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� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ îâáï § ¤ ç¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï (��) «¨­¥©­ë¬¨ á¨áâ¥-
¬ ¬¨ ¢ ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨©, ª®â®àë¥, ¢ ç áâ­®áâ¨, ­  ª ¦¤®¬ ¯à®¬¥¦ãâª¥ ª¢ ­â®-
¢ ­¨ï ¯à¥¤áâ ¢«ïîâ ¬­®£®ç«¥­ë ª®­¥ç­®© áâ¥¯¥­¨. �ç¥â £¥®¬¥âà¨ç¥áª¨å ®£à ­¨ç¥­¨© ­  ª®-
íää¨æ¨¥­âë ãª § ­­ëå ¬­®£®ç«¥­®¢ ¨ ­  §­ ç¥­¨ï ã¯à ¢«¥­¨© ¢ ª ¦¤ë© ¬®¬¥­â ¢à¥¬¥­¨
¯à¥¢à é ¥â ¨áá«¥¤ã¥¬ë¥ § ¤ ç¨ ¢ á«®¦­ë¥ â¨¯ë íªáâà¥¬ «ì­ëå § ¤ ç. �à¥¤« £ îâáï ¬¥â®-
¤ë ¢ëç¨á«¥­¨ï ®¯â¨¬ «ì­ëå ¯à®£à ¬¬ ¨ á¨­â¥§  �� â¨¯  ®¡à â­®© á¢ï§¨ ¤«ï ¤¢ãå ª« áá®¢
ã¯à ¢«ïîé¨å ¢®§¤¥©áâ¢¨© (¤¨áªà¥â­ëå ã¯à ¢«¥­¨© ¯¥à¢®© áâ¥¯¥­¨ á ª®­¥ç­ë¬ ç¨á«®¬ ¯¥à¨®-
¤®¢ ª¢ ­â®¢ ­¨ï ¢à¥¬¥­¨ ¨ ¤«ï ã¯à ¢«¥­¨© ª®­¥ç­®© áâ¥¯¥­¨ á ®¤­¨¬ ¯¥à¨®¤®¬ ª¢ ­â®¢ ­¨ï).
�¥â®¤ë ¡ §¨àãîâáï ­  ¤¨­ ¬¨ç¥áª®© à¥ «¨§ æ¨¨ á¯¥æ¨ «ì­®£®  «£®à¨â¬  «¨­¥©­®£® ¯à®£à ¬-
¬¨à®¢ ­¨ï (��). �¥§ã«ìâ âë à¥è¥­¨ï § ¤ ç �� ¨á¯®«ì§ãîâáï ¤«ï á¨­â¥§  ®£à ­¨ç¥­­ëå áâ ¡¨-
«¨§¨àãîé¨å ®¡à â­ëå á¢ï§¥© ¯® ¯à¨­æ¨¯ã áª®«ì§ïé¥£® ã¯à ¢«¥­¨ï. �¥â®¤ë ¨««îáâà¨àãîâáï
­  ç¨á«¥­­ëå ¯à¨¬¥à å.

1. �¢¥¤¥­¨¥

� â¥¬ â¨ç¥áª ï â¥®à¨ï ®¯â¨¬ «ì­ëå ¯à®æ¥áá®¢ [1] ¡ §¨àã¥âáï ­  ¢¥áì¬  è¨à®ª¨å ª« áá å
ã¯à ¢«¥­¨©, ¢ª«îç îé¨å, ¢ ç áâ­®áâ¨, ¨§¬¥à¨¬ë¥ ¨ ªãá®ç­®-­¥¯à¥àë¢­ë¥ äã­ªæ¨¨. � ª®­-
áâàãªâ¨¢­®© â¥®à¨¨ ��, ­ æ¥«¥­­®© ­  à¥è¥­¨¥ § ¤ ç á ¨á¯®«ì§®¢ ­¨¥¬ ¢ëç¨á«¨â¥«ì­®© â¥å-
­¨ª¨, è¨à®ª® ¯à¨¬¥­ïîâáï ¡®«¥¥ ã§ª¨¥ ª« ááë ã¯à ¢«¥­¨©. �à¥¤¨ ­¨å ®á®¡®¥ à á¯à®áâà ­¥­¨¥
¯®«ãç¨«¨ ¤¨áªà¥â­ë¥ ã¯à ¢«¥­¨ï. �®á«¥¤­¨¥ ¬®£ãâ ¬¥­ïâì á¢®¨ §­ ç¥­¨ï «¨èì ¢ § à ­¥¥ ®¯à¥-
¤¥«¥­­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨,   ­  ¯à®¬¥¦ãâª å ¬¥¦¤ã ­¨¬¨ á®åà ­ïîâ ¯®áâ®ï­­ë¥ §­ ç¥­¨ï.
� ¤ ­­®© à ¡®â¥ ¯®¤®¡­ë¥ ã¯à ¢«¥­¨ï ­ §ë¢ îâáï ¤¨áªà¥â­ë¬¨ ã¯à ¢«¥­¨ï¬¨ ­ã«¥¢®© áâ¥¯¥-
­¨. �å ¥áâ¥áâ¢¥­­ë¬ ®¡®¡é¥­¨¥¬ ï¢«ïîâáï ¤¨áªà¥â­ë¥ ã¯à ¢«¥­¨ï ª®­¥ç­®© áâ¥¯¥­¨. � ®¡é¥¬
á«ãç ¥ ¤¨áªà¥â­ë¥ ã¯à ¢«¥­¨ï ª®­¥ç­®© áâ¥¯¥­¨ (á ¯®áâ®ï­­ë¬ ¯¥à¨®¤®¬ ª¢ ­â®¢ ­¨ï) ¨¬¥îâ
¢¨¤

u(t) =
pX

j=0

uj(tk)'j(t� tk); t 2 [tk; tk+1[; k = 0; N � 1;

£¤¥ tk = t� + kh, h = (t� � t�)=N ; 'j(t), t 2 [0; h[, j = 0; p, | § ¤ ­­ë¥ «¨­¥©­® ­¥§ ¢¨á¨¬ë¥
äã­ªæ¨¨; uj(tk), j = 0; p, k = 0; N � 1, | ¯ à ¬¥âàë ¤¨áªà¥â­®© äã­ªæ¨¨. �ë¡®à ¡ §¨á­ëå
äã­ªæ¨© 'j(t), t 2 [0; h[, j = 0; p, § ¢¨á¨â ®â ¯à¨à®¤ë ¨áá«¥¤ã¥¬®© § ¤ ç¨ ��. � ¤ «ì­¥©è¥¬
ç é¥ ¢á¥£® ¨á¯®«ì§ã¥âáï ¯à®áâ¥©è¨© â¨¯ ¡ §¨á­ëå äã­ªæ¨© 'j(t) = tj , j = 0; p. �®¢®ªã¯­®áâì
á®®â¢¥âáâ¢ãîé¨å ¨¬ ã¯à ¢«¥­¨© ®¡®§­ ç¨¬ ç¥à¥§ Up

N .
� áè¨à¥­¨¥ ª« áá¨ç¥áª®£® â¨¯  ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© (­ã«¥¢®© áâ¥¯¥­¨) ¯®«¥§­® ¨ ¢ ª -

ç¥áâ¢¥­­®© â¥®à¨¨ ã¯à ¢«¥­¨ï. �§¢¥áâ­®, çâ® ¨áá«¥¤®¢ ­¨¥ ­¥¯à¥àë¢­®© á¨áâ¥¬ë ã¯à ¢«¥­¨ï

_x = Ax+ bu (A 2 Rn�n; b 2 Rn) (1)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �¥«®àãááª®£® à¥á¯ã¡«¨ª ­áª®£® ä®­¤  äã­¤ ¬¥­â «ì-
­ëå ¨áá«¥¤®¢ ­¨© (¯à®¥ªâë òò�03M-031, �02�-008) ¨ £®áã¤ àáâ¢¥­­®© ¯à®£à ¬¬ë äã­¤ ¬¥­â «ì­ëå
¨áá«¥¤®¢ ­¨© �¥á¯ã¡«¨ª¨ �¥« àãáì \� â¥¬ â¨ç¥áª¨¥ áâàãªâãàë".
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¢ ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© ­ã«¥¢®© áâ¥¯¥­¨ íª¢¨¢ «¥­â­® ¨áá«¥¤®¢ ­¨î ¤¨áªà¥â­®© á¨-
áâ¥¬ë

x(t+ h) = Ahx(t) + bhu(t); t 2 Th = ft�; t� + h; : : : ; t� � hg (2)�
Ah = exp(Ah); bh =

Z h

0

exp(A�)d� b
�
;

¥á«¨ §  á®áâ®ï­¨ï¬¨ á¨áâ¥¬ë (1) á«¥¤¨âì â®«ìª® ¢ ¬®¬¥­âë t 2 Th. �®ª § ­®, çâ® áãé¥áâ¢ã-
¥â â ª®¥ ç¨á«® h0 > 0, çâ® ¯à¨ ¢á¥å 0 < h < h0 ¤«ï ã¯à ¢«ï¥¬®áâ¨ ­¥¯à¥àë¢­®© á¨áâ¥¬ë (1)
(rank(b;Ab; : : : ; A(n�1)b) = n) ¢ ª« áá¥ ªãá®ç­®-­¥¯à¥àë¢­ëå äã­ªæ¨© ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®
ã¯à ¢«ï¥¬®áâ¨ ¤¨áªà¥â­®© á¨áâ¥¬ë (2) (rank(bh; Ahbh; :::; A

(n�1)
h bh) = n). �à¨­æ¨¯¨ «ì­®¥ ®â«¨-

ç¨¥ á¢®©áâ¢  ã¯à ¢«ï¥¬®áâ¨ á¨áâ¥¬ë (1) ®â  ­ «®£¨ç­®£® á¢®©áâ¢  á¨áâ¥¬ë (2) á®áâ®¨â ¢ â®¬,
çâ® ¥á«¨ ã¯à ¢«ï¥¬ãî ­¥¯à¥àë¢­ãî á¨áâ¥¬ã (1) ¬®¦­® ¯¥à¥¢¥áâ¨ ¨§ ®¤­®£® ¯à®¨§¢®«ì­®£® á®-
áâ®ï­¨ï ¢ ¤àã£®¥ §  áª®«ì ã£®¤­® ¬ «®¥ ¢à¥¬ï, â® ¤«ï ¤¨áªà¥â­®© á¨áâ¥¬ë (2) íâ® ¢à¥¬ï ­¥
¬¥­ìè¥ nh.

�¨âã æ¨ï ¬¥­ï¥âáï ¯à¨ ¨á¯®«ì§®¢ ­¨¨ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© ­¥­ã«¥¢®© áâ¥¯¥­¨. �á«¨
ã¯à ¢«ï¥¬®áâì á¨áâ¥¬ë (1) ¨áá«¥¤®¢ âì ¢ ª« áá¥ ¤¨áªà¥â­ëå äã­ªæ¨© áâ¥¯¥­¨ p � n�1, â® ¯à¨
«î¡®¬ h á¨áâ¥¬  (1) ã¯à ¢«ï¥¬  ¢ ª« áá¥ ªãá®ç­®-­¥¯à¥àë¢­ëå äã­ªæ¨© â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ®­  ã¯à ¢«ï¥¬  ¢ ª« áá¥ ¤¨áªà¥â­ëå äã­ªæ¨© áâ¥¯¥­¨ p. �à¨ íâ®¬ ã¯à ¢«ï¥¬ãî á¨áâ¥¬ã
(2) ¬®¦­® ¯¥à¥¢¥áâ¨ ¨§ ®¤­®£® á®áâ®ï­¨ï ¢ «î¡®¥ ¤àã£®¥ §  ¬¨­¨¬ «ì­® ¢®§¬®¦­®¥ ¢à¥¬ï h.

�âàãªâãà  à ¡®âë. � ¯. 2 áâ ¢¨âáï § ¤ ç  ¯®áâà®¥­¨ï  «£®à¨â¬®¢ ¢ëç¨á«¥­¨ï ®¯â¨¬ «ì­ëå
¯à®£à ¬¬ ¨ á¨­â¥§  ®¯â¨¬ «ì­ëå ã¯à ¢«¥­¨© â¨¯  ®¡à â­®© á¢ï§¨, ¯à¨¢®¤¨âáï íª¢¨¢ «¥­â­ ï
äã­ªæ¨®­ «ì­ ï ä®à¬  íâ®© § ¤ ç¨ (¯. 3). �®áâ ¢«¥­­ ï § ¤ ç  à¥è ¥âáï ¢ ª« áá¥ ¤¨áªà¥â­ëå
ã¯à ¢«¥­¨© ¯¥à¢®© áâ¥¯¥­¨ (¯. 4). �¤¥áì ®¯¨áë¢ ¥âáï ¤¨­ ¬¨ç¥áª ï à¥ «¨§ æ¨ï  ¤ ¯â¨¢­®£®
¬¥â®¤  �� [2] ¤«ï ¢ëç¨á«¥­¨ï ®¯â¨¬ «ì­ëå ¯à®£à ¬¬, § â¥¬ ¯à¨¢®¤¨âáï ¬¥â®¤ à¥ «¨§ æ¨¨ ¢
à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨ ®¯â¨¬ «ì­ëå ã¯à ¢«¥­¨© â¨¯  ®¡à â­®© á¢ï§¨. � ¤ ç  ®¯â¨¬¨§ æ¨¨
¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ¢ ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© ¯à®¨§¢®«ì­®© ª®­¥ç­®© áâ¥¯¥­¨ ¨áá«¥-
¤ã¥âáï ¢ ¯.5. � áá¬ âà¨¢ ¥âáï á«ãç ©, ª®£¤  ¯¥à¨®¤ ª¢ ­â®¢ ­¨ï ¢à¥¬¥­¨ á®¢¯ ¤ ¥â á® ¢á¥¬
¯à®¬¥¦ãâª®¬ ã¯à ¢«¥­¨ï. � ¤ ç  �� á¢®¤¨âáï ª § ¤ ç¥ �� á ª®­â¨­ãã¬®¬ ®£à ­¨ç¥­¨© [3].
�¯¨áë¢ ¥âáï ¡ëáâàë©  «£®à¨â¬ ¢ëç¨á«¥­¨ï ®¯â¨¬ «ì­ëå ¯à®£à ¬¬. �«ï à áá¬ âà¨¢ ¥¬®© § -
¤ ç¨ ¯à¨­æ¨¯ ®¯â¨¬ «ì­®áâ¨ �¥««¬ ­  ­¥ ¨¬¥¥â ¬¥áâ . �¤­ ª® ª« áá¨ç¥áª¨© á¯®á®¡ ¯®áâà®¥­¨ï
®¯â¨¬ «ì­ëå ®¡à â­ëå á¢ï§¥© ¬®¦­® ¨á¯®«ì§®¢ âì ¨ ¤«ï ­¥¥.

� ¡®â  § ¢¥àè ¥âáï ¯à¨«®¦¥­¨¥¬ ¯à¥¤«®¦¥­­ëå ¬¥â®¤®¢ �� ª § ¤ ç¥ á¨­â¥§  ¯® ¯à¨­æ¨-
¯ã áª®«ì§ïé¥£® ã¯à ¢«¥­¨ï ®£à ­¨ç¥­­ëå áâ ¡¨«¨§¨àãîé¨å ®¡à â­ëå á¢ï§¥©. �â®â ¯à¨­æ¨¯
¨§¢¥áâ¥­ ¨­¦¥­¥à ¬, ¢¨¤¨¬®, ¤ ¢­®. �­ á®áâ®¨â ¢ á«¥¤ãîé¥¬. �à¨ ¬­®£®íâ ¯­®¬ ã¯à ¢«¥­¨¨
ä¨§¨ç¥áª¨¬ ¯à®æ¥áá®¬ ¯® ¤®áâã¯­ë¬ ª â¥ªãé¥¬ã íâ ¯ã ¨§¬¥à¥­¨ï¬ ¯à®æ¥áá  á®áâ ¢«ï¥âáï ¥£®
¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì ­  ­¥ª®â®àë© ª®­¥ç­ë© ¡ã¤ãé¨© ¯à®¬¥¦ãâ®ª ¢à¥¬¥­¨ (£®à¨§®­â). �«ï
íâ®© ¬®¤¥«¨ ¯à®¨§¢®¤¨âáï à áç¥â ã¯à ¢«¥­¨ï, ®¡« ¤ îé¥£® ¦¥« ¥¬ë¬¨ á¢®©áâ¢ ¬¨. �¥§ã«ìâ â
¨á¯®«ì§ã¥âáï ¤«ï ã¯à ¢«¥­¨ï ä¨§¨ç¥áª¨¬ ¯à®æ¥áá®¬ ¢¯«®âì ¤® á«¥¤ãîé¥£® íâ ¯ . �¢®©áâ¢¥­-
­ë© ¢ à¨ ­â ¬¥â®¤  áª®«ì§ïé¥£® ã¯à ¢«¥­¨ï ¢ â¥®à¨¨ á«ãç ©­ëå ¯à®æ¥áá®¢ ­ §ë¢ ¥âáï ¬¥â®-
¤®¬ áª®«ì§ïé¨å áà¥¤­¨å. �®á«¥ ¯®«ãç¥­¨ï ¯¥à¢ëå à¥§ã«ìâ â®¢ ¯® ®¯â¨¬ «ì­®¬ã ã¯à ¢«¥­¨î ¢
à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨ [4]  ¢â®àë ¤ ­­®© à ¡®âë áâ «¨ ¨á¯®«ì§®¢ âì ¯àï¬®© ¢ à¨ ­â íâ®£®
¬¥â®¤  ¤«ï áâ ¡¨«¨§ æ¨¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ [5]. �®ª« ¤ë¢ ï ® ¯®«ãç¥­­ëå à¥§ã«ìâ â å ­ 
á¥¬¨­ à¥ ¯à®ä. �. � «¨­®¢áª®£® (� àè ¢ , 1992),  ¢â®àë ã§­ «¨ ® à ¡®â å ¯® MPC (Model
Predictive Control) [6], ¢ ª®â®àëå ¤«ï áâ ¡¨«¨§ æ¨¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ¨á¯®«ì§®¢ «®áì à¥è¥-
­¨¥ «¨­¥©­®-ª¢ ¤à â¨ç­®© § ¤ ç¨ �¥â®¢ {� «¬ ­ . � ª á«¥¤ã¥â ¨§ [7], íâ¨ à ¡®âë, ¢ ª®â®àëå
­¥ ãç¨âë¢ «¨áì £¥®¬¥âà¨ç¥áª¨¥ ®£à ­¨ç¥­¨ï ­  ã¯à ¢«¥­¨ï, ­¥ ¯à¨¢«¥ª«¨ ¢­¨¬ ­¨ï ¯à ªâ¨ª®¢.
�­â¥à¥á ª MPC á¨«ì­® ¢®§à®á ¨ ­ ç «®áì ¨­â¥­á¨¢­®¥ ¥£® ¢­¥¤à¥­¨¥ ¢ ¯à ªâ¨ªã ã¯à ¢«¥­¨ï
à¥ «ì­ë¬¨ ¯à®æ¥áá ¬¨ ¯®á«¥ â®£®, ª ª ¢ íâ®© ¬¥â®¤®«®£¨¨ áâ «¨ ¨á¯®«ì§®¢ âì § ¤ ç¨ �� á £¥®-
¬¥âà¨ç¥áª¨¬¨ ®£à ­¨ç¥­¨ï¬¨ ­  ã¯à ¢«¥­¨¥. � ®â«¨ç¨¥ ®â à ¡®â  ¢â®à®¢, ¤«ï à¥è¥­¨ï § ¤ ç
�� ¢ MPC ­¥ á®§¤ ¢ «¨áì á¯¥æ¨ «ì­ë¥ ¡ëáâàë¥  «£®à¨â¬ë,   ¯®á«¥ ¯®«­®© ¨å ¤¨áªà¥â¨§ æ¨¨
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¨á¯®«ì§®¢ «¨áì áâ ­¤ àâ­ë¥ ¬¥â®¤ë ª¢ ¤à â¨ç­®£® ¯à®£à ¬¬¨à®¢ ­¨ï. �â®, ª®­¥ç­®, áã¦ ¥â
¢®§¬®¦­®áâ¨ MPC, ­¥ ¯®§¢®«ïï à áá¬ âà¨¢ âì ¡®«ìè¨¥ £®à¨§®­âë ¨ ¬ «ë¥ ¯¥à¨®¤ë ¤¨áªà¥-
â¨§ æ¨¨. �ää¥ªâ¨¢­®áâì ¬¥â®¤®¢ à¥è¥­¨ï § ¤ ç ��, ¨§«®¦¥­­ëå ¢ ¤ ­­®© à ¡®â¥, ¯®çâ¨ ­¥
§ ¢¨á¨â ®â ¢¥«¨ç¨­ë ¯¥à¨®¤  ª¢ ­â®¢ ­¨ï.

2. �®áâ ­®¢ª  § ¤ ç¨

�ãáâì T = [t�; t�] | ¯à®¬¥¦ãâ®ª ã¯à ¢«¥­¨ï, h = (t��t�)=N |¯¥à¨®¤ ª¢ ­â®¢ ­¨ï. �ã­ªæ¨î
u(t), t 2 T , ­ §®¢¥¬ ¤¨áªà¥â­ë¬ ã¯à ¢«¥­¨¥¬ áâ¥¯¥­¨ p á ¯¥à¨®¤®¬ ª¢ ­â®¢ ­¨ï h (u(�) = (u(t),
t 2 T ) 2 Up

N), ¥á«¨

u(t) =
pX

j=0

uj(tk)(t� tk)j ; t 2 [tk; tk + h[; juj(tk)j � u�j ; j = 0; p; k = 0; N � 1: (3)

� ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© ª« áá  Up
N à áá¬®âà¨¬ «¨­¥©­ãî § ¤ çã ��

c0x(t�)! max; _x = A(t)x+ b(t)u; x(t�) = x0;

Hx(t�) = g; ju(t)j � L; t 2 T; u(�) 2 Up
N (4)

(H 2 Rm�n; rankH =m < n; g 2 Rm);

£¤¥ x = x(t) | n-¢¥ªâ®à á®áâ®ï­¨ï ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë ¢ ¬®¬¥­â ¢à¥¬¥­¨ t; u = u(t) |
§­ ç¥­¨¥ áª «ïà­®£® ã¯à ¢«ïîé¥£® ¢®§¤¥©áâ¢¨ï; A(t), b(t), t 2 T , | ªãá®ç­®-­¥¯à¥àë¢­ë¥ n�n-
¬ âà¨ç­ ï ¨ n-¢¥ªâ®à­ ï äã­ªæ¨¨.

�®­ïâ¨ï ¤®¯ãáâ¨¬®£® ¯à®£à ¬¬­®£® ã¯à ¢«¥­¨ï (¯à®£à ¬¬ë) u(�), ®¯â¨¬ «ì­®£® ¯à®£à ¬-
¬­®£® ã¯à ¢«¥­¨ï (®¯â¨¬ «ì­®© ¯à®£à ¬¬ë) u0(�), "-®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï u"(�) ¢¢®¤ïâáï
áâ ­¤ àâ­® [8]. � ¦¤ ï ¯à®£à ¬¬  u(�) ¯®à®¦¤ ¥â ¤®¯ãáâ¨¬ãî âà ¥ªâ®à¨î x(t), t 2 T , á¨áâ¥¬ë
ã¯à ¢«¥­¨ï (4) ¨ ¢ëå®¤­®© á¨£­ « z(t�) = Hx(t�).

�â®¡ë ¢¢¥áâ¨ ¯®­ïâ¨¥ �� â¨¯  ®¡à â­®© á¢ï§¨, ¯®£àã§¨¬ § ¤ çã (4) ¢ á¥¬¥©áâ¢® § ¤ ç

c0x(t�)! max; _x = A(t)x+ b(t)u; x(�) = z; Hx(t�) = g;

ju(t)j � L; t 2 T � = [�; t�]; u(�) 2 Up

N(�) (N(�) = (t� � �)=h); (5)

§ ¢¨áïé¥¥ ®â áª «ïà  � 2 Th ¨ n-¢¥ªâ®à  z. �ãáâì u0(t j �; z), t 2 T � , | ®¯â¨¬ «ì­ ï ¯à®£à ¬¬ 
§ ¤ ç¨ (5) ¤«ï ¯®§¨æ¨¨ (�; z); Q� � Rn | ¬­®¦¥áâ¢® á®áâ®ï­¨© z á¨áâ¥¬ë ã¯à ¢«¥­¨ï, ¤«ï
ª®â®àëå § ¤ ç  (5) ¨¬¥¥â à¥è¥­¨¥. �ã­ªæ¨î

u0(�; z) = u0(� j �; z); z 2 Q� ; � 2 Th; (6)

­ §®¢¥¬ ®¯â¨¬ «ì­ë¬ ã¯à ¢«¥­¨¥¬ â¨¯  (¤¨áªà¥â­®©) ®¡à â­®© á¢ï§¨ ¤«ï § ¤ ç¨ (4).
�¥«ì à ¡®âë | ¯à¥¤«®¦¨âì íää¥ªâ¨¢­ë¥  «£®à¨â¬ë ¢ëç¨á«¥­¨ï ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë

¨ à¥ «¨§ æ¨¨ ®¯â¨¬ «ì­®© ®¡à â­®© á¢ï§¨ (6).

3. �ª¢¨¢ «¥­â­ ï äã­ªæ¨®­ «ì­ ï ä®à¬  § ¤ ç¨

�¢¥¤¥¬ ¤¨áªà¥â­ë¥ ã¯à ¢«¥­¨ï ­ã«¥¢®© áâ¥¯¥­¨

uj(t) = uj(tk); t 2 [tk; tk+1[; k = 0; N � 1; j = 0; p: (7)

�®«®¦¨¬
bj(t) = b(t)(t� tk)

j ; t 2 [tk; tk+1[; k = 0; N � 1; j = 0; p:

�®¤áâ ¢¨¬ ã¯à ¢«¥­¨¥ (3) ¢ á¨áâ¥¬ã (4). � à¥§ã«ìâ â¥ ¯®«ãç¨¬ á¨áâ¥¬ã ã¯à ¢«¥­¨ï

_x = A(t)x+
pX

j=0

bj(t)uj
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á p + 1 ¤¨áªà¥â­ë¬¨ ã¯à ¢«¥­¨ï¬¨ ­ã«¥¢®© áâ¥¯¥­¨ (7). �£à ­¨ç¥­¨ï (4) ­  ã¯à ¢«¥­¨¥ u(t),
t 2 T , ¢ â¥à¬¨­ å (7) ¯à¨¬ãâ ¢¨¤

� L �
pX

j=0

uj(tk)(t� tk)
j � L; t 2 [tk; tk+1[; juj(tk)j � u�j ; j = 0; p; k = 0; N � 1: (8)

� ª¨¬ ®¡à §®¬, § ¤ ç  (4) á ®¤­¨¬ ã¯à ¢«¥­¨¥¬ ª« áá  Up
N íª¢¨¢ «¥­â­  á«¥¤ãîé¥© § ¤ ç¥ ��

á p+ 1 ã¯à ¢«¥­¨ï¬¨ ª« áá  U 0
N :

c0x(t�)! max; _x = A(t)x+
pX

j=0

bj(t)uj ; x(t�) = x0; Hx(t�) = g; (9)

�L �
pX

j=0

uj(tk)(t� tk)
j � L; t 2 [tk; tk+1[; juj(tk)j � u�j ; j = 0; p; k = 0; N � 1:

�« ¢­ ï ®á®¡¥­­®áâì «¨­¥©­®© § ¤ ç¨ (9) á ¬­®£®¬¥à­ë¬ ã¯à ¢«¥­¨¥¬ § ª«îç ¥âáï ¢ ª®­-
â¨­ãã¬¥ ®á­®¢­ëå ®£à ­¨ç¥­¨© ­  ã¯à ¢«¥­¨¥. � ¤ çã (9) à¥è¨¬ ¤«ï ¤¢ãå á«ãç ¥¢: 1) p = 1,
N > 1; 2) p > 1, N = 1. �¥â®¤ë à¥è¥­¨ï § ¤ ç¨ ¢ ®¡é¥¬ á«ãç ¥ á«¥¤ãîâ ¨§ ¬¥â®¤®¢, à §à ¡®-
â ­­ëå ¤«ï íâ¨å ç áâ­ëå á«ãç ¥¢.

4. �¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ ¢ ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© ¯¥à¢®© áâ¥¯¥­¨

� á«ãç ¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© ¯¥à¢®© áâ¥¯¥­¨ (u(�) 2 U 1
N) ®£à ­¨ç¥­¨ï (8) ¯à¨¬ãâ ¢¨¤

�L � u0(tk) + (t� tk)u1(tk) � L; t 2 [tk; tk+1[;

ju0(tk)j � u�0; ju1(tk)j � u�1; k = 0; N � 1: (10)

�®«®¦¨¬
v(tk) = u0(tk); w(tk) = u1(tk); k = 0; N � 1:

�®£¤  ¨§ (10) ¯®«ãç¨¬

�L � v(tk) + (t� tk)w(tk) � L; t 2 [tk; tk+1[;

jv(tk)j � u�0; jw(tk)j � u�1; k = 0; N � 1: (11)

�¥à ¢¥­áâ¢  (11) ¢ë¯®«­ïîâáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

jv(tk)j � L; jv(tk) + hw(tk)j � L; k = 0; N � 1:

�¢o¤ï ®¡®§­ ç¥­¨ï

v(t) = v(tk); w(t) = w(tk); bv(t) = b(t); bw(t) = b(t)(t� tk); t 2 [tk; tk+1[; k = 0; N � 1;

L = u�0; M = u�1;

§ ¯¨è¥¬ § ¤ çã (4) ¢ ¢¨¤¥

c0x(t�)! max; _x = A(t)x+ bv(t)v + bw(t)w; x(t�) = x0; (12)

Hx(t�) = g; (v; w) 2 
;

£¤¥


 = f(v; w) : jv + hwj � L; jvj � L; jwj �Mg: (13)

� áá¬®âà¨¬ âà¨ å à ªâ¥à­ëå ¢¨¤  ¬­®¦¥áâ¢  
: a) Mh > 2L; ¡) L < Mh < 2L; ¢) Mh < L
(à¨á. 1).
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�¨á. 1

� ¬¥â­ë© íää¥ªâ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© ­¥­ã«¥¢®© áâ¥¯¥­¨ (¯® áà ¢­¥­¨î á ¤¨áªà¥â­ë¬¨
ã¯à ¢«¥­¨ï¬¨ ­ã«¥¢®© áâ¥¯¥­¨) ¯à®ï¢«ï¥âáï ¯à¨ ¡®«ìè¨å Mh, ¯®íâ®¬ã ¨áá«¥¤ã¥¬ ¯®¤à®¡­®
«¨èì á«ãç © a).

� ¤ ç¨ �� á ¯®«¨í¤à «ì­ë¬¨ ®£à ­¨ç¥­¨ï¬¨ ­  ã¯à ¢«¥­¨¥ ¨áá«¥¤®¢ ­ë ¢ [9]. �¯¥æ¨ «ì­ë©
¢¨¤ ¯®«¨í¤à «ì­ëå ®£à ­¨ç¥­¨© (13) ¯®§¢®«ï¥â áãé¥áâ¢¥­­ë¬ ®¡à §®¬ ã¯à®áâ¨âì ª®­áâàãªæ¨¨
[9].

�à¥¦¤¥ ¢á¥£®, ¨á¯®«ì§ãï ä®à¬ã«ã �®è¨ [10], § ¯¨è¥¬ § ¤ çã (12) ¢ íª¢¨¢ «¥­â­®© äã­ª-
æ¨®­ «ì­®© ä®à¬¥ X

t2Th

cv(t)v(t) +
X
t2Th

cw(t)w(t)! max;

X
t2Th

dvi(t)v(t) +
X
t2Th

dwi(t)w(t) = egi; i = 1;m; (14)

jv(t) + hw(t)j � L; jv(t)j � L; jw(t)j �M; t 2 Th:

�¤¥áì

cv(t) =
Z t+h

t

 0c(�)bv(�)d�; cw(t) =
Z t+h

t

 0c(�)bw(�)d�;

dvi(t) =
Z t+h

t

 0hi(�)bv(�)d�; dwi(t) =
Z t+h

t

 0hi(�)bw(�)d�; (15)

egi = gi �  0hi(t�)x0;

 c(t),  hi(t), t 2 T , | à¥è¥­¨ï á®¯àï¦¥­­®£® ãà ¢­¥­¨ï

_ = �A0(t) (16)

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨
 (t�) = c

¨

 (t�) = hi (17)

á®®â¢¥âáâ¢¥­­®.
�à¨ ¨á¯®«ì§®¢ ­¨¨ ¯ à ««¥«ì­ëå ¢ëç¨á«¥­¨© ¯®áâà®¥­¨¥ í«¥¬¥­â®¢ (15) ¨¬¥¥â â ªãî ¦¥

âàã¤®¥¬ª®áâì, ª ª ¨ ¯®áâà®¥­¨¥  ­ «®£¨ç­ëå í«¥¬¥­â®¢ ¢ á«ãç ¥ ã¯à ¢«¥­¨© ª« áá  U 0
N [11].
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�á­®¢­ë¬ ¨­áâàã¬¥­â®¬  ¤ ¯â¨¢­®£® ¬¥â®¤  [2] ï¢«ï¥âáï ®¯®à . � ®¯¨á ­­®© § ¤ ç¥ ®­ 
áâà®¨âáï á«¥¤ãîé¨¬ ®¡à §®¬. �§ í«¥¬¥­â®¢ ¬­®¦¥áâ¢  Th á®áâ ¢¨¬ ¬­®¦¥áâ¢  (à¨á. 2) T v

®¯
� Th,

Tw
®¯

= Th, S®¯ � Th. �¡®§­ ç¨¬ S­ = Th n S®¯, S+
­
= fs 2 S­ : s 2 T v

®¯
g, S�

­
= fs 2 S­ : s 2 T v

­
g.

�®«®¦¨¬ T v
®¯+ = S+

­
, T v

­� = S�
­
, Tw

®¯+ = S+
­
, Tw

®¯� = S�
­
, T v

®¯0 = T v
®¯
n T v

®¯+, T
v
­
= Th n T

v
®¯
,

T v
­0 = T v

­
n T v

­�, T
w
®¯1 = T v

®¯
n Tw

®¯+, T
w
®¯2 = T v

­
n Tw

®¯�, T
w
®¯0 = S­, S1

®¯
= T v

®¯0, S
2
®¯

= Tw
®¯2, ¯®íâ®¬ã

jT v
®¯
j = m� jS­j.

�¨á. 2

� ¬¥ç ­¨¥ 1. � ¢¥­áâ¢® T v
®¯+ = S+

­
®§­ ç ¥â, çâ® S+

­
á®áâ®¨â ¨§ í«¥¬¥­â®¢ s 2 S+

­
, ­®¬¥à 

ª®â®àëå á®¢¯ ¤ îâ á ­®¬¥à ¬¨ í«¥¬¥­â®¢ t 2 T v
®¯+.

�ä®à¬¨àã¥¬ (jS®¯j+m)� (jT v
®¯
j+ jTw

®¯
j)-¬ âà¨æã

D®¯ =

0BBBBB@
dv(t) t 2 T v

®¯

... dw(t) t 2 Tw
®¯

: : : : : : : : : : : : : : : : : : : : : : : : : : : : : : :

est t 2 T v
®¯

... hest t 2 Tw
®¯

s 2 S®¯
... s 2 S®¯

1CCCCCA ;

£¤¥ est = 1 ¯à¨ s = t, est = 0 ¯à¨ s 6= t. �®¢®ªã¯­®áâì K®¯ = fS®¯; T®¯g á S®¯ 6= ;, T v
®¯
6= ; ­ §®¢¥¬

®¯®à®©, ¥á«¨ detD®¯ 6= 0. � âà¨æ  D®¯ ¨¬¥¥â á¯¥æ¨ «ì­ãî áâàãªâãàã, çâ® ¯®§¢®«ï¥â ¯à®áâ®
¯à®¢¥à¨âì ¥¥ ­¥¢ëà®¦¤¥­­®áâì.
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�¥¬¬ . � âà¨æ  D®¯ ­¥¢ëà®¦¤¥­  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­¥¢ëà®¦¤¥­  m�m-¬ â-

à¨æ 

DR
®¯
=
�
dv(t); t 2 T

v
®¯+; dv(t)� dw(t)=h; t 2 T

v
®¯0; dw(t); t 2 T

w
®¯0

�
:

�§ ®¯à¥¤¥«¥­¨ï (15) í«¥¬¥­â®¢ (à ¡®ç¥© ®¯®à­®©) ¬ âà¨æëDR
®¯
á«¥¤ã¥â ¤¨­ ¬¨ç¥áª¨© á¯®á®¡

¥¥ ¯®áâà®¥­¨ï, ¯à¨ ª®â®à®¬ í«¥¬¥­âë ¬ âà¨æë ¯®«ãç îâáï ¯ãâ¥¬ ¯ à ««¥«ì­®£® ¨­â¥£à¨à®¢ -
­¨ï á®¯àï¦¥­­®© á¨áâ¥¬ë (16) á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ (17), i = 1;m.

�¯®àã K®¯ á®¯à®¢®¦¤ îâ âà¨ í«¥¬¥­â  á® á«¥¤ãîé¨¬¨ å à ªâ¥à¨áâ¨ª ¬¨.
1. �¥ªâ®à ¯®â¥­æ¨ «®¢ (¢¥ªâ®à � £à ­¦ ) � = (�1; : : : ; �m). �®áâà®¨¬ ¥£®, à¥è¨¢ á¨áâ¥¬ã ¨§

m ãà ¢­¥­¨©

�0DR
®¯
=
�
cv(t); t 2 T v

®¯+; cv(t)� cw(t)=h; t 2 T v
®¯0; cw(t); t 2 Tw

®¯0

�0
:

� ªãî ¦¥ á¨áâ¥¬ã ¨§ m ãà ¢­¥­¨© ¯à¨å®¤¨âáï à¥è âì ¤«ï ¯®áâà®¥­¨ï ¢¥ªâ®à  ¯®â¥­æ¨ «®¢ ¢
á«ãç ¥ ã¯à ¢«¥­¨© ª« áá  U 0

N .
2. �®ã¯à ¢«¥­¨¥ �h(t); t 2 Th, ¨ ¥£® á®áâ ¢«ïîé¨¥ �vh(t); �

w
h (t); t 2 Th. �¥®¯®à­ë¥ §­ ç¥­¨ï

ª®ã¯à ¢«¥­¨ï ¯®«®¦¨¬ à ¢­ë¬¨ ­ã«î1: �h(t) = 0, t 2 S­. �¯®à­ë¥ §­ ç¥­¨ï �h(t), t 2 S®¯,
¢ëç¨á«¨¬ ¯® ä®à¬ã«¥

�h(t) =
Z t+h

t

�(�)d�=h; t 2 S®¯; �(�) =  0(�)bw(�);

£¤¥  (t), t 2 T , | ª®âà ¥ªâ®à¨ï | à¥è¥­¨¥ á®¯àï¦¥­­®£® ãà ¢­¥­¨ï (16) á ­ ç «ì­ë¬ ãá«®¢¨¥¬

 (t�) = c�H 0�: (18)

�â¨ ¢ëç¨á«¥­¨ï  ­ «®£¨ç­ë ¢ëç¨á«¥­¨ï¬ ­¥®¯®à­ëå ª®¬¯®­¥­â ª®ã¯à ¢«¥­¨ï ¢ á«ãç ¥ U 0
N .

�®«®¦¨¬
�wh (t) = 0; t 2 Th; �vh(t) = 0; t 2 T v

®¯
:

�¥®¯®à­ë¥ §­ ç¥­¨ï �vh(t); t 2 T
v
­
, á®áâ ¢«ïîé¨å ª®ã¯à ¢«¥­¨ï ¢ëç¨á«¨¬ ¯® ä®à¬ã«¥

�vh(t) =
Z t+h

t

�v(�)d�; t 2 T v
­

�
�v(�) =  0(�)(bv(�)� bw(�)=h); t 2 T v

­0;
�v(�) =  0(�)bv(�); t 2 T v

­�

�
;

£¤¥  (t), t 2 T , | à¥è¥­¨¥ á®¯àï¦¥­­®£® ãà ¢­¥­¨ï (16) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ (18). �àã¤®¥¬-
ª®áâì ¯ à ««¥«ì­®£® ¢ëç¨á«¥­¨ï ª®ã¯à ¢«¥­¨© ¢ á«ãç ¥ U 1

N â ª ï ¦¥, ª ª ¨ ¢ á«ãç ¥ U 0
N .

3. �á¥¢¤®ã¯à ¢«¥­¨¥ !(t), t 2 T , ¨ ¥£® á®áâ ¢«ïîé¨¥ !v(t), !w(t), t 2 T . �å ¯®áâà®¥­¨¥
­ ç­¥¬ á § ¤ ­¨ï ­¥®¯®à­ëå §­ ç¥­¨© !v(t), t 2 T v

­
, ¯¥à¢®© á®áâ ¢«ïîé¥© ¯á¥¢¤®ã¯à ¢«¥­¨ï

!v(t) = L sign �vh(t); ¥á«¨ �vh(t) 6= 0; !v(t) 2 [�L;L]; ¥á«¨ �vh(t) = 0; t 2 T v
­
;

¨ ®¯®à­ëå §­ ç¥­¨© !(t), t 2 S®¯, ¯á¥¢¤®ã¯à ¢«¥­¨ï

!(t) = L sign �h(t); ¥á«¨ �h(t) 6= 0; !(t) 2 [�L;L]; ¥á«¨ �h(t) = 0; t 2 S®¯:

�ëç¨á«¨¬
!w(t) = (!(t)� !v(t))=h; t 2 Tw

®¯2:

�¯®à­ãî ª®¬¯®­¥­âã !®¯ = (!v(t), t 2 T v
®¯
; !w(t), t 2 Tw

®¯0) ­ ©¤¥¬, à¥è¨¢ á¨áâ¥¬ã ¨§m ãà ¢­¥­¨©

DR
®¯
!®¯ = g �H{0(t�);

£¤¥ {0(t), t 2 T , | âà ¥ªâ®à¨ï á¨áâ¥¬ë ã¯à ¢«¥­¨ï (12) c v(t) = !v(t), t 2 T v
­
; w(t) = (!(t) �

!v(t))=h, t 2 Tw
®¯2; w(t) = !(t)=h, t 2 Tw

®¯1; v(t) = 0, t 2 T v
®¯
; w(t) = 0, t 2 Tw

®¯0.
�­ «®£¨ç­ãî á¨áâ¥¬ã ¨§ m ãà ¢­¥­¨© ¯à¨å®¤¨âáï à¥è âì ¯à¨ ¯®áâà®¥­¨¨ ®¯®à­ëå ª®¬¯®-

­¥­â ¯á¥¢¤®ã¯à ¢«¥­¨ï ¢ á«ãç ¥ ã¯à ¢«¥­¨© ª« áá  U 0
N . �­ ç¥­¨ï !w(t), t 2 T

w
®¯1, ¢ëç¨á«¨¬ ¯®

ä®à¬ã«¥
!w(t) = (!(t)� !v(t))=h; t 2 Tw

®¯1:

1�¤¥áì ª®ã¯à ¢«¥­¨¥ �h(t), t 2 Th, ¨£à ¥â à®«ì äã­ªæ¨¨ ¯®â¥­æ¨ «®¢.
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�¥®¯®à­ë¥ §­ ç¥­¨ï !(t), t 2 S­, ¯á¥¢¤®ã¯à ¢«¥­¨ï à ¢­ë

!(t) = !v(t) + h!w(t); t 2 S­:

�¯®àã K®¯ ­ §®¢¥¬ à¥£ã«ïà­®©, ¥á«¨ �h(t) 6= 0, t 2 S®¯; �vh(t) 6= 0, t 2 T v
­
. �¥£ã«ïà­ãî ®¯®àã

á®¯à®¢®¦¤ îâ ¥¤¨­áâ¢¥­­ë¥ ¯á¥¢¤®ã¯à ¢«¥­¨¥ ¨ ¥£® ª®¬¯®­¥­âë.
�«¥¤ãï [8], ®¯®àã ¨á¯®«ì§ã¥¬ ¯à¥¦¤¥ ¢á¥£® ¤«ï ¨¤¥­â¨ä¨ª æ¨¨ ®¯â¨¬ «ì­ëå ¨ "-®¯â¨¬ «ì-

­ëå ¯à®£à ¬¬.
�à¨­æ¨¯ ¬ ªá¨¬ã¬ . �«ï ®¯â¨¬ «ì­®áâ¨ ¯à®£à ¬¬ë u(�) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® áãé¥-

áâ¢®¢ ­¨ï â ª®© ®¯®àë K®¯ = fS®¯; T®¯g, çâ® ­  á®¯à®¢®¦¤ îé¨å ¥¥ ª®ã¯à ¢«¥­¨¨ �h(t), t 2 Th,
¨ ¥£® ¯¥à¢®© á®áâ ¢«ïîé¥© �vh(t), t 2 Th, ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) ãá«®¢¨¥ ¬ ªá¨¬ã¬  ¯® ã¯à ¢«¥­¨î

�h(t)u(t) = max
�L�u�L

�h(t)u; t 2 S®¯;

2) ãá«®¢¨¥ ¬ ªá¨¬ã¬  ¯® ¯¥à¢®© á®áâ ¢«ïîé¥© ã¯à ¢«¥­¨ï

�vh(t)v(t) = max
�L�v�L

�vh(t)v; t 2 T v
­
:

�¯®àãK®¯, ª®â®à ï ¨¤¥­â¨ä¨æ¨àã¥â ®¯â¨¬ «ì­ãî ¯à®£à ¬¬ã, ¡ã¤¥¬ ­ §ë¢ âì ®¯â¨¬ «ì­®©,
¥¥ á®¯à®¢®¦¤ îâ ®¯â¨¬ «ì­ë¥ í«¥¬¥­âë.

�à¨­æ¨¯ "-¬ ªá¨¬ã¬ . �à¨ «î¡®¬ " � 0 ¤«ï "-®¯â¨¬ «ì­®áâ¨ ¯à®£à ¬¬ë u(�) ­¥®¡å®-
¤¨¬® ¨ ¤®áâ â®ç­® áãé¥áâ¢®¢ ­¨ï â ª®© ®¯®àë K®¯ = fS®¯; T®¯g, çâ® ­  á®¯à®¢®¦¤ îé¨å ¥¥
ª®ã¯à ¢«¥­¨¨ �h(t), t 2 Th, ¨ ¯¥à¢®© ¥£® á®áâ ¢«ïîé¥© �vh(t), t 2 Th, ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥
ãá«®¢¨ï:

1) ãá«®¢¨¥ ª¢ §¨¬ ªá¨¬ã¬  ¯® ã¯à ¢«¥­¨î

�h(t)u(t) = max
�L�u�L

�h(t)u� "u(t); t 2 S®¯;

2) ãá«®¢¨¥ ª¢ §¨¬ ªá¨¬ã¬  ¯® ¯¥à¢®© á®áâ ¢«ïîé¥© ã¯à ¢«¥­¨ï

�vh(t)v(t) = max
�L�v�L

�vh(t)v � "v(t); t 2 T v
­
;

3) ãá«®¢¨¥ "-â®ç­®áâ¨ X
t2S®¯

"u(t) +
X
t2Tv

­

"v(t) � ":

� ¤ «ì­¥©è¥¬ ¢ ¦­ãî à®«ì ¨£à ¥â
�à¨â¥à¨© ®¯â¨¬ «ì­®áâ¨ ®¯®àë. �«ï ®¯â¨¬ «ì­®áâ¨ ®¯®àë K®¯ ­¥®¡å®¤¨¬® ¨ ¤®áâ -

â®ç­®, çâ®¡ë ­  ­¥ª®â®àëå á®¯à®¢®¦¤ îé¨å ¥¥ ¯á¥¢¤®ã¯à ¢«¥­¨¨ ¨ ¥£® á®áâ ¢«ïîé¨å ¢ë¯®«-
­ï«¨áì ­¥à ¢¥­áâ¢ 

j!(t)j � L; t 2 S­; j!v(t)j � L; t 2 T v
®¯
: (19)

�á¥¢¤®ã¯à ¢«¥­¨¥ !(t), t 2 T , ¨ ¥£® á®áâ ¢«ïîé¨¥ !v(t), !w(t), ª®â®àë¥ á®¯à®¢®¦¤ îâ ®¯â¨-
¬ «ì­ãî ®¯®àã, ï¢«ïîâáï ®¯â¨¬ «ì­ë¬¨ ã¯à ¢«¥­¨¥¬ ¨ ¥£® á®áâ ¢«ïîé¨¬¨: u0(t) = !(t),
v0(t) = !v(t), w0(t) = !w(t), t 2 T .

� ¬¥ç ­¨¥ 2. �à¨ ¢ë¯®«­¥­¨¨ ­¥à ¢¥­áâ¢  j!(t)j � L, t 2 S­, ¡ã¤ãâ ¢ë¯®«­ïâìáï ¨ ­¥-
à ¢¥­áâ¢  j!w(t)j � M , t 2 Tw

®¯�; j!w(t)j � M , t 2 Tw
®¯2. � á«ãç ¥ ¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢ 

j!v(t)j � L, t 2 T v
®¯
, ¡ã¤¥â ¢¥à­® ­¥à ¢¥­áâ¢® j!w(t)j � M , t 2 Tw

®¯1. �ë¯®«­¥­¨¥ ®¡®¨å ­¥à -
¢¥­áâ¢ (19) ®¡¥á¯¥ç¨â ¢ë¯®«­¥­¨¥ ¨ ­¥à ¢¥­áâ¢  j!w(t)j � M , t 2 Tw

®¯+. �®íâ®¬ã ­¥à ¢¥­áâ¢®
j!w(t)j �M , t 2 Th, ­¥ ¢ª«îç¥­® ¢ ä®à¬ã«¨à®¢ªã ªà¨â¥à¨ï ®¯â¨¬ «ì­®áâ¨ ®¯®àë.
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�¯¨è¥¬ ¤¢®©áâ¢¥­­ë© ¬¥â®¤ ¢ëç¨á«¥­¨ï ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë § ¤ ç¨ (14). �¥â®¤ ¯à¥¤-
áâ ¢«ï¥â ¤¨­ ¬¨ç¥áªãî à¥ «¨§ æ¨î ¤¢®©áâ¢¥­­®£®  ¤ ¯â¨¢­®£® ¬¥â®¤  �� [2] ¨ á®áâ®¨â ¨§
¯®á«¥¤®¢ â¥«ì­ëå ¯à¥®¡à §®¢ ­¨© ®¯®à, ¢ à¥§ã«ìâ â¥ ª®â®àëå ¯®«ãç ¥âáï ®¯â¨¬ «ì­ ï ®¯®à .

�ãáâì ¨§¢¥áâ­  ­¥ª®â®à ï ®¯®à  K®¯ § ¤ ç¨ (14). �® ®¯®à¥ K®¯ ¯®áâà®¨¬ á®¯à®¢®¦¤ îé¨¥
¥¥ ¢¥ªâ®à ¯®â¥­æ¨ «®¢ �, ª®ã¯à ¢«¥­¨¥ �h(t), t 2 Th, ¯á¥¢¤®ã¯à ¢«¥­¨¥ !(t), t 2 T , ¨ ¥£® á®áâ -
¢«ïîé¨¥ !v(t), !w(t), t 2 T .

�¡®§­ ç¨¬ eS­ = ft 2 S­ : !(t) =2 [�L;L]g, eT v
®¯
= ft 2 T v

®¯
: !v(t) =2 [�L;L]g, fK = eS­S eT v

®¯

S eTw
®¯
.

�á«¨ fK = ;, â® K®¯ | ®¯â¨¬ «ì­ ï ®¯®à , u0(t) = !(t), v0(t) = !v(t), w0(t) = !w(t), t 2 T , |
®¯â¨¬ «ì­ë¥ ã¯à ¢«¥­¨¥ ¨ ¥£® á®áâ ¢«ïîé¨¥. �à¨ fK 6= ; ¢ë¡¥à¥¬ ¨§ fK ¯à®¨§¢®«ì­ë© í«¥¬¥­â.
�®§¬®¦­ë ¤¢  á«ãç ï: ¢ë¡à ­­ë© í«¥¬¥­â ¯à¨­ ¤«¥¦¨â 1) eS­ : t0 2 eS­; 2) eT v

®¯
: t0 2 eT v

®¯
.

� ¯à®æ¥¤ãà¥ § ¬¥­ë ®¯®àë ¤«ï ª ¦¤®£® ¨§ íâ¨å á«ãç ¥¢ á­ ç «  ¯®áâà®¨¬ ¢ à¨ æ¨¨ ¢¥ªâ®à 
¯®â¥­æ¨ «®¢, ª®ã¯à ¢«¥­¨ï ¨ ¥£® á®áâ ¢«ïîé¨å.

1) (t0 2 eS­). �¥à¢ë¬¨ ¯®áâà®¨¬ ¯à¨à é¥­¨ï ­¥®¯®à­ëå §­ ç¥­¨© ª®ã¯à ¢«¥­¨ï ��h(t),
t 2 S­:

��h(t0) =

(
1; ¥á«¨ !(t0) > L;

�1; ¥á«¨ !(t0) < �L;
��h(t) = 0; t 2 S­ n t0: (20)

�à¨à é¥­¨¥ ¢¥ªâ®à  ¯®â¥­æ¨ «®¢ �� ­ ©¤¥¬ ¨§ ãà ¢­¥­¨ï

��0DR
®¯
= �(��t0h (t); t 2 T v

®¯+ [ T
v
®¯0 [ T

w
®¯0)

0; (21)

£¤¥ ��t0h (t) =

8>><>>:
��h(t0); ¥á«¨ t 2 T v

®¯+ \ t0;

h��h(t0); ¥á«¨ t 2 Tw
®¯0 \ t0;

0; ¥á«¨ t 2 fT v
®¯+ n t0g [ T

v
®¯0 [ fT

w
®¯0 n t0g:

�¯®à­ë¥ §­ ç¥­¨ï ¯à¨à é¥­¨ï ª®ã¯à ¢«¥­¨ï ¢ëç¨á«¨¬ ¯® ä®à¬ã«¥

��h(t) =
Z t+h

t

��(�)d�=h; t 2 S®¯; ��(�) = � 0(�)bw(�); (22)

£¤¥ � (t), t 2 T , | ¯à¨à é¥­¨¥ ª®âà ¥ªâ®à¨¨ | à¥è¥­¨¥ á®¯àï¦¥­­®£® ãà ¢­¥­¨ï (16) á ­ -
ç «ì­ë¬ ãá«®¢¨¥¬

 (t�) = �H 0��: (23)

� à¨ æ¨¨ á®áâ ¢«ïîé¨å ª®ã¯à ¢«¥­¨ï ¢ëç¨á«¨¬ ¯® ä®à¬ã« ¬

��vh(t) =
Z t+h

t

��v(�)d�; t 2 T v
­

�
��v(�) = � 0(�)(bv(�)� bw(�)=h); t 2 T v

­0;
��v(�) = � 0(�)bv(�); t 2 T v

­�

�
;

��vh(t) = 0; t 2 T v
®¯
; ��wh (t) = 0; t 2 Th:

(24)

�à¨ ¤¢¨¦¥­¨¨ (ã¢¥«¨ç¥­¨¨ � � 0)

�(�) = �+ ���; �h(t j �) = �h(t) + ���h(t); t 2 Th; (25)

��vh(t j �) = �vh(t) + ���vh(t); ��wh (t j �) = �wh (t) + ���wh (t); t 2 Th; � � 0;

¨§ (�; �h(�); �vh(�); �
w
h (�)) ¢¤®«ì ­ ¯à ¢«¥­¨ï (20){(24) ­ ç «ì­ ï áª®à®áâì ã¡ë¢ ­¨ï ¤¢®©áâ¢¥­­®©

æ¥«¥¢®© äã­ªæ¨¨ § ¤ ç¨ (14) �1 = L� !(t0), ¥á«¨ !(t0) > L; �1 = !(t0) + L, ¥á«¨ !(t0) < �L.
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� ã¢¥«¨ç¥­¨¥¬ � � 0 ¡ã¤ãâ ¯®ï¢«ïâìáï ­®¢ë¥ ­ã«¨

�u(t) =

(
��h(t)=��h(t); ¥á«¨ �h(t)��h(t) < 0;

1; ¥á«¨ �h(t)��h(t) � 0; t 2 S®¯;
(26)

�v(t) =

(
��vh(t)=��

v
h(t); ¥á«¨ �vh(t)��

v
h(t) < 0;

1; ¥á«¨ �vh(t)��
v
h(t) � 0; t 2 T v

­
;

äã­ªæ¨© (25). �àã¤®¥¬ª®áâì ®¯¨á ­­®£® ¢ëç¨á«¥­¨ï ­ã«¥© â ª ï ¦¥, ª ª ¨ ¢ á«ãç ¥ U 0
N [11].

�¯®àï¤®ç¨¬ ¯® ¢®§à áâ ­¨î ª®­¥ç­ë¥ ç¨á«  ¨§ (26): �1 < �2 < � � � < �k� (®âáãâáâ¢¨¥ â -
ª®¢ëå ®§­ ç ¥â ­¥á®¢¬¥áâ­®áâì ®£à ­¨ç¥­¨© § ¤ ç¨ (14)). �à¨ ¤¢¨¦¥­¨¨ (25) ¤¢®©áâ¢¥­­ ï
æ¥«¥¢ ï äã­ªæ¨ï ¬¥¦¤ã á®á¥¤­¨¬¨ ­ã«ï¬¨ ª®ã¯à ¢«¥­¨ï �k < �k+1 ¨§ (26) ¨§¬¥­ï¥âáï «¨-
­¥©­® ®â­®á¨â¥«ì­® �. �¥ áª®à®áâì �k ­  íâ®¬ ãç áâª¥ ¢ â®çª¥ �k+1 ¨á¯ëâë¢ ¥â áª ç®ª ��k =P
t2Sk

2Lj��h(t)j +
P
t2Tk

2Lj��vh(t)j, S
k = ft 2 S®¯ : �h(t j �k) = 0g, T k = ft 2 T v

­
: �vh(t j �

k) = 0g.

� ª¨¬ ®¡à §®¬, �k+1 = �k +��k.
�¡®§­ ç¨¬ ç¥à¥§ k0 â ª®© ¨­¤¥ªá, çâ® �k0 < 0, �k0+1 � 0. �¨á«® �� = �k0 ­ §ë¢ ¥âáï ª®-

à®âª¨¬ ¤¢®©áâ¢¥­­ë¬ è £®¬, ¥á«¨ k0 = 1, ¢ ¯à®â¨¢­®¬ á«ãç ¥ �� | ¤«¨­­ë© ¤¢®©áâ¢¥­­ë©
è £. �§ ¬­®¦¥áâ¢  Sk0 [T k0 ¢ë¡¥à¥¬ ¯à®¨§¢®«ì­ë© í«¥¬¥­â. �ë¡à ­­ë© í«¥¬¥­â ¯à¨­ ¤«¥¦¨â
¬­®¦¥áâ¢ã 1 ) Sk0 : t� 2 Sk0 ; 1¡) T k0 : t� 2 T k0 .

�ä®à¬¨àã¥¬ ª®¬¯®­¥­âë ­®¢®© ®¯®àë K®¯ = fS®¯; T ®¯g: 1 ) S®¯ = (S®¯ n t�) [ t0, T
v

®¯
= T v

®¯
,

T
w

®¯
= Tw

®¯
; 1¡) S®¯ = S®¯ [ t0, T

v

®¯
= T v

®¯
[ t�, T

w

®¯
= Tw

®¯
.

2) (t0 2 eT v
®¯
). �­ ç «  ¯®áâà®¨¬ ¯à¨à é¥­¨ï ®¯®à­ëå §­ ç¥­¨© ¯¥à¢®© á®áâ ¢«ïîé¥© ª®-

ã¯à ¢«¥­¨ï ��vh(t), t 2 T
v
®¯
:

��vh(t0) =

(
1; ¥á«¨ !v(t0) > L;

�1; ¥á«¨ !v(t0) < �L;
��vh(t) = 0; t 2 T v

®¯
n t0: (27)

�¬ á®®â¢¥âáâ¢ãîâ ­ã«¥¢ë¥ ¯à¨à é¥­¨ï ­¥®¯®à­ëå §­ ç¥­¨© ª®ã¯à ¢«¥­¨ï

��h(t) = 0; t 2 S­; (28)

¨ ¢á¥å §­ ç¥­¨© ¢â®à®© á®áâ ¢«ïîé¥© ª®ã¯à ¢«¥­¨ï

��wh (t) = 0; t 2 Th: (29)

�à¨à é¥­¨ï ¢¥ªâ®à  ¯®â¥­æ¨ «®¢ �� ­ ©¤¥¬ ¨§ ãà ¢­¥­¨ï

��0DR
®¯
= �(��vt0h (t); t 2 T v

®¯+ [ T
v
®¯0 [ T

w
®¯0)

0; (30)

£¤¥ ��vt0h (t) =

(
��vh(t0); ¥á«¨ t 2 T v

®¯
\ t0;

0; ¥á«¨ t 2 fT v
®¯
n t0g [ T

w
®¯0:

�¯®à­ë¥ §­ ç¥­¨ï ¯à¨à é¥­¨ï ª®ã¯à ¢«¥­¨ï ¢ëç¨á«¨¬ ¯® ä®à¬ã«¥ (22).
� à¨ æ¨¨ ­¥®¯®à­ëå §­ ç¥­¨© ¯¥à¢®© á®áâ ¢«ïîé¥© ª®ã¯à ¢«¥­¨ï ¢ëç¨á«¨¬ ¯® ¯¥à¢®© ä®à-

¬ã«¥ ¨§ (24).
�àã¤®¥¬ª®áâì ¢ëç¨á«¥­¨ï ­ã«¥© (26) ¨ ¢ íâ®¬ á«ãç ¥ â ª ï ¦¥, ª ª ¨ ¢ á«ãç ¥ U 0

N [11].
�à¨ ¤¢¨¦¥­¨¨ (25) ¢¤®«ì ­ ¯à ¢«¥­¨ï (22), (27){(30) ­ ç «ì­ ï áª®à®áâì ã¡ë¢ ­¨ï ¤¢®©-

áâ¢¥­­®© æ¥«¥¢®© äã­ªæ¨¨ § ¤ ç¨ (14) �1 = L � !v(t0) ¯à¨ !v(t0) > L; �1 = !v(t0) + L ¯à¨
!v(t0) < �L.

� «¥¥ ¯®áâã¯ ¥¬  ­ «®£¨ç­® á«ãç î 1).
�®¢ ï ®¯®à  ¨¬¥¥â ¢¨¤ K®¯ = fS®¯; T ®¯g, £¤¥ 2 ) S®¯ = S®¯ n t�, T

v

®¯
= T v

®¯
, T

w

®¯
= Tw

®¯
;

2¡) S®¯ = S®¯, T
v

®¯
= (T v

®¯
n t0) [ t�, T

w

®¯
= Tw

®¯
.

�§ ¯à¨¢¥¤¥­­®£® ®¯¨á ­¨ï ¨â¥à æ¨¨ ¤¢®©áâ¢¥­­®£® ¬¥â®¤  ¯®áâà®¥­¨ï ¯à®£à ¬¬­®£® à¥è¥-
­¨ï § ¤ ç¨ (14) ¢¨¤­®, çâ® ®­  â ª ï ¦¥, ª ª®© ¡ë«  ¤«ï § ¤ ç¨ �� ¢ ª« áá¥ U 0

N [11].
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� ª ¦¤®¬ á«ãç ¥ ­®¢ãî ®¯®àã K®¯ á®¯à®¢®¦¤ îâ 1) ¢¥ªâ®à ¯®â¥­æ¨ «®¢ � = � + ����;
2) ª®ã¯à ¢«¥­¨¥ �h(t) = �h(t) + ����h(t), t 2 Th; 3) á®áâ ¢«ïîé¨¥ ª®ã¯à ¢«¥­¨ï �

v

h(t) = �vh(t) +
����vh(t), �

w

h (t) = �wh (t) + ����wh (t), t 2 Th.
�®£« á­® [2] ¯à¥¤«®¦¥­­ë© ¤¢®©áâ¢¥­­ë© ¬¥â®¤ ª®­¥ç¥­, ¥á«¨ ¢ ¯à®æ¥áá¥ ¨â¥à æ¨© ¢áâà¥ç -

îâáï â®«ìª® à¥£ã«ïà­ë¥ ®¯®àë. � ¬ ¦¥ ®¯¨á ­  ¥£® ¬®¤¨ä¨ª æ¨ï, ª®â®à ï ª®­¥ç­  ¤«ï «î¡®©
§ ¤ ç¨ (14). �¥â®¤ § ¢¥àè ¥â à ¡®âã ¯®áâà®¥­¨¥¬ ®¯â¨¬ «ì­®© ®¯®àë ¨ á®¯à®¢®¦¤ îé¨å ¥¥
¯á¥¢¤®ã¯à ¢«¥­¨ï ¨ ¥£® á®áâ ¢«ïîé¨å, ª®â®àë¥ ¡ã¤ãâ ®¯â¨¬ «ì­ë¬¨ ã¯à ¢«¥­¨¥¬ ¨ ¥£® á®áâ -
¢«ïîé¨¬¨ § ¤ ç¨ (14).

� ¬¥ç ­¨¥ 3. �à¨ ¨á¯®«ì§®¢ ­¨¨ ¯ à ««¥«ì­ëå ¢ëç¨á«¥­¨© ®¯¨á ­­ë© ¤¢®©áâ¢¥­­ë© ¬¥-
â®¤ ¢ëç¨á«¥­¨ï ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë ¢ ª« áá¥ ã¯à ¢«¥­¨© U 1

N ¯® âàã¤®¥¬ª®áâ¨ íª¢¨¢ «¥­-
â¥­ ¤¢®©áâ¢¥­­®¬ã ¬¥â®¤ã ¢ëç¨á«¥­¨ï ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë ¢ ª« áá¥ U 0

N [11].

�«ï ¢ëç¨á«¥­¨ï ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë ¢ ª« áá¥ U 1
N ¬®¦­® ¨á¯®«ì§®¢ âì ¤àã£®© ¬¥â®¤,

®á­®¢ ­­ë© ­  ¯®á«¥¤®¢ â¥«ì­ëå ¢ëç¨á«¥­¨ïå ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë ¢ ª« áá¥ U 0
N . �­ ç « 

à¥è¨¬ § ¤ çã (4) ¢ ª« áá¥ ã¯à ¢«¥­¨© U 0
N . �ãáâì K

�
®¯
= fI; T �

®¯
g, u�(t), t 2 T , | ®¯â¨¬ «ì­ë¥

®¯®à  ¨ ¯à®£à ¬¬  â ª®© § ¤ ç¨. �®áâà®¨¬ ¬­®¦¥áâ¢  Tk = ftk � h; tk; tk + hg, ¥á«¨ tk 2 T �
®¯
;

Tk = ftk � h; tkg, ¥á«¨ tk 2 Th n T �®¯, k = 1; k�, k� | ç¨á«® ¬®¬¥­â®¢ ¯¥à¥ª«îç¥­¨ï ®¯â¨¬ «ì­®£®

ã¯à ¢«¥­¨ï u�(t), t 2 T , § ¤ ç¨ (4) ¢ ª« áá¥ U 0
N . �®«®¦¨¬ T =

k�S
k=1

Tk. � â¥¬ \§ ¬®à®§¨¬"

§­ ç¥­¨ï v(t) = u�(t), w(t) = 0, t 2 Th n T , ¨ à¥è¨¬ § ¤ çã ��:X
t2T

cv(t)v(t) +
X
t2T

cw(t)w(t)! max;

X
t2T

dvi(t)v(t) +
X
t2T

dwi(t)w(t) = �gi; i = 1;m;

jv(t) + hw(t)j � L; jv(t)j � L; jw(t)j �M; t 2 T ;

£¤¥ egi = gi �  0hi(t�)x0 �
P

t2ThnT

t+hR
t

 0hi(�)b(�)d�u
�(t), i = 1;m.

�§ ¯®«ãç¥­­ëå à¥è¥­¨© v�(t), w�(t), t 2 Th, áä®à¬¨àã¥¬ ®¯â¨¬ «ì­ãî ¯à®£à ¬¬ã § ¤ ç¨
(12) ¢ ª« áá¥ ã¯à ¢«¥­¨© U 1

N :

u0(t) = u�(t); t 2 T n T ; u0(t) = v�(tk) + w�(tk)(t� tk); t 2 [tk; tk + h[; tk 2 Tk; k = 1; k�:

�¥à¥©¤¥¬ ª ¯®áâà®¥­¨î ¯®§¨æ¨®­­®£® à¥è¥­¨ï § ¤ ç¨ (4) ¢ ª« áá¥ ã¯à ¢«¥­¨© U 1
N . � ª« á-

á¨ç¥áª®© â¥®à¨¨ �� [1] ¯®¤ ¯®§¨æ¨®­­ë¬ à¥è¥­¨¥¬ (á¨­â¥§®¬ ®¯â¨¬ «ì­ëå á¨áâ¥¬) ¯®­¨¬ -
¥âáï ª®­áâàã¨à®¢ ­¨¥ ¢ ï¢­®© (§ ¬ª­ãâ®©, ä®à¬ã«ì­®©) ä®à¬¥ ®¯â¨¬ «ì­ëå ã¯à ¢«¥­¨© â¨¯ 
®¡à â­®© á¢ï§¨ (6). �ïâ¨¤¥áïâ¨«¥â­ïï ¨áâ®à¨ï â¥®à¨¨ �� ¯®ª §ë¢ ¥â, çâ® íâ  § ¤ ç  ¢ ­¥âà¨-
¢¨ «ì­ëå á«ãç ïå ­¥à §à¥è¨¬ . �­ «¨§ á«®¦¨¢è¥©áï á¨âã æ¨¨ ¯à¨¢¥«  ¢â®à®¢ ¤ ­­®© à ¡®âë
ª ­®¢®¬ã ¯®¤å®¤ã ¢ à¥è¥­¨¨ ¯à®¡«¥¬ë á¨­â¥§  ®¯â¨¬ «ì­ëå á¨áâ¥¬, ª®â®àë© ¡ §¨àã¥âáï ­ 
¤®áâ¨¦¥­¨ïå ª ª ¬ â¥¬ â¨ç¥áª®© â¥®à¨¨, â ª ¨ ¢ëç¨á«¨â¥«ì­®© â¥å­¨ª¨.

�¡à â­ ï á¢ï§ì (6) ®¯à¥¤¥«¥­  ¯® ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨ (4), ­® ¯à¥¤­ §­ ç¥­  ¤«ï ã¯à -
¢«¥­¨ï à¥ «ì­®© (ä¨§¨ç¥áª®©) á¨áâ¥¬®©, ¯®¢¥¤¥­¨¥ ª®â®à®© ®â«¨ç ¥âáï ®â ¯®¢¥¤¥­¨ï ¬ â¥¬ â¨-
ç¥áª®© ¬®¤¥«¨. � ¯¨è¥¬ ãà ¢­¥­¨¥ ¤¢¨¦¥­¨ï ä¨§¨ç¥áª®£® ¯à®â®â¨¯  ¬ â¥¬ â¨ç¥áª®© ¬®¤¥«¨
(4) ¢ ¢¨¤¥

_x = A(t)x+ b(t)u+ w; x(t�) = x0;

£¤¥ w | á®¢®ªã¯­®áâì ç«¥­®¢, ®¯¨áë¢ îé¨å ­¥â®ç­®áâ¨ ¬ â¥¬ â¨ç¥áª®£® ¬®¤¥«¨à®¢ ­¨ï ¨ ¢®§-
¬ãé¥­¨ï, ¤¥©áâ¢ãîé¨¥ ­  ®¡ê¥ªâ ã¯à ¢«¥­¨ï ¯® å®¤ã ¯à®æ¥áá  ã¯à ¢«¥­¨ï.

�à¥¤¯®«®¦¨¬, çâ® ®¯â¨¬ «ì­ ï ®¡à â­ ï á¢ï§ì (6) ¯®áâà®¥­ . � ¬ª­¥¬ ¥î á¨áâ¥¬ã (4)

_x = A(t)x+ b(t)u0(t; x) + w(t); x(t�) = x0: (31)
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�®¤ âà ¥ªâ®à¨¥© § ¬ª­ãâ®© á¨áâ¥¬ë (31) ¡ã¤¥¬ ¯®­¨¬ âì âà ¥ªâ®à¨î ãà ¢­¥­¨ï

_x = A(t)x+ b(t)u(t) + w(t); x(t�) = x0;

á ã¯à ¢«¥­¨¥¬ u(t) = u(t� + kh; x(t� + kh)), t 2 [t� + kh; t� + (k + 1)h[, k = 0; N � 1.
� áá¬®âà¨¬ ª®­ªà¥â­ë© ¯à®æ¥áá ã¯à ¢«¥­¨ï, ¯® å®¤ã ª®â®à®£® à¥ «¨§ã¥âáï ¢®§¬ãé¥­¨¥

w�(t), t 2 T . �â® ¢®§¬ãé¥­¨¥ ¯®à®¤¨â ¢ (31) ¯à®æ¥áá x�(t), t 2 T , ¢¤®«ì ª®â®à®£® ¡ã¤¥â ¢ë-
¯®«­ïâìáï â®¦¤¥áâ¢®

_x�(t) � A(t)x�(t) + b(t)u�(t) + w�(t); t 2 T; x(t�) = x�0:

�§ ­¥£® ¢¨¤­®, çâ® ¢ ¨§ãç îé¥¬áï ¯à®æ¥áá¥ ã¯à ¢«¥­¨ï ®¯â¨¬ «ì­ ï ®¡à â­ ï á¢ï§ì (6) ¨á¯®«ì-
§ã¥âáï ­¥¯®«­®áâìî, ­ã¦­ë ¥¥ §­ ç¥­¨ï u�(�) = u0(�; x�(�)), � 2 Th, «¨èì ¢¤®«ì ¨§®«¨à®¢ ­­®©
ªà¨¢®© x�(t), t 2 T . �à¨ íâ®¬ ¢ ª ¦¤ë© â¥ªãé¨© ¬®¬¥­â ¢à¥¬¥­¨ � ¤®áâ â®ç­® ã¬¥âì ¢ëç¨á«ïâì
§­ ç¥­¨¥ u�(�) ¯® §­ ç¥­¨î x�(�) §  ¢à¥¬ï, ­¥ ¯à¥¢®áå®¤ïé¥¥ h (¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨).
�ã­ªæ¨î u�(t), t 2 T , ­ §®¢¥¬ à¥ «¨§ æ¨¥© ®¯â¨¬ «ì­®© ®¡à â­®© á¢ï§¨,   ãáâà®©áâ¢®, á¯®á®¡-
­®¥ ¢ëç¨á«ïâì ¥¥ §­ ç¥­¨ï ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨, | ®¯â¨¬ «ì­ë¬ à¥£ã«ïâ®à®¬.

� ª¨¬ ®¡à §®¬, ¯à®¡«¥¬  ¯®§¨æ¨®­­®£® à¥è¥­¨ï § ¤ ç¨ (4) ¢ ª« áá¥ U 1
N á¢¥« áì ª ¯®áâà®¥-

­¨î  «£®à¨â¬  à ¡®âë ®¯â¨¬ «ì­®£® à¥£ã«ïâ®à .
�«£®à¨â¬ à ¡®âë ®¯â¨¬ «ì­®£® à¥£ã«ïâ®à . �  áâ àâ®¢®¬ ¯à®¬¥¦ãâª¥ [t�; t�+h] ®¯â¨¬ «ì-

­ë© à¥£ã«ïâ®à ¯®¤ ¥â ¢ á¨áâ¥¬ã (4) ã¯à ¢«¥­¨¥ u�(t) = u0(t�; x0) = u0(t� j t�; x0), t 2 [t�; t� + h[,
¢§ïâ®¥ ¨§ ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë u0(t j t�; x0), t 2 T , ª®â®àãî à¥£ã«ïâ®à áâà®¨â ¤® ­ ç « 
¯à®æ¥áá  ã¯à ¢«¥­¨ï ¡¥§ ª ª¨å-«¨¡® ®£à ­¨ç¥­¨© ­  ¢à¥¬ï ¢ëç¨á«¥­¨ï. � áá¬®âà¨¬ á¨âã æ¨î,
ª®â®à ï ¢®§­¨ª ¥â ¢ ¯à®¨§¢®«ì­ë© â¥ªãé¨© ¬®¬¥­â � 2 Th ¯à®æ¥áá  ã¯à ¢«¥­¨ï. �à¥¤¯®«®-
¦¨¬, çâ® ®¯â¨¬ «ì­ë© à¥£ã«ïâ®à ¯à®à ¡®â « ­  ¯à®¬¥¦ãâª¥ ¢à¥¬¥­¨ [t�; � [ ¨ ¢ëà ¡®â « ã¯à -
¢«¥­¨ï u�(t�); : : : ; u�(� � h). � ¬®¬¥­â � � h ®¯â¨¬ «ì­ë© à¥£ã«ïâ®à ¯®áâà®¨« ®¯â¨¬ «ì­ãî
®¯®àã K®¯(� � h) ¨ ¢ëç¨á«¨« ®¯â¨¬ «ì­ãî ¯à®£à ¬¬ã u0(t j � � h; x�(� � h)), t 2 [� � h; t�].
�¡®§­ ç¨¬ ç¥à¥§ x0(�) á®áâ®ï­¨¥ ä¨§¨ç¥áª®© á¨áâ¥¬ë, ¢ ª®â®à®¥ ®­  ¯¥à¥è«  ¡ë ¢ ¬®¬¥­â �
¨§ á®áâ®ï­¨ï x�(� � h) ¯à¨ ®âáãâáâ¢¨¨ ¢®§¬ãé¥­¨ï. �¥ «ì­®¥ á®áâ®ï­¨¥ x�(�) ¡ã¤¥â ®â«¨ç âìáï

®â ¨¤¥ «ì­®£® x0(�) ­  ¢¥ªâ®à
�R

��h

F (�)F�1(s)w�(s)ds. �à¨ ®£à ­¨ç¥­­®¬ ¢®§¬ãé¥­¨¨ ¢¥«¨ç¨­ 


 �R
��h

F (�)F�1(s)w�(s)ds



 â¥¬ ¬¥­ìè¥, ç¥¬ ¬¥­ìè¥ h. �®íâ®¬ã ®¯â¨¬ «ì­ë© à¥£ã«ïâ®à, ¨á¯®«ì-

§ãï ®¯¨á ­­ë© ¢ëè¥ ¤¢®©áâ¢¥­­ë© ¬¥â®¤, ¡¥à¥â ®¯®àã K®¯(��h) ¢ ª ç¥áâ¢¥ ­ ç «ì­®© ¨ ¡ëáâà®
ª®àà¥ªâ¨àã¥â ¥¥ ¤® ¯®áâà®¥­¨ï ®¯â¨¬ «ì­®© ®¯®àë K®¯(�). �¥â «¨ à¥ «¨§ æ¨¨ ®¯â¨¬ «ì­®©
®¡à â­®© á¢ï§¨  ­ «®£¨ç­ë ¯à¨¢¥¤¥­­ë¬ ¢ [11] ¨ ¯®íâ®¬ã §¤¥áì ®¯ãé¥­ë.

�¯¨á ­­ë©  «£®à¨â¬ à ¡®âë ®¯â¨¬ «ì­®£® à¥£ã«ïâ®à  à¥ «¨§ã¥â á®¢à¥¬¥­­ë© ¯à¨­æ¨¯
ã¯à ¢«¥­¨ï | ã¯à ¢«¥­¨¥ ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨. � ®â«¨ç¨¥ ®â ª« áá¨ç¥áª®£® ¯à¨­æ¨¯ 
ã¯à ¢«¥­¨ï ¯® § ¬ª­ãâ®¬ã ª®­âãàã ¢ ­¥¬ ®¯â¨¬ «ì­ ï ®¡à â­ ï á¢ï§ì ­¥ áâà®¨âáï § à ­¥¥, ¤®
­ ç «  ¯à®æ¥áá  ã¯à ¢«¥­¨ï, ª ª íâ® ¯à¨­ïâ® ¢ ª« áá¨ç¥áª®¬ ¯à¨­æ¨¯¥ ã¯à ¢«¥­¨ï. �¬¥áâ® íâ®-
£® â¥ªãé¨¥ §­ ç¥­¨ï ®¯â¨¬ «ì­®© ®¡à â­®© á¢ï§¨ ¢ëç¨á«ïîâáï ¯® å®¤ã ¯à®æ¥áá  ã¯à ¢«¥­¨ï.
�®­ïâ­®, çâ® ¯¥à¥å®¤ ª ­®¢®¬ã ¯à¨­æ¨¯ã ã¯à ¢«¥­¨ï áâ « ¢®§¬®¦¥­ ¯®á«¥ ãá¯¥å®¢, ¤®áâ¨£­ãâëå
¢ ¢ëç¨á«¨â¥«ì­®© â¥å­¨ª¥. �¤­ ª® ¢ ª®­¥ç­®¬ ãá¯¥å¥ ¡®«ìèãî à®«ì ¨£à îâ ¨ íää¥ªâ¨¢­ë¥
¬ â¥¬ â¨ç¥áª¨¥ ¬¥â®¤ë (¢ à áá¬ âà¨¢ ¥¬®© § ¤ ç¥ | íâ® ¤¢®©áâ¢¥­­ë© ¬¥â®¤).

�à¨¢¥¤¥¬ à¥§ã«ìâ âë ç¨á«¥­­®£® íªá¯¥à¨¬¥­â .

�à¨¬¥à 1. � ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ § ¤ çã �� ¤¢ãå¬ áá®¢®© ª®«¥¡ â¥«ì­®© á¨áâ¥-
¬®© (à¨á. 3) ¢ ª« áá¥ U 1

200:

x1(20)! min; _x1 = x3; _x2 = x4; _x3 = �x1 + x2 + u; _x4 = 0:1x1 � 1:02x2;

x1(0) = x2(0) = x3(0) = x4(0) = 0; x2(20) = x3(20) = x4(20) = 0; (32)

u(t) = v(t) + (t� kh)w(t); t 2 [kh; (k + 1)h[; k = 0; 199; h = 0:1;

�1 � v(t) � 1; �100 � w(t) � 100; t 2 [0; 20];
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£¤¥ x1 = x1(t) | ®âª«®­¥­¨¥ ®â ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï ¯¥à¢®© ¬ ááë, x2 = x2(t) | ®âª«®­¥­¨¥
®â ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï ¢â®à®© ¬ ááë; x3 = dx1=dt, x4 = dx2=dt.

�¨á. 3

�­ ç¥­¨¥ ªà¨â¥à¨ï ª ç¥áâ¢  ¤«ï íâ®© § ¤ ç¨ (¢ ª« áá¥ ã¯à ¢«¥­¨© U 1
200) ®ª § «®áì à ¢­ë¬

�8:10839359. �­ ç¥­¨¥ ªà¨â¥à¨ï ª ç¥áâ¢  ¤«ï  ­ «®£¨ç­®© § ¤ ç¨ ¢ ª« áá¥ ã¯à ¢«¥­¨© U 0
200

åã¦¥ ¨ à ¢­® �8:0567108. �¯â¨¬ «ì­ë¥ ¯à®£à ¬¬ë ¤«ï § ¤ ç �� ¢ ª« áá å ã¯à ¢«¥­¨© U 1
200 ¨

U 0
200 á®¢¯ ¤ îâ (à¨á. 4 ), á¯«®è­ ï ªà¨¢ ï | ®¯â¨¬ «ì­ ï ¯à®£à ¬¬  ¢ ª« áá¥ ã¯à ¢«¥­¨© U 1

200,
¯ã­ªâ¨à­ ï | ¢ ª« áá¥ ã¯à ¢«¥­¨© U 0

200), ªà®¬¥ ®ªà¥áâ­®áâ¥© â®ç¥ª t 2 f4; 7:1; 9:7; 10:8; 13:6g.
� §«¨ç¨ï ¨§®¡à ¦¥­ë ­  à¨á. 4¡) (ªà¨¢ë¥ 1 | äà £¬¥­âë ã¯à ¢«¥­¨© ¢ ª« áá¥ U 1

200, ªà¨¢ë¥ 2
| ¢ ª« áá¥ U 0

200).

�¨á. 4

�«ï § ¤ ç¨ (32) ¯®áâà®¨¬ à¥ «¨§ æ¨î ®¯â¨¬ «ì­®© ®¡à â­®© á¢ï§¨, áç¨â ï, çâ® ­  á¨áâ¥¬ã
¢ ¯à®æ¥áá¥ ã¯à ¢«¥­¨ï ¤¥©áâ¢ã¥â (­¥ ¨§¢¥áâ­®¥ ®¯â¨¬ «ì­®¬ã à¥£ã«ïâ®àã) ®£à ­¨ç¥­­®¥ ªãá®ç-
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­®-­¥¯à¥àë¢­®¥ ¢®§¬ãé¥­¨¥, ¢ á¨«ã ç¥£® ¯®¢¥¤¥­¨¥ á¨áâ¥¬ë ®¯¨áë¢ ¥âáï ãà ¢­¥­¨ï¬¨

_x1 = x3; _x2 = x4; _x3 = �x1 + x2 + u+ w; _x4 = 0:1x1 � 1:02x2: (33)

� ª ç¥áâ¢¥ à¥ «¨§ãîé¥£®áï ¢®§¬ãé¥­¨ï ¡ë«  ¢§ïâ  äã­ªæ¨ï

w�(t) = 0:2 sin 2t; t 2 [0; 12:5[; w�(t) = 0; t 2 [12:5; 20]:

�¯â¨¬ «ì­ë© à¥£ã«ïâ®à áâà®¨â à¥ «¨§ æ¨î u�(�), � 2 T , ®¯â¨¬ «ì­®© ®¡à â­®© á¢ï§¨ § ¤ ç¨
(32), ®á­®¢ë¢ ïáì ­  ¨§¢¥áâ­ëå â¥ªãé¨å á®áâ®ï­¨ïå x�(�), � 2 Th. �®®â¢¥âáâ¢ãîé¥¥ ã¯à ¢«¥-
­¨¥ u�(�), � 2 T , ¯à¥¤áâ ¢«¥­® ­  à¨á. 5 ) (á¯«®è­ ï ªà¨¢ ï | ®¯â¨¬ «ì­ ï ®¡à â­ ï á¢ï§ì,
¯ã­ªâ¨à­ ï | ®¯â¨¬ «ì­ ï ¯à®£à ¬¬  ¢ â®¬ ¦¥ ª« áá¥ ã¯à ¢«¥­¨©). �¯â¨¬ «ì­®¥ §­ ç¥­¨¥
ªà¨â¥à¨ï ª ç¥áâ¢  ¤«ï § ¤ ç¨ (32) ®ª § «®áì à ¢­ë¬ �8:005249. �  à¨á. 5¡) ¨ 5¢) ¨§®¡à ¦¥­ë
âà ¥ªâ®à¨¨ á¨áâ¥¬ (32) ¨ (33). �ã­ªâ¨à­ë¥ ªà¨¢ë¥ | ®¯â¨¬ «ì­ë¥ ¯à®£à ¬¬­ë¥ âà ¥ªâ®à¨¨
á¨áâ¥¬ë (32), á¯«®è­ë¥ ªà¨¢ë¥ | âà ¥ªâ®à¨¨ á¨áâ¥¬ë (33), ¯®à®¦¤¥­­ë¥ ã¯à ¢«¥­¨¥¬ u�(�),
� 2 T , ¨ ¢®§¬ãé¥­¨¥¬ w�(�), � 2 T .

�¨á. 5

� àï¤ã á § ¤ ç¥© (32) à áá¬®âà¨¬ § ¤ çã �� ¡¥§ â¥à¬¨­ «ì­ëå ®£à ­¨ç¥­¨© ¢ ª« áá¥ ã¯à -
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¢«¥­¨© U 1
200:

x1(20)! min; _x1 = x3; _x2 = x4; _x3 = �x1 + x2 + u; _x4 = 0:1x1 � 1:02x2;

x1(0) = x2(0) = x3(0) = x4(0) = 0;

u(t) = v(t) + (t� kh)w(t); t 2 [kh; (k + 1)h[; k = 0; 199; h = 0:1;

�1 � v(t) � 1; �100 � w(t) � 100; t 2 [0; 20]:

�­ ç¥­¨¥ ªà¨â¥à¨ï ª ç¥áâ¢  ¢ íâ®¬ á«ãç ¥ à ¢­® �8:743398.
�¥è¨¬ â¥¯¥àì ¤¢¥ § ¤ ç¨ �� ¡¥§ â¥à¬¨­ «ì­ëå ®£à ­¨ç¥­¨© ¢ ª« áá¥ ã¯à ¢«¥­¨© U 0

200 ¨ U
0
40:

x1(20)! min; _x1 = x3; _x2 = x4; _x3 = �x1 + x2 + u; _x4 = 0:1x1 � 1:02x2;

x1(0) = x2(0) = x3(0) = x4(0) = 0; �1 � u(t) � 1; t 2 [0; 20]:

�­ ç¥­¨ï ªà¨â¥à¨ï ª ç¥áâ¢  ¤«ï íâ¨å § ¤ ç à ¢­ë �8:743532 ¨ �8:647678, ®¯â¨¬ «ì­ë¥ ¯à®-
£à ¬¬ë ¯à¥¤áâ ¢«¥­ë ­  à¨á. 6 (ªà¨¢ë¥ 1 ¨ 2 á®®â¢¥âáâ¢¥­­®).

�¨á. 6

�à¨ ®¯â¨¬ «ì­®¬ ã¯à ¢«¥­¨¨ ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨ ¬®¦­® ¨á¯®«ì§®¢ âì ¨ á«¥¤ãî-
éãî áå¥¬ã. �¥ªãé¥¥ á®áâ®ï­¨¥ ä¨§¨ç¥áª®© á¨áâ¥¬ë ¨§¬¥àï¥âáï ç¥à¥§ h, ­® ¢ ª ¦¤ë© â¥ªãé¨©
¬®¬¥­â ¢à¥¬¥­¨ à¥è ¥âáï § ¤ ç  á ¡®«ìè¨¬ ¯¥à¨®¤®¬ ¤¨áªà¥â¨§ æ¨¨, ­ ¯à¨¬¥à, hc = 5h, â. ¥.
¡®«¥¥ ¯à®áâ ï § ¤ ç  ¯à¨ áâ ­¤ àâ­®¬ ¯®¤å®¤¥. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ®¯â¨¬ «ì­®¥ ã¯à ¢«¥-
­¨¥, ¨§®¡à ¦¥­­®¥ ­  à¨á. 6 (ªà¨¢ ï 3). � íâ®¬ á«ãç ¥ ¯à¨­æ¨¯ ®¯â¨¬ «ì­®áâ¨ �¥««¬ ­  ­¥
¢ë¯®«­ï¥âáï. �à¨ h = hc ªà¨â¥à¨© ª ç¥áâ¢  á®åà ­ï¥â ¯®áâ®ï­­®¥ §­ ç¥­¨¥ �8:647678. �­ -
ç¥­¨¥ ªà¨â¥à¨ï ª ç¥áâ¢  ¯à¨ ¯à¨¬¥­¥­¨¨ ãª § ­­®© áå¥¬ë ¡ã¤¥â ¬¥­ïâìáï á«¥¤ãîé¨¬ ®¡à -
§®¬: x1(20) � �8:647678, � 2 [0; 4:2[; x1(20) � �8:664775, � 2 [4:2; 7:6[; x1(20) � �8:666939,
� 2 [7:6; 13:2[; x1(20) � �8:672634, � 2 [13:2; 19:5[.

5. �¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ ¢ ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© áâ¥¯¥­¨ p � 2

� áá¬®âà¨¬ ¢â®à®© ªà ©­¨© á«ãç © ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© ª®­¥ç­®© áâ¥¯¥­¨. �ã¤¥¬ áç¨-
â âì, çâ® ¯¥à¨®¤ ª¢ ­â®¢ ­¨ï ¢à¥¬¥­¨ á®¢¯ ¤ ¥â á® ¢á¥¬ ¯à®¬¥¦ãâª®¬ ã¯à ¢«¥­¨ï, ­  ª®â®à®¬
ã¯à ¢«¥­¨ï ¢ë¡¨à îâáï áà¥¤¨ ®£à ­¨ç¥­­ëå ¯®«¨­®¬®¢ áâ¥¯¥­¨ p � 1 á ®£à ­¨ç¥­­ë¬¨ ª®íä-
ä¨æ¨¥­â ¬¨, â. ¥. ¢ë¯®«­ïîâáï ãá«®¢¨ï

u(t) = u0 + u1(t� t�) + u2(t� t�)2 + � � �+ up�1(t� t�)p�1; ju(t)j � L; t 2 T ; (34)

juj j � u�j ; j = 0; p� 1: (35)

� íâ®¬ á«ãç ¥, ¯®á«¥ ¯®¤áâ ­®¢ª¨ (34) ¢ á¨áâ¥¬ã (4), § ¤ ç  �� á¢®¤¨âáï ª ®¯â¨¬¨§ æ¨¨
á¨áâ¥¬ë ã¯à ¢«¥­¨ï ¯® ¯ à ¬¥âà ¬ uj ; j = 0; p� 1, á ãç¥â®¬ ª®­â¨­ãã¬  ®£à ­¨ç¥­¨©

c0x(t�)! max; _x = A(t)x+ b0(t)u0 + b1(t)u1 + � � �+ bp�1(t)up�1; x(t�) = x0;

� L � u0 + u1(t� t�) + � � �+ up�1(t� t�)
p�1 � L; t 2 T ; juj j � u�j ; j = 0; p� 1; (36)
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£¤¥ bj(t) = b(t)(t� t�)j , j = 0; p� 1.
� ¯®¬®éìî ä®à¬ã«ë �®è¨ § ¤ ç  (36) § ¯¨áë¢ ¥âáï ¢ íª¢¨¢ «¥­â­®© äã­ªæ¨®­ «ì­®© ä®à-

¬¥
p�1X
j=0

qjuj ! max; �L �
p�1X
j=0

dj(t)uj � L; t 2 T ; juj j � u�j ; j = 0; p� 1; (37)

£¤¥

qj =
Z t�

t�

 0c(�)b(�)(� � t�)
jd�; j = 0; p� 1;

dj(t) = (t� t�)j ; t 2 Th; j = 0; p� 1:

� ¤ ç  (37) ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«ã¡¥áª®­¥ç­ãî § ¤ çã �� | ¢ ­¥© ª®­¥ç­®¥ ç¨á«® ¯¥à¥-
¬¥­­ëå ¨ ¡¥áª®­¥ç­®¥ (ª®­â¨­ãã¬) ç¨á«® ®á­®¢­ëå ®£à ­¨ç¥­¨©. �¨á«¥­­ë¥ ¬¥â®¤ë à¥è¥­¨ï
¯®¤®¡­ëå § ¤ ç ®¯¨á ­ë ¢ [3] (á¬. â ª¦¥ [12]). � ¤ ­­®¬ ¯ã­ªâ¥ ¯à¥¤« £ ¥âáï ¤àã£®© (¤¨­ ¬¨-
ç¥áª¨©) ¯®¤å®¤ ª à¥è¥­¨î § ¤ ç¨ �� ¢ ª« áá¥ Up

1 .
�¯à ¢«¥­¨¥ (34) ¡ã¤¥¬ âà ªâ®¢ âì ª ª ¢ëå®¤­®© á¨£­ «

u = d0(t)y (d(t) � (1; 0; : : : ; 0) 2 Rp) (38)

¤¨­ ¬¨ç¥áª®£® à¥£ã«ïâ®à 

_y = A1(t)y (y 2 Rp; A1(t) �

0BBBB@
0 1 0 : : : 0
0 0 1 : : : 0
: : : : : : : : : : : : :
0 0 0 : : : 1
0 0 0 : : : 0

1CCCCA 2 Rp�p) (39)

á ­ ç «ì­ë¬ á®áâ®ï­¨¥¬

y0 = (yj(t�); j = 0; p� 1) = (j!uj ; j = 0; p� 1) = Gz; z� � z � z� (G 2 Rp�q): (40)

� ª¨¬ ®¡à §®¬, ¡ã¤¥¬ áç¨â âì, çâ® ¤¨­ ¬¨ç¥áª ï á¨áâ¥¬  (4) ã¯à ¢«ï¥âáï ¢ëå®¤­ë¬ á¨£­ -
«®¬ (38) ¤¨­ ¬¨ç¥áª®£® à¥£ã«ïâ®à  (39) ¯ãâ¥¬ ¢ë¡®à  ¥£® ­ ç «ì­®£® á®áâ®ï­¨ï (40), ã¤®¢«¥-
â¢®àïîé¥£® ®£à ­¨ç¥­¨ï¬ (35). �à¨ íâ®¬ ¢ëå®¤­ë¥ á¨£­ «ë (38) ¤¨­ ¬¨ç¥áª®£® à¥£ã«ïâ®à 
(39) ¤®«¦­ë ã¤®¢«¥â¢®àïâì ä §®¢ë¬ ®£à ­¨ç¥­¨ï¬

jd0(t)y(t)j � L; t 2 T: (41)

�®âï ¨§« £ ¥¬ë© ¤ «¥¥ ¬¥â®¤ à¥è¥­¨ï ¬®¦­® ¯®áâà®¨âì ¤«ï ¯®áâ ¢«¥­­®© § ¤ ç¨ ¡¥§ ¢áïª¨å
ã¯à®é¥­¨©, ­¨¦¥ ®£à ­¨ç¨¬áï ¢¯®«­¥ à §ã¬­ë¬ á ¯à ªâ¨ç¥áª®© â®çª¨ §à¥­¨ï ¯à¥¤¯®«®¦¥­¨¥¬
| ¡ã¤¥¬ áç¨â âì, çâ® ä §®¢®¥ ®£à ­¨ç¥­¨¥ (41) ¯à®¢¥àï¥âáï â®«ìª® ¢ ¤¨áªà¥â­ë¥ ¬®¬¥­âë
¢à¥¬¥­¨ t 2 Th.

� ¬¥ç ­¨¥ 4. �®¢ëè¥­¨¥ â®ç­®áâ¨ ¢ë¯®«­¥­¨ï ä §®¢®£® ®£à ­¨ç¥­¨ï ¬®¦­® ¤®¡¨âìáï
¨«¨ á ¯®¬®éìî ¯à®æ¥¤ãàë ¤®¢®¤ª¨ [8], ¨«¨ ¯ãâ¥¬ ¨§¬¥«ìç¥­¨ï á¥âª¨ ¢ ®ªà¥áâ­®áâ¨ ¬®¬¥­â®¢
­ àãè¥­¨ï ®£à ­¨ç¥­¨© (41).

� ¬¥ç ­¨¥ 5. �®¤¥«ì (34), (35) ¤®¯ãáª ¥â à §«¨ç­ë¥ ®¡®¡é¥­¨ï. �®¦­® áç¨â âì, çâ®
A1 = A1(t), t 2 T , | ªãá®ç­®-­¥¯à¥àë¢­ ï p � p-¬ âà¨ç­ ï äã­ªæ¨ï. �á«¨ ¨á¯®«ì§®¢ âì �-
äã­ªæ¨î �¨à ª , â® á®®â­®è¥­¨ï (39), (40) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

_y = A1(t)y + �(t � t�)y0; y(t�) = 0:

� «ì­¥©è¥¥ ®¡®¡é¥­¨¥
_y = A1(t)y +B1(t)v
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¬®¦­® ¯®«ãç¨âì, ¥á«¨ ¨á¯®«ì§®¢ âì ­¥¯à¥àë¢­ãî ¬ âà¨ç­ãîäã­ªæ¨îB1(t), t 2 T , ¨ ¤¨áªà¥â­®-
¨¬¯ã«ìá­ë¥ ã¯à ¢«¥­¨ï

v(t) =
N�1X
k=0

�(t� tk)v(tk); t 2 T;

á ¯®«¨í¤à «ì­ë¬¨ ®£à ­¨ç¥­¨ï¬¨

v(tk) = (vj(tk); j = 1; q) 2 V (tk); tk 2 Th;

£¤¥ V (tk) � Rq, tk 2 Th, | § ¤ ­­ë¥ ¯®«¨í¤àë.

�â ª, ¢ ¤ ­­®¬ ¯ã­ªâ¥, ­¥ ¯¥à¥å®¤ï ª ¢®§¬®¦­ë¬ ®¡®¡é¥­¨ï¬, à áá¬®âà¨¬ ¯®¤à®¡­® á«¥¤ã-
îéãî § ¤ çã:

c0x(t�)! max; (42)

_x = A(t)x+ b(t)u; x(t�) = x0; u = d0(t)y; (43)

_y = A1(t)y; y(t�) = y0 = Gz; (44)

ju(t)j � L; t 2 Th; z� � z � z�: (45)

�á¯®«ì§ãï ä®à¬ã«ã �®è¨, á¢¥¤¥¬ § ¤ çã (42){(45) ª íª¢¨¢ «¥­â­®© äã­ªæ¨®­ «ì­®© ä®à¬¥

'0z ! max; �L � �0(s)z � L; s 2 Th; z� � z � z�; (46)

¯ à ¬¥âàë ª®â®à®© '0 = '0c(t�)G, �
0(s) = (�j(s), j 2 J) = (�0(s; t�)Gj , j 2 J) = �0(s; t�)G, s 2 Th

(Gj , j 2 J , | áâ®«¡æë ¬ âà¨æë G) ¬®¦­® £¥­¥à¨à®¢ âì ¤¨­ ¬¨ç¥áª¨ á ¯®¬®éìî à¥è¥­¨© 'c(t),
 c(t), t 2 T ; �(s; t), t� � t � s, s 2 Th, á®¯àï¦¥­­ëå ãà ¢­¥­¨©

_' = �A0
1(t)' � d(t)b0(t) ; (47)

_ = �A0(t) ; (48)

_� = �A0
1(t)�

á ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨

'(t�) = 0; (49)

 (t�) = c; (50)

�(s; s) = d(s); s 2 Th;

á®®â¢¥âáâ¢¥­­®.
�«ï à¥è¥­¨ï § ¤ ç¨ (46) ¯®áâà®¨¬ ¤¨­ ¬¨ç¥áªãî à¥ «¨§ æ¨î ¤¢®©áâ¢¥­­®£®  ¤ ¯â¨¢-

­®£® ¬¥â®¤  [8]. � ç­¥¬ á ¢¢¥¤¥­¨ï ®á­®¢­®£® ¯®­ïâ¨ï ¬¥â®¤  | ®¯®àë. �§ ¬­®¦¥áâ¢ Th,
J = f0; 1; 2; : : : ; q � 1g ¢ë¤¥«¨¬ ¤¢  ¯®¤¬­®¦¥áâ¢  T®¯ � Th, J®¯ � J , jT®¯j = jJ®¯j. �ä®à¬¨-
àã¥¬ (jT®¯j � jJ®¯j)-¬ âà¨æã

D®¯ =
�
�j(s); j 2 J®¯
s 2 T®¯

�
:

�®¢®ªã¯­®áâì K®¯ = fT®¯; J®¯g á T®¯ 6= ;, J®¯ 6= ; ­ §®¢¥¬ ®¯®à®©, ¥á«¨ detD®¯ 6= 0.
� à  K®¯ = fT®¯; J®¯g ¨§ ¯ãáâëå ¬­®¦¥áâ¢ T®¯ = ;, J®¯ = ; ï¢«ï¥âáï (¯ãáâ®©) ®¯®à®© K®¯ ¯®

®¯à¥¤¥«¥­¨î.
�¯®àã K®¯ á®¯à®¢®¦¤ îâ ç¥âëà¥ ®¡ê¥ªâ .
1. �ã­ªæ¨ï ¯®â¥­æ¨ «®¢ �(t), t 2 Th. �¥®¯®à­ë¥ §­ ç¥­¨ï äã­ªæ¨¨ ¯®â¥­æ¨ «®¢ ¯®«®¦¨¬

à ¢­ë¬¨ ­ã«î: �(t) = 0, t 2 T­ = Th n T®¯. �¯®à­ë¥ §­ ç¥­¨ï �®¯ = (�(t), t 2 T®¯) ­ ©¤¥¬ ¨§
á¨áâ¥¬ë jJ®¯j ãà ¢­¥­¨©

� 0
®¯
D®¯ = '0c(t�)G®¯ = '0c®¯; G®¯ = (Gj; j 2 J®¯): (51)
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2. �®âà ¥ªâ®à¨ï ( (t), '(t)), t 2 T , | à¥è¥­¨¥ á®¯àï¦¥­­ëå ãà ¢­¥­¨© (47), (48) á ­ ç «ì-
­ë¬¨ ãá«®¢¨ï¬¨ (49), (50) ¨ áª çª ¬¨ ¯® ª®¬¯®­¥­â¥ '(t), t 2 T , ¢ ®¯®à­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨
t 2 T®¯:

'(t� 0) = '(t+ 0)� �(t)d(t); t 2 T®¯:

3. �¥ªâ®à ®æ¥­®ª � = (�j ; j 2 J), �0 = '0(t�)G. �âáî¤  ¢¨¤­®, çâ® �0
®¯

= (�j ; j 2 J®¯)0 =
'0(t�)G®¯ = '0c(t

�)G®¯ � � 0
®¯
D®¯ = 0.

�¯®àã ¡ã¤¥¬ ­ §ë¢ âì à¥£ã«ïà­®©, ¥á«¨ �(t) 6= 0, t 2 T®¯; �j 6= 0, j 2 J­.
4. �¥ªâ®à ã¯à ¢«ïîé¨å ¯á¥¢¤®¯ à ¬¥âà®¢ � = (�j ; j 2 J) ¨ ¯á¥¢¤®ã¯à ¢«¥­¨¥ !(t), t 2 Th.

�å ¯®áâà®¥­¨¥ ­ ç­¥¬ á § ¤ ­¨ï ­¥®¯®à­ëå §­ ç¥­¨©

�j = z�j ; ¥á«¨ �j < 0; �j = z�j ; ¥á«¨ �j > 0; �j 2 [z�j ; z
�
j ]; ¥á«¨ �j = 0; j 2 J­; (52)

¨ ®¯®à­ëå §­ ç¥­¨©

!(t) = L sign �(t); ¥á«¨ �(t) 6= 0; !(t) 2 [�L;L]; ¥á«¨ �(t) = 0; t 2 T®¯: (53)

�¯®à­ë¥ ª®¬¯®­¥­âë �j; j 2 J®¯, ¢¥ªâ®à  ã¯à ¢«ïîé¨å ¯á¥¢¤®¯ à ¬¥âà®¢ ­ ©¤¥¬, à¥è¨¢ á¨-
áâ¥¬ã ãà ¢­¥­¨©

D®¯�®¯ = !®¯ � !0
®¯
: (54)

�¤¥áì !0(t) = d0(t)�0(t), �0(t), t 2 T , | ¯á¥¢¤®âà ¥ªâ®à¨ï à¥£ã«ïâ®à  | à¥è¥­¨¥ ãà ¢­¥­¨ï (44)
á ­ ç «ì­ë¬ ãá«®¢¨¥¬ y(t�) = G�0, £¤¥ �0 = (�0

®¯
= 0, �0

­
= �­). �¥®¯®à­ë¥ §­ ç¥­¨ï !(t), t 2 T­,

¯á¥¢¤®ã¯à ¢«¥­¨ï ¯®¤áç¨â ¥¬ ¯® ä®à¬ã«¥

!(t) = d0(t)�(t); t 2 T­;

£¤¥ �(t), t 2 T , | ¯á¥¢¤®âà ¥ªâ®à¨ï à¥£ã«ïâ®à  | à¥è¥­¨¥ ãà ¢­¥­¨ï (44) á ­ ç «ì­ë¬ ãá«®-
¢¨¥¬ y(t�) = G�.

�§ ªà¨â¥à¨¥¢ ®¯â¨¬ «ì­®áâ¨ ¨ áã¡®¯â¨¬ «ì­®áâ¨  ¤ ¯â¨¢­®£® ¬¥â®¤  [2] á«¥¤ãîâ ¤¢  ¯à¨­-
æ¨¯ .

�à¨­æ¨¯ ¬ ªá¨¬ã¬ . �«ï ®¯â¨¬ «ì­®áâ¨ ¢¥ªâ®à  ã¯à ¢«ïîé¨å ¯ à ¬¥âà®¢ z ¨ á®-
®â¢¥âáâ¢ãîé¥© ¥¬ã ¯à®£à ¬¬ë u(�) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® áãé¥áâ¢®¢ ­¨ï â ª®© ®¯®àë
K®¯ = fT®¯; J®¯g, çâ® ­  á®¯à®¢®¦¤ îé¨å ¥¥ äã­ªæ¨¨ ¯®â¥­æ¨ «®¢ �(t); t 2 Th, ¨ ¢¥ªâ®à¥
®æ¥­®ª � ¢ë¯®«­ïîâáï

1) ãá«®¢¨¥ ¬ ªá¨¬ã¬  ¯® ã¯à ¢«¥­¨î

�(t)u(t) = max
�L�u�L

�(t)u; t 2 T®¯;

2) ãá«®¢¨¥ ¬ ªá¨¬ã¬  ¯® ã¯à ¢«ïîé¨¬ ¯ à ¬¥âà ¬

�jzj = max
z�j�z�z�j

�jz; j 2 J­:

�¯®àãK®¯, ª®â®à ï ¨¤¥­â¨ä¨æ¨àã¥â ®¯â¨¬ «ì­ãî ¯à®£à ¬¬ã, ¡ã¤¥¬ ­ §ë¢ âì ®¯â¨¬ «ì­®©;
¥¥ á®¯à®¢®¦¤ îâ ®¯â¨¬ «ì­ë¥ í«¥¬¥­âë.

�à¨­æ¨¯ "-¬ ªá¨¬ã¬ . �à¨ «î¡®¬ " � 0 ¤«ï "-®¯â¨¬ «ì­®áâ¨ ¢¥ªâ®à  ã¯à ¢«ïîé¨å
¯ à ¬¥âà®¢ z ¨ á®®â¢¥âáâ¢ãîé¥© ¥¬ã ¯à®£à ¬¬ë u(�) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® áãé¥áâ¢®¢ ­¨ï
â ª®© ®¯®àë K®¯ = fT®¯; J®¯g, çâ® ­  á®¯à®¢®¦¤ îé¨å ¥¥ äã­ªæ¨¨ ¯®â¥­æ¨ «®¢ �(t), t 2 Th, ¨
¢¥ªâ®à¥ ®æ¥­®ª � ¢ë¯®«­ïîâáï

1) ãá«®¢¨¥ ª¢ §¨¬ ªá¨¬ã¬  ¯® ã¯à ¢«¥­¨î

�(t)u(t) = max
�L�u�L

�(t)u� "u(t); t 2 T®¯;

2) ãá«®¢¨¥ ª¢ §¨¬ ªá¨¬ã¬  ¯® ã¯à ¢«ïîé¨¬ ¯ à ¬¥âà ¬

�jzj = max
z�j�z�z�j

�jz � "zj ; j 2 J­;
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3) ãá«®¢¨¥ "-â®ç­®áâ¨ X
t2T®¯

"u(t) +
X
j2J­

"zj � ":

�§ ãá«®¢¨© ®¯â¨¬ «ì­®áâ¨ ®¯®àë ¤¢®©áâ¢¥­­®£®  ¤ ¯â¨¢­®£® ¬¥â®¤  á«¥¤ã¥â
�à¨â¥à¨© ®¯â¨¬ «ì­®áâ¨ ®¯®àë. �«ï ®¯â¨¬ «ì­®áâ¨ ®¯®àë K®¯ ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç-

­®, çâ®¡ë ­  ­¥ª®â®àëå á®¯à®¢®¦¤ îé¨å ¥¥ ¯á¥¢¤®ã¯à ¢«¥­¨¨ ¨ ¢¥ªâ®à¥ ã¯à ¢«ïîé¨å ¯á¥¢¤®-
¯ à ¬¥âà®¢ ¢ë¯®«­ï«¨áì ­¥à ¢¥­áâ¢ 

j!(t)j � L; t 2 T­; z�j � �j � z�j ; j 2 J®¯:

�¥ªâ®à ã¯à ¢«ïîé¨å ¯á¥¢¤®¯ à ¬¥âà®¢ � ¨ á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã ¯á¥¢¤®ã¯à ¢«¥­¨¥ !(t), t 2 T ,
ª®â®àë¥ á®¯à®¢®¦¤ îâ ®¯â¨¬ «ì­ãî ®¯®àã, ï¢«ïîâáï ®¯â¨¬ «ì­ë¬¨ ­ ç «ì­ë¬¨ ¯ à ¬¥âà -
¬¨ ¨ ã¯à ¢«¥­¨¥¬ u0(t) = !(t), t 2 T ; z0j = �j , j 2 J .

�¯¨è¥¬ ¤¢®©áâ¢¥­­ë© ¬¥â®¤ ¢ëç¨á«¥­¨ï ®¯â¨¬ «ì­®© ¯à®£à ¬¬ë § ¤ ç¨ (46). �¥â®¤ á®-
áâ®¨â ¨§ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¥®¡à §®¢ ­¨© ®¯®à, ¢ à¥§ã«ìâ â¥ ª®â®àëå ¯®«ãç ¥âáï ®¯â¨¬ «ì-
­ ï ®¯®à . � ª ç¥áâ¢¥ ­ ç «ì­®© ¬®¦­® ¡à âì «î¡ãî ®¯®àã. � «¥¥ ¤«ï ã¯à®é¥­¨ï ¢ëª« ¤®ª
¯à¥¤¯®« £ ¥âáï, çâ® ­  ¨â¥à æ¨ïå ¤¢®©áâ¢¥­­®£® ¬¥â®¤  ãç áâ¢ãîâ â®«ìª® à¥£ã«ïà­ë¥ ®¯®àë.

�¡®§­ ç¨¬

�j0 = max
j2J®¯

�j ; �(t0) = max
t2T­

�(t); �0 = maxf�j0 ; �(t0)g; (55)

�j = �(�j ; [z�j ; z�j ]); j 2 J ; �(t) = �(!(t); [�L;L]); t 2 Th;

£¤¥ �(c; [a; b]) | à ááâ®ï­¨¥ ®â ç¨á«  c ¤® ®âà¥§ª  [a; b]. �®§¬®¦­ë ¤¢¥ á¨âã æ¨¨: 1) �0 = �(t0);
2) �0 = �j0 .

1) (�0 = �(t0)). �¥à¢ë¬¨ ¯®áâà®¨¬ ¯à¨à é¥­¨ï ­¥®¯®à­ëå §­ ç¥­¨© ��(t), t 2 T­, äã­ªæ¨¨
¯®â¥­æ¨ «®¢

��(t0) =

(
1; ¥á«¨ !(t0) > L;

�1; ¥á«¨ !(t0) < �L;
��(t) = 0; t 2 T­ n t0: (56)

�à¨à é¥­¨ï ®¯®à­ëå §­ ç¥­¨© ��®¯ = (��(t), t 2 T®¯) äã­ªæ¨¨ ¯®â¥­æ¨ «®¢ ­ ©¤¥¬ ¨§ ãà ¢-
­¥­¨ï

�� 0
®¯
D®¯ = (��t0j ; j 2 J®¯)

0; (57)

£¤¥ ��t0j = �'0(t�)Gj , �'(t), t 2 T , | ª®¬¯®­¥­â  à¥è¥­¨ï á®¯àï¦¥­­ëå ãà ¢­¥­¨© (47), (48) á
­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨ '(t�) = 0,  (t�) = 0 ¨ áª çª®¬ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t0:

'(t0 � 0) = '(t0 + 0)���(t0)d(t0):

�®«®¦¨¬

��j = 0; j 2 J®¯: (58)

� ª®­¥æ, ­¥®¯®à­ë¥ §­ ç¥­¨ï ¯à¨à é¥­¨ï ¢¥ªâ®à  ®æ¥­®ª ��j , j 2 J­, ¢ëç¨á«¨¬ ¯® ä®à¬ã«¥

��j = �'0(t�)Gj; j 2 J­; (59)

£¤¥ �'(t), t 2 T , | ª®¬¯®­¥­â  à¥è¥­¨ï á®¯àï¦¥­­®© á¨áâ¥¬ë (47), (48) á ­ ç «ì­ë¬¨ ãá«®¢¨-
ï¬¨ '(t�) = 0,  (t�) = 0 ¨ áª çª ¬¨ ¢ ®¯®à­ë¥ ¬®¬¥­âë ¢à¥¬¥­¨

'(t� 0) = '(t+ 0)���(t)d(t); t 2 T®¯:

�à¨ ¤¢¨¦¥­¨¨ (ã¢¥«¨ç¥­¨¨ � � 0)

�(t j �) = �(t) + ���(t); t 2 Th; �j(�) = �j + ���j ; j 2 J; � � 0; (60)

¨§ (�(�); �) ¢¤®«ì ­ ¯à ¢«¥­¨ï (56){(59) ­ ç «ì­ ï áª®à®áâì ã¡ë¢ ­¨ï ¤¢®©áâ¢¥­­®© æ¥«¥¢®©
äã­ªæ¨¨ § ¤ ç¨ (46) �1 = L� !(t0), ¥á«¨ !(t0) > L; �1 = !(t0) + L, ¥á«¨ !(t0) < �L.
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� ã¢¥«¨ç¥­¨¥¬ � � 0 ¡ã¤ãâ ¯®ï¢«ïâìáï ­®¢ë¥ ­ã«¨

�u(t) =

(
��(t)=��(t); ¥á«¨ �(t)��(t) < 0;

1; ¥á«¨ �(t)��(t) � 0; t 2 T®¯;
(61)

�zj =

(
��j=��j ; ¥á«¨ �j��j < 0;

1; ¥á«¨ �j��j � 0; j 2 J­;
(62)

äã­ªæ¨© (60).
�¯®àï¤®ç¨¬ ¯® ¢®§à áâ ­¨î ª®­¥ç­ë¥ ç¨á«  ¨§ (61), (62): �1 < �2 < � � � < �n

�

(®âáãâáâ¢¨¥
â ª®¢ëå ®§­ ç ¥â ­¥á®¢¬¥áâ­®áâì ®£à ­¨ç¥­¨© § ¤ ç¨ (46)). �à¨ ¤¢¨¦¥­¨¨ (60) ¤¢®©áâ¢¥­­ ï
æ¥«¥¢ ï äã­ªæ¨ï ¬¥¦¤ã á®á¥¤­¨¬¨ ­ã«ï¬¨ ª®ã¯à ¢«¥­¨ï �k < �k+1 ¨§ (61), (62) ¨§¬¥­ï¥âáï
«¨­¥©­® ®â­®á¨â¥«ì­® �. �¥ áª®à®áâì �k ­  íâ®¬ ãç áâª¥ ¢ â®çª¥ �k+1 ¨á¯ëâë¢ ¥â áª ç®ª

��k =

(
2L j��(tk)j; ¥á«¨ �k = �u(tk);

(z�jk � z�jk) j��jkj; ¥á«¨ �k = �zjk :

� ª¨¬ ®¡à §®¬, �k+1 = �k +��k.
�¡®§­ ç¨¬ ç¥à¥§ k� â ª®© ¨­¤¥ªá, çâ® �k� < 0, �k�+1 � 0. �¨á«® �� = �k� ­ §ë¢ ¥âáï ª®-

à®âª¨¬ ¤¢®©áâ¢¥­­ë¬ è £®¬, ¥á«¨ k� = 1, ¢ ¯à®â¨¢­®¬ á«ãç ¥ �� | ¤«¨­­ë© ¤¢®©áâ¢¥­­ë©
è £. � ãç¥â®¬ 1 ) �� = �u(tk�); 1¡) �� = �zj� = �zjk� , áä®à¬¨àã¥¬ ª®¬¯®­¥­âë ­®¢®© ®¯®àë
K®¯ = fT ®¯; J®¯g: 1 ) T ®¯ = (T®¯ n tk�) [ t0, J®¯ = J®¯; 1¡) T ®¯ = T®¯ [ t0, J®¯ = J®¯ [ j�.

2) (�0 = �j0). �­ ç «  ¯®áâà®¨¬ ¯à¨à é¥­¨ï ®¯®à­ëå ª®¬¯®­¥­â �j , i 2 J­, ¢¥ªâ®à  ®æ¥­®ª

��j0 =

(
1; ¥á«¨ �j0 > z�j0 ;

�1; ¥á«¨ �j0 < z�j0 ;
��j = 0; j 2 J®¯ n j0: (63)

�¬ á®®â¢¥âáâ¢ãîâ ­ã«¥¢ë¥ ¯à¨à é¥­¨ï ­¥®¯®à­ëå §­ ç¥­¨© äã­ªæ¨¨ ¯®â¥­æ¨ «®¢

��(t) = 0; t 2 T­: (64)

�¯®à­ë¥ §­ ç¥­¨ï ¯à¨à é¥­¨ï äã­ªæ¨¨ ¯®â¥­æ¨ «®¢ ­ ©¤¥¬ ¨§ á¨áâ¥¬ë ãà ¢­¥­¨©

�� 0
®¯
D®¯ = ���0

®¯
= �(��j ; j 2 J®¯)0: (65)

� à¨ æ¨¨ ­¥®¯®à­ëå ª®¬¯®­¥­â ¢¥ªâ®à  ®æ¥­®ª ¢ëç¨á«¨¬ ¯® ä®à¬ã«¥

��j = �'0(t�)Gj; j 2 J­: (66)

�à¨ ¤¢¨¦¥­¨¨ (60) ¢¤®«ì ­ ¯à ¢«¥­¨ï (63){(66) ­ ç «ì­ ï áª®à®áâì ã¡ë¢ ­¨ï ¤¢®©áâ¢¥­­®©
æ¥«¥¢®© äã­ªæ¨¨ § ¤ ç¨ (46) �1 = z�j0 � �j0 ¯à¨ �j0 > z�j0 ; �

1 = �j0 � z�j0 ¯à¨ �j0 < z�j0 .
� «¥¥ ¯®áâã¯ ¥¬  ­ «®£¨ç­® á«ãç î 1).
�®¢ ï ®¯®à  ¨¬¥¥â ¢¨¤ K®¯ = fT ®¯; J®¯g, £¤¥ 2 ) T ®¯ = T®¯ n tk� , J®¯ = J®¯ n j0; 2¡) T ®¯ = T®¯,

J®¯ = (J®¯ n j0) [ j�.
� ª ¦¤®¬ á«ãç ¥ ¤«ï ­®¢®© ®¯®àë K®¯ ¯®¤áç¨â ¥¬ á®¯à®¢®¦¤ îé¨¥ ¥¥ äã­ªæ¨î ¯®â¥­æ¨-

 «®¢ �(t), t 2 Th, ¢¥ªâ®à ®æ¥­®ª �j , j 2 J , ¢¥ªâ®à ã¯à ¢«ïîé¨å ¯á¥¢¤®¯ à ¬¥âà®¢ �j , j 2 J , ¨
¯á¥¢¤®ã¯à ¢«¥­¨¥ !(t), t 2 Th.

�®£« á­® [2] ¯à¥¤«®¦¥­­ë© ¤¢®©áâ¢¥­­ë© ¬¥â®¤ ª®­¥ç¥­, ¥á«¨ ¢ ¯à®æ¥áá¥ ¨â¥à æ¨© ¢áâà¥ç -
îâáï â®«ìª® à¥£ã«ïà­ë¥ ®¯®àë. � ¬ ¦¥ ®¯¨á ­  ¥£® ¬®¤¨ä¨ª æ¨ï, ª®â®à ï ª®­¥ç­  ¤«ï «î¡®©
§ ¤ ç¨ (46). �¥â®¤ § ¢¥àè ¥â à ¡®âã ¯®áâà®¥­¨¥¬ ®¯â¨¬ «ì­®© ®¯®àë ¨ á®¯à®¢®¦¤ îé¨å ¥¥
¯á¥¢¤®ã¯à ¢«¥­¨ï ¨ ¢¥ªâ®à  ã¯à ¢«ïîé¨å ¯á¥¢¤®¯ à ¬¥âà®¢, ª®â®àë¥ ¡ã¤ãâ ®¯â¨¬ «ì­ë¬¨
ã¯à ¢«¥­¨¥¬ ¨ ¥£® ­ ç «ì­ë¬¨ ¯ à ¬¥âà ¬¨ ¤«ï § ¤ ç¨ (46).

� ª ¢¨¤­® ¨§ ®¯¨á ­­®£® ¬¥â®¤ , ®á­®¢­ë¥ § âà âë ¢à¥¬¥­¨ á¢ï§ ­ë á ¢ëç¨á«¥­¨¥¬ ¤¢®©-
áâ¢¥­­ëå è £®¢ (61), (62) ¨ á ¯¥à¥áç¥â®¬ ­  ¨â¥à æ¨ïå í«¥¬¥­â®¢, á®¯à®¢®¦¤ îé¨å ­®¢ãî ®¯®àã
K®¯. �«ï ®áãé¥áâ¢«¥­¨ï ¨â¥à æ¨© ¬®¦­® ¨«¨ § à ­¥¥ ¯®¤áç¨â âì ¢á¥ í«¥¬¥­âë § ¤ ç¨ �� (46)
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¨ åà ­¨âì ¨å ¢ ¯ ¬ïâ¨ ���, ¨«¨ ¢ëç¨á«ïâì íâ¨ í«¥¬¥­âë ¤¨­ ¬¨ç¥áª¨, ¨­â¥£à¨àãï á®¯àï¦¥­-
­ãî á¨áâ¥¬ã ¯®«­®áâìî ­  ¢á¥¬ ¯à®¬¥¦ãâª¥ ã¯à ¢«¥­¨ï T . �¥à¢ë© á¯®á®¡ âà¥¡ã¥â ¡®«ìè¨å
§ âà â ¯ ¬ïâ¨, ¢â®à®© á®¯àï¦¥­ á áãé¥áâ¢¥­­ë¬¨ § âà â ¬¨ ¢à¥¬¥­¨. �®íâ®¬ã ¯à¥¤« £ ¥âáï
¨á¯®«ì§®¢ âì á¯¥æ¨ «ì­ë© (¡ëáâàë©) á¯®á®¡ ¯®¤áç¥â  ­¥®¡å®¤¨¬®© ­  ¨â¥à æ¨ïå ¨­ä®à¬ æ¨¨,
®á­®¢ ­­ë© ­  ª®¬¯à®¬¨cá¥ ¬¥¦¤ã ¤¢ã¬ï á¯®á®¡ ¬¨, ã¯®¬ï­ãâë¬¨ ¢ëè¥. �­ § ª«îç ¥âáï ¢
â®¬, çâ®¡ë §  áç¥â ¨á¯®«ì§®¢ ­¨ï ­¥¡®«ìè®© ¤®¯®«­¨â¥«ì­®© ¯ ¬ïâ¨ íª®­®¬¨âì ¢à¥¬ï ­  ¨­-
â¥£à¨à®¢ ­¨¨ á®¯àï¦¥­­®© á¨áâ¥¬ë, ®áãé¥áâ¢«ïï ¥£® «¨èì ­  ­¥¡®«ìè¨å ¯à®¬¥¦ãâª å.

�ëáâàë©  «£®à¨â¬ § ¬¥­ë ®¯®àë. �¥à¥¤ ­ ç «®¬ ¯à®æ¥áá  ¢ëç¨á«¥­¨© ¤¢®©áâ¢¥­­®£® ¬¥-
â®¤  ¯®¤£®â®¢¨¬ ¯à¥¤¢ à¨â¥«ì­ãî ¨­ä®à¬ æ¨î. �á«¨ ­ ç «ì­ ï ®¯®à  K®¯ ­¥ ï¢«ï¥âáï ¯ãáâ®©,
â® áä®à¬¨àã¥¬ ®¯®à­ãî ¬ âà¨æã D®¯. �à¨ ¨á¯®«ì§®¢ ­¨¨ jT®¯j ¯ à ««¥«ì­® á äã­ªæ¨®­¨àãî-
é¨¬¨ ¯à®æ¥áá®à ¬¨ à ¡®â , ¢ë¯®«­ï¥¬ ï ®¤­¨¬ ¯à®æ¥áá®à®¬ ¤«ï ä®à¬¨à®¢ ­¨ï D®¯, ­¥ ¯à¥-
¢®áå®¤¨â ®¤­®£® ¨­â¥£à¨à®¢ ­¨ï á®¯àï¦¥­­®© á¨áâ¥¬ë (44) ­  ¯à®¬¥¦ãâª¥ T . � à ««¥«ì­® á
ä®à¬¨à®¢ ­¨¥¬ D®¯ ¯®áâà®¨¬ F22(t), t 2 Th:

_F22 = A1(t)F22; F22(t�) = E;

  â ª¦¥ F11(t), F12(t), t 2 Th:

_F11 = A(t)F11; F11(t�) = E; _F12 = A(t)F12 + b(t)d0(t)F22; F12(t�) = 0:

�® ­ ç «  ¯à®æ¥áá  à¥è¥­¨ï ¤«ï ­ ç «ì­®© ®¯®àë K®¯ ¯®áâà®¨¬ â ª¦¥ á®¯à®¢®¦¤ îéãî ¥¥
äã­ªæ¨î ¯®â¥­æ¨ «®¢ �(t), t 2 Th. �á¯®«ì§ãï íâã ¨­ä®à¬ æ¨î, ¢¥ªâ®à ®æ¥­®ª ¬®¦­® ¢ëç¨á«¨âì
¯® ä®à¬ã«¥

�j = '0(t�)Gj ; j 2 J­;

'0(t�) = �c0F11(t
�)F�1

11 (t�)F12(t�)F
�1
22 (t�) + c0F12(t

�)F�1
22 (t�)�

X
t2T®¯

�(t)d0(t)F22(t)F
�1
22 (t�):

� «¥¥ ¯®áâà®¨¬ ¢¥ªâ®à ã¯à ¢«ïîé¨å ¯á¥¢¤®¯ à ¬¥âà®¢ �j , j 2 J , ¨ ¯á¥¢¤®ã¯à ¢«¥­¨¥ !(t),
t 2 Th, á®¯à®¢®¦¤ îé¨¥ ­ ç «ì­ãî ®¯®àã K®¯.

�®¬¥­â t 2 Th n ft�; t
�g ¡ã¤¥¬ ­ §ë¢ âì â®çª®© ¬¨­¨¬ã¬  ¯á¥¢¤®ã¯à ¢«¥­¨ï !(t), t 2 Th,

¥á«¨ !(t) < !(t� h) ¨ !(t) < !(t+ h); â®çª®© ¬ ªá¨¬ã¬ , ¥á«¨ !(t) > !(t� h) ¨ !(t) > !(t+ h).
�¡®§­ ç¨¬ ¬­®¦¥áâ¢® â®ç¥ª ¬¨­¨¬ã¬  ¯á¥¢¤®ã¯à ¢«¥­¨ï ç¥à¥§ T�0 , â®ç¥ª ¬ ªá¨¬ã¬  | ç¥à¥§
T+
0 ; T0 = T�0

S
T+
0 .

�­®¦¥áâ¢  T�0 ¨ T+
0 áâà®ïâáï ¤® ­ ç «  ¯à®æ¥áá  à¥è¥­¨ï ®¤­®¢à¥¬¥­­® á ¯®áâà®¥­¨¥¬

¯á¥¢¤®ã¯à ¢«¥­¨ï !(t), t 2 Th.
�ãáâì ª ­ ç «ã ¯à®¨§¢®«ì­®© ¨â¥à æ¨¨ ¨§¢¥áâ­  (åà ­¨âáï ¢ ¯ ¬ïâ¨ ���) á«¥¤ãîé ï ¨­-

ä®à¬ æ¨ï: 1) ®¯®à  K®¯; 2) ¬ âà¨æ  D®¯; 3) ®¯®à­ë¥ §­ ç¥­¨ï äã­ªæ¨¨ ¯®â¥­æ¨ «®¢ �®¯; 4) ¢¥ª-
â®à ®æ¥­®ª �; 5) ¢¥ªâ®à ã¯à ¢«ïîé¨å ¯á¥¢¤®¯ à ¬¥âà®¢ �; 6) ¬­®¦¥áâ¢  T�0 ¨ T+

0 ; 7) §­ ç¥­¨ï
ª®¬¯®­¥­â F22(t), t 2 T®¯

S
T0
S
ft�; t

�g; F11(t), F12(t), t 2 ft�; t�g.
�á¯®«ì§ãï ¨­ä®à¬ æ¨î 6), 7), ¢ëç¨á«¨¬ §­ ç¥­¨ï ¯á¥¢¤®ã¯à ¢«¥­¨ï ¢ â®çª å íªáâà¥¬ã¬ 

T0:

!(t) = d0(t)F22(t)F
�1
22 (t�)G�; t 2 T0:

� ªá¨¬ã¬ äã­ªæ¨¨ �(t), t 2 Th, (55), ¬®¦¥â ¤®áâ¨£ âìáï â®«ìª® ¢ â®çª å íªáâà¥¬ã¬  ¯á¥¢-
¤®ã¯à ¢«¥­¨ï !(t), t 2 Th. �®íâ®¬ã ¤«ï ­ å®¦¤¥­¨ï ¬®¬¥­â  t0 ¤®áâ â®ç­® §­ âì ¬­®¦¥áâ¢ 
T�0 , T

+
0 â®ç¥ª ¬¨­¨¬ã¬  ¨ ¬ ªá¨¬ã¬  ¯á¥¢¤®ã¯à ¢«¥­¨ï !(t), t 2 Th, ¨ §­ ç¥­¨ï ¢ ­¨å äã­-

¤ ¬¥­â «ì­®© ¬ âà¨æë F22(t). �®£¤  íªáâà¥¬ «ì­ë¥ §­ ç¥­¨ï ¯á¥¢¤®ã¯à ¢«¥­¨ï ¡ã¤ãâ à ¢­ë
!(t) = d0(t)F22(t)F

�1
22 (t�)G�, t 2 T

�
0

S
T+
0 . �à ­¥­¨¥ ¨  ­ «¨§ ¬­®¦¥áâ¢ T

�
0 , T

+
0 ¯®§¢®«¨â ¨§¡¥¦ âì

¢ëç¨á«¨â¥«ì­ëå § âà â ­  ®¡à ¡®âªã § ¢¥¤®¬® ¡¥á¯¥àá¯¥ªâ¨¢­ëå â®ç¥ª.
�«ï ¡ëáâà®£® ¢ëç¨á«¥­¨ï ­  ¨â¥à æ¨ïå ¤¢®©áâ¢¥­­ëå è £®¢ (62) ¨á¯®«ì§ã¥¬ åà ­¨¬ãî ¢

¯ ¬ïâ¨ ��� ¨­ä®à¬ æ¨î 1), 4), 7). �­ ç¥­¨ï �j , j 2 J­, ã¦¥ ¨§¢¥áâ­ë (åà ­ïâáï ¢ ¯ ¬ïâ¨),  
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§­ ç¥­¨ï ��j , j 2 J­, ¯®¤áç¨â ¥¬ ¯® ä®à¬ã«¥

��j = �'0(t�)Gj ; j 2 J­; �'0(t�) = �
X
t2T®¯

��(t)d0(t)F22(t)F
�1
22 (t�):

�®á«¥ ®áãé¥áâ¢«¥­¨ï ª ¦¤®© ¨â¥à æ¨¨ ¨­ä®à¬ æ¨î 2){5) ¯à¥®¡à §ã¥¬ á«¥¤ãîé¨¬ ®¡à -
§®¬. � á«ãç ¥ 1 ) ¤®¡ ¢¨¬ ¢ ¬ âà¨æã D®¯ áâà®ªã d0(t0)F22(t0)F

�1
22 (t�)Gj, j 2 J®¯. �«ï ¥¥ ¯®¤-

áç¥â  ¯à®¨­â¥£à¨àã¥¬ ãà ¢­¥­¨¥ _F22 = A1(t)F22 ­  ¯à®¬¥¦ãâª¥ [tk� ; t0] á ­ ç «ì­ë¬ ãá«®¢¨-
¥¬ F22(tk�). �à®¬¥ â®£®, ã¤ «¨¬ áâà®ªã �0(tk� ; t�)Gj , j 2 J®¯. � á«ãç ¥ 1¡) ¤®¡ ¢¨¬ áâà®ªã
d0(t0)F22(t0)F

�1
22 (t�)Gj , j 2 J®¯, ¨ ¤®¡ ¢¨¬ áâ®«¡¥æ d0(t)F22(t)F

�1
22 (t�)Gj� , t 2 T®¯. � á«ãç ¥ 2 )

ã¤ «¨¬ áâà®ªã �0(tk� ; t�)Gj , j 2 J®¯, ¨ ã¤ «¨¬ áâ®«¡¥æ �0(t)F22(t)F
�1
22 (t�)Gj0 , t 2 T®¯,   ¢ á«ã-

ç ¥ 2¡) ã¤ «¨¬ áâ®«¡¥æ �0(t)F22(t)F
�1
22 (t�)Gj0 , t 2 T®¯, ¨ ¤®¡ ¢¨¬ �0(t)F22(t)F

�1
22 (t�)Gj� , t 2 T®¯.

�¯®à­ë¥ §­ ç¥­¨ï äã­ªæ¨¨ ¯®â¥­æ¨ «®¢ �®¯ ­ ©¤¥¬ ¨§ ãà ¢­¥­¨ï (51). �¥ªâ®à ®æ¥­®ª ¯¥-
à¥áç¨â ¥¬ ¯® ä®à¬ã«¥ �j = �j + ����j , j 2 J .

�® ¯à ¢¨« ¬ (52), (53) ¯®áâà®¨¬ ­¥®¯®à­ë¥ ª®¬¯®­¥­âë �j , j 2 J­, ¢¥ªâ®à  ã¯à ¢«ïîé¨å
¯á¥¢¤®¯ à ¬¥âà®¢ ¨ ®¯®à­ë¥ §­ ç¥­¨ï !(t), t 2 T ®¯, ¯á¥¢¤®ã¯à ¢«¥­¨ï. �¥è¨¢ á¨áâ¥¬ã (54),
­ ©¤¥¬ �j , j 2 J®¯.

� «¥¥ åà ­¨¬ §­ ç¥­¨¥ F22(t0); F22(tk�) ã¤ «¨¬ ¨§ ¯ ¬ïâ¨.
�®¢ë¥ §­ ç¥­¨ï ¢¥ªâ®à  ã¯à ¢«ïîé¨å ¯á¥¢¤®¯ à ¬¥âà®¢ �j , j 2 J , ¯®à®¦¤ îâ ­®¢®¥ ¯á¥¢-

¤®ã¯à ¢«¥­¨¥ !(t), t 2 Th, ª®â®à®¥ ¬®¦­® ¯®áâà®¨âì, ¯à®¨­â¥£à¨à®¢ ¢ ­  ¢á¥¬ ¯à®¬¥¦ãâª¥ T
ãà ¢­¥­¨¥ (44) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ y(t�) = G�. �¤­ ª® æ¥«ìî ¤ ­­®© à ¡®âë ï¢«ï¥âáï ¯®áâà®-
¥­¨¥  «£®à¨â¬ , ¨á¯®«ì§ãîé¥£® ¬¨­¨¬ «ì­ë¥ ¨­â¥£à¨à®¢ ­¨ï ¯àï¬®© ¨ á®¯àï¦¥­­®© á¨áâ¥¬.
�â®© æ¥«¨ ¬®¦­® ¤®áâ¨çì, ¥á«¨ ­  ª ¦¤®© ¨â¥à æ¨¨ ¨á¯®«ì§®¢ âì §­ ç¥­¨ï ¯á¥¢¤®ã¯à ¢«¥­¨ï
­¥ ¢® ¢á¥ ¬®¬¥­âë t 2 Th,   «¨èì ¢ ¬®¬¥­âë t 2 T0

S
ft�; t

�g, ¢ ª®â®àë¥ äã­ªæ¨ï �(t), t 2 Th,
¤®áâ¨£ ¥â á¢®¨å ¬ ªá¨¬ «ì­ëå §­ ç¥­¨©.

�­ ç¥­¨ï ¯á¥¢¤®ã¯à ¢«¥­¨ï, á®®â¢¥âáâ¢ãîé¥£® áâ à®© ¨ ­®¢®© ®¯®à ¬, ¢ëç¨á«ïîâáï ¯® ä®à-
¬ã« ¬

!(t) = d0(t)F22(t)F�1
22 (t�)G�; !(t) = d0(t)F22(t)F�1

22 (t�)G�:

�®íâ®¬ã ¯á¥¢¤®ã¯à ¢«¥­¨¥ ¨§¬¥­ï¥âáï ¢ ­ ¯à ¢«¥­¨¨ �!(t) = d0(t)F22(t)F
�1
22 (t�)G(� � �).

� àï¤ã á åà ­ïé¨¬¨áï ¢ ¯ ¬ïâ¨ í«¥¬¥­â ¬¨ 1){7) ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¤®¯®«­¨â¥«ì­ãî
¨­ä®à¬ æ¨î

�(t); #(t); t 2 T0
[
ft�; t

�g: (67)

�¨á«  (67) ¯®¤áç¨â ¥¬ ¯® á«¥¤ãîé¨¬ ¯à ¢¨« ¬:

�(t) = �1; ¥á«¨ [t 2 T�0 ¨ _�0(t; t�)G(� � �) > 0] ¨«¨ [t 2 T+
0 ¨ _�0(t; t�)G(� � �) < 0];

�(t) = 1; ¥á«¨ [t 2 T+
0 ¨ _�0(t; t�)G(� � �) > 0] ¨«¨ [t 2 T�0 ¨ _�0(t; t�)G(� � �) < 0];

�(t�) = 1; �(t�) = �1;

#(t) = �
!(t+ �(t)h)� !(t)

�!(t+ �(t)h)��!(t)
= (68)

= �
(d0(t+ �(t)h)F22(t+ �(t)h)� d0(t)F22(t))F

�1
22 (t�)G�

(d0(t+ �(t)h)F22(t+ �(t)h)� d0(t)F22(t))F
�1
22 (t�)G(� � �)

:

�¨á«  �(t), t 2 T0, ãª §ë¢ îâ ­  ¢®§¬®¦­®¥ ­ ¯à ¢«¥­¨¥ ¤¢¨¦¥­¨ï â®ç¥ª ¬ ªá¨¬ã¬  ¨ ¬¨-
­¨¬ã¬ ; #(t) � 0 | è £, ¯à¨ ª®â®à®¬ ¢¤®«ì ­ ¯à ¢«¥­¨ï �!(t), t 2 Th, â®çª  íªáâà¥¬ã¬ 
¯á¥¢¤®ã¯à ¢«¥­¨ï ¯¥à¥©¤¥â ¨§ â®çª¨ t ¢ t + �(t)h. � £¨ #(t) < 0 ­¥ ãç¨âë¢ îâáï. �­ä®à¬ -
æ¨î ® â®çª å íªáâà¥¬ã¬  ¯á¥¢¤®ã¯à ¢«¥­¨ï ¨ ® §­ ç¥­¨ïå ¢ ­¨å ¬ âà¨ç­®© äã­ªæ¨¨ F22(t),
t 2 T , ¯à¥®¡à §ã¥¬ ¯® íâ ¯ ¬. �ãáâì ¢¤®«ì ­ ¯à ¢«¥­¨ï �!(t), t 2 Th, ¢ë¯®«­¥­ (i� 1)-© íâ ¯,
¨ ¨­ä®à¬ æ¨ï ¯¥à¥¤ i-¬ íâ ¯®¬ ¨¬¥¥â ¢¨¤ T�i0 , T+i

0 , #i(t), t 2 T i
0 = T�i0

S
T+i
0 .
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�à¥¤¯®«®¦¨¬, çâ® ¢á¥ ç¨á«  #i(t), t 2 T i
0 , à §«¨ç­ë, ªà®¬¥, ¢®§¬®¦­®, ç¨á¥« #

i(t), #i(t+ h),
t; t+ h 2 T i

0

S
ft�; t

�g, ¯à¨ç¥¬ �(t) = 1, �(t+ h) = �1.
�®¤áç¨â ¥¬ è £

#i = #i(ti) = min
#i(t)�0

#i(t); t 2 T i
0

[
ft�; t

�g: (69)

� á«ãç ¥ #i � 1 åà ­¨¬ãî ¢ ¯ ¬ïâ¨ ¨­ä®à¬ æ¨î ¯à¥®¡à §ã¥¬ á«¥¤ãîé¨¬ ®¡à §®¬.
1. �á«¨ ti 2 T i

0 | ¥¤¨­áâ¢¥­­ ï â®çª , ¢ ª®â®à®© ¤®áâ¨£ ¥âáï ¬¨­¨¬ã¬ ¢ (69), â® T i+1
0 =

(T i
0 n t

i)[ fti + �(ti)hg; ¢¬¥áâ® §­ ç¥­¨ï äã­¤ ¬¥­â «ì­®© ¬ âà¨æë F22(ti) § ¯®¬¨­ ¥¬ §­ ç¥­¨¥
F22(ti + �(ti)h); ¯® ä®à¬ã«¥ (68) ¢ëç¨á«ï¥¬ è £ #(ti + �(ti)h).

2. �á«¨ ti = t� ¨«¨ ti = t�, â® T i+1
0 = T i

0 [ ft
i + �(ti)hg. �ëç¨á«ï¥¬ ¨ § ¯®¬¨­ ¥¬ §­ ç¥-

­¨¥ äã­¤ ¬¥­â «ì­®© ¬ âà¨æë F22(ti + �(ti)h); ¯®« £ ¥¬ �(ti + �(ti)h) = �(ti). �ëç¨á«ï¥¬ è £
#(ti + �(ti)h) á®£« á­® ä®à¬ã«¥ (68). �®¬¥­â ti+ �(ti)h ï¢«ï¥âáï â®çª®© ¬¨­¨¬ã¬  ¯á¥¢¤®ã¯à -
¢«¥­¨ï ¯à¨ !(ti) < !(ti + �(ti)h), â®çª®© ¬ ªá¨¬ã¬  ¯à¨ !(ti) > !(ti + �(ti)h).

3. �à¨ #i = #i(ti) = #i(ti + h), �(ti) = 1, �(ti + h) = �1, ti; ti + h 2 T i
0 n ft�; t

�g, ¯®« £ ¥¬
T i+1
0 = T i

0 n ft
i; ti + hg; ¨§ ¯ ¬ïâ¨ ��� ã¤ «¨¬ §­ ç¥­¨ï äã­¤ ¬¥­â «ì­®© ¬ âà¨æë F22(ti),

F22(ti + h).
4. � á«ãç ¥ #i = #i(ti) = #i(ti + h), �(ti) = 1, �(ti + h) = �1, ti = t� ¨§ ¬­®¦¥áâ¢  T i

0 ã¤ «ï¥¬
â®çªã ti + h: T i+1

0 = T i
0 n ft

i + hg; ¨§ ¯ ¬ïâ¨ ��� ã¤ «¨¬ §­ ç¥­¨¥ äã­¤ ¬¥­â «ì­®© ¬ âà¨æë
F22(ti + h).

5. �à¨ #i = #i(ti) = #i(ti + h), �(ti) = 1, �(ti + h) = �1, ti + h = t�, ¨§ ¬­®¦¥áâ¢  T i
0 ã¤ «ï¥¬

â®çªã ti: T i+1
0 = T i

0 n ft
ig; ¨§ ¯ ¬ïâ¨ ��� ã¤ «¨¬ §­ ç¥­¨¥ äã­¤ ¬¥­â «ì­®© ¬ âà¨æë F22(ti).

�á«¨ #i > 1, â® åà ­¨¬ ï ¢ ¯ ¬ïâ¨ ��� ¨­ä®à¬ æ¨ï £®¤¨âáï ¤«ï ¨á¯®«ì§®¢ ­¨ï ­  á«¥¤ã-
îé¥© ¨â¥à æ¨¨. �  íâ®¬ â¥ªãé ï ¨â¥à æ¨ï § ¢¥àè ¥âáï.

�à¥¤áâ ¢«¥­¨¥ ®¡ íää¥ªâ¨¢­®áâ¨ ®¯¨á ­­®£® ¤¢®©áâ¢¥­­®£® ¬¥â®¤  ¬®¦­® ¯®«ãç¨âì ¨§ [13],
£¤¥  ­ «®£¨ç­ë© ¬¥â®¤ ¨á¯®«ì§ã¥âáï ¤«ï à¥è¥­¨ï § ¤ ç¨ ®¯â¨¬ «ì­®£® ­ ¡«î¤¥­¨ï.

� ¬¥ç ­¨¥ 6. �ëè¥ ­¥ï¢­® ¯à¥¤¯®« £ «®áì, çâ® ­®¢ë¥ ®¯®à­ë¥ ¬®¬¥­âë ¯®«ãç îâáï ¯ã-
â¥¬ ¯¥à¥¬¥é¥­¨ï áâ àëå. �  á ¬®¬ ¤¥«¥ ª®«¨ç¥áâ¢® ®¯®à­ëå ¬®¬¥­â®¢ ¬®¦¥â ¬¥­ïâìáï |
­¥ª®â®àë¥ ®¯®à­ë¥ ¬®¬¥­âë ¬®£ãâ ¨áç¥§ âì, ¤àã£¨¥ ¯®ï¢«ïâìáï. �®¯®«­¥­¨ï ¢ ¬¥â®¤, ª®â®-
àë¥ á«¥¤ã¥â ¢­¥áâ¨ ¢ íâ¨å á«ãç ïå,  ­ «®£¨ç­ë â¥¬, ª®â®àë¥ á¤¥« ­ë ¢ ¤¢®©áâ¢¥­­®¬ ¬¥â®¤¥
à¥è¥­¨ï § ¤ ç¨ �� ¢ ª« áá¥ U 0

N [11], [14].

�¯¨á ­­ë© ¤¢®©áâ¢¥­­ë© ¬¥â®¤ ¢ëç¨á«¥­¨ï ®¯â¨¬ «ì­ëå ¯à®£à ¬¬ ¬®¦­® ¨á¯®«ì§®¢ âì
¨ ¤«ï ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨, å®âï ¢ § ¤ ç¥ (42){(45) ¯à¨­æ¨¯
®¯â¨¬ «ì­®áâ¨ �¥««¬ ­  ­¥ ¨¬¥¥â ¬¥áâ . �® ­ ç «  ¯à®æ¥áá  ã¯à ¢«¥­¨ï áâà®¨âáï ®¯â¨¬ «ì­ ï
¯à®£à ¬¬  ¤«ï ¯®§¨æ¨¨ (t�; x0). � ­ ç «®¬ (¢ ¬®¬¥­â t�) ¯à®æ¥áá  ã¯à ¢«¥­¨ï ­  ¢å®¤ ®¡ê¥ªâ 
ã¯à ¢«¥­¨ï ¯®¤ ¥âáï ã¯à ¢«ïîé¥¥ ¢®§¤¥©áâ¢¨¥ u�(t) = u0(t�; x0) = u0(t� j t�; x0), t 2 [t�; t� + hc[,
£¤¥ ç¨á«® hc å à ªâ¥à¨§ã¥â ç áâ®âã ¨§¬¥à¥­¨ï â¥ªãé¨å á®áâ®ï­¨©.

�ãáâì á¨áâ¥¬  ã¯à ¢«¥­¨ï ­ å®¤¨âáï ¢ ¬®¬¥­â � = khc ¢ á®áâ®ï­¨¨ x�(�). �® íâ®© ¨­ä®à-
¬ æ¨¨ à¥è ¥âáï § ¤ ç 

c0x(t�)! max; _x = A(t)x+ b(t)u; x(�) = x�(�); u = d0(t)y;

_y = A1(t)y; y(�) = Gz; ju(t)j � L; t 2 T (�); z� � z � z�:

�  ¯à®¬¥¦ãâª¥ [�; � + hc[ ­  ®¡ê¥ªâ ã¯à ¢«¥­¨ï ¯®¤ ¥âáï ã¯à ¢«¥­¨¥ u�(t) = u0(� j �; x�(�)),
t 2 [�; t�], £¤¥ u0(t j �; x�(�)), t 2 [�; t�], | ®¯â¨¬ «ì­ ï ¯à®£à ¬¬  § ¤ ç¨ (42){(45). �®áª®«ìªã
¯à¨ ®£à ­¨ç¥­­ëå ¢®§¬ãé¥­¨ïå á®á¥¤­¨¥ á®áâ®ï­¨ï x�(�) ¨ x�(� + hc) ã¤ «¥­ë ¤àã£ ®â ¤àã£ 
­¥§­ ç¨â¥«ì­®, â® ®¯¨á ­­ë© ¤¢®©áâ¢¥­­ë© ¬¥â®¤ ¯® ®¯â¨¬ «ì­®© ®¯®à¥ K0

®¯
(�) ¡ëáâà® áâà®¨â

®¯â¨¬ «ì­ãî ®¯®àã K0
®¯
(� +hc) ¤«ï ¬®¬¥­â  � +hc. �¥â «¨ à¥ «¨§ æ¨¨ ®¯¨á ­ë ¢ ¯. 4, ¯®íâ®¬ã

­  ­¨å ®áâ ­ ¢«¨¢ âìáï ­¥ ¡ã¤¥¬.
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�à¨ ®¯â¨¬ «ì­®¬ ã¯à ¢«¥­¨¨ ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨ ¢ ª« áá¥ Up
1 ¤ ¦¥ ¢ ®âáãâáâ¢¨¥

¢®§¬ãé¥­¨© (w(t) = 0, t 2 T ) ¬®£ãâ ¨§-§  ­ àãè¥­¨ï ¯à¨­æ¨¯  ®¯â¨¬ «ì­®áâ¨ ¯®ï¢¨âìáï áª®«ì-
§ïé¨¥ à¥¦¨¬ë (á¬. ¯à¨¬¥à 2).

�à¨¬¥à 2. � áá¬®âà¨¬ § ¤ çã �� ¤¢ãå¬ áá®¢®© ª®«¥¡ â¥«ì­®© á¨áâ¥¬®© (á¬. ¯à¨¬¥à 1) ¢
ª« áá¥ ã¯à ¢«¥­¨© Up

1 , p � 2:

x1(20)! min; _x1 = x3; _x2 = x4; _x3 = �x1 + x2 + u; _x4 = 0:1x1 � 1:02x2;

x1(0) = x2(0) = x3(0) = x4(0) = 0;

u(t) = u0 + u1(t� kh) + � � �+ up�1(t� kh)p�1; t 2 [kh; (k + 1)h]; k = 0; 199; h = 0:1;

�1 � u(t) � 1; t 2 [0; 20]; �1 � u0 � 1; �10 � uj � 10; j 2 f1; 2; 3; 4g:

�  à¨á. 7 ¨§®¡à ¦¥­ë ®¯â¨¬ «ì­ë¥ ã¯à ¢«¥­¨ï ¢ ª« áá å U 4
1 , U

5
1 , U

6
1 , U

7
1 ¨ ¤«ï áà ¢­¥­¨ï ®¯â¨-

¬ «ì­®¥ ã¯à ¢«¥­¨¥ ¢ ª« áá¥ ¤¨áªà¥â­ëå ã¯à ¢«¥­¨© ­ã«¥¢®© áâ¥¯¥­¨ (ªà¨¢ë¥ 1, 2, 3, 4 ¨ 5
á®®â¢¥âáâ¢¥­­®). �­ ç¥­¨ï ªà¨â¥à¨ï ª ç¥áâ¢  ¢ ª ¦¤®¬ ¨§ ª« áá®¢ à ¢­ë: x1(20) = �0:722874,
u(�) 2 U 4

1 ; x1(20) = �2:545718, u(�) 2 U 5
1 ; x1(20) = �2:731974, u(�) 2 U 6

1 ; x1(20) = �5:079129,
u(�) 2 U 7

1 .

�¨á. 7

�à¨ ®¯â¨¬ «ì­®¬ ã¯à ¢«¥­¨¨ ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨ ¨á¯®«ì§ã¥¬ ¨ áå¥¬ã, ¯à¨¬¥­¥­-
­ãî ¢ ¯à¨¬¥à¥ 1. �¥ªãé¥¥ á®áâ®ï­¨¥ ä¨§¨ç¥áª®© á¨áâ¥¬ë ¨§¬¥àï¥âáï ç¥à¥§ h, ­® ¢ ª ¦¤ë©
â¥ªãé¨© ¬®¬¥­â ¢à¥¬¥­¨ à¥è ¥âáï § ¤ ç  á ¡®«ìè¨¬ ¯¥à¨®¤®¬ ¤¨áªà¥â¨§ æ¨¨: hc = 5h, â. ¥. ¡®-
«¥¥ ¯à®áâ ï § ¤ ç  ¯à¨ áâ ­¤ àâ­®¬ ¯®¤å®¤¥. � íâ®¬ á«ãç ¥ ¯à¨­æ¨¯ ®¯â¨¬ «ì­®áâ¨ �¥««¬ ­ 
­¥ ¢ë¯®«­ï¥âáï.

�¯â¨¬ «ì­®¥ ã¯à ¢«¥­¨¥ ¤«ï íâ®© § ¤ ç¨ ¯à¥¤áâ ¢«¥­® ­  à¨á. 8 (ªà¨¢ ï 1). �­ ç¥­¨¥ ªà¨-
â¥à¨ï ª ç¥áâ¢  à ¢­® �6:217508. �«ï áà ¢­¥­¨ï ­  íâ®¬ ¦¥ à¨áã­ª¥ ¨§®¡à ¦¥­ë ®¯â¨¬ «ì­ë¥
ã¯à ¢«¥­¨ï ¤«ï § ¤ ç¨ �� ¢ ª« áá å U 5

1 (ªà¨¢ ï 2) ¨ U 0
200 (ªà¨¢ ï 3).

�¨á. 8

�¯â¨¬ «ì­ë¥ âà ¥ªâ®à¨¨ ¤¨­ ¬¨ç¥áª®© á¨áâ¥¬ë ¤«ï ã¯à®é¥­­®© § ¤ ç¨ ¨ § ¤ ç �� ¢ ª« á-
á å U 5

1 ¨ U 0
200 ¯à¨¢¥¤¥­ë ­  à¨á. 9 (ªà¨¢ë¥ 1, 2 ¨ 3 á®®â¢¥âáâ¢¥­­®).
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�¨á. 9

�  à¨á. 10 ¨§®¡à ¦¥­® ¯®¢¥¤¥­¨¥ ªà¨â¥à¨ï ª ç¥áâ¢  x�1(20) ¢ § ¢¨á¨¬®áâ¨ ®â ­ ç «ì­®£®
¬®¬¥­â  ¢à¥¬¥­¨ � 2 Th = T0:1 = f0; 0:1; 0:2; : : : ; 19:9g ¯à®¬¥¦ãâª  ã¯à ¢«¥­¨ï T = [0; 20].

�¨á. 10

6. �à¨«®¦¥­¨¥ ª § ¤ ç¥ áâ ¡¨«¨§ æ¨¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬

� áá¬®âà¨¬ ¤¨­ ¬¨ç¥áªãî á¨áâ¥¬ã ã¯à ¢«¥­¨ï (1), ª®â®à ï ­¥ ï¢«ï¥âáï á®¡áâ¢¥­­®  á¨¬-
¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®©. �ã¤¥¬ áç¨â âì, çâ® á¨áâ¥¬  (1) ã¯à ¢«ï¥¬ , â. ¥. rankfb; Ab; :::; An�1bg=n.

�ã­ªæ¨ï

u = u(x); u(0) = 0; ju(x)j � L; x 2 G; (70)

­ §ë¢ ¥âáï ®£à ­¨ç¥­­®© áâ ¡¨«¨§¨àãîé¥© ®¡à â­®© á¢ï§ìî ¢ ®¡« áâ¨ G, ¥á«¨ ­ã«¥¢®¥ à¥è¥­¨¥
ãà ¢­¥­¨ï

_x = Ax+ bu(x) (71)

 á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢® ¢ G.
�®áâà®¥­¨¥ ¢ ï¢­®¬ (§ ¬ª­ãâ®¬) ¢¨¤¥ ®£à ­¨ç¥­­ëå áâ ¡¨«¨§¨àãîé¨å ®¡à â­ëå á¢ï§¥© á

¤®áâ â®ç­® ¡®«ìè®© ®¡« áâìî ¯à¨âï¦¥­¨ï G ¯à¥¤áâ ¢«ï¥â âàã¤­ãî ¯à®¡«¥¬ã. � íâ®© á¨âã æ¨¨
íää¥ªâ¨¢­ë¬ ï¢«ï¥âáï ¬¥â®¤ áâ ¡¨«¨§ æ¨¨ ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨, ¯à¨ ª®â®à®¬ äã­ªæ¨ï
(70) ­¥ áâà®¨âáï ¢ ï¢­®© ä®à¬¥,   ¢¬¥áâ® íâ®£® ¥¥ â¥ªãé¨¥ §­ ç¥­¨ï ¢ëç¨á«ïîâáï ¢ à¥¦¨¬¥
à¥ «ì­®£® ¢à¥¬¥­¨ ¯® å®¤ã ª ¦¤®£® ª®­ªà¥â­®£® ¯à®æ¥áá  áâ ¡¨«¨§ æ¨¨.
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� [5] ¤«ï áâ ¡¨«¨§ æ¨¨ ¤¨­ ¬¨ç¥áª¨å á¨áâ¥¬ ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨ ¯à¥¤« £ «®áì
¨á¯®«ì§®¢ âì ¬¥â®¤ �� ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨ ¤«ï á¯¥æ¨ «ì­ëå ¢á¯®¬®£ â¥«ì­ëå (á®-
¯à®¢®¦¤ îé¨å) § ¤ ç ��. � ª« áá¥ Up

N á®¯à®¢®¦¤ îé ï § ¤ ç  �� ¨¬¥¥â ¢¨¤Z �

0

ju(t)jdt! min; _x = Ax+ bu; x(0) = z; x(�) = 0; u(�) 2 Up
N ; (72)

£¤¥ � > 0 | ¯ à ¬¥âà ¬¥â®¤ .
�ãáâì u0(tjz), t 2 [0; �], | ®¯â¨¬ «ì­ ï ¯à®£à ¬¬  § ¤ ç¨ (72), G� | ¬­®¦¥áâ¢® ¢á¥å z 2 Rn,

¤«ï ª®â®àëå § ¤ ç  (72) ¨¬¥¥â à¥è¥­¨¥.
�¯â¨¬ «ì­ ï (áâ àâ®¢ ï) ®¡à â­ ï á¢ï§ì

u0(z) = u(0 j z); z 2 G�;

ï¢«ï¥âáï áâ ¡¨«¨§¨àãîé¥©,   ®¡« áâì ¯à¨âï¦¥­¨ï G� ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å � áª®«ì ã£®¤­®
¡«¨§ª  ª ¬ ªá¨¬ «ì­®© ®¡« áâ¨ ¯à¨âï¦¥­¨ï á®áâ®ï­¨ï à ¢­®¢¥á¨ï § ¬ª­ãâ®© á¨áâ¥¬ë (71).

�â ¡¨«¨§ æ¨ï á¨áâ¥¬ë (1) ¢ à¥¦¨¬¥ à¥ «ì­®£® ¢à¥¬¥­¨ ®áãé¥áâ¢«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬.
�® ­ ç «  ¯à®æ¥áá  áâ ¡¨«¨§ æ¨¨ ¢ëç¨á«ï¥âáï ®¯â¨¬ «ì­ ï ¯à®£à ¬¬  u0(t j x0), t 2 [0; �].
�à¥¬ï ­  ¥¥ ¢ëç¨á«¥­¨¥ ­¥áãé¥áâ¢¥­­®. �  ¯à®¬¥¦ãâª¥ [0; h[ ­  ¢å®¤ á¨áâ¥¬ë (1) ¯®¤ ¥âáï
ã¯à ¢«¥­¨¥ u�(t) = u0(t j x0), t 2 [0; h[. �ãáâì x�(h) | á®áâ®ï­¨¥, ¢ ª®â®à®¬ á¨áâ¥¬  (1) ®ª § « áì
¢ ¬®¬¥­â h ¯®¤ ¤¥©áâ¢¨¥¬ íâ®£® ã¯à ¢«¥­¨ï. �® ¨§¬¥à¥­­®¬ã x�(�) ¢ëç¨á«¨¬ ®¯â¨¬ «ì­ãî
¯à®£à ¬¬ã u0(t j x(h)), t 2 [0; �]. � ç «ì­ ï ç áâì u�(t) = u0(t � h j x�(h)), t 2 [0; h[, íâ®©
¯à®£à ¬¬ë ¯®¤ ¥âáï ­  á¨áâ¥¬ã (1) ­  ¯à®¬¥¦ãâª¥ [h; 2h[. � «¥¥ ¢ëç¨á«¥­¨ï ¯®¢â®àïîâáï.

�®áª®«ìªã § ¤ ç¨ (72) ¤«ï ¤¢ãå á®á¥¤­¨å ¬®¬¥­â®¢ � , � + h ¨ á®®â¢¥âáâ¢ãîé¨å ¨¬ ¤¢ãå
á®áâ®ï­¨© x�(�), x�(� + h) ®ç¥­ì ¡«¨§ª¨ ¬¥¦¤ã á®¡®©, â® ®¯â¨¬ «ì­ ï ®¯®à  K®¯(� + h) ¤«ï
¬®¬¥­â  � + h ¡ëáâà® áâà®¨âáï ®¯¨á ­­ë¬ ¢ ¯¯. 4, 5 ¤¢®©áâ¢¥­­ë¬ ¬¥â®¤®¬ ¯® ®¯â¨¬ «ì­®©
®¯®à¥ K®¯(�) ¤«ï ¬®¬¥­â  � , çâ® ¯®§¢®«ï¥â ®áãé¥áâ¢¨âì áâ ¡¨«¨§ æ¨î ¢ à¥¦¨¬¥ à¥ «ì­®£®
¢à¥¬¥­¨.

�à¨¢¥¤¥¬ à¥§ã«ìâ âë ç¨á«¥­­®£® íªá¯¥à¨¬¥­â .

�à¨¬¥à 3. � áá¬®âà¨¬ § ¤ çã áâ ¡¨«¨§ æ¨¨ ¤¢ãå¬ áá®¢®© ª®«¥¡ â¥«ì­®© á¨áâ¥¬ë, ¨áá«¥-
¤®¢ ­­®© ¢ ¯à¨¬¥à¥ 1. � ª ç¥áâ¢¥ á®¯à®¢®¦¤ îé¥© ¡ë«  à áá¬®âà¥­  á«¥¤ãîé ï § ¤ ç  ��:Z 10

0

ju(t)jdt! min; _x1 = x3; _x2 = x4; _x3 = �x1 + x2 + u; _x4 = 0:1x1 � 1:02x2;

x1(0) = x10; x2(0) = x20; x3(0) = x30; x4(0) = x40; x1(10) = x2(10) = x3(10) = x4(10) = 0;

ª®â®à ï à¥è « áì ¢ ¤¢ãå ª« áá å ã¯à ¢«¥­¨©:
1) ¢ ª« áá¥ U 1

100

0 � v(t) � 2; �100 � w(t) � 100; t 2 [0; 10];

u(t) = v(t) + (t� kh)w(t); t 2 [kh; (k + 1)h[; k = 0; 99; h = 0:1;

2) ¢ ª« áá¥ U 5
1

u(t) = u0 + u1(t� kh) + u2(t� kh)2 + u3(t� kh)3 + u4(t� kh)4;

t 2 [kh; (k + 1)h[; k = 0; 99; h = 0:1;

0 � u(t) � 2; t 2 [0; 10]; 0 � u0 � 2; �10 � uj � 10; j 2 f1; 2; 3; 4g:

�  à¨á. 11 ¯à¨¢¥¤¥­ë ¯¥à¥å®¤­ë¥ ¯à®æ¥ááë ¤«ï á«ãç ï U 1
100. �¨á. 12 á®¤¥à¦¨â à¥§ã«ìâ âë

¢ëç¨á«¥­¨© ¢ á«ãç ¥ ¤®¯ãáâ¨¬ëå ã¯à ¢«¥­¨© ª« áá  U 5
1 . �  ®¡®¨å à¨áã­ª å ªà¨¢ë¥ 1, 2, 3, 4

á®®â¢¥âáâ¢ãîâ ä §®¢ë¬ ¯¥à¥¬¥­­ë¬ x1(t), x2(t), x3(t), x4(t). �à ¢­¥­¨¥ ¯à¨¢¥¤¥­­ëå à¥§ã«ìâ -
â®¢ ¯®ª §ë¢ ¥â, çâ® ¯à¨ ­¥¢ë¯®«­¥­¨¨ ¯à¨­æ¨¯  ®¯â¨¬ «ì­®áâ¨ ª ç¥áâ¢® ¯¥à¥å®¤­ëå ¯à®æ¥áá®¢
§­ ç¨â¥«ì­® ãåã¤è ¥âáï.
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