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� [1], [2] ¤«ï äà¥¤£®«ì¬®¢ëå ®â®¡à ¦¥­¨© ¡ ­ å®¢ëå ¬­®£®®¡à §¨© ¢¢®¤¨âáï ¯®­ïâ¨¥ áâ¥¯¥-
­¨. � [3]{[5] íâ® ¯®­ïâ¨¥ à á¯à®áâà ­ï¥âáï ­  ¢¯®«­¥ ­¥¯à¥àë¢­ë¥ ¨ f -ª®¬¯ ªâ­® áã¦ ¥¬ë¥ ¢®§-
¬ãé¥­¨ï äà¥¤£®«ì¬®¢ëå ®â®¡à ¦¥­¨©. �¥â®¤ë â¥®à¨¨ áâ¥¯¥­¨ ¨á¯®«ì§ãîâáï ¢ ¯à¨«®¦¥­¨ïå
¤«ï ¤®ª § â¥«ìáâ¢  à §à¥è¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¨å ®¯¥à â®à­ëå ãà ¢­¥­¨©. �¤­ ª® ¢ â¥®à¨¨
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¨¬¥¥âáï àï¤ § ¤ ç, ¢ ª®â®àëå \£« ¢­ ï ç áâì" äà¥¤£®«ì¬®¢  ­¥
¢áî¤ã,   «¨èì ­  ª ª®¬-â® ¬­®¦¥áâ¢¥, á®¤¥à¦ é¥¬ à¥è¥­¨ï íâ®£® ãà ¢­¥­¨ï. � ª ç¥áâ¢¥ ¯à¨-
¬¥à  ®â¬¥â¨¬ § ¤ çã �®­¦ {�¬¯¥à  ¨§ £¥®¬¥âà¨¨ ¯®¢¥àå­®áâ¥©. � â ª®£® à®¤  ãà ¢­¥­¨ï¬
â¥®à¨ï áâ¥¯¥­¨, à §¢¨â ï ¢ [1]{[5], ä®à¬ «ì­® ­¥ ¯à¨¬¥­¨¬ , âà¥¡ã¥âáï ¥¥ ¬®¤¨ä¨ª æ¨ï. �«ï
¢¯®«­¥ ­¥¯à¥àë¢­ëå ¢®§¬ãé¥­¨© äà¥¤£®«ì¬®¢ëå ®â®¡à ¦¥­¨© íâ  ¬®¤¨ä¨ª æ¨ï á¤¥« ­  ¢ [6].
�­¤¥ªá ¬­®¦¥áâ¢  à¥è¥­¨©, ¯®áâà®¥­­ë© ¢ [6], ¯®§¢®«¨« ¨áá«¥¤®¢ âì, ¢ ç áâ­®áâ¨, ¨ § ¤ çã
�®­¦ {�¬¯¥à  [7].

� ¤ ­­®© à ¡®â¥ ¢¢®¤¨âáï ¨ ¨áá«¥¤ã¥âáï ind2(f�g;X; 0) | â®¯®«®£¨ç¥áª¨© ¨­¢ à¨ ­â ¬­®¦¥-
áâ¢  à¥è¥­¨© ãà ¢­¥­¨ï f(u)�g(u) = 0, u 2 X, £¤¥ X | ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® ¢¥é¥áâ¢¥­­®£®
¡ ­ å®¢  ¯à®áâà ­áâ¢  E, f : X ! F | Cr-£« ¤ª®¥ ®â®¡à ¦¥­¨¥ X ¢ ¢¥é¥áâ¢¥­­®¥ ¡ ­ å®¢®
¯à®áâà ­áâ¢® F , r � 1, äà¥¤£®«ì¬®¢® ­  ¬­®¦¥áâ¢¥ à¥è¥­¨© íâ®£® ãà ¢­¥­¨ï,   g : X ! F |
f -ª®¬¯ ªâ­® áã¦ ¥¬®¥ ¢®§¬ãé¥­¨¥ ®â®¡à ¦¥­¨ï f .

1. �¯à¥¤¥«¥­¨¥ ¨ á¢®©áâ¢  ¨­¤¥ªá  ¬­®¦¥áâ¢  à¥è¥­¨© äà¥¤£®«ì¬®¢ëå
ãà ¢­¥­¨© á f-ª®¬¯ ªâ­® áã¦ ¥¬ë¬ ¢®§¬ãé¥­¨¥¬

�ãáâì E, F | ¢¥é¥áâ¢¥­­ë¥ ¡ ­ å®¢ë ¯à®áâà ­áâ¢ , X | ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢® ¯à®-
áâà ­áâ¢  E, f : X ! F | Cr-£« ¤ª®¥ ®â®¡à ¦¥­¨¥, r � 1.

�­ ç «¥ ­ ¯®¬­¨¬ ®¯à¥¤¥«¥­¨ï àï¤  ¨§¢¥áâ­ëå ¯®­ïâ¨© [3].

�¯à¥¤¥«¥­¨¥ 1.1. �â®¡à ¦¥­¨¥ f : X ! F ­ §ë¢ ¥âáï äà¥¤£®«ì¬®¢ë¬ ¨­¤¥ªá  n (ªà âª®
�nC

r-®â®¡à ¦¥­¨¥¬) ­  ¬­®¦¥áâ¢¥ M � X; ¥á«¨ ¢ ª ¦¤®© â®çª¥ u 2 M ¯à®¨§¢®¤­ ï �à¥-
è¥ f 0(u) ï¢«ï¥âáï «¨­¥©­ë¬ äà¥¤£®«ì¬®¢ë¬ ®¯¥à â®à®¬ ¨­¤¥ªá  n, â. ¥. dimKer f 0(u) < 1,
dimCoker f 0(u) <1 ¨ n = dimKer f 0(u)� dimCoker f 0(u).

�¯à¥¤¥«¥­¨¥ 1.2. �ãáâì S | § ¬ª­ãâ®¥ ¢ E ¯®¤¬­®¦¥áâ¢® X. �®¢®àïâ, çâ® áã¦¥­¨¥ f =
f jS : S ! F | á®¡áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥ ­  S, ¥á«¨ f�1(K)\S ï¢«ï¥âáï ª®¬¯ ªâ®¬ ¤«ï «î¡®£®
ª®¬¯ ªâ  K � F .

�¯à¥¤¥«¥­¨¥ 1.3. �â®¡à ¦¥­¨¥ f ­ §ë¢ ¥âáï «®ª «ì­® á®¡áâ¢¥­­ë¬ ­  ¬­®¦¥áâ¢¥ S � X,
¥á«¨ ª ¦¤ ï â®çª  u 2 S ¨¬¥¥â ®âªàëâãî ®ªà¥áâ­®áâì V â ªãî, çâ® áã¦¥­¨¥ f jV | á®¡áâ¢¥­­®¥
®â®¡à ¦¥­¨¥.

�ãáâì â¥¯¥àì g : X ! F | ¤àã£®¥ ®â®¡à ¦¥­¨¥. �® ¯®¢®¤ã ¤¢ãå á«¥¤ãîé¨å ®¯à¥¤¥«¥­¨© á¬.
[5].
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�¯à¥¤¥«¥­¨¥ 1.4. �¥¯ãáâ®¥, ¢ë¯ãª«®¥, § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® T � F ­ §ë¢ ¥âáï äã­¤ -
¬¥­â «ì­ë¬ ¬­®¦¥áâ¢®¬ ¯ àë ff; gg, ¥á«¨

1) g(f�1(T )) � T ;
2) ¨§ ¢ª«îç¥­¨ï f(u) 2 co(g(u) [ T ) ¯à¨ u 2 X á«¥¤ã¥â f(u) 2 T ,

£¤¥ á¨¬¢®« co(M) ®¡®§­ ç ¥â ¢ë¯ãª«ãî ®¡®«®çªã ¬­®¦¥áâ¢  M .

�¯à¥¤¥«¥­¨¥ 1.5. �â®¡à ¦¥­¨¥ g : X ! F ­ §ë¢ ¥âáï f -ª®¬¯ ªâ­® áã¦ ¥¬ë¬, ¥á«¨ ¨§
â®£®, çâ® ¬­®¦¥áâ¢® Q = fu 2 X; f(u) = g(u)g ­¥¯ãáâ®, á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â äã­¤ ¬¥­-
â «ì­®¥ ¬­®¦¥áâ¢® T ¯ àë ff; gg, ¤«ï ª®â®à®£® áã¦¥­¨¥ gjf�1(T ) : f�1(T )! F ï¢«ï¥âáï ¢¯®«­¥
­¥¯à¥àë¢­ë¬ ®â®¡à ¦¥­¨¥¬.

�â® ¯®­ïâ¨¥ ®¡®¡é ¥â ¯®­ïâ¨¥ ª®¬¯ ªâ­® áã¦ ¥¬®£® ®â®¡à ¦¥­¨ï, à áá¬ âà¨¢ ¥¬®£® ¢ [8].
� áá¬®âà¨¬ ãà ¢­¥­¨¥

f(u)� g(u) = 0; u 2 X: (1.1)

�¡®§­ ç¨¬ ç¥à¥§ Q � X ¬­®¦¥áâ¢® à¥è¥­¨© ãà ¢­¥­¨ï (1.1), â. ¥. Q = (f � g)�1(0).
�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï.

�á«®¢¨¥ 1.1. �­®¦¥áâ¢® Q ï¢«ï¥âáï ª®¬¯ ªâ®¬.

�á«®¢¨¥ 1.2. �â®¡à ¦¥­¨¥ f ï¢«ï¥âáï �nC
r-®â®¡à ¦¥­¨¥¬ ­  ¬­®¦¥áâ¢¥ Q, £¤¥ n � 0,

r > n+ 1.

�á«®¢¨¥ 1.3. �ãé¥áâ¢ã¥â ®âªàëâ ï ®ªà¥áâ­®áâì U ª®¬¯ ªâ  Q â ª ï, çâ® gjU ï¢«ï¥âáï f -
ª®¬¯ ªâ­® áã¦ ¥¬ë¬ ®â®¡à ¦¥­¨¥¬.

�à¨ íâ¨å ãá«®¢¨ïå ­¨¦¥ ®¯à¥¤¥«ï¥âáï ind2(f � g;X; 0) | ¨­¤¥ªá ¬­®¦¥áâ¢  à¥è¥­¨© ãà ¢-
­¥­¨ï (1.1), ¯à¨­¨¬ îé¨© §­ ç¥­¨ï ¢ ª®«ìæ¥ ­¥®à¨¥­â¨à®¢ ­­ëå ¡®à¤¨§¬®¢ �®å«¨­ {�®¬ .

�ãáâì ¢­ ç «¥ ¬­®¦¥áâ¢® à¥è¥­¨© ãà ¢­¥­¨ï (1.1) ¯ãáâ®, â. ¥. Q = ;. �®£¤  ¯®« £ ¥¬ ¯®
®¯à¥¤¥«¥­¨î ind2(f � g;X; 0) à ¢­ë¬ ­ã«¥¢®¬ã í«¥¬¥­âã ª®«ìæ  �®å«¨­ {�®¬ .

�ãáâì â¥¯¥àì Q 6= ;. �®£¤  ­ ©¤¥âáï ®âªàëâ ï ®£à ­¨ç¥­­ ï ®ªà¥áâ­®áâì U ¬­®¦¥áâ¢  Q
â ª ï, çâ® áã¦¥­¨¥ f jU ï¢«ï¥âáï �nC

r-®â®¡à ¦¥­¨¥¬. �¥©áâ¢¨â¥«ì­®, ¨§ â®£®, çâ® ¬­®¦¥áâ¢®
«¨­¥©­ëå äà¥¤£®«ì¬®¢ëå ®¯¥à â®à®¢ ¨­¤¥ªá  n ®âªàëâ® ¢ L(E;F ),   ®â®¡à ¦¥­¨¥ u ! f 0(u)
­¥¯à¥àë¢­®, á«¥¤ã¥â, çâ® ª ¦¤ ï â®çª  u 2 Q ¨¬¥¥â ®ªà¥áâ­®áâì Ou â ªãî, çâ® f 0(v) 2 �n(E;F )
¤«ï v 2 Ou. �¤¥áì �n(E;F ) ®¡®§­ ç ¥â ¬­®¦¥áâ¢® «¨­¥©­ëå äà¥¤£®«ì¬®¢ëå ®¯¥à â®à®¢ ¨­¤¥ªá 
n, ¤¥©áâ¢ãîé¨å ¨§ E ¢ F . �ë¡¥à¥¬ ¨§ ¯®ªàëâ¨ï fOu; u 2 Qg ª®­¥ç­®¥ ¯®¤¯®ªàëâ¨¥Ou1 ; : : : ; Oum .
�®«®¦¨¬ U = [m

i=1Oui .
T ª ª ª �nC

r-®â®¡à ¦¥­¨¥ ï¢«ï¥âáï «®ª «ì­® á®¡áâ¢¥­­ë¬ [1] ¨ Q| ª®¬¯ ªâ, â® ã¬¥­ìè ï
¢ á«ãç ¥ ­¥®¡å®¤¨¬®áâ¨ U , ¬®¦­® áç¨â âì, çâ® ­  § ¬ëª ­¨¨ U áã¦¥­¨¥ f = f jU : U ! F
ï¢«ï¥âáï á®¡áâ¢¥­­ë¬ ®â®¡à ¦¥­¨¥¬. �à®¬¥ â®£®, ¢ á¨«ã ãá«®¢¨ï 1.3 ¬®¦­® áç¨â âì (¯¥à¥å®¤ï
¢ á«ãç ¥ ­¥®¡å®¤¨¬®áâ¨ ª ¬¥­ìè¥© ®ªà¥áâ­®áâ¨ ¬­®¦¥áâ¢  Q), çâ® ®â®¡à ¦¥­¨¥ g = gjU : U ! F
ï¢«ï¥âáï f-ª®¬¯ ªâ­® áã¦ ¥¬ë¬. �®£¤  áãé¥áâ¢ã¥â äã­¤ ¬¥­â «ì­®¥ ¬­®¦¥áâ¢® T ¯ àë ff; gg.
�¡®§­ ç¨¬ ç¥à¥§ � : F ! co

�
g(f

�1
(T ))

�
à¥âà ªæ¨î ¯à®áâà ­áâ¢  F ­  § ¬ª­ãâë© ¢ë¯ãª«ë©

ª®¬¯ ªâ co
�
g(f

�1
(T ))

�
. � ª ï à¥âà ªæ¨ï áãé¥áâ¢ã¥â á®£« á­® â¥®à¥¬¥ �ã£ã­¦¨.

�â®¡à ¦¥­¨¥ k = � � g : U ! F ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬. �¡¥¤¨¬áï, çâ® ¨¬¥¥â ¬¥áâ®
à ¢¥­áâ¢®

Q = fu 2 U ; f(u)� k(u) = 0g: (1.2)

�ãáâì u 2 Q. �®£¤  f(u) = g(u) 2 T ¨ u 2 U . �«¥¤®¢ â¥«ì­®, g(u) 2 g(f�1
(T )) ¨ ��g(u) = k(u),

â. ¥. u 2 (f�k)�1(0). �¡à â­®, ¯ãáâì u 2 U ¨ f(u) = k(u) 2 co
�
g(f

�1
(T ))

� � T . �«¥¤®¢ â¥«ì­®, u 2
f
�1
(T ) ¨ g(u) 2 g(f�1

(T )) � co
�
g(f

�1
(T ))

�
. � ª¨¬ ®¡à §®¬, g(u) = � � g(u) ¨ u 2 Q = (f � g)�1(0).

� ¢¥­áâ¢® (1.2) ãáâ ­®¢«¥­®.
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� ª¨¬ ®¡à §®¬, ¤«ï ®â®¡à ¦¥­¨ï f � k : U ! F ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï: f ï¢«ï¥âáï
á®¡áâ¢¥­­ë¬ ®â®¡à ¦¥­¨¥¬, áã¦¥­¨¥ f ­  ®âªàëâ®¥ ¬­®¦¥áâ¢® U ï¢«ï¥âáï �nC

r-®â®¡à ¦¥­¨¥¬
á n � 0, r > n+ 1, ®â®¡à ¦¥­¨¥ k ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬ ¨ f(u) � k(u) 6= 0 ¤«ï u 2 @U
(¯®áª®«ìªã Q = (f � g)�1(0) á®¤¥à¦¨âáï ¢ U). �à¨ íâ¨å ãá«®¢¨ïå ¤«ï ®â®¡à ¦¥­¨ï f � k ¢ [4]
®¯à¥¤¥«¥­  ­¥®à¨¥­â¨à®¢ ­­ ï áâ¥¯¥­ì deg2(f � k; U; 0) ®â­®á¨â¥«ì­® â®çª¨ 0 á® §­ ç¥­¨ï¬¨ ¢
ª®«ìæ¥ ­¥®à¨¥­â¨à®¢ ­­ëå ¡®à¤¨§¬®¢ �®å«¨­ {�®¬ .

�¯à¥¤¥«¥­¨¥ 1.6. � á«ãç ¥ Q 6= ; ®¯à¥¤¥«¨¬ ind2(f�g;X; 0) | ¨­¤¥ªá ¬­®¦¥áâ¢  à¥è¥­¨©
ãà ¢­¥­¨ï (1.1) à ¢¥­áâ¢®¬

ind2(f � g;X; 0) = deg2(f � k; U; 0);

£¤¥ k = �g.

�®ª ¦¥¬, çâ® ¤ ­­®¥ ®¯à¥¤¥«¥­¨¥ ­¥ § ¢¨á¨â ®â ¢ë¡®à  ®ªà¥áâ­®áâ¨ U ª®¬¯ ªâ  Q, äã­-
¤ ¬¥­â «ì­®£® ¬­®¦¥áâ¢  T ¯ àë ff; gg ¨ à¥âà ªæ¨¨ � (¢ á«ãç ¥, ª®£¤  Q 6= ;). � ä¨ªá¨àã¥¬
¢­ ç «¥ ®âªàëâãî ®£à ­¨ç¥­­ãî ®ªà¥áâ­®áâì U , ¨á¯®«ì§ã¥¬ãî ¤«ï ®¯à¥¤¥«¥­¨ï ind2(f�g;X; 0),
¨ ¯®ª ¦¥¬, çâ® ¢ íâ®¬ á«ãç ¥ §­ ç¥­¨¥ ind2(f�g;X; 0) ­¥ § ¢¨á¨â ®â ¢ë¡®à  äã­¤ ¬¥­â «ì­®£®
¬­®¦¥áâ¢  T ¯ àë ff; gg ¨ à¥âà ªæ¨¨ �. �«ï íâ®£® à áá¬®âà¨¬ T0 |¯¥à¥á¥ç¥­¨¥ ¢á¥å äã­¤ ¬¥­-
â «ì­ëå ¬­®¦¥áâ¢ ¯ àë ff; gg. �ç¥¢¨¤­®, çâ® T0 | â ª¦¥ äã­¤ ¬¥­â «ì­®¥ ¬­®¦¥áâ¢® ¯ àë
ff; gg. �ãáâì T | ¯à®¨§¢®«ì­®¥ äã­¤ ¬¥­â «ì­®¥ ¬­®¦¥áâ¢® ¯ àë ff; gg ¨ �0, � | à¥âà ªæ¨¨
¯à®áâà ­áâ¢  F á®®â¢¥âáâ¢¥­­® ­  ¢ë¯ãª«ë¥ ª®¬¯ ªâë co

�
g(f

�1
(T0))

�
¨ co

�
g(f

�1
(T ))

�
.

� áá¬®âà¨¬ £®¬®â®¯¨î

�(u; t) = f(u)� �t�0(g(u)) + (1� t)�(g(u))
�
;

£¤¥ u 2 U ¨ t 2 [0; 1].

�ãáâì (u0; t0) 2 U � [0; 1] | â ª ï â®çª , çâ® �(u0; t0) = 0. �®£¤  f(u0) 2 co
�
g(f

�1
(T ))

� �
T; u0 2 U ¨, á«¥¤®¢ â¥«ì­®, g(u0) 2 g(f�1

(T )). �®íâ®¬ã �(g(u0)) = g(u0) ¨ f(u0) 2 co
�
g(u0) [ T0

�
,

u0 2 U . �§ äã­¤ ¬¥­â «ì­®áâ¨ T0 ¤«ï ¯ àë ff; gg á«¥¤ã¥â, çâ® f(u0) 2 T0, ®âªã¤  ¢ á¢®î ®ç¥à¥¤ì
á«¥¤ã¥â g(u0) 2 g(f

�1
(T0)) ¨ �(g(u0)) = g(u0). � ª¨¬ ®¡à §®¬, à ¢¥­áâ¢® �(u0; t0) = 0 ®§­ ç ¥â,

çâ® f(u0)� g(u0) = 0 ¨, á«¥¤®¢ â¥«ì­®, u0 2 Q.
� ª¨¬ ®¡à §®¬, ¥á«¨ u 2 @U; t 2 [0; 1], â® �(u; t) 6= 0. �§ á¢®©áâ¢ £®¬®â®¯¨ç¥áª®© ¨­¢ à¨-

 ­â­®áâ¨ áâ¥¯¥­¨ deg2(f � k; U; 0) á«¥¤ã¥â deg2(�(�; 0); U ; 0) = deg2(�(�; 1); U ; 0), çâ® ¨ ®§­ ç ¥â
­¥§ ¢¨á¨¬®áâì ind2(f � g;X; 0) ®â ¢ë¡®à  äã­¤ ¬¥­â «ì­®£® ¬­®¦¥áâ¢  T ¨ à¥âà ªæ¨¨ � ¯à¨
ä¨ªá¨à®¢ ­­®© ®ªà¥áâ­®áâ¨ U ¬­®¦¥áâ¢  Q.

�ãáâì â¥¯¥àì U1 ¨ U2 | ¤¢¥ ®âªàëâë¥ ®£à ­¨ç¥­­ë¥ ®ªà¥áâ­®áâ¨ ª®¬¯ ªâ  Q. �¡®§­ ç¨¬
ç¥à¥§ Ti äã­¤ ¬¥­â «ì­®¥ ¬­®¦¥áâ¢® ¯ àë ffi; gig, £¤¥ fi = f jUi

, gi = gjU i
, ¨ ¯ãáâì �i : F !

co
�
gi(f

�1
i (Ti))

�
, i = 1; 2, | à¥âà ªæ¨ï.

�à®¢¥à¨¬, çâ® deg2(f � �1g1; U 1; 0) = deg2(f � �2g2; U 2; 0). �«ï íâ®£® § ¬¥â¨¬, çâ® deg2(f �
�igi; U i; 0) = deg2(f � �igi; U 1 \ U 2; 0), i = 1; 2.

�®«®¦¨¬ f = f jU1\U2
, g = gjU1\U2

¨ ¯ãáâì T | ª ª®¥-­¨¡ã¤ì äã­¤ ¬¥­â «ì­®¥ ¬­®¦¥áâ¢®

¯ àë ff; gg,   � : F ! co
�
g(f

�1
(T ))

�
| à¥âà ªæ¨ï. � ª ¨ ¢ëè¥, ¯à¨ ¤®ª § â¥«ìáâ¢¥ ­¥§ ¢¨á¨¬®-

áâ¨ ind2(f�g;X; 0) ®â ¢ë¡®à  äã­¤ ¬¥­â «ì­®£® ¬­®¦¥áâ¢  T ¨ à¥âà ªæ¨¨ � ¯à¨ ä¨ªá¨à®¢ ­­®©
®ªà¥áâ­®áâ¨ U , ¢ ­ è¥¬ á«ãç ¥ U = U1\U2 ¨¬¥¥¬ deg2(f��igi; U 1\U2; 0) = deg2(f��g; U 1\U 2; 0),
i = 1; 2. � ª¨¬ ®¡à §®¬, deg2(f ��1g1; U 1\U 2; 0) = deg2(f ��2g2; U 1\U 2; 0), çâ® ¨ ®§­ ç ¥â ­¥§ -
¢¨á¨¬®áâì ®¯à¥¤¥«¥­¨ï ind2(f�g;X; 0) ®â ¢ë¡®à  ®ªà¥áâ­®áâ¨ U . �â® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®
ª®àà¥ªâ­®áâ¨ ®¯à¥¤¥«¥­¨ï ¨­¤¥ªá  ¬­®¦¥áâ¢  à¥è¥­¨© ãà ¢­¥­¨ï (1.1).

�«¥¤ãîé¨¥ ¤¢  á¢®©áâ¢  ¨­¤¥ªá  ind2(f � g;X; 0) ï¢«ïîâáï ®á­®¢­ë¬¨ ¤«ï ¯à¨«®¦¥­¨©.

�¢®©áâ¢® 1.1. �á«¨ ¨­¤¥ªá ind2(f�g;X; 0) ®¯à¥¤¥«¥­ ¨ ®â«¨ç¥­ ®â ­ã«ï, â® ãà ¢­¥­¨¥ (1.1)
¨¬¥¥â à¥è¥­¨¥ ¢ X.
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�¯à ¢¥¤«¨¢®áâì íâ®£® á¢®©áâ¢  á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨ï ind2(f � g;X; 0) ¨ á¯à ¢¥¤«¨¢®áâ¨
á®®â¢¥âáâ¢ãîé¥£® á¢®©áâ¢  ¤«ï áâ¥¯¥­¨ deg2(f � �g; U; 0).

�«ï ä®à¬ã«¨à®¢ª¨ ¢â®à®£® á¢®©áâ¢  à áá¬®âà¨¬ ®â®¡à ¦¥­¨¥ �(u; t)=f(u; t)�g(u; t), u 2 X,
t 2 [0; 1], £¤¥ f : X � [0; 1]! F ï¢«ï¥âáï Cr-£« ¤ª¨¬ ®â®¡à ¦¥­¨¥¬,   g : X� [0; 1]! F ï¢«ï¥âáï
­¥¯à¥àë¢­ë¬ ®â®¡à ¦¥­¨¥¬. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

i) ��1(0) = f(u; t) 2 X � [0; 1]; �(u; t) = 0g ¥áâì ª®¬¯ ªâ;
ii) f ï¢«ï¥âáï �n+1C

r-®â®¡à ¦¥­¨¥¬ ­  ¬­®¦¥áâ¢¥ ��1(0), r > n+ 1, n � 0;
iii) g ï¢«ï¥âáï f -ª®¬¯ ªâ­® áã¦ ¥¬ë¬ ­  ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ¬­®¦¥áâ¢  ��1(0).

� íâ®© á¨âã æ¨¨ á¯à ¢¥¤«¨¢®

�¢®©áâ¢® 1.2. �ãáâì ��1(0) � X � [0; 1] ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï i){iii). �®£¤ 

ind2(f0 � g0;X; 0) = ind2(f1 � g1;X; 0); (1.3)

£¤¥ fi(u) = f(u; i), gi(u) = g(u; i), i = 0; 1, u 2 X.
�®ª § â¥«ìáâ¢®. �á«¨ ��1(0) = ;, â® ª ª ind2(f0 � g0;X; 0), â ª ¨ ind2(f1 � g1; X; 0) à ¢­ë

­ã«î. �ãáâì ��1(0) 6= ;. �®£¤  áãé¥áâ¢ã¥â ®âªàëâ ï, ®£à ­¨ç¥­­ ï ®ªà¥áâ­®áâì U � X � [0; 1]
ª®¬¯ ªâ  ��1(0) â ª ï, çâ® f jU ï¢«ï¥âáï �n+1C

r-®â®¡à ¦¥­¨¥¬, f jU | á®¡áâ¢¥­­®¥ ®â®¡à ¦¥-
­¨¥,   g = gjU ï¢«ï¥âáï f-ª®¬¯ ªâ­® áã¦ ¥¬ë¬ ®â®¡à ¦¥­¨¥¬. �ãé¥áâ¢®¢ ­¨¥ â ª®© ®ªà¥áâ­®-
áâ¨ ¤®ª §ë¢ ¥âáï â ª ¦¥, ª ª ¨ ¢ ®¯à¥¤¥«¥­¨¨ ¨­¤¥ªá  ¬­®¦¥áâ¢  à¥è¥­¨©. �ãáâì T � F |
äã­¤ ¬¥­â «ì­®¥ ¬­®¦¥áâ¢® ¯ àë ff; gg ¨ � : F ! co

�
g(f�1(T ))

�
| à¥âà ªæ¨ï. �®£¤  £®¬®â®¯¨ïe�(u; t) = f(u; t)��g(u; t), (u; t) 2 U , ®¡« ¤ ¥â á¢®©áâ¢®¬ e�(u; t) 6= 0, u 2 @Ut, £¤¥ Ut = U\(X�ftg).

�â® á«¥¤ã¥â ¨§ â®£®, çâ® e��1(0) = ��1(0).
�®£« á­® á¢®©áâ¢ã £®¬®â®¯¨ç¥áª®© ¨­¢ à¨ ­â­®áâ¨ ­¥®à¨¥­â¨à®¢ ­­®© áâ¥¯¥­¨ ®â®¡à ¦¥-

­¨© ¢¨¤  \äà¥¤£®«ì¬®¢® ¯«îá ¢¯®«­¥ ­¥¯à¥àë¢­®¥" (á¬. [4])

ind2(e�(�; 0)U 0; 0) = ind2(e�(�; 1); U 1; 0);

çâ® ¨ ®§­ ç ¥â á®£« á­® ®¯à¥¤¥«¥­¨î ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (1.3).

2. �®ª «ì­® f-ã¯«®â­ïîé¨¥ ®â®¡à ¦¥­¨ï

�¤­¨¬ ¨§ ­ ¨¡®«¥¥ ¢ ¦­ëå ¯à¨¬¥à®¢ f -ª®¬¯ ªâ­® áã¦ ¥¬ëå ®â®¡à ¦¥­¨© ï¢«ïîâáï f -
ã¯«®â­ïîé¨¥ ®â®¡à ¦¥­¨ï, ¢¢¥¤¥­­ë¥ ¢ [9]. �à¨¢¥¤¥¬ ­¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï.

�¯à¥¤¥«¥­¨¥ 2.1. �¥à®© ­¥ª®¬¯ ªâ­®áâ¨ ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ F ­ §ë¢ ¥âáï äã­ª-
æ¨ï  , á®¯®áâ ¢«ïîé ï ª ¦¤®¬ã ®£à ­¨ç¥­­®¬ã ¬­®¦¥áâ¢ã M � F ­¥®âà¨æ â¥«ì­®¥ ç¨á«®
 (M) â ª, çâ® ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï.

�á«®¢¨¥ 2.1.  (co(M)) =  (M), £¤¥ co(M) | § ¬ëª ­¨¥ ¢ë¯ãª«®© ®¡®«®çª¨ ¬­®¦¥áâ¢ M .

�á«®¢¨¥ 2.2. �§ ¢ª«îç¥­¨ï M1 �M2 á«¥¤ã¥â  (M1) �  (M2).

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¬¥àë ­¥ª®¬¯ ªâ­®áâ¨, ¨á¯®«ì§ã¥¬ë¥ ¤ «¥¥ ¢ áâ âì¥, ã¤®¢«¥â¢®àïîâ
á«¥¤ãîé¨¬ ãá«®¢¨ï¬.

�á«®¢¨¥ 2.3.  (M) = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  M ®â­®á¨â¥«ì­® ª®¬¯ ªâ­®.

�á«®¢¨¥ 2.4.  (M1 [M2) � maxf (M1);  (M2)g.
�á«®¢¨¥ 2.5.  (M1 +M2) �  (M1) +  (M2).

� ª¨¬ ãá«®¢¨ï¬ ã¤®¢«¥â¢®àï¥â, ­ ¯à¨¬¥à, ¬¥à  ­¥ª®¬¯ ªâ­®áâ¨ �ãà â®¢áª®£® 
(M):


(M) = inffd > 0; ¯à¨ ª®â®àëå M ¬®¦­® ¯®ªàëâì ª®­¥ç­ë¬ ç¨á«®¬ ¬­®¦¥áâ¢ ¤¨ ¬¥âà  dg:
�ãáâì U | ¯à®¨§¢®«ì­®¥ ¯®¤¬­®¦¥áâ¢® ¡ ­ å®¢  ¯à®áâà ­áâ¢  E; f; g : U ! F | ®â®¡à -

¦¥­¨ï ¬­®¦¥áâ¢  U ¢ ¡ ­ å®¢® ¯à®áâà ­áâ¢® F .
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�¯à¥¤¥«¥­¨¥ 2.2. �â®¡à ¦¥­¨¥ g : U ! F ­ §ë¢ ¥âáï f -ã¯«®â­ïîé¨¬ ­  ¬­®¦¥áâ¢¥ U ¯®
¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨  , ¥á«¨  (g(M)) <  (f(M)) ¤«ï «î¡®£® ®£à ­¨ç¥­­®£® ¬­®¦¥áâ¢  M ¨§
U â ª®£®, çâ®  (g(M)) 6= 0.

� [9] ¯®ª § ­®, çâ® ¤«ï «î¡®£® f -ã¯«®â­ïîé¥£® ­  ¬­®¦¥áâ¢¥ U ®â®¡à ¦¥­¨ï g : U ! F
áãé¥áâ¢ã¥â ª®¬¯ ªâ­®¥ äã­¤ ¬¥­â «ì­®¥ ¬­®¦¥áâ¢® T ¯ àë ff; gg. � ª¨¬ ®¡à §®¬, ¥á«¨ f ¨
g ­¥¯à¥àë¢­ë ¨ ®â®¡à ¦¥­¨¥ g ï¢«ï¥âáï f -ã¯«®â­ïîé¨¬, â® ®­® ï¢«ï¥âáï â ª¦¥ f -ª®¬¯ ªâ­®
áã¦ ¥¬ë¬.

� ¯. 1 ¯à¨ ®¯à¥¤¥«¥­¨¨ ¨­¤¥ªá  ¬­®¦¥áâ¢  à¥è¥­¨© ãà ¢­¥­¨ï (1.1) ¯à¥¤¯®« £ «®áì, çâ® g
ï¢«ï¥âáï f -ª®¬¯ ªâ­® áã¦ ¥¬ë¬ ­  ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ U ª®¬¯ ªâ  Q = (f�g)�1(0). � «¥¥
¨§ãç¨¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå ¤ ­­®¥ ¯à¥¤¯®«®¦¥­¨¥ ¢ë¯®«­¥­® ¤«ï f -ã¯«®â­ïîé¨å ®â®¡à ¦¥-
­¨©. �®-¯¥à¢ëå, § ¬¥â¨¬, çâ® ãá«®¢¨¥ ª®¬¯ ªâ­®áâ¨ Q ¯®§¢®«ï¥â ®æ¥­¨¢ âì «¨èì «®ª «ì­ãî
f -ã¯«®â­ï¥¬®áâì g ¢ ®ªà¥áâ­®áâ¨ ª ¦¤®© â®çª¨ q 2 Q. � ¨¬¥­­®, ¨¬¥¥â ¬¥áâ®

�¥¬¬  2.1. �ãáâì ¤«ï ª ¦¤®© â®çª¨ q ª®¬¯ ªâ  Q áãé¥áâ¢ã¥â ®ªà¥áâ­®áâì, ¢ ª®â®à®©
g ï¢«ï¥âáï f -ã¯«®â­ïîé¨¬ ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨  . �®£¤  ®â®¡à ¦¥­¨¥ g ï¢«ï¥âáï f -
ã¯«®â­ïîé¨¬ ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨  ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ U ª®¬¯ ªâ  Q.

�®ª § â¥«ìáâ¢®. �§ ®âªàëâ®£® ¯®ªàëâ¨ï fU(q)gq2Q ¢ë¡¥à¥¬ ª®­¥ç­®¥ ¯®¤¯®ªàëâ¨¥ fU(qi)g,
i = 1; : : : ; n. �®ª ¦¥¬, çâ® U = [n

i=1U(qi) | íâ® âà¥¡ã¥¬ ï ®ªà¥áâ­®áâì. �ãáâìM � U . �®«®¦¨¬
Mi =M\U(qi). �®£¤   [g(M)] = max

1�i�n
 [g(Mi)] =  [g(Mi0 )]. �á¯®«ì§ãï ãá«®¢¨¥ f -ã¯«®â­ï¥¬®áâ¨

g ­  ¬­®¦¥áâ¢ å Mi, ¯®«ãç¨¬  [g(Mi0 )] <  [f(Mi0)], ¥á«¨  [g(Mi0 )] 6= 0. �§ ãá«®¢¨ï ¬®­®â®­­®-
áâ¨  á«¥¤ã¥â, çâ®  [f(Mi0)] �  [f(M)]. �®íâ®¬ã, ¥á«¨  [g(M)] 6= 0, â®  [g(M)] <  [f(M)].

� ¤ «ì­¥©è¥¬ B(q; �) ®¡®§­ ç ¥â è à ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ á æ¥­âà®¬ ¢ â®çª¥ q ¨ à ¤¨-
ãá®¬ � > 0.

�¯à¥¤¥«¥­¨¥ 2.3. �â®¡à ¦¥­¨¥ g : U ! F ­ §ë¢ ¥âáï kf -®£à ­¨ç¥­­ë¬ ¯® ¬¥à¥ ­¥ª®¬-
¯ ªâ­®áâ¨  ¢ â®çª¥ q 2 U , ¥á«¨ ¤«ï ª ¦¤®£® � > 0 ­ ©¤¥âáï � > 0 â ª®¥, çâ®  [g(M)] �
(k + �) [f(M)] ¤«ï ª ¦¤®£® M ¨§ B(q; �).

�ãáâì ®â®¡à ¦¥­¨¥ f ¤¨ää¥à¥­æ¨àã¥¬® ¯® �à¥è¥ ¢ â®çª¥ q 2 X ¨ f 0(q) | ¥£® ¯à®¨§¢®¤­ ï
¢ íâ®© â®çª¥. �®£¤  ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥­¨¥

f(q + h) = f(q) + f 0(q)h+ !(q; h); (2.1)

£¤¥ k!(q;h)k

khk
! 0 ¯à¨ khk ! 0.

�¥¬¬  2.2. �ãáâì f | ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®¥ ®â®¡à ¦¥­¨¥ ¢ ­¥ª®â®à®© ®ªà¥áâ-
­®áâ¨ U â®çª¨ q. �®£¤  ¤«ï ª ¦¤®£® � > 0 áãé¥áâ¢ã¥â è à B(0; �) à ¤¨ãá  � á æ¥­âà®¬ ¢ ­ã«¥
â ª®©, çâ® ! | «¨¯è¨æ¥¢® á ª®­áâ ­â®© � ¢ è à¥ B(0; �), â. ¥. k!(q; h0)�!(q; h1)k � �kh0�h1k
¤«ï h0; h1 2 B(0; �).

�â¢¥à¦¤¥­¨¥ «¥¬¬ë 2.2 ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ â¥®à¥¬ë ® áà¥¤­¥¬.
�áî¤ã ­¨¦¥ ¢ ª ç¥áâ¢¥ ¬¥àë ­¥ª®¬¯ ªâ­®áâ¨ ¡ã¤¥â ¨á¯®«ì§®¢ âìáï ¬¥à  ­¥ª®¬¯ ªâ­®áâ¨

�ãà â®¢áª®£® 
(M).

�«¥¤áâ¢¨¥ 2.1. �ãáâì f | ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®¥ ®â®¡à ¦¥­¨¥. �®£¤  ¤«ï «î¡®£®
� > 0 áãé¥áâ¢ã¥â è à B(0; �) â ª®©, çâ® 
[!(q;M)] � �
[M ] ¤«ï «î¡®£® M � B(0; �).

�â¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï 2.1 á«¥¤ã¥â ¨§ «¥¬¬ë 2.2 ¨ ®¯à¥¤¥«¥­¨ï ¬¥àë ­¥ª®¬¯ ªâ­®áâ¨ �ã-
à â®¢áª®£®.

� ¯®¬­¨¬, çâ® «¨­¥©­ë© ®¯¥à â®à L : E ! F ­ §ë¢ ¥âáï �+-®¯¥à â®à®¬, ¥á«¨ ®¡à § ImL
§ ¬ª­ãâ ¨ ï¤à® KerL ¥áâì ª®­¥ç­®¬¥à­®¥ ¯à®áâà ­áâ¢®. � [10] ¯®ª § ­®, çâ® ¥á«¨ L : E ! F |
�+-®¯¥à â®à, â® áãé¥áâ¢ã¥â ¨ ®â«¨ç­® ®â ­ã«ï ç¨á«® C
(L) = supfc : c
[M ] � 
[L(M)] 8M � Eg.
�â¬¥â¨¬ â ª¦¥, çâ® «¨­¥©­ë© äà¥¤£®«ì¬®¢ ®¯¥à â®à ï¢«ï¥âáï �+-®¯¥à â®à®¬.
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�¥¬¬  2.3. �ãáâì f | ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®¥ ®â®¡à ¦¥­¨¥ ¨ L : E ! F |

�+-®¯¥à â®à. �®£¤  ¤«ï «î¡®© â®çª¨ q ®â®¡à ¦¥­¨¥ !(q; �) ï¢«ï¥âáï «®ª «ì­® 0L-®£à ­¨ç¥­-
­ë¬ ¯® ¬¥à¥ 
 ¢ â®çª¥ q.

�®ª § â¥«ìáâ¢®. �®£« á­® á«¥¤áâ¢¨î 2.1 áãé¥áâ¢ã¥â è à B(0; �) â ª®©, çâ® 
[!(q;M)] �
�C
(L)
(M) ¤«ï «î¡®£® M � B(0; �). �® ¤«ï «î¡®£® M � B(0; �) ¬¥à  ­¥ª®¬¯ ªâ­®áâ¨ 
(M) �
[C
(L)]�1
[L(M)], ¯®íâ®¬ã 
[!(q;M)] � �
[L(M)].

�¥®à¥¬  2.1. �ãáâì f | ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬®¥ ®â®¡à ¦¥­¨¥ ¢ ®âªàëâ®© ®ªà¥áâ-
­®áâ¨ U â®çª¨ q ¨ f 0(q) | �+-®¯¥à â®à. �á«¨ ®â®¡à ¦¥­¨¥ g «®ª «ì­® kf 0(q)-®£à ­¨ç¥­® ¯®
¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ 
 ¢ â®çª¥ q, â® g «®ª «ì­® kf -®£à ­¨ç¥­® ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ 
 ¢
â®çª¥ q.

�®ª § â¥«ìáâ¢®. �«ï ª ¦¤®£® h 2 U � q ¨¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥­¨¥ (2.1). �®íâ®¬ã ¤«ï
«î¡®£® M � U � q á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥

f 0(q)(M) � f(q +M)� f(q)� !(q;M): (2.2)

� á¨«ã «¥¬¬ë 2.3 ¤«ï «î¡®£® � 2 (0; 1) áãé¥áâ¢ã¥â è à B(0; �) â ª®©, çâ® 
[!(q;M)] �
�
[f 0(q)M ] ¨ 
[g(q+M)] � (k+ �)
[f 0(q)M ] ¤«ï «î¡®£® M � B(0; �). �§ ¢ª«îç¥­¨ï (2.2) á«¥¤ã¥â


[f 0(q)M ] � 
[f(q +M)� f(q)� !(q;M)] � 
[f(q +M)] + �
[f 0(q)M ]:

�®íâ®¬ã 
[f 0(q)M ] � (1 � �)�1
[f(q + M)] ¤«ï «î¡®£® M � B(0; �). �®£¤  
[g(q + M)] �
(k + �)
[f 0(q)M ] � (1 � �)�1(k + �)
[f(q +M)] ¤«ï «î¡®£® M � B(0; �). � ª ª ª � ¬®¦­® ¢ë-
¡à âì áª®«ì ã£®¤­® ¬ «ë¬, â® â¥®à¥¬  ¤®ª § ­ .

� ¬¥ç ­¨¥. �¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥ ãâ¢¥à¦¤¥­¨¥. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 2.1
®â­®á¨â¥«ì­® ®â®¡à ¦¥­¨ï f ¨ g «®ª «ì­® kf -®£à ­¨ç¥­® ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ 
 ¢ â®çª¥ q,
â® g ï¢«ï¥âáï «®ª «ì­® kf 0(q)-®£à ­¨ç¥­­ë¬ ¢ íâ®© â®çª¥.

�â¢¥à¦¤¥­¨¥ «¥¬¬ë 2.1 ¡ã¤¥â ­¥¢¥à­ë¬, ¥á«¨ ®â¡à®á¨âì ãá«®¢¨¥ ª®¬¯ ªâ­®áâ¨ Q. �â® ïá­®
¨§ á«¥¤ãîé¥£® ¯à¨¬¥à .

�ãáâì E = F = l2 ¨ f = Id : l2 ! l2 | â®¦¤¥áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥. �¯à¥¤¥«¨¬ g : l2 !
l2 ¯® ä®à¬ã«¥ g(x1; x2; : : : ; xn; : : : ) = (x31; x

3
2; : : : ; x

3
n; : : : ). �¥£ª® ¢¨¤¥âì, çâ® g ­¥ ï¢«ï¥âáï f -

ã¯«®â­ïîé¨¬ ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ �ãà â®¢áª®£® 
(M) ­  «î¡®¬ ¬­®¦¥áâ¢¥, á®¤¥à¦ é¥¬
B(0; 1) | ¥¤¨­¨ç­ë© è à á æ¥­âà®¬ ¢ ­ã«¥. �¥©áâ¢¨â¥«ì­®, 
[B(0; 1)] = 2, ¢ â® ¢à¥¬ï ª ª

[g(B(0; 1))] � 2. �¤­ ª®, ª ª á«¥¤ã¥â ¨§ â¥®à¥¬ë 2.1, g ï¢«ï¥âáï f -ã¯«®â­ïîé¨¬ ¢ ¤®áâ â®ç­®
¬ «®© ®ªà¥áâ­®áâ¨ ª ¦¤®© â®çª¨,   á«¥¤®¢ â¥«ì­®, ¢ á¨«ã «¥¬¬ë 2.1 ¨ ¢ ®ªà¥áâ­®áâ¨ «î¡®£®
ª®¬¯ ªâ .

�«¥¤áâ¢¨¥ 2.2. �ãáâì ®â®¡à ¦¥­¨ï f ¨ g ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë ¢ ®âªàëâ®© ®ªà¥áâ-
­®áâ¨ U â®çª¨ q ¨ f 0(q) ¥áâì �+-®¯¥à â®à. �á«¨ ¯à®¨§¢®¤­ ï g0(q) ï¢«ï¥âáï kf 0(q)-®£à ­¨ç¥­­ë¬
®¯¥à â®à®¬ ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ 
, â® g ï¢«ï¥âáï «®ª «ì­® kf -®£à ­¨ç¥­­ë¬ ®â®¡à ¦¥­¨¥¬
¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ 
 ¢ â®çª¥ q.

�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë 2.1 ¤®áâ â®ç­® ¯à®¢¥à¨âì, çâ® g «®ª «ì­® kf 0(q)-®£à ­¨-
ç¥­® ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ 
 ¢ â®çª¥ q. �«ï «î¡®£® h 2 U � q ¨¬¥¥¬ f(q+h) = f(q)+ f 0(q)h+
!(q; h), £¤¥ k!(q;h)k

khk
! 0 ¯à¨ khk ! 0. �®£¤  á¯à ¢¥¤«¨¢® ¢ª«îç¥­¨¥

g(q +M) � g(q) + g0(q)M + !(M) (2.3)

¤«ï «î¡®£® M 2 U � q. � á¨«ã «¥¬¬ë 2.3 ¤«ï «î¡®£® � > 0 áãé¥áâ¢ã¥â è à B(0; �) â ª®©, çâ®

[!(M)] � �
[f 0(q)M ] ¤«ï «î¡®£® M � B(0; �). �®íâ®¬ã ¨§ ¢ª«îç¥­¨ï (2.3) á«¥¤ã¥â


[g(q +M)] � 
[g0(q)M ] + 
[!(M)] � k
[f 0(q)M ] + �
[f 0(q)M ] = (k + �)
[f 0(q)M ]

¤«ï «î¡®£® M � B(0; �). �â ª, ¯®ª § ­®, çâ® g «®ª «ì­® kf 0(q)-®£à ­¨ç¥­® ¯® ¬¥à¥ 
 ¢ â®çª¥ q.
�à¨¬¥­ïï â¥®à¥¬ã 2.1, ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï.
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�ä®à¬ã«¨àã¥¬ § ª«îç¨â¥«ì­ë© à¥§ã«ìâ â íâ®£® ¯ à £à ä .

�¥®à¥¬  2.2. �ãáâì ®â®¡à ¦¥­¨¥ f ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬® ¢ ­¥ª®â®à®© ®ªà¥áâ-
­®áâ¨ ª®¬¯ ªâ  Q ¨ f 0(q) | äà¥¤£®«ì¬®¢ ®¯¥à â®à ¤«ï ¢á¥å q 2 Q. �ãáâì ®â®¡à ¦¥­¨¥ g
«®ª «ì­® kf 0(q)-®£à ­¨ç¥­® ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ 
 ¢ ª ¦¤®© â®çª¥ q 2 Q ¨ k < 1. �®£¤ 
®â®¡à ¦¥­¨¥ g ï¢«ï¥âáï f -ã¯«®â­ïîé¨¬ ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ 
 ¢ ­¥ª®â®à®© ®âªàëâ®©

®ªà¥áâ­®áâ¨ U ª®¬¯ ªâ  Q.

�®ª § â¥«ìáâ¢®. �§ â¥®à¥¬ë 2.1 á«¥¤ã¥â, çâ® g «®ª «ì­® kf -®£à ­¨ç¥­® ¢ ª ¦¤®© â®çª¥
q 2 Q ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ 
. � ª ª ª k < 1, â® ã ª ¦¤®© â®çª¨ q 2 Q áãé¥áâ¢ã¥â ®ªà¥áâ­®áâì
U(q), ¢ ª®â®à®© g ï¢«ï¥âáï f -ã¯«®â­ïîé¨¬ ®â®¡à ¦¥­¨¥¬. �â¢¥à¦¤¥­¨¥ â¥®à¥¬ë 2.2 â¥¯¥àì
á«¥¤ã¥â ¨§ «¥¬¬ë 2.1.

� ¬¥ç ­¨¥. �â¢¥à¦¤¥­¨ï â¥®à¥¬ 2.1 ¨ 2.2 á¯à ¢¥¤«¨¢ë ¨ ¤«ï ¬¥àë ­¥ª®¬¯ ªâ­®áâ¨ � ãá-
¤®àä .

3. �à¨«®¦¥­¨¥ ª ªà ¥¢ë¬ § ¤ ç ¬
¤«ï ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

�¡®§­ ç¨¬ ç¥à¥§ C([0; 1];Rn ) ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå äã­ªæ¨©, ¤¥©áâ¢ãîé¨å ¨§ [0; 1] ¢
R
n , á ­®à¬®© kxk1 = max

t2[0;1]
jx(t)jn (£¤¥ j � jn | ­®à¬  ¢¥ªâ®à  ¢ Rn , ®¯à¥¤¥«ï¥¬ ï ä®à¬ã«®© jbjn =

max
1�i�n

jbij, b = (b1; b2; : : : ; bn) 2 R
n). � ª ®¡ëç­®, Ck([0; 1];Rn ) ®§­ ç ¥â ¯à®áâà ­áâ¢® äã­ªæ¨©,

¨¬¥îé¨å ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ ¤® ¯®àï¤ª  k ¢ª«îç¨â¥«ì­®, á ­®à¬®© kxkk =
kP

j=0
kx(j)k1.

� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  ¢¨¤ 

a0�xm(t) + a1�xm�1(t) + � � �+ am = G(t; x(t); _x(t); �x(t)) (3.1)

¨ ¨áá«¥¤ã¥¬ ¢®¯à®á ® áãé¥áâ¢®¢ ­¨¨ à¥è¥­¨© x 2 C2([0; 1];Rn) íâ®£® ãà ¢­¥­¨ï, ã¤®¢«¥â¢®àïî-
é¨å £à ­¨ç­ë¬ ãá«®¢¨ï¬

x(0) = c0; x(1) = c1; c0; c1 2 R
n : (3.2)

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® aj 2 R
n , j = 0; : : : ;m, a0 > 0, ¨ b � y = (b1y1; b2y2; : : : ; bnyn) ¤«ï b =

(b1; b2; : : : ; bn), y = (y1; y2; : : : ; yn). �ãáâì ®â®¡à ¦¥­¨¥ G : [0; 1]�R
n �R

n �R
n ! R

n ­¥¯à¥àë¢­®.
�¡®§­ ç¨¬ ç¥à¥§ L ¬­®£®ç«¥­, áâ®ïé¨© ¢ «¥¢®© ç áâ¨ ãà ¢­¥­¨ï (3.1), ¨ ç¥à¥§ B | ¥£®

¯à®¨§¢®¤­ë© ¬­®£®ç«¥­

B(y) = ma0y
m�1 + (m� 1)a1y

m�2 + � � �+ 2am�2y + am�1:

�­®£®ç«¥­ B á®áâ®¨â ¨§ n ª®®à¤¨­ â­ëå ¬­®£®ç«¥­®¢ Bj , § ¢¨áïé¨å «¨èì ®â j-© ª®®à¤¨­ âë
yj ¢¥ªâ®à  y. �¡®§­ ç¨¬ ç¥à¥§ blij , 1 � li � m� 1, ¢¥é¥áâ¢¥­­ë¥ ª®à­¨ ¬­®£®ç«¥­  Bj , à á¯®«®-
¦¥­­ë¥ ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï. �¢¥¤¥¬ ¬­®¦¥áâ¢®

S0 = fy 2 R
n : 9j; l; 1 � j � n; 1 � l � m� 1; yj = bljg:

�ãáâì U�S0 | �-®ªà¥áâ­®áâì ¬­®¦¥áâ¢  S0. �®£¤  ¬­®¦¥áâ¢® Rn n U�S0 à §¡¨¢ ¥âáï ­  ®¡« áâ¨

Dl1;l2;:::;ln(�) = fy 2 R
n : 8j : 1 � j � n : bljj + � � yj � b

lj+1
j � �g;

£¤¥ lj ¨§¬¥­ï¥âáï ®â 0 ¤® m � 1 ¨ b0j = �1, bmj = +1 ¤«ï j = 1; 2; : : : ; n. �ãáâì kij(�) |
¬¨­¨¬ «ì­®¥ §­ ç¥­¨¥ ¬®¤ã«ï ¬­®£®ç«¥­  Bj , ª®£¤  yj 2 [bij + �; bi+1

j � �]:

kij(�) = min
yj2[bij+�;b

i+1

j
��]
jBj(yj)j; 1 � j � n; 0 � i � m� 1:

�¥®à¥¬  3.1. �ãáâì ®â®¡à ¦¥­¨ï L ¨ G ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

(A) áãé¥áâ¢ã¥â �0 > 0 â ª®¥, çâ® ¢á¥ ª®à­¨ ¬­®£®ç«¥­  L ­¥ ¯à¨­ ¤«¥¦ â U�S0 ¤«ï ­¥ª®-

â®à®£® � > �0; ªà®¬¥ â®£®, áâ¥¯¥­ì ¬­®£®ç«¥­  L ­¥ç¥â­ ;
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(B) ¤«ï ¢á¥å (t; u; v) 2 [0; 1] � R
n � R

n , y 2 U�0S0 ¨ «î¡®£® � 2 (0; 1]

jL(y)� �G(t; u; v; y)jn 6= 0;

(C) ­  ª ¦¤®¬ ¬­®¦¥áâ¢¥ Dl1;:::;ln(�0) ¤«ï «î¡ëå ä¨ªá¨à®¢ ­­ëå (t; u; v) 2 [0; 1] � R
n � R

n

á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

jGj(t; u; v; y) �Gj(t; u; v; ey)j � kj jy � eyjn
¤«ï «î¡ëå y; ey 2 Dl1;:::;ln(�0) ¨ kj < k

lj
j (�0), ­¥ § ¢¨áïé¨å ®â ¢ë¡®à  (t; u; v);

(D) ¤«ï «î¡®£® y 2 R
n áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­ë¥ �; �; 
 2 R â ª¨¥, çâ®

jG(t; u; v; y)jn � �+ �jujm�1
n + 
jvjm�1

n

¤«ï «î¡ëå (t; u; v) 2 [0; 1] � R
n � R

n .

�®£¤  ªà ¥¢ ï § ¤ ç  (3:1){(3:2) ¨¬¥¥â å®âï ¡ë ®¤­® à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. �«ï ãà ¢­¥­¨ï (3.1) ¨ £à ­¨ç­ëå ãá«®¢¨© (3.2) ®¯à¥¤¥«¨¬ á«¥¤ãîé¨¥
®â®¡à ¦¥­¨ï:

f : C2([0; 1];Rn )! C([0; 1];Rn); (fx)(t) = L(�x(t));

g : C2([0; 1];Rn)! C([0; 1];Rn); g(x)(t) = G(t; x(t); _x(t); �x(t));

l : C2([0; 1];Rn)! R
n � R

n ; l(x) = (x(0); x(1));

c : C([0; 1];Rn )! R
n � R

n ; c(x) = (c0; c1) = const :

�®£¤  ªà ¥¢ ï § ¤ ç  (3.1), (3.2) íª¢¨¢ «¥­â­  ®¯¥à â®à­®¬ã ãà ¢­¥­¨î

(f; l)(x) � (g; c)(x) = 0: (3.3)

�¨¦¥ ¯®ª ¦¥¬, çâ® ¢ ãá«®¢¨ïå â¥®à¥¬ë 3.1 ¤«ï ãà ¢­¥­¨ï (3.3) ¢ë¯®«­¥­ë ãá«®¢¨ï 1.1{1.3.
�«¥¤®¢ â¥«ì­®, ®¯à¥¤¥«¥­ ¨­¤¥ªá ¬­®¦¥áâ¢  à¥è¥­¨© ind((f; l)�(g; c);
; 0) ãà ¢­¥­¨ï (3.3). �«ï
â®£® çâ®¡ë ¢ëç¨á«¨âì íâ®â ¨­¤¥ªá, à áá¬®âà¨¬ á¥¬¥©áâ¢® ªà ¥¢ëå § ¤ ç:

L(�x(t)) = �G(t; x(t); _x(t); �x(t)); (3.1�)

x(0) = �c0; x(1) = �c1: (3.2�)

�â® á¥¬¥©áâ¢® ®¯à¥¤¥«ï¥â á¥¬¥©áâ¢® ®¯¥à â®à­ëå ãà ¢­¥­¨©

(f; l)(x)� �(g; c)(x) = 0: (3.3�)

�®ª ¦¥¬ á ¯®¬®éìî á«¥¤ãîé¨å «¥¬¬, çâ® £®¬®â®¯¨ï (3:3�) ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬
á¢®©áâ¢  1.2 ¨­¤¥ªá  (á«¥¤®¢ â¥«ì­®, ãá«®¢¨ï 1.1{1.3 ¤«ï ãà ¢­¥­¨ï (3.3) ¡ã¤ãâ ¢ë¯®«­¥­ë).

�¡®§­ ç¨¬ ç¥à¥§ Wl1;l2;:::;ln ®¡« áâì ¢ C2([0; 1];Rn)

Wl1;l2;:::;ln = fx 2 C2([0; 1];Rn ) : �x(t) 2 Dl1;l2;:::;ln(�0) 8t 2 [0; 1]g:
�¥¬¬  3.1. �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ (B) â¥®à¥¬ë 3:1, â®£¤  ®¡ê¥¤¨­¥­¨¥ ®¡« áâ¥©

Wl1;l2;:::;ln á®¤¥à¦¨â ¢á¥ à¥è¥­¨ï á¥¬¥©áâ¢  ãà ¢­¥­¨© (3:1�); � 2 (0; 1].

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, â. ¥. áãé¥áâ¢ã¥â à¥è¥­¨¥ x 2 C2([0; 1];Rn) ãà ¢-
­¥­¨ï (3:1�) â ª®¥, çâ® ¤«ï ­¥ª®â®à®© â®çª¨ t0 �x(t0) 2 U�0S0. �® ¢ íâ®¬ á«ãç ¥ L(�x(t0)) =
�0G(t0; x(t0); _x(t0); �x(t0)), çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î (B). �«¥¤®¢ â¥«ì­®, ¯à¥¤¯®«®¦¥­¨¥ ­¥¢¥à-
­®.

�¥¬¬  3.2. �â®¡à ¦¥­¨¥ (f; l) : C2([0; 1];Rn) ! C([0; 1];Rn) � R
n � R

n ï¢«ï¥âáï C1-

£« ¤ª¨¬, äà¥¤£®«ì¬®¢ë¬ ¨­¤¥ªá  ­ã«ì ¨ á®¡áâ¢¥­­ë¬ ­  ®¡ê¥¤¨­¥­¨¨ ®¡« áâ¥© Wl1;l2;:::;ln.
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�®ª § â¥«ìáâ¢®. �à®¨§¢®¤­ ï �à¥è¥ ®â®¡à ¦¥­¨ï (f; l) ¢ â®çª¥ x 2Wl1;l2;:::;ln ¨¬¥¥â ¢¨¤

[D(f; l)(x)]h(t) = (Df(x)h(t); l(h)) =
�
B(�x(t)) � d

2

dt2
h(t); l(h)

�
;

£¤¥ B(�x(t)) ��h(t) | ¯®ª®¬¯®­¥­â­®¥ ¯à®¨§¢¥¤¥­¨¥ äã­ªæ¨©. �à¥¤áâ ¢¨¬ íâ® ®â®¡à ¦¥­¨¥ ¢ ¢¨¤¥
áã¯¥à¯®§¨æ¨¨ ¤¢ãå ®â®¡à ¦¥­¨©:

h
( d2

dt2
;l)����! (�h(t); l(h))

(B(�x(�));I)������! (B(�x(t))�h(t); l(h)):

�®à®è® ¨§¢¥áâ­®, çâ® ®â®¡à ¦¥­¨¥�
d2

dt2
; l

�
: C2([0; 1];Rn)! C([0; 1];Rn)� R

n � R
n

®¡à â¨¬® ¨, á«¥¤®¢ â¥«ì­®, äà¥¤£®«ì¬®¢® ¨­¤¥ªá  ­ã«ì. � á¨«ã ¢ë¡®à  ®¡« áâ¨ Wl1;l2;:::;ln ¢á¥
ª®¬¯®­¥­âë ¢¥ªâ®à  B(�x(t)) ®â«¨ç­ë ®â ­ã«ï ¤«ï «î¡®£® t 2 [0; 1], ¯®íâ®¬ã ®â®¡à ¦¥­¨¥

B(�x(�)) : C([0; 1];Rn)! C([0; 1];Rn)

¨, á«¥¤®¢ â¥«ì­®, ®â®¡à ¦¥­¨¥

(B(�x(�)); I) : C([0; 1];Rn)� R
n � R

n ! C([0; 1];Rn)� R
n � R

n

®¡à â¨¬ë. � ª ª ª ®â®¡à ¦¥­¨¥ B(�x(�)) § ¢¨á¨â ®â x ­¥¯à¥àë¢­®, â® ®â®¡à ¦¥­¨¥ (f; l) C1-
£« ¤ª®, ¨ ¯à®¨§¢®¤­ ï �à¥è¥D(f; l)(x) ®¡à â¨¬  ¢ ª ¦¤®© â®çª¥ x 2Wl1;l2;:::;ln ¨, á«¥¤®¢ â¥«ì­®,
(f; l) ï¢«ï¥âáï äà¥¤£®«ì¬®¢ë¬ ®â®¡à ¦¥­¨¥¬ ¨­¤¥ªá  ­ã«ì.

�«ï â®£® çâ®¡ë ãáâ ­®¢¨âì á®¡áâ¢¥­­®áâì ®â®¡à ¦¥­¨ï (f; l) ­  ®¤­®© ¨§ ®¡« áâ¥© Wl1;l2;:::;ln,
¯à¥¤áâ ¢¨¬ ®â®¡à ¦¥­¨¥ (f; l) ¢ ¢¨¤¥ áã¯¥à¯®§¨æ¨¨

x
( d2

dt2
;l)����! (�x; x(0); x(1))

(L;I)���! (L(�x(�)); x(0); x(1)):
� ª ª ª ®â®¡à ¦¥­¨¥ ( d

2

dt2
; l) ®¡à â¨¬®, â® ¤®áâ â®ç­® ¯à®¢¥à¨âì á®¡áâ¢¥­­®áâì ®â®¡à ¦¥­¨ï

L : C([0; 1];Rn) ! C([0; 1];Rn ). � ¬¥â¨¬, çâ® ¥á«¨ x 2 Wl1;l2;:::;ln, â® �x(t) 2 Dl1;l2;:::;ln ¤«ï ª -
¦¤®£® t 2 [0; 1], ­® ¢ á¨«ã ª®­áâàãªæ¨¨ ¬­®£®ç«¥­ LjDl1;l2;:::;ln

¨¬¥¥â ®¡à â­®¥ ®â®¡à ¦¥­¨¥ ¨,
á«¥¤®¢ â¥«ì­®, áã¦¥­¨¥ LjWl1;l2;:::;ln

®¡à â¨¬® ¨ á®¡áâ¢¥­­®. � ª¨¬ ®¡à §®¬, ¬ë ¯®ª § «¨, çâ®
®â®¡à ¦¥­¨¥ (f; l) á®¡áâ¢¥­­® ­  ª ¦¤®© ®¡« áâ¨ Wl1;l2;:::;ln. � ª ª ª ç¨á«® ®¡« áâ¥© ª®­¥ç­®, â®
«¥¬¬  ¤®ª § ­ .

�¥¬¬  3.3. �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ (C) â¥®à¥¬ë 3:1, â®£¤  ®â®¡à ¦¥­¨¥ (g; c) ï¢«ï¥âáï
(f; l)-ã¯«®â­ïîé¨¬ ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ 
 ­  ®¡ê¥¤¨­¥­¨¨ ®¡« áâ¥© Wl1;l2;:::;ln.

�®ª § â¥«ìáâ¢®. � ª ª ª ¬¥à  ­¥ª®¬¯ ªâ­®áâ¨ 
 ¯®«ã ¤¤¨â¨¢­  ¨ ç¨á«® ®¡« áâ¥©Wl1;l2;:::;ln

ª®­¥ç­®, â® ¤®áâ â®ç­® ãáâ ­®¢¨âì (f; l)-ã¯«®â­ï¥¬®áâì ®â®¡à ¦¥­¨ï (g; c) ­  ª ¦¤®© ®¡« áâ¨
Wl1;l2;:::;ln ®â¤¥«ì­®. �®«¥¥ â®£®, â. ª. l ¨ c | ¢¯®«­¥ ­¥¯à¥àë¢­ë¥ ®â®¡à ¦¥­¨ï, â® ¤«ï ¤®ª -
§ â¥«ìáâ¢  ¤®áâ â®ç­® ãáâ ­®¢¨âì «¨èì f -ã¯«®â­ï¥¬®áâì ®â®¡à ¦¥­¨ï g ­  ª ¦¤®© ®¡« áâ¨
Wl1;l2;:::;ln ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ 
.

�«ï «î¡ëå (t; u; v) 2 [0; 1] � R
n � R

n , y; ey 2 Dl1;l2;:::;ln ¨¬¥¥¬

jG(t; u; v; y) �G(t; u; v; ey)jn = jGj0(t; u; v; y) �Gj0(t; u; v; ey)j � kj0 jy � eyjn = kj0 jyj1 � eyj1 j:
� ª ª ª ®â®¡à ¦¥­¨¥ Lj1 ®¡à â¨¬® ­  ®âà¥§ª¥ [b

lj1
j1
+ �; b

lj1+1
j1

� �] ¨ áãé¥áâ¢ã¥â ®æ¥­ª  ¢¥«¨ç¨­ë
¯à®¨§¢®¤­®©, â®

jLj1(yj1)� Lj1(eyj1)j � k
lj1
j1
jyj1 � eyj1 j:

�§ ¤¢ãå ¯®á«¥¤­¨å ­¥à ¢¥­áâ¢ ¯®«ãç¨¬

jG(t; u; v; y) �G(t; u; v; ey)jn � kj0(k
lj1
j1
)�1jLj1(yj1)� Lj1(eyj1)j �

� kj0(k
lj1
j1
)�1jL(y)� L(ey)jn � ljL(y)� L(ey)jn; (3.4)
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£¤¥ l < 1 ¢ á¨«ã ãá«®¢¨ï (C).
�®ª ¦¥¬ â¥¯¥àì, çâ® ¥á«¨ ­¥à ¢¥­áâ¢® (3.4) ¢ë¯®«­¥­®, â® ®â®¡à ¦¥­¨¥ g ï¢«ï¥âáï f -

ã¯«®â­ïîé¨¬ ­  ®¡« áâ¨ Wl1;l2;:::;ln.
�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, â. ¥. çâ® áãé¥áâ¢ã¥â ¬­®¦¥áâ¢®W0 �Wl1;l2;:::;ln â ª®¥, çâ® 
(g(W0)) �


(f(W0)) � d0 > 0. � ¢¥­áâ¢® 
(f(W0)) = d0 ®§­ ç ¥â, çâ® ¤«ï «î¡®£® � > 0 áãé¥áâ¢ã¥â à §¡¨¥­¨¥
W0 ­  ¬­®¦¥áâ¢ Wi; i = 1; : : : p, â ª¨¥, çâ® diam f(Wi) < d0+�=8. � ª ª ª ®â®¡à ¦¥­¨ï L ¨G à ¢-
­®¬¥à­® ­¥¯à¥àë¢­ë ­  á®®â¢¥âáâ¢ãîé¨å ®¡« áâïå Dl1;l2;:::;ln ¨ [0; 1]�B(0; R)�B(0; R)�Dl1;l2;:::;ln,
£¤¥ B(0; R) � R

n | è à à ¤¨ãá  R á æ¥­âà®¬ ¢ ­ã«¥ ¨ R > kW0k = sup
x2W0

kxk, â® áãé¥áâ¢ã¥â � > 0

â ª®¥, çâ® ¤«ï ¢á¥å (t; u; v; y); (et; eu; ev; ey) 2 [0; 1]�B(0; R)�B(0; R)�Dl1;l2;:::;ln , ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨î j(t; u; v; y) � (et; eu; ev; ey)j < �, á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢  jG(t; u; v; y) � G(et; eu; ev; ey)jn < �=8
¨ jL(y) � L(ey)jn < �=8. � á¨«ã â¥®à¥¬ë �àæ¥« {�áª®«¨ ¢«®¦¥­¨¥ C2([0; 1];Rn) � C1([0; 1];Rn)
¢¯®«­¥ ­¥¯à¥àë¢­®, ¯®íâ®¬ã ¬­®¦¥áâ¢® W0 ®â­®á¨â¥«ì­® ª®¬¯ ªâ­® ¢ C1([0; 1];Rn). �¥ ã¬¥­ì-
è ï ®¡é­®áâ¨ à ááã¦¤¥­¨©, ¡ã¤¥¬ áç¨â âì, çâ® à §¡¨¥­¨¥ fWig ¢ë¡à ­® â ª, çâ® 8x1; x2 2Wi :
kx1 � x2k1 < �.

� áá¬®âà¨¬ â¥¯¥àì à §¡¨¥­¨¥ g(Wi), i = 1; : : : ; p, ¬­®¦¥áâ¢  g(W0). �æ¥­¨¬ ¤¨ ¬¥âà ¬­®¦¥-
áâ¢  g(Wi) ¤«ï ¯à®¨§¢®«ì­®£® i = 1; : : : ; p. �ãáâì x1; x2 2W :

kg(x1)� g(x2)k = max
t2[0;1]

jG(t; x1(t); _x1(t); �x1(t))�G(t; x2(t); _x2(t); �x2(t))jn �
� max

t2[0;1]
jG(t; x1(t); _x1(t); �x1(t))�G(t; x1(t); _x1(t); �x2(t))jn +

+ max
t2[0;1]

jG(t; x1(t); _x1(t); �x2(t))�G(t; x2(t); _x2(t); �x2(t))jn:

�¨ ¬¥âà ¬­®¦¥áâ¢  Wi ¢ C1([0; 1];Rn) ¬¥­ìè¥ �, ¯®íâ®¬ã ¢â®à®¥ á« £ ¥¬®¥ ¬¥­ìè¥ �=8. �ç¨âë-
¢ ï ­¥à ¢¥­áâ¢® (3.4), ¯®«ãç¨¬

kg(x1)� g(x2)k < l max
t2[0;1]

jL(�x1(t))� L(�x2(t))jn + �=8 � lkf(x1)� f(x2)k+ �=8 � ld0 + �=4:

�«¥¤®¢ â¥«ì­®, diam g(Wi) < ld0 + �=4. � ª ª ª ¯à¨¢¥¤¥­­ë¥ ¢ëè¥ à ááã¦¤¥­¨ï á¯à ¢¥¤«¨¢ë
¤«ï «î¡®£® � > 0, â® 
[g(W0)] � ld0. �ç¨âë¢ ï, çâ® l < 1, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢® 
[g(W0)] <

[f(W0)], çâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥­¨î. � ª¨¬ ®¡à §®¬, ­  ª ¦¤®¬ ¬­®¦¥áâ¢¥ Wl1;l2;:::;ln

®â®¡à ¦¥­¨¥ g ï¢«ï¥âáï f -ã¯«®â­ïîé¨¬ ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ 
.

�¥¬¬  3.4. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (B), (C) ¨ (D) â¥®à¥¬ë 3:1. �®£¤  ¬­®¦¥áâ¢® à¥-

è¥­¨© á¥¬¥©áâ¢  ãà ¢­¥­¨© (3:3�) ®£à ­¨ç¥­® ¨ ª®¬¯ ªâ­®.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ¢­ ç «¥, çâ® ¬­®¦¥áâ¢® à¥è¥­¨© á¥¬¥©áâ¢  ãà ¢­¥­¨© (3:3�)
®£à ­¨ç¥­®. �«ï íâ®£® ¤®áâ â®ç­® ¯à®¢¥à¨âì, çâ® ¬­®¦¥áâ¢® ¢â®àëå ¯à®¨§¢®¤­ëå à¥è¥­¨©
ãà ¢­¥­¨© (3:3�) ®£à ­¨ç¥­®. �®£¤ , ¨á¯®«ì§ãï ªà ¥¢ë¥ ãá«®¢¨ï (3:2�), ­¥âàã¤­® ãáâ ­®¢¨âì
®£à ­¨ç¥­­®áâì à¥è¥­¨© ¢ C2([0; 1];Rn). �¥©áâ¢¨â¥«ì­®, ¥á«¨ äã­ªæ¨ï x ã¤®¢«¥â¢®àï¥â ªà ¥-
¢ë¬ ãá«®¢¨ï¬ (3:2�), â®

x(t) = �c0 + [�(c1 � c0)�
Z 1

0

Z u

0

�x(s)ds du]t+
Z t

0

Z u

0

�x(s)ds du;

_x(t) = �(c1 � c0)�
Z 1

0

Z u

0

�x(s)ds du+
Z t

0

�x(s)ds:

�âáî¤  á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ®æ¥­ª¨:

kxk1 � �jc0jn + �jc1 � c0jn + 2k�xk1; k _xk1 � �jc1 � c0jn + 2k�xk1; (3.5)

¨ ¨§ ®£à ­¨ç¥­­®áâ¨ k�xk1 á«¥¤ã¥â ®£à ­¨ç¥­­®áâì kxk2.
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�ãáâì x | ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (3:3�). �à¥¤¯®«®¦¨¬, çâ® x 2 Wl1;l2;:::;ln ¨
®¡« áâì Wl1;l2;:::;ln ­¥®£à ­¨ç¥­ , â. ¥. lj0 ¤«ï ­¥ª®â®à®£® j0 à ¢­® ­ã«î ¨«¨ m � 1. � ¯à®â¨¢-
­®¬ á«ãç ¥ ¬­®¦¥áâ¢® ¢á¥å à¥è¥­¨© ®£à ­¨ç¥­®. �«ï «î¡®£® x 2Wl1;l2;:::;ln á¯à ¢¥¤«¨¢  ®æ¥­ª 

kg(x)k = kG(�; x(�); _x(�); �x(�))k1 = max
t2[0;1]

jG(t; x(t); _x(t); �x(t))jn �
� max

t2[0;1]
jG(t; x(t); _x(t); �x(t)) �G(t; x(t); _x(t); yl1;:::;ln)jn + max

t2[0;1]
jG(t; x(t); _x(t); yl1;:::;ln)jn;

£¤¥ yl1;:::;ln | ¯à®¨§¢®«ì­ë© ¢¥ªâ®à ¨§ Dl1;l2;:::;ln. �âáî¤ , ¨á¯®«ì§ãï ­¥à ¢¥­áâ¢  (3.4), (3.5) ¤«ï
®æ¥­ª¨ ¯¥à¢®£® á« £ ¥¬®£® ¨ ãá«®¢¨¥ (D) ¤«ï ®æ¥­ª¨ ¢â®à®£® á« £ ¥¬®£®, ¯®«ãç¨¬

�kg(x)k � max
t2[0;1]

l[L(�x(t))� L(yl1;:::;ln)jn + �+ max
t2[0;1]

f�jx(t)jm�1
n + 
j _x(t)jm�1

n g �
� lkf(x)k+ ljL(yl1;:::;ln)jn + �+ �(�jc0jn + �jc1 � c0jn + 2k�xk1)m�1 +

+ 
(�jc1 � c0jn + 2k�xk1)m�1 � lkf(x)k+ �0 + �0(k�xk1)m�1:

�®£¤ , ¥á«¨ äã­ªæ¨ï x 2 Wl1;l2;:::;ln ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (3:3�) ¤«ï ­¥ª®â®à®£® � 2
[0; 1], â® kf(x)k = �kg(x)k � lkf(x)k + �0 + �0(k�xk1)m�1 ¨, á«¥¤®¢ â¥«ì­®, (1 � l)kf(x)k � �0 +

�0(k�xk1)m�1. � ¬¥â¨¬, çâ® kf(x)k = kL(�x(�))k1 � ja0jnk�xkm1 �
m�1P
i=0

jaijnk�xki1, ¯®íâ®¬ã ª ¦¤®¥

à¥è¥­¨¥ x 2Wl1;l2;:::;ln ãà ¢­¥­¨ï (3:3�) ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã

(1� l)ja0jnk�xkm1 � �0 + �0k�xkm�1
1 + (1� l)

m�1X
i=0

jaijnk�xki1

¨«¨ (1�l)ja0jnk�xkm1 � 
0
m�1P
i=0

k�xki1 ¤«ï ­¥ª®â®à®£® 
0 > 0. �ç¥¢¨¤­®, íâ® ­¥à ¢¥­áâ¢® á¯à ¢¥¤«¨¢®

«¨èì ¢ â®¬ á«ãç ¥, ª®£¤  k�xk1 < M ¤«ï ­¥ª®â®à®£® M . � ª¨¬ ®¡à §®¬, ¬ë ¯®ª § «¨, çâ®
¬­®¦¥áâ¢® ¢â®àëå ¯à®¨§¢®¤­ëå à¥è¥­¨© ãà ¢­¥­¨© (3:3�) ®£à ­¨ç¥­®, ¨ ¢ á¨«ã ­¥à ¢¥­áâ¢ 
(3.5) ¬­®¦¥áâ¢® à¥è¥­¨© íâ®£® á¥¬¥©áâ¢  ãà ¢­¥­¨© ®£à ­¨ç¥­® ¯® ­®à¬¥ C2([0; 1];Rn ).

�®ª ¦¥¬ ª®¬¯ ªâ­®áâì ¬­®¦¥áâ¢  à¥è¥­¨© á¥¬¥©áâ¢  ãà ¢­¥­¨© (3:3�). �¡®§­ ç¨¬ íâ® ¬­®-
¦¥áâ¢® à¥è¥­¨© ç¥à¥§ K. � ª ª ª f(x) = �g(x) ¤«ï «î¡®£® x 2 K ¨ ­¥ª®â®à®£® � 2 [0; 1],
â® f(K) � co(g(K) [ f0g). � á¨«ã á¢®©áâ¢ ¬¥àë ­¥ª®¬¯ ªâ­®áâ¨ 
 ¨¬¥¥¬ 
(co(g(K) [ f0g)) =

(g(K)) � 
(f(K)). �§ «¥¬¬ë 3.3 á«¥¤ã¥â, çâ® ®â®¡à ¦¥­¨¥ g ï¢«ï¥âáï f -ã¯«®â­ïîé¨¬ ¯® ¬¥à¥
­¥ª®¬¯ ªâ­®áâ¨ 
 ­  ®¡ê¥¤¨­¥­¨¨ ®¡« áâ¥© Wl1;l2;:::;ln. �®íâ®¬ã ¯®«ãç¥­­®¥ ­¥à ¢¥­áâ¢® ¢®§-
¬®¦­® «¨èì ¢ â®¬ á«ãç ¥, ª®£¤  
(g(K)) = 
(f(K)) = 0. �á¯®«ì§ãï á®¡áâ¢¥­­®áâì ®â®¡à ¦¥­¨ï
(f; l), «¥£ª® ¯à®¢¥à¨âì, çâ® ®â®¡à ¦¥­¨¥ f á®¡áâ¢¥­­® ­  ®£à ­¨ç¥­­ëå ¬­®¦¥áâ¢ å ¨§ ®¡ê¥¤¨-
­¥­¨ï Wl1;l2;:::;ln. �®íâ®¬ã ¨§ à ¢¥­áâ¢  
(f(K)) = 0 ¨ ®£à ­¨ç¥­­®áâ¨ ¬­®¦¥áâ¢  K á«¥¤ã¥â ¥£®
ª®¬¯ ªâ­®áâì.

�¥¬¬  3.5. �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ (A) â¥®à¥¬ë 3:1. �®£¤ 

ind((f; l); B(0; R); 0) = 1;

£¤¥ B(0; R) � C2([0; 1];Rn) | è à á æ¥­âà®¬ ¢ ­ã«¥ ¤®áâ â®ç­® ¡®«ìè®£® à ¤¨ãá  R.

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ à ¤¨ãá R â ª¨¬, çâ® R > max
1�i�m�1
1�j�n

jbij j ¨ ¢á¥ à¥è¥­¨ï á¥¬¥©-

áâ¢  ãà ¢­¥­¨© (3:3�) á®¤¥à¦ âáï ¢ B(0; R). � áá¬®âà¨¬ áã¯¥à¯®§¨æ¨î ®â®¡à ¦¥­¨© (f; l) =
(L; I) � ( d

2

dt2
; l) ¨§ «¥¬¬ë 3.2. � ª ª ª ®â®¡à ¦¥­¨ï, ®¡à §ãîé¨¥ áã¯¥à¯®§¨æ¨î, äà¥¤£®«ì¬®¢ë

¢ ­¥ª®â®àëå ®ªà¥áâ­®áâïå à¥è¥­¨© ãà ¢­¥­¨©

(f; l)(x) = 0; (L; I)(y) = 0;

á®®â¢¥âáâ¢¥­­®, â® ¨§ ®¯à¥¤¥«¥­¨ï ¨­¤¥ªá  ¨ á¢®©áâ¢ áâ¥¯¥­¨ ¯®«ãç¨¬

ind((f; l); B(0; R); 0) = ind
�
(L; I);

�
d2

dt2
; l

�
B(0; R); 0

�
� ind

��
d2

dt2
; l

�
; B(0; R); 0

�
:
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�ç¥¢¨¤­®, ind(( d
2

dt2
; l); B(0; R); 0) = 1, ¯®íâ®¬ã

ind((f; l); B(0; R); 0) = ind
�
(L; I);

�
d2

dt2
; l

�
B(0; R); 0

�
= ind(L;B(0; R); 0):

�® ®¯à¥¤¥«¥­¨î ind(L;B(0; R); 0) à ¢¥­ ­¥®à¨¥­â¨à®¢ ­­®© áâ¥¯¥­¨ ®â®¡à ¦¥­¨ï L : C([0; 1];
R
n) ! C([0; 1];Rn), y ! L(y(�)), ¢ ®ªà¥áâ­®áâ¨ à¥è¥­¨© ãà ¢­¥­¨ï Ly = 0 ¨§ è à  B(0; R)

®â­®á¨â¥«ì­® ­ã«ï. �â  áâ¥¯¥­ì ®¯à¥¤¥«ï¥âáï ç¨á«®¬ à¥è¥­¨© ãà ¢­¥­¨ï L(y(�)) = 0, ¢§ïâë¬
¯® mod 2.

� ¬¥â¨¬, çâ® ¨§ ãá«®¢¨ï (A) á«¥¤ã¥â, çâ® ç¨á«® à¥è¥­¨© ãà ¢­¥­¨ï L(y(�)) = 0 á®¢¯ ¤ ¥â á
ç¨á«®¬ à¥è¥­¨© ¬­®£®ç«¥­  L. �®íâ®¬ã

ind(L;B(0; R); 0) = deg2(L;B(0; R); 0):

� ª ª ª áâ¥¯¥­ì ¬­®£®ç«¥­  ­¥ç¥â­ , â® deg2(L;B(0; R); 0) = 1. �«¥¤®¢ â¥«ì­®, ind((f; l);
B(0; R); 0) = 1.

� ª ¯®ª § ­® ¢ «¥¬¬ å 3.1{3.4, £®¬®â®¯¨ï (3:3�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ á¢®©áâ¢  1.2. �®-
íâ®¬ã ­  è à¥ B(0; R) � C2([0; 1];Rn) ¤®áâ â®ç­® ¡®«ìè®£® à ¤¨ãá 

ind((f; l)� (g; c); B(0; R); 0) = ind((f; l); B(0; R); 0):

�à¨¬¥­ïï ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë 3.5, ¯®«ãç¨¬

ind((f; l)� (g; c); B(0; R); 0) = 1:

�«¥¤®¢ â¥«ì­®, ¢ á¨«ã á¢®©áâ¢  1.1 ¨­¤¥ªá  ¬­®¦¥áâ¢  à¥è¥­¨© ãà ¢­¥­¨¥ (3.3) ¨ ªà ¥¢ ï § -
¤ ç  (3.1){(3.2) ¨¬¥îâ å®âï ¡ë ®¤­® à¥è¥­¨¥ ¢ C2([0; 1];Rn ).

� ¬¥ç ­¨¥ 3.1. �á«®¢¨¥ (B) ¢ë¯®«­ï¥âáï, ¥á«¨ á¯à ¢¥¤«¨¢® ®¤­® ¨§ ãá«®¢¨©:

(B0) ¤«ï ¢á¥å (t; u; v) 2 [0; 1]� R
n �R

n ¨ ª ¦¤®£® y 2 U�0S0, hG(t; u; v; y); L(y)i 6= 0, £¤¥ h�; �i |
áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ Rn ;

(B00) ¤«ï ¢á¥å (t; u; v) 2 [0; 1]�R
n �R

n ¨ ª ¦¤®£® y 2 U�0S0 áãé¥áâ¢ã¥â i : 1 � i � n â ª®¥, çâ®
jGi(t; u; v; y)j < jLi(yi)j.

� ¬¥ç ­¨¥ 3.2. �«ï â®£® çâ®¡ë â¥®à¥¬  3.1 ¡ë«  á¯à ¢¥¤«¨¢ , ¤®áâ â®ç­® ¯à¥¤¯®« £ âì,
çâ® ãá«®¢¨ï (B){(D) ¢ë¯®«­ïîâáï «¨èì ¢ ®¡« áâ¨ W = [0; 1] � B(0; R) � B(0; R) � B(0; R) á
¤®áâ â®ç­® ¡®«ìè¨¬ R.

� § ª«îç¥­¨¥ ¯à¨¢¥¤¥¬ ª®­ªà¥â­ë© ¯à¨¬¥à ¨á¯®«ì§®¢ ­¨ï â¥®à¥¬ë 3.1. � áá¬®âà¨¬ á«¥¤ã-
îéãî ªà ¥¢ãî § ¤ çã:

[�x(t)]3 � 3�x(t) = p(1 + t) sin
�
j�xj � �

2
t

�
cos( _xx); t 2 [0; 1];

x(0) = c0; x(1) = c1; c0; c1 2 R
n :

�«ï íâ®© § ¤ ç¨ Ly = y3 � 3y, By = 3y2 � 3, b1 = �1, b2 = 1. �ãáâì �0 = 1=2. �à®¢¥à¨¬, çâ® ¢á¥
ãá«®¢¨ï â¥®à¥¬ë 3.1 ¢ë¯®«­ïîâáï.

(A) �­®£®ç«¥­ ¨¬¥¥â âà¨ ª®à­ï �p3, 0, p3. �á¥ ®­¨ ­¥ ¢å®¤ïâ ¢ �0-®ªà¥áâ­®áâì ª®à­¥© b1,
b2, â. ¥. ®­¨ ­¥ ¯à¨­ ¤«¥¦ â ¨­â¥à¢ « ¬ [�3=2;�1=2], [1=2; 3=2].

(B00) �  ¨­â¥à¢ « å [�3=2;�1=2], [1=2; 3=2] ¬­®£®ç«¥­ L ¯à¨­¨¬ ¥â ­ ¨¬¥­ìè¥¥ ¯® ¬®¤ã«î
§­ ç¥­¨¥ ­  £à ­¨æ å L(�3=2) = 1 1

8
, L(�1=2) = 1 3

8
, L(1=2) = �1 3

8
, L(3=2) = �1 1

8
. � ª ª ª

jG(t; u; v; y)j � 2p, â® ¤«ï p � 1=2 ãá«®¢¨¥ (B00) ¢ë¯®«­ï¥âáï.
(C) �ëç¨á«¨¬ ª®íää¨æ¨¥­âë kj ­  ®¡« áâïå D0 = (�1;�3=2], D1 = [�1=2; 1=2], D2 =

[3=2;+1]: k0 = B(�3=2) = 3 3
4
, k1 = jB(�1=2)j = 2 1

4
, k2 = B(3=2) = 3 3

4
. �ç¥¢¨¤­®,

jG(t; u; v; y) �G(t; u; v; ey)j � 2pjy � eyj. �®íâ®¬ã ¤«ï p � 1 ãá«®¢¨¥ (C) ¢ë¯®«­ï¥âáï.
(D) �ç¥¢¨¤­®, â. ª. ®â®¡à ¦¥­¨¥ g ®£à ­¨ç¥­®.
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� ª¨¬ ®¡à §®¬, ãá«®¢¨ï â¥®à¥¬ë 3.1 ¢ë¯®«­ïîâáï. �«¥¤®¢ â¥«ì­®, ¤«ï p � 1=2 ¤¢ãåâ®ç¥ç-
­ ï ªà ¥¢ ï § ¤ ç  ¤«ï íâ®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¨¬¥¥â å®âï ¡ë ®¤­® à¥è¥­¨¥.
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