 2 X â ª¨¥, çâ® ¤«ï
ª ¦¤®£®  l 2 	p(X)  l[x] =  l[y]. �á«¨ x = p (y = p), â® ¯à¨ l = ly (l = lx) ­ ©¤¥¬ 0 =  ly [p] =
 ly [y] = �[p; y] (0 =  lx [p] =  lx [x] = �[p; x]). �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥. �á«¨ x 6= p, y 6= p, â® ¨§
à ¢¥­áâ¢  lx [x] = �[p; x] =  lx [y] = �[p; y] cos�[lx; ly],  ly [y] = �[p; y] =  ly [x] = �[p; x] cos�[lx; ly]
á«¥¤ã¥â x = y. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥.

4. �®ª ¦¥¬ ¬¥â®¤®¬ ®â ¯à®â¨¢­®£®. �ãáâì ­ ©¤ãâáï à §«¨ç­ë¥ x; y 2 X â ª¨¥, çâ® ¤«ï
ª ¦¤®£® 'L 2 �p(X) 'L[x] = 'L[y]. �á«¨ x = p (y = p), â® ¯à¨ L = Ly (L = Lx), £¤¥ ®à¨-
¥­â æ¨ï ¯àï¬®© Ly, á®¤¥à¦ é¥© â®çªã y, ®¯à¥¤¥«ï¥âáï «ãç®¬ ly ( ­ «®£¨ç­® ¤«ï Lx), ­ ©¤¥¬
0 = 'Ly [p] = 'Ly [y] = �[p; y] (0 = 'Lx [p] = 'Lx [x] = �[p; x]). �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥. �á«¨
x 6= p, y 6= p, â® 'Lx [x] = �[p; x] = 'Lx [y] = "Lx [y]�[p; yLx ] � �[p; y], 'Ly [y] = �[p; y] = 'Ly [x] =
"Ly [x]�[p; xLy ] � �[p; x]) yLx = x, xLy = y, �[p; x] = �[p; y]. �ãáâì � 2 (0; 1). �®£¤  (!�[x; y])Lx = x,
(!�[x; y])Ly = y, yL!�[x;y]

= xL!�[x;y]
= !�[x; y] ¨ �[p; x] = �[p; y] = �[p; !�[x; y]]. �® § ¬ª­ãâë© è à

B[p; �[p; x]] áâà®£® ¢ë¯ãª«ë©. �®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. � áá¬®âà¨¬ ¢ b	p(X) (b�p(X)) § ¬ª­ãâë¥ ¬­®¦¥áâ¢  Akn =

ff : jf [xn]j � kg, Ak =
1T
n=1

Akn (k; n = 1; 2; : : : ). �«ï ª ¦¤®£® f 2 b	p(X) (f 2 b�p(X)) ¯®á«¥-
¤®¢ â¥«ì­®áâì (f [xn]) (n = 1; 2; : : : ) ®£à ­¨ç¥­ , â. ª. ¯®á«¥¤®¢ â¥«ì­®áâì (xn)  -áå®¤¨âáï ('-

áå®¤¨âáï). �®£¤  b	p(X) =
1S
k=1

Ak (b�p(X) = 1S
k=1

Ak). �® â¥®à¥¬¥ �íà  ([5], c. 83) ­ ©¤¥âáï § ¬ª­ã-

â®¥ ¬­®¦¥áâ¢® Ak0 , ¯«®â­®¥ ¢ ­¥ª®â®à®¬ § ¬ª­ãâ®¬ è à¥ B[f0; r] � b	p(X) (B[f0; r] � b�p(X))
¨, á«¥¤®¢ â¥«ì­®, á®¤¥à¦ é¥¥ íâ®â è à. � áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ �1 : X ! b	�

p(X) (�2 : X !b��p(X)), �1[x](f) = f [x] (�2[x](f) = f [x]). �®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì (�1[xn]) ((�2[xn])) ®£à ­¨ç¥­ 
­  è à¥ B[f0; r] ¨, á«¥¤®¢ â¥«ì­®, ­  ª ¦¤®¬ è à¥ ¯à®áâà ­áâ¢  b	p(X) (b�p(X)). �à®¬¥ â®£®,
¤«ï ª ¦¤®£® «ãç  l 2 S k lk = 1. �«¥¤®¢ â¥«ì­®, k�1[xn]k = supf j [xn]j

k k
:  6= 0g = �[p; xn]

¨ ¯®á«¥¤®¢ â¥«ì­®áâì (xn) (n = 1; 2; : : : ) ®£à ­¨ç¥­ . �â¬¥â¨¬, çâ® 1 � k'Lk � 2 ¤«ï ª -
¦¤®© ¯àï¬®© L 2 bS, ¯®áª®«ìªã ¯¥à¢®¥ ­¥à ¢¥­áâ¢® ®ç¥¢¨¤­®,   ¢â®à®¥ á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨ï
­®à¬ë ¨ ­¥à ¢¥­áâ¢ �[p; xL] � �[p; x] + �[x; xL] � 2�[p; x] ¤«ï ª ¦¤®£® x 2 X. �«¥¤®¢ â¥«ì­®,
k�2[xn]k = supf j'[xn]j

k'k
: ' 6= 0g � �[p;xn]

2
¨ ¯®á«¥¤®¢ â¥«ì­®áâì (xn) ®£à ­¨ç¥­ .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �ãáâì f ¨§ «¨­¥©­®© ®¡®«®çª¨ ¬­®¦¥áâ¢  �p(X) � b�p(X)
(	p(X) � b	p(X)). �®£¤  ¢ á¨«ã ãá«®¢¨ï (2) lim

n!1
f [xn] = f [x]. �«ï ¯à®¨§¢®«ì­®£® í«¥¬¥­â 

f 2 b�p(X) (f 2 b	p(X)) ­ ©¤¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì (fn) ¨§ «¨­¥©­®© ®¡®«®çª¨ ¬­®¦¥áâ¢ 
�p(X) � b�p(X) (	p(X) � b	p(X)) â ª ï, çâ® f = lim

n!1
fn. �ë¡¥à¥¬ â ªãî ª®­áâ ­âã M , çâ®¡ë

�[p; x] � M , �[p; xn] � M (n = 1; 2; : : : ). �«ï ª ¦¤®£® " > 0 ­ ©¤¥âáï â ª®¥ ­ âãà «ì­®¥ ç¨á«®
K, çâ® kf � fkk <

"
6M

¤«ï ¢á¥å k � K. �¨ªá¨àã¥¬ k � K. �®£¤  ­ ©¤¥âáï â ª®¥ ­ âãà «ì­®¥
ç¨á«® N , çâ® jfk[xn]� fk[x]j < "

2
¤«ï ¢á¥å n � N . �«¥¤®¢ â¥«ì­®, jf [xn]� f [x]j � jf [xn]� fk[xn]j+

jfk[xn]� fk[x]j+ jfk[x]� f [x]j � kf � fkk(�[p; x] + �[p; xn]) + "
2
< " ¤«ï ¢á¥å n � N .
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�®ª § â¥«ìáâ¢® «¥¬¬ë 2. � áá¬®âà¨¬ § ¬ª­ãâë¥ ¬­®¦¥áâ¢  Akn = fx 2 X : j n[x]j � kg

(Akn = fx 2 X : j'n[x]j � kg), Ak =
1T
n=1

Akn (k; n = 1; 2; : : : ). �«ï ª ¦¤®£® x 2 X ¯®á«¥¤®¢ -

â¥«ì­®áâì ( n[x]) (('n[x])) ®£à ­¨ç¥­ , â. ª. ¯®á«¥¤®¢ â¥«ì­®áâì ( n) � b	p(X) (('n) � b�p(X))
á« ¡® áå®¤¨âáï. �®£¤  X =

1S
k=1

Ak. �® â¥®à¥¬¥ �íà  ([5], c. 83) ­ ©¤¥âáï § ¬ª­ãâ®¥ ¬­®¦¥áâ¢®

Ak0 , ¯«®â­®¥ ¢ ­¥ª®â®à®¬ § ¬ª­ãâ®¬ è à¥ B[x0; r] � X ¨, á«¥¤®¢ â¥«ì­®, á®¤¥à¦ é¥¥ íâ®â è à.
�­ ç¨â, ¯®á«¥¤®¢ â¥«ì­®áâì ( n) (('n)) ®£à ­¨ç¥­  ­  íâ®¬ è à¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �¥âàã¤­® ¯à®¢¥à¨âì, çâ® d ï¢«ï¥âáï ¬¥âà¨ª®©, ã¤®¢«¥â¢®-
àïîé¥© ãá«®¢¨î d[f + h; g + h] = d[f; g] (f; g; f + h; g + h 2 B[0; 1]). �«¥¤®¢ â¥«ì­®, ¤®áâ â®ç­®
¯à®¢¥à¨âì, çâ® «î¡®© ®âªàëâë© è à Q" = ff : d[f; 0] < "g ¢ ¯à®áâà ­áâ¢¥ b	p(X) (b�p(X)) á®-
¤¥à¦¨â ¯¥à¥á¥ç¥­¨¥ B[0; 1] á ­¥ª®â®à®© ®ªà¥áâ­®áâìî ­ã«ï ¢ â®¯®«®£¨¨ � (�'). �ë¡¥à¥¬ â ª®¥
­ âãà «ì­®¥ ç¨á«® N , çâ® 2�N < "=2, ¨ à áá¬®âà¨¬ ¢ â®¯®«®£¨¨ � (�') á«¥¤ãîéãî ®ªà¥áâ­®áâì
­ã«ï: V = Vx1;:::;xN ; "=2 = ff : jf [xk]j < "=2, k = 1; : : : ; Ng (W = Wx1;:::;xN ; "=2 = ff : jf [xk]j

�[p;xk]
< "=2,

k = 1; : : : ; Ng). �ãáâì f 2 B[0; 1] \ V (f 2 B[0; 1] \W ). �®£¤ 

d[f; 0] =
NX
n=1

2�njf [xn]j+
1X

n=N+1

2�njf [xn]j � "=2
NX
n=1

2�n +
1X

n=N+1

2�n < "

�
d[f; 0] =

NX
n=1

2�n
jf [xn]j
�[p; xn]

+
1X

n=N+1

2�n
jf [xn]j
�[p; xn]

� "=2
NX
n=1

2�n +
1X

n=N+1

2�n < "

�
:

�«¥¤®¢ â¥«ì­®, B[0; 1] \ V � Q" (B[0; 1] \W � Q").

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4. �§ ãâ¢eà¦¤¥­¨ï 1 «¥¬¬ë 1 á«¥¤ã¥â j [x]j � �[x] (x 2 X,
 2 K). �® â¥®à¥¬¥ �¨å®­®¢  ([8], á. 413) ¯à®áâà ­áâ¢® (P; �) ï¢«ï¥âáï ª®¬¯ ªâ­ë¬. �à®¬¥ â®£®,
P = ff : X ! R : 8x 2 X (jf [x]j � �[x])g. �¨ªá¨àã¥¬  0 2 K ¨ ¢ë¡¥à¥¬ ¯à®¨§¢®«ì­® ­ âãà «ì­®¥
ç¨á«® n, xi 2 X (1 � i � n), � > 0. �­®¦¥áâ¢  W1 = f 2 b	p(X) : j [xi]�  0[xi]j < �; 1 � i � ng
(W2 = ff 2 P : jf [xi] �  0[xi]j < �, 1 � i � ng) ®¡à §ãîâ «®ª «ì­ãî ¡ §ã â®¯®«®£¨¨ � (�)
¯à®áâà ­áâ¢  b	p(X) (P ) ¢ â®çª¥  0. �®£¤  W1 \ K = W2 \ K, ¯®áª®«ìªã K � b	p(X) \ P .
� ª¨¬ ®¡à §®¬, ¢ ¬­®¦¥áâ¢¥ K â®¯®«®£¨ï � á®¢¯ ¤ ¥â á â®¯®«®£¨¥© � . �ãáâì f0 ¯à¨­ ¤«¥¦¨â
� -§ ¬ëª ­¨î ¬­®¦¥áâ¢  K. �ë¡¥à¥¬ ¯à®¨§¢®«ì­® x 2 X, � 2 R+ ¨ " > 0. �­®¦¥áâ¢® ¢á¥å
f 2 P , ¤«ï ª®â®àëå j(f � f0)[x]j < ", j(f � f0)[!�[p; x]]j < ", ï¢«ï¥âáï � -®ªà¥áâ­®áâìî â®çª¨ f0,
¯®íâ®¬ã K á®¤¥à¦¨â å®âï ¡ë ®¤­ã â ªãî â®çªã  ¨§ íâ®© ®ªà¥áâ­®áâ¨. � á¨«ã ãâ¢¥à¦¤¥­¨ï 1
«¥¬¬ë 1 ¯®«ãç¨¬ jf0[!�[p; x]] � �f0[x]j = j(f0 �  )[!�[p; x]] + �( � f0)[x]j < (1 + �)". �®áª®«ìªã
" ¯à®¨§¢®«ì­®, â® f0[!�[p; x]] = �f0[x] (x 2 X, � 2 R+). �á«¨ x 2 Up ¨ " > 0, â®  ­ «®£¨ç­®¥
à ááã¦¤¥­¨¥ ¯®ª §ë¢ ¥â, çâ® ¢ K ­ ©¤¥âáï äã­ªæ¨ï  , ¤«ï ª®â®à®© j [x] � f0[x]j < ". �®
j [x]j � 1, á«¥¤®¢ â¥«ì­®, jf0[x]j � 1.
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