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�áá«¥¤ã¥âáï ¢®¯à®á ® ¯®«ãç¥¨¨ â®çëå ¯® ¯®àï¤ªã ®æ¥®ª ¬®¤ã«¥© ¥¯à¥àë¢®áâ¨ ¥®£à -
¨ç¥ëå ®¯¥à â®à®¢. �à¨ íâ®¬ ¨áá«¥¤®¢ ¨¥ ¥®£à ¨ç¥®£® ®¯¥à â®à  § ¬¥ï¥âáï ¨áá«¥¤®-
¢ ¨¥¬ á¥¬¥©áâ¢  «¨¥©ëå ®£à ¨ç¥ëå,  ¯¯à®ªá¨¬¨àãîé¨å ¥®£à ¨ç¥ë©,   á ¬¨ ®£à -
¨ç¥ë¥ ®¯¥à â®àë ¡¥àãâáï ¨§ â¥®à¨¨ ¬¥â®¤®¢ à¥£ã«ïà¨§ æ¨¨. �à¨¢®¤¨âáï ®¡é ï áå¥¬  ¯®«ã-
ç¥¨ï ¯®àï¤ª®¢ëå ®æ¥®ª ãª § ëå ¬®¤ã«¥© ¥¯à¥àë¢®áâ¨, ¢ ª®â®à®© ¨á¯®«ì§ã¥âáï ¯à¥¤«®-
¦¥ ï à ¥¥  ¢â®à®¬ ¬¥â®¤¨ª   å®¦¤¥¨ï ¯®àï¤ª®¢ëå ®æ¥®ª ¯®£à¥è®áâ¥© ¯à¨¡«¨¦¥ëå
à¥è¥¨© ãà ¢¥¨© ¯¥à¢®£® à®¤  ¬¥â®¤ ¬¨ à¥£ã«ïà¨§ æ¨¨. �«ï àï¤  ®¯¥à â®à®¢, á¢ï§ ëå
á ¤¨ää¥à¥æ¨à®¢ ¨¥¬ äãªæ¨©   ®âà¥§ª¥ ¨ á à¥è¥¨¥¬ ªà ¥¢ëå § ¤ ç ¤«ï ®¡ëª®¢¥ëå
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©, ¯à¨¢®¤ïâáï ª®ªà¥âë¥ ®æ¥ª¨ á ãª § ¨¥¬ ¢¥«¨ç¨ë ¯®àï¤ª 
¨ ª®áâ â ¢ ®æ¥ª å.

�®¤ã«¨ ¥¯à¥àë¢®áâ¨ ¥®£à ¨ç¥ëå ®¯¥à â®à®¢ ï¢«ïîâáï ¯à¥¤¬¥â®¬ ¨áá«¥¤®¢ ¨ï ¢
à §«¨çëå à §¤¥« å ¬ â¥¬ â¨ª¨, ¢ ç áâ®áâ¨, ¢ â¥®à¨¨ ¯à¨¡«¨¦¥¨ï äãªæ¨© ¨ ¢ â¥®à¨¨ ãà ¢-
¥¨© ¯¥à¢®£® à®¤ .

� â¥®à¨¨ ¯à¨¡«¨¦¥¨ï äãªæ¨© ¢®¯à®á ® ¢¥«¨ç¨¥ ¬®¤ã«ï ¥¯à¥àë¢®áâ¨ á¢ï§  á § ¤ ç¥©
�â¥çª¨  ®  ¨«ãçè¥¬ ¯à¨¡«¨¦¥¨¨ ¥®£à ¨ç¥ëå ®¯¥à â®à®¢ «¨¥©ë¬¨ ®£à ¨ç¥ë¬¨ ¨
§ ¤ ç¥© ¢ëç¨á«¥¨ï â®çëå ª®áâ â ¢ ¥à ¢¥áâ¢ å â¨¯  �®«¬®£®à®¢  (á¬.,  ¯à., [1]). �®«ì-
è®¥ ª®«¨ç¥áâ¢® à¥§ã«ìâ â®¢ ¢ íâ®¬  ¯à ¢«¥¨¨ ¯®«ãç¥® ¤«ï ¬®¤ã«¥© ¥¯à¥àë¢®áâ¨ ¢¨¤ 

!k(�; 1) = supfku(k)kLp
: ku(n)kLq

� 1; kukLr
� �g:

�à¨ íâ®¬ äãªæ¨¨ u(x) áç¨â îâáï § ¤ ë¬¨   ®á¨ ¨«¨ ¯®«ã®á¨.
� â¥®à¨¨ ãà ¢¥¨© ¯¥à¢®£® à®¤  ¨áá«¥¤ãîâáï ¬®¤ã«¨ ¥¯à¥àë¢®áâ¨ ®¯¥à â®à®¢, ®¡à âëå

ª ®¯¥à â®à ¬ ¢ ãà ¢¥¨¨

Au = f; (1)

£¤¥ A | «¨¥©ë© ®£à ¨ç¥ë©, ¤¥©áâ¢ãîé¨© ¨§ ¯à®áâà áâ¢  X1 ¢ ¯à®áâà áâ¢® X2, ¨¬¥î-
é¨© ¥®£à ¨ç¥ë© ®¡à âë©. �à¨ íâ®¬ áç¨â ¥âáï, çâ® ¯à ¢ ï ç áâì § ¤   ¥¥ �-¯à¨¡«¨¦¥¨¥¬
f� ¢ ¯à®áâà áâ¢¥ X2,   â®ç®¥ à¥è¥¨¥ ¯à¨ ¤«¥¦¨â ª®¬¯ ªâ®¬ã ¬®¦¥áâ¢ãM . �®£¤  ¬®¤ã«ì
¥¯à¥àë¢®áâ¨ ®¯¥à â®à  A�1 ¢ ã«¥ ¨¬¥¥â ¢¨¤

!(�;M) = supfkukX1
: u 2M; kAukX2

� �g: (2)

�â® ®¤  ¨§ ¢ ¦ëå å à ªâ¥à¨áâ¨ª ¯à¨ ¨§ãç¥¨¨ ¢®¯à®á  ®¡ ®¯â¨¬ «ì®áâ¨ ¯® ¯®àï¤ªã ¬¥-
â®¤®¢ à¥£ã«ïà¨§ æ¨¨, ¯à¨¬¥ï¥¬ëå ¤«ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï ãà ¢¥¨ï (1) ¨ ®¡ ®æ¥ª¥
¯®£à¥è®áâ¨ ¯à¨¡«¨¦¥ëå à¥è¥¨© íâ®£® ãà ¢¥¨ï   ª« áá¥ M ([2], á. 122; [3], á. 22).

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ 06-01-00003).
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1. �¡é¨© ¯®¤å®¤ ª ¯®«ãç¥¨î ¯®àï¤ª®¢ëå ®æ¥®ª ¬®¤ã«¥© ¥¯à¥àë¢®áâ¨

�ãáâì R� (� > 0 | ¯ à ¬¥âà) | á¥¬¥©áâ¢® à¥£ã«ïà¨§¨àãîé¨å ®¯¥à â®à®¢ ¤«ï ãà ¢¥¨ï
(1) ([2], á. 41). �®£¤  ¤«ï «î¡®£® u 2M kR�Au�ukX1

! 0 ¯à¨ �! 0 ¨ áãé¥áâ¢ã¥â á®£« á®¢ ¨¥
� = �(�) â ª®¥, çâ® ¤«ï «î¡®£® u 2M

kR�(�)f� � ukX1
! 0 ¯à¨ � ! 0: (3)

� ç¨â, á¥¬¥©áâ¢® R�(�) ®¯à¥¤¥«ï¥â ¬¥â®¤ ¯à¨¡«¨¦¥®£® à¥è¥¨ï ãà ¢¥¨ï (1).
�ãáâì (3) ¢ë¯®«ï¥âáï à ¢®¬¥à® ¯® u 2M .
�¢¥¤¥¬ ¢¥«¨ç¨ë

�(�;R�;M) = supfkR�f� � ukX1
: u 2M; kf� �AukX2

� �g;
�1(R�A;M) = supfkR�Au� ukX1

: u 2Mg:
�¥à¢ ï ¨§ ¨å å à ªâ¥à¨§ã¥â ¯®£à¥è®áâì ¯à¨¡«¨¦¥®£® à¥è¥¨ï ãà ¢¥¨ï (1)   ª« áá¥M ,
¢â®à ï | áª®à®áâì  ¯¯à®ªá¨¬ æ¨¨ í«¥¬¥â®¢ ¬®¦¥áâ¢ M ¯à¨ ¯à¨¬¥¥¨¨¨ ª ¨¬ ®¯¥à â®à®¢
R�A.

� â¥®à¨¨ ãà ¢¥¨© ¯¥à¢®£® à®¤   ¨¡®«¥¥ ¨§ãç¥ë ª« ááë ¢¨¤ 

M = fu 2 X1 : u = Bv; kvkZ � 1g; (4)

£¤¥ B | ¢¯®«¥ ¥¯à¥àë¢ë© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§ ¥ª®â®à®£® ¯à®áâà áâ¢  Z ¢ ¯à®áâà -
áâ¢® X1 ([2], £«. 4).

� ¤ «ì¥©è¥¬ ¯®¤M ¡ã¤¥¬ ¯®¨¬ âì ª« ááë ¢¨¤  (4) ¨ ®¡®§ ç âì !(�;M) ¢ (2) ç¥à¥§ !(�; 1).
�à¨¢¥¤¥¬ ¨§¢¥áâë¥ ä ªâë ¨§ â¥®à¨¨ ¬¥â®¤®¢ à¥£ã«ïà¨§ æ¨¨.
1. �«ï ¢¥«¨ç¨ë �(�;R�;M) ¨¬¥¥â ¬¥áâ® ¤¢ãáâ®à®ïï ®æ¥ª  ([3], á. 81; [4])

1
2
'(�;R�;M) � �(�;R�;M) � '(�;R�;M); (5)

£¤¥ '(�;R�;M) = �1(R�A;M) + kR�kX2!X1
�.

2. �á«¨ ®¡®§ ç¨âì ç¥à¥§ T� «î¡®© ¬¥â®¤ ¯à¨¡«¨¦¥®£® à¥è¥¨ï ãà ¢¥¨ï (1), â®
inf
T�
�(�; T� ;M) � !(�; 1) ([2], c. 115).

3. �á«¨ ¤«ï á¥¬¥©áâ¢  R� áãé¥áâ¢ã¥â á®£« á®¢ ¨¥ � = �(�) ¨ ª®áâ â  K â ª ï, çâ®

�(�;R�(�);M) � K!(�; 1); (6)

â® ¬¥â®¤ R�(�) ¡ã¤¥â ®¯â¨¬ «ìë¬ ¯® ¯®àï¤ªã, â. ¥. ¤«ï ¥£® ¡ã¤¥â ¨¬¥âì ¬¥áâ® ®æ¥ª 
�(�;R�(�);M) � K inf

T�
�(�; T� ;M) ([2], c. 111).

�ãáâì â¥¯¥àì ¤«ï �1(R�A;M) ¨ kR�kX2!X1
 ©¤¥ë  á¨¬¯â®â¨ç¥áª¨¥ ¯® � ¯à¨ �! 0 ¯à¥¤-

áâ ¢«¥¨ï

�1(R�A;M) = '1(�) +  1(�);

kR�kX2!X1
= '2(�) +  2(�);

(7)

£¤¥  1(�) = o('1(�)),  2(�) = o('2(�)) ¯à¨ �! 0, «¨¡® ¤¢ãáâ®à®¨¥ ®æ¥ª¨eC1'1(�) + e 1(�) � �1(R�A;M) � C1'1(�) +  1(�);eC2'2(�) + e 2(�) � kR�kX2!X1
� C2'2(�) +  2(�);

(8)

£¤¥  k(�), e k(�), k = 1; 2, ¨¬¥îâ â®â ¦¥ á¬ëá«, çâ® ¨ ¢ ¯à¥¤ë¤ãé¥¬ á«ãç ¥,   ª®áâ âë ¢
®æ¥ª å ¥ § ¢¨áïâ ®â �.

�¡®§ ç¨¬ ç¥à¥§ �(�; �) = '1(�) + �'2(�) ¤«ï ¯à¥¤áâ ¢«¥¨© (7) ¨ �(�; �) = C1'1(�) +
�C2'2(�) ¤«ï ®æ¥®ª (8). �ãáâì ¤ «¥¥ e�(�) = arg inf

�
�(�; �).

�¥¬¬  1. �á«¨ ¬¥â®¤ R�(�) ®¯â¨¬ «¥ ¯® ¯®àï¤ªã, â® ¨ ¬¥â®¤ R~�(�) â ª¦¥ ®¯â¨¬ «¥

¯® ¯®àï¤ªã.
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�®ª § â¥«ìáâ¢®. �ç¥¢¨¤®, ¤®áâ â®ç® ®£à ¨ç¨âìáï á«ãç ¥¬, ª®£¤  �(�; �) = '1(�) +
�'2(�). �® § ¤ ®¬ã ç¨á«ã " > 0  ©¤¥âáï â ª®¥ �("), çâ® j 1(�)j � "'1(�), j 2(�)j � "'2(�)
¯à¨ 0 < � � �("). �âáî¤ , ¨§ ®æ¥ª¨ (5) ¨ ¯à¥¤áâ ¢«¥¨© (7) ¯®«ãç ¥¬

�(�;R~�(�);M) � (1 + ")�(�; e�) � (1 + ")�(�; �);

�(�;R�(�);M) � 1
2
(1� ")�(�; �);

®âªã¤  á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ «¥¬¬ë.

�¥®à¥¬  1. �á«¨ R� | á¥¬¥©áâ¢® ®¯¥à â®à®¢, ¯®à®¦¤ îé¥¥ ¯à¨ � = �(�) ¬¥â®¤ à¥è¥-

¨ï ãà ¢¥¨ï (1), ®¯â¨¬ «ìë© ¯® ¯®àï¤ªã, â® ¤«ï ¬®¤ã«ï ¥¯à¥àë¢®áâ¨ (2) ¨¬¥¥â ¬¥áâ®

¤¢ãáâ®à®ïï ®æ¥ª ,  á¨¬¯â®â¨ç¥áª ï ¯® � ¯à¨ � ! 0:

1
2K

�(�; e�(�)) + e (�) � !(�; 1) � �(�; e�(�)) +  (�); (9)

£¤¥ K | ª®áâ â  ¢ ®æ¥ª¥ (6),  (�), e (�) áãâì o(�(�; e�(�)).
�®ª § â¥«ìáâ¢®. � ª ª ª á®£« á®¢ ¨¥ � = e�(�) = arg inf

�
�(�; �) ®¯à¥¤¥«ï¥â ¬¥â®¤, ®¯â¨-

¬ «ìë© ¯® ¯®àï¤ªã, â® ¤«ï íâ®£® ¬¥â®¤  á¯à ¢¥¤«¨¢  ®æ¥ª  �(�;R~�(�);M) � K!(�; 1), £¤¥ K
| ¥ª®â®à ï ª®áâ â .

� ¤àã£®© áâ®à®ë, ¤«ï ¬¥â®¤  R~�(�) ¨¬¥¥â ¬¥áâ® ®æ¥ª  �(�;R~�(�);M) � inf
T�
�(�; T�;M) �

!(�; 1), £¤¥ T� | «î¡®© ¬¥â®¤ à¥è¥¨ï ãà ¢¥¨ï (1).
�§ íâ¨å ®æ¥®ª, ¯à¥¤áâ ¢«¥¨© (7) («¨¡® ®æ¥®ª (8)) ¨ ¤¢ãáâ®à®¥© ®æ¥ª¨ (5) á � = e�(�)

á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.

2. �®«ãç¥¨¥ ª®ªà¥âëå ®æ¥®ª ¬®¤ã«¥© ¥¯à¥àë¢®áâ¨

� ¤ «ì¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ® X1 = C l[a; b], l = 0; 1; : : : ; X2 = L2[a; b]. � ª ç¥áâ¢¥ ®¯¥-
à â®à  A ¢ ãà ¢¥¨¨ (1) ¡ã¤¥¬ à áá¬ âà¨¢ âì «¨¡® ¨â¥£à «ìë© ®¯¥à â®à, «¨¡® ®¯¥à â®à
¢«®¦¥¨ï ¨§ C l[a; b] ¢ L2[a; b] [5],   ¢ ª ç¥áâ¢¥ R� ¡ã¤¥¬ ¡à âì â¨å®®¢áª¨¥ à¥£ã«ïà¨§¨àãîé¨¥
á¥¬¥©áâ¢  «¨¡® l-£®, l = 1; 2; : : : , «¨¡® ã«¥¢®£® ¯®àï¤ª  £« ¤ª®áâ¨ [6]. � ª ç¥áâ¢¥ M ¡ã¤¥¬
à áá¬ âà¨¢ âì ª« ááë ¢¨¤  (6).

� ¬¥â¨¬, çâ® ¤«ï à áá¬ âà¨¢ ¥¬ëå  ¬¨ á«ãç ¥¢ ®¯¥à â®àë R�A ï¢«ïîâáï ¨â¥£à «ìë¬¨
[7], [8]. �¡®§ ç¨¬ ¨å ï¤à  ç¥à¥§ K�(x; t). � á«ãç ¥, ª®£¤  l 6= 0, à áá¬®âà¨¬  àï¤ã á R�

®¯¥à â®àë R�p, p = 0; 1; : : : ; l, R�0 � R�, á®®â¢¥âáâ¢ãîé¨¥ ¯à¨¡«¨¦¥¨ï¬ ª ¯à®¨§¢®¤ë¬ ®â
à¥è¥¨ï u(x),   â ª¦¥ ¢¥«¨ç¨ë

�(p)
1 (R�A;M) = supfkR�pAu� u(p)kC[a;b] : u 2Mg;

�(p)(�;R�;M) = supfkR�pf� � u(p)kC[a;b] : u 2M; kf� �AukL2[ab] � �g;
p = 0; 1; : : : ; l: (10)

�«ï ¯®«ãç¥¨ï  á¨¬¯â®â¨ç¥áª¨å ¯à¥¤áâ ¢«¥¨© (7) ¨«¨ ®æ¥®ª (8) ¥®¡å®¤¨¬® ¨¬¥âì ¡®«¥¥
ª®ªà¥âë¥ ¢ëà ¦¥¨ï ¢¥«¨ç¨ �1(R�A;M) ¨ kR�kX2!X1

ç¥à¥§ ®¯¥à â®àë R�A ¨ R�.
1. �ãáâì

M = fu(x) 2 C l[a; b] : kukW l+1
2

� 1g; (11)

£¤¥ W l+1
2 [a; b] | ®¤®¬¥à®¥ ¯à®áâà áâ¢® �®¡®«¥¢  á ®à¬®© kuk2

W
l+1
2

= kuk2L2
+ ku(l+1)k2L2

.

�ç¥¢¨¤®, íâ® ª« ááë ¢¨¤  (6) á Z = W l+1
2 [a; b] ¨ B | ®¯¥à â®à®¬ ¢«®¦¥¨ï ¨§ W l+1

2 [a; b] ¢
C l[a; b].

�¥®à¥¬  2. �«ï ¬®¤ã«¥© ¥¯à¥àë¢®áâ¨

!p(�; 1) = supfku(p)kC[a;b] : kukW l+1
2 [a;b] � 1; kukL2[a;b] � �g; p = 0; 1; : : : ; l; (12)
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á¯à ¢¥¤«¨¢ë ¤¢ãáâ®à®¨¥ ®æ¥ª¨,  á¨¬¯â®â¨ç¥áª¨¥ ¯® � ¯à¨ � ! 0:

Cp

2Kp

�
2(l�p)+1

2(l+1) + e 1p(�) � !p(�; 1) � Cp�
2(l�p)+1

2(l+1) +  1p(�); (13)

£¤¥

Cp =
2(l + 1)
2p+ 1

C
2p+1
2(l+1)

1p

�
C2p(2p+ 1)
2(l � p) + 1

� 2(l�p)+1

2(l+1)

;

Kp = max
�
2
�

1
C0p

+ 1
� 1

2

; (C0p + 1)
1
2 + 1

�
; (14)

C0p =
�
C2p

C1p

2p+ 1
2(l � p) + 1

�2

; (15)

C1p =
���� eC2

p + (�1)p+1(l + 1)�1
X
i2I

�2p+1
i

����
1
2

; C2p = j eCpj; (16)

eCp = 2(l + 1)�2
X
i;j2I

�
p+1
i �

p+1
j

�i + �j
;

�i | ª®à¨ 2(l + 1) ¨§ �1 ¯à¨ l ¥ç¥â®¬, ¨§ 1 | ¯à¨ l ç¥â®¬, I | á¨áâ¥¬  ¨¤¥ªá®¢, ¤«ï

ª®â®àëå Re�i > 0.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ãà ¢¥¨¥ (1) á ®¯¥à â®à®¬ ¢«®¦¥¨ï ¨§ C l[a; b] ¢ L2[a; b].
�®£¤  ¬®¤ã«¥¬ ¥¯à¥àë¢®áâ¨ ®¡à â®£® ®¯¥à â®à  ¡ã¤¥â ¢¥«¨ç¨ 

!(�; 1) = supfkukCl[a;b] : kukW l+1
2 [a;b] � 1; kukL2[a;b] � �g:

� ª ç¥áâ¢¥ á¥¬¥©áâ¢  R� ¢®§ì¬¥¬ à¥£ã«ïà¨§¨àãîé¥¥ á¥¬¥©áâ¢® �¨å®®¢  l-£® ¯®àï¤ª  £« ¤ª®-
áâ¨.

�®£¤  [7]

R�f� = arg inf
u
fku� f�k2L2[a;b]

+ �kukW l+1
2 [a;b]g; (17)

®âªã¤  á«¥¤ã¥â

R�f� =
1
�

Z b

a

G

�
x; t;� 1

�

�
f�(t)dt;

£¤¥ G(x; t;� 1
�
) | äãªæ¨ï �à¨  ¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à  bL+ 1

�
E,

bL = fbly = (�1)l+1y2(l+1) + y; y(k)(a) = y(k)(b) = 0; k = l + 1; : : : ; 2l + 1g:
�ç¥¢¨¤®, ®¯¥à â®àë R�A ¨¬¥îâ â®â ¦¥ ¢¨¤, çâ® ¨ R�, â®«ìª® ¯à¨¬¥ïîâáï ª äãªæ¨ï¬ ¨§
C l[a; b].

�®áª®«ìªã kR�Au � ukCl[a;b] ! 0 ¯à¨ � ! 0, â® ¤«ï ª ¦¤®£® p = 0; 1; : : : ; l ¨¬¥¥â á¬ëá«
à áá¬ âà¨¢ âì ¢¥«¨ç¨ë�(p)

1 (R�A;M) ¨ �(p)(�;R�;M), ®¯à¥¤¥«¥ë¥ ¢ (10), ¨ ¢¥«¨ç¨ë !p(�; 1),
®¯à¥¤¥«¥ë¥ ¢ (12).

�á¥ ¯à¥¤ë¤ãé¨¥ à ááã¦¤¥¨ï, ¯à¥¤áâ ¢«¥¨ï (7), ®æ¥ª¨ (8), ä ªâë ¨§ â¥®à¨¨ ãà ¢¥-
¨© ¯¥à¢®£® à®¤ , «¥¬¬  1 ¨ â. ¤. ¡ã¤ãâ ¨¬¥âì ¬¥áâ® á § ¬¥®© R�   R�p, �1(R�A;M)  
�(p)

1 (R�A;M), �(�;R�;M)   �(p)(�;R�;M), !(�; 1)   !p(�; 1), e�   e�p; 'i(�)   'ip(�),  i(�)
   ip(�), i = 1; 2, '(�;R�;M)   'p(�;R�;M), K   Kp.

� íâ®¬ ¬®¦® ã¡¥¤¨âìáï, ¯à®¢¥¤ï ¤®ª § â¥«ìáâ¢ ,   «®£¨çë¥ ¤®ª § â¥«ìáâ¢ ¬ á®®â¢¥â-
áâ¢ãîé¨å ä ªâ®¢ ¤«ï ®¯¥à â®à®¢ R� ([2], ác. 111, 115; [4]).

�«ï ¯®«ãç¥¨ï ¯à¥¤áâ ¢«¥¨© ¢¨¤  (7) ¨«¨ ®æ¥®ª ¢¨¤  (8) ã¦ë ¡®«¥¥ ª®ªà¥âë¥ ¢ëà -
¦¥¨ï ¤«ï ¢¥«¨ç¨ �(p)

1 (R�A;M), kR�pkL2!C , p = 0; 1; : : : ; l.
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�«ï ª« áá®¢M ¢¨¤  (11) ¢ [9], [10] ¯®«ãç¥ë ä®à¬ã«ë, ¢ ª®â®àëå ãª § ë¥ ¢ëè¥ ¢¥«¨ç¨ë
¥¯®áà¥¤áâ¢¥® ¢ëà ¦ îâáï ç¥à¥§ ï¤à  K�(x; t) ®¯¥à â®à®¢ R�A. �à¨¢¥¤¥¬ íâ¨ ä®à¬ã«ë.

�¥¬¬  2. �á«¨ ¤«ï ãà ¢¥¨ï (1) M | ª« áá à¥è¥¨© ¢¨¤  (11), â® ¨¬¥îâ ¬¥áâ® ¯à¥¤-

áâ ¢«¥¨ï,  á¨¬¯â®â¨ç¥áª¨¥ ¯® � ¯à¨ �! 0:

�(p)
1 (R�A;M) = sup

a�x�b

�Z b

a

@p

@xp
K�(x; t)

@p

@xp
g(x; t; �)dt � @2pg(x; t; �)

@xp@tp t=x

� 1
2

; p = 0; 1; : : : ; l;

£¤¥ g(x; t; �) =
bR
a

K�(x; �)G(t; �)d� �G(t; x), G(t; x) { äãªæ¨ï �à¨  ®¯¥à â®à  bL.
�¥¬¬  3. �á«¨ R� | à¥£ã«ïà¨§¨àãîé¨¥ ®¯¥à â®àë �¨å®®¢  l-£® ¯®àï¤ª  £« ¤ª®áâ¨, â®

á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥¨ï

kR�pkL2!C = ��
1
2 sup
a�x�b

�
�
Z b

a

@p

@xp
K�(x; t)

@p

@xp
g(x; t; �)dt

� 1
2

; p = 0; 1; : : : ; l;

£¤¥ äãªæ¨ï g(x; t; �) ®¯à¥¤¥«¥  ¢ «¥¬¬¥ 2.

�¡®§ ç¨¬ ç¥à¥§ bL0 ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à, ®â«¨ç îé¨©áï ®â bL «¨èì â¥¬, çâ® á®-
¤¥à¦¨â ¢ ¤¨ää¥à¥æ¨ «ì®¬ ¢ëà ¦¥¨¨ â®«ìª® áâ àèãî ¯à®¨§¢®¤ãî. �®£¤    G

�
x; t;� 1

�

�
¨ G(x; t) ¬®¦® á¬®âà¥âì ª ª   ï¤à  à¥§®«ì¢¥âë ®¯¥à â®à  bL0, á®®â¢¥âáâ¢ãîé¨¥ à §«¨çë¬
§ ç¥¨ï¬ á¯¥ªâà «ì®£® ¯ à ¬¥âà : � = � 1

�
+ 1 ¢ ¯¥à¢®¬ á«ãç ¥ ¨ � = �1 ¢® ¢â®à®¬ á«ãç ¥.

�âáî¤  ¯® ä®à¬ã«¥ �¨«ì¡¥àâ  ¤«ï à¥§®«ì¢¥âë ¡ã¤¥¬ ¨¬¥âì

g(x; t; �) = �G
�
x; t� 1

�

�
+O(�);

1
�

Z b

a

@p

@xp
G

�
x; t;� 1

�

�
@p

@xp
g(x; t; �)dt = � 1

�

Z b

a

�
@p

@xp
G

�
x; t;� 1

�

��2

dt:

�¥à¥¬ ¢ëà ¦¥¨¥ äãªæ¨¨ �à¨  ¢ ¢¨¤¥, ¯à¨¢¥¤¥®¬ ¢ [8], á n = 2(l+1) (¤«ï ®¯à¥¤¥«¥®áâ¨
áç¨â ¥¬ l ¥ç¥âë¬). �à®¢®¤¨¬ á®®â¢¥âáâ¢ãîé¨¥ ¢ëª« ¤ª¨.

� à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª ¯à¥¤áâ ¢«¥¨ï¬�(p)
1 (R�A;M) = C1p�

2(l�p)+1
4(l+1) +O

�
�

l�p

2(l+1)
�
, kR�pkL2!C =

��
1
2�

2(l�p)+1
4(l+1) +O

�
�

l�p

2(l+1)
�
, £¤¥ C1p, C2p ¯à¨¢¥¤¥ë ¢ (16).

� «¥¥ á®áâ ¢«ï¥¬ ¢ëà ¦¥¨ï �p(�; �), ¢ë¡¨à ¥¬ á®£« á®¢ ¨ï e� = e�p(�) ¨§ ãá«®¢¨© �p(�; �) !
inf
�
¨ ¯®«ãç ¥¬

e�p(�) = C0p�
2; (18)

£¤¥ C0p ¯à¨¢¥¤¥ë ¢ (15).
�®¤áâ ¢«ïï (18) ¢ ¢ëà ¦¥¨ï ¤«ï äãªæ¨© 'p(�;R�;M), ¯®«ãç ¥¬ ®æ¥ªã á¢¥àåã ¢ (13).
�«ï ¯®«ãç¥¨ï ®æ¥ª¨ á¨§ã  ©¤¥¬ ª®áâ âë Kp. �à®¢¥¤¥¬ à ááã¦¤¥¨ï ¯® áå¥¬¥ ¨§ ([2],

c. 118). �¡®§ ç¨¬ u� = R~�(�)f�. �§ ¢¨¤  äãªæ¨® «  �¨å®®¢  (17) ¨¬¥¥¬

ku�kW l+1
2

�
s

1
C0p

+ 1:

�âáî¤ , â. ª. â®ç®¥ à¥è¥¨¥ u ãà ¢¥¨ï (1) ¡¥à¥âáï ¨§ ª« áá  M , u� ¢¬¥áâ¥ á u ¯à¨ ¤«¥¦ â
ª« ááã MR, ®â«¨ç îé¥¬ãáï ®â (11) â¥¬, çâ® kvkL2

� R, R =
q

1
C0p

+ 1.

� «¥¥, kAu� � AukL2
� �(

p
C0p + 1 + 1) � � . �âáî¤  ¨¬¥¥¬ ku(p)� � u(p)kC[a;b] � supfku(p)1 �

u
(p)
2 kC[a;b] : u1 = Bv1, u2 = Bv2, kv1 � v2k � R, kAu1 � Au2kL2

� �g � !1p(�;R) = !p(�; 2R). �®£¤ 
!p(�; 2R) � Kp!p(�; 1), £¤¥ Kp ¨¬¥îâ ¢¨¤ (14). �

�à¨¢¥¤¥¬ ç áâë¥ á«ãç ¨ ®æ¥®ª (13) [11]
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¯à¨ l = 0
2�2�

1
2 +O(�) � !0(�; 1) � 2

1
2 �

1
2 +O(�);

¯à¨ l = 1
2�

5
4 3�

3
8 �

3
4 +O(�) � !0(�; 1) � 2

1
4 3�

3
8 �

3
4 +O(�);

C2�
1
4 +O(�) � !1(�; 1) � C1�

1
4 +O

�
�
1
2

�
,

C1 = 2
17
8 3�

3
4 5

3
8 , C2 = 2�

9
8 3�

3
4 5�

1
8 (1 + 9 � 2 1

2 + 5)
1
2 .

� áá¬®âà¨¬ â¥¯¥àì ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à L, ¯®à®¦¤¥ë© ¤¨ää¥à¥æ¨ «ìë¬ ¢ë-
à ¦¥¨¥¬

ly = y(m) + p2(x)y
(m�2) + � � � + pm(x)y; pi(x) 2 Cm�i[a; b]; i = 2; : : : ;m;

¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ Ui(y) = 0, i = 1; : : : ;m, £¤¥ Ui(y) | «¨¥©® ¥§ ¢¨á¨¬ë¥ «¨¥©ë¥ ä®à-
¬ë ®â®á¨â¥«ì® § ç¥¨© äãªæ¨¨ y(x) ¨ ¥¥ ¯à®¨§¢®¤ëå ¤® (n� 1)-£® ¯®àï¤ª  ¢ª«îç¨â¥«ì®
  ª®æ å ®âà¥§ª .

�¡®¡é¥¨¥¬ â¥®à¥¬ë 2   á«ãç © ¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à  L ï¢«ï¥âáï

�¥®à¥¬  3. �«ï ¬®¤ã«¥© ¥¯à¥àë¢®áâ¨

!p(�; 1) = supfk(Ly)(p)kC"
: kLykW l+1

2 [a;b] � 1; kykL2[a;b] � 1g; (19)

£¤¥ C" = C[a + "; b � "], " > 0 | ¯à®¨§¢®«ì®¥ ¬ «®¥ ç¨á«®, á¯à ¢¥¤«¨¢ë ¤¢ãáâ®à®¨¥ ®æ¥ª¨

(13) á § ¬¥®© l   m+l,
P
i2I

�2p+1
i  

P
i2I

�
2(m+p)+1
i ,

P
i;j2I

�
p+1
i

�
p+1
j

�i+�j
 

P
i;j2I

�
p+1
i

�
m+p+1
j

�i+�j
,   äãªæ¨©  ip(�)

¨ e ip(�), i = 1; 2, |    1p(�; "), e ip(�; ") á®®â¢¥âáâ¢¥®.
�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¨â¥£à «ì®¥ ãà ¢¥¨¥ (1) á ï¤à®¬ �à¨  ¤¨ää¥à¥æ¨-

 «ì®£® ®¯¥à â®à  L. �®£¤    (19) ¬®¦® á¬®âà¥âì ª ª   ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ ¢¨¤ 
!p(�; 1)= supfku(p)kC"

: kukW l+1
2 [a;b] � 1, kAukL2[a;b] � �g. � [12] ¤«ï ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨ (l+1)-£®

¯®àï¤ª  £« ¤ª®áâ¨ ¯®«ãç¥ë ¯à¥¤áâ ¢«¥¨ï ¢¨¤  (7) ¤«ï �(p)
1" (R�A;M) ¨ kR�pkL2[a;b]!C"

, £¤¥
�(p)

1" (R�A;M) ¨¬¥¥â ¢¨¤ (10) á § ¬¥®© C[a; b]   C".
� ¬¥â¨¬, çâ® ¤®ª § â¥«ìáâ¢® ãª § ëå ¯à¥¤áâ ¢«¥¨© ¥ ï¢«ï¥âáï   «®£®¬ á®®â¢¥âáâ¢ã-

îé¥£® ¤®ª § â¥«ìáâ¢  ¢ â¥®à¥¬¥ 2, ¯®áª®«ìªã ¢ ¤ ®¬ á«ãç ¥ ®¯¥à â®àã R�A á®®â¢¥âáâ¢ã¥â
à¥§®«ì¢¥â  ®¯¥à â®à  eL = LL� bL (  ¥ bL), ªà®¬¥ â®£®, ¢ ¤¨ää¥à¥æ¨ «ì®¬ ¢ëà ¦¥¨¨ íâ®£®
®¯¥à â®à  ¯à¨áãâáâ¢ãîâ  àï¤ã á® áâ àè¥© ¯à®¨§¢®¤®© ¯à®¨§¢®¤ë¥ ¬¥ìè¨å ¯®àï¤ª®¢, çâ®
¯à¨¢®¤¨â ª ¥®¡å®¤¨¬®áâ¨ ¨á¯®«ì§®¢ âì ¬¥â®¤ ¢®§¬ãé¥¨© ¨§ â¥®à¨¨ ¤¨ää¥à¥æ¨ «ìëå ®¯¥-
à â®à®¢. � à¥§ã«ìâ â¥ ¢¬¥áâ® ¯à®áâà áâ¢  C[a; b] ¯à¨å®¤¨âáï à áá¬ âà¨¢ âì ¯à®áâà áâ¢® C".

� «ì¥©è¨¥ à ááã¦¤¥¨ï   «®£¨çë á®®â¢¥âáâ¢ãîé¨¬ à ááã¦¤¥¨ï¬ â¥®à¥¬ë 2.

2. �ãáâì â¥¯¥àì ® á¥¬¥©áâ¢¥ ®¯¥à â®à®¢ R� ¥¨§¢¥áâ  ¨ä®à¬ æ¨ï ®¡ ®¯â¨¬ «ì®áâ¨ ¯®
¯®àï¤ªã á®®â¢¥âáâ¢ãîé¥£® ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨, â. ¥. ®  «¨ç¨¨ ®æ¥ª¨ (6). �®£¤ , ®ç¥¢¨¤®,
¢¬¥áâ® ¤¢ãáâ®à®¥© ®æ¥ª¨ (9) ¢ â¥®à¥¬¥ 1 ¡ã¤¥â ¨¬¥âì ¬¥áâ® «¨èì ®æ¥ª  á¢¥àåã. �®ª ¦¥¬,
çâ® â¥¬ ¥ ¬¥¥¥, ¨ ¢ íâ®¬ á«ãç ¥ ¢®§¬®¦® ¯®«ãç¥¨¥ â®çëå ¯® ¯®àï¤ªã ®æ¥®ª ¬®¤ã«¥©
¥¯à¥àë¢®áâ¨.

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬

!(�; 1) = supfku0kC[0;1] : ku00kL2[0;1] � 1; kukL2[0;1] � �; u(0) = u0(1) = 0g: (20)

� â®çª¨ §à¥¨ï ãà ¢¥¨© ¯¥à¢®£® à®¤  ª (20) ¯à¨¤¥¬, ¥á«¨ à áá¬®âà¨¬ ãà ¢¥¨¥ á Au �
xR
0

u(t)dt   ª« áá¥ M ¢¨¤  (4) á Bv �
1R
x

v(t)dt, B 2 (L2[0; 1] ! C[0; 1]). � ª ç¥áâ¢¥ R� ¢®§ì¬¥¬

á¥¬¥©áâ¢®

R� = (�E +A�A)�1A�; (21)
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á®®â¢¥âáâ¢ãîé¥¥ à¥£ã«ïà¨§ æ¨¨ �¨å®®¢  ã«¥¢®£® ¯®àï¤ª  [6]. � á«ãç ¥ u(x) 2 R(A�), ª ª ¯®-
ª § ® ¢ [13], á ¯®¬®éìî á¥¬¥©áâ¢  (21) ¬®¦® ¯®«ãç âì à ¢®¬¥àë¥ ¯à¨¡«¨¦¥¨ï ª à¥è¥¨î
ãà ¢¥¨ï (1).

�¥¬¬  4. �á«¨ K� | ¨â¥£à «ìë¥ ®¯¥à â®àë á ï¤à ¬¨ K�(x; �) â ª¨¥, çâ® kK�u �
ukC[a;b] ! 0 ¯à¨ � ! 0 à ¢®¬¥à® ¯® u(x) 2 M =

n
u(x) 2 C[a; b] : u(x) =

bR
a

B(x; t)v(t)dt,

kvkL2[a;b] � 1
o
, â® á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

�1(K�;M) = sup
a�x�b

�Z b

a

�Z b

a

K�(x; �)B(�; t)d� �B(x; t)
�2

dt

� 1
2

:

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ®¯à¥¤¥«¥¨ï �1(K�;M).

�¥¬¬  5 ([14]). �¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

kR�kL2!C = ��
1
2 sup
a�x�b

�
K�(x; x) � 1

�

Z b

a

K2
�(x; �)d�

� 1
2

;

£¤¥ K�(x; �) | ï¤à® ®¯¥à â®à  R�A.

�¥®à¥¬  4. �«ï ¬®¤ã«ï ¥¯à¥àë¢®áâ¨ (20) á¯à ¢¥¤«¨¢  ¤¢ãáâ®à®ïï ®æ¥ª ,  á¨¬¯â®-

â¨ç¥áª ï ¯® � ¯à¨ � ! 0:

1
4
�
1
4 +  2(�) � !(�; 1) � C1�

1
4 +  1(�); (22)

£¤¥ C1 = 2 � 3� 3
4 (2e�1 + 1)

3
8 (2e�1 + 3)

1
8 ,  1(�),  2(�) áãâì O

�
e��

�

1
2
�
.

�®ª § â¥«ìáâ¢®. � ç «  ¯®«ãç¨¬ ®æ¥ª¨ ¤«ï �1(R�A;M), kR�kL2!C ¢¨¤  (8). �®áª®«ìªã
R�A = 1

�

�
(A�A)�1 + 1

�
E
��1

,   (A�A)�1 ¥áâì ¤¨ää¥à¥æ¨ «ìë© ®¯¥à â®à, ¯®à®¦¤¥ë© ¤¨ää¥-
à¥æ¨ «ìë¬ ¢ëà ¦¥¨¥¬ ly = �y00 ¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ y(0) = y0(1) = 0, â®

K�(x; t) � 1
�
G

�
x; t;� 1

�

�
=

(
�1 ch

�1 �1[sh�1(1� x) ch�1t]; t � x;

�1 ch
�1
�1[ch�1x sh�1(1� t)]; t � x;

£¤¥ �1 = ��
1
2 .

�§ «¥¬¬ 4 ¨ 5 ¨¬¥¥¬Z 1

0

�Z 1

0
K�(x; t)B(t; �)dt�B(x; �)

�2

d� =
1
2
(xe�2�1x + (1� x)e�2�1(1�x)) +

+ (4�1 ch
2
�1)

�1(sh2 �1(1� x) sh 2�1x+ ch2 �1x sh
2 2�1(1� x)) +O(e�2�1):

�âáî¤  ¯®«ãç ¥¬ ¤¢ãáâ®à®îî ®æ¥ªã

1
4
�

1
4

p
e�1 + 1 +O

�
e�2��

1
2
� � �1(R�A;M) � �

1
4

2

p
2e�1 + 1 +O

�
e�2��

1
2
�
:

� «¥¥, ¨¬¥¥¬

K�(x; x) =
�1

2
(1� e�2�1(1�x) + e�2�1x) +O(�1e

�2�1);Z 1

0

K2
�(x; �)d� =

�2
1

2
[�(1� x)e�2�1(1�x) + xe�2�1x +

+O(e�2�1)] +
�1

8
[1 + e�2�1x � e�2�1(1�x)] +O(�1e

�2�1)]:
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�âáî¤  ¯®«ãç ¥¬

1
2

s
3� e�1

2
��

3
4 +O

�
e��

�

1
2
� � kR�kL2!C � 1

2

p
2e�1 + 3��

3
4 +O

�
e�2��

1
2
�
:

� «¥¥, ¢ë¡¨à ï � = �(�) ¨§ ãá«®¢¨ï �
1
4

p
2e�1 + 1 + ��

3
4 �
p
2e�1 + 3 ! inf

�
, ¯®«ãç ¥¬ �(�) = C�,

C = 3
q

2e�1+3
2e�1+1

,   ®âáî¤  | ®æ¥ªã á¢¥àåã ¢ (22).

�«ï ®æ¥ª¨ á¨§ã ¯®áâà®¨¬ äãªæ¨î u0(x) = x

2
�
1
4

�
e��

�

1
2 x�e���

1
2
�
1��� 1

2

��
. �®¦® ã¡¥¤¨âìáï

¢ â®¬, çâ® u0(0) = 0, u00(1) = 0, ku000kL2
� 1, ku0kL2

� �,   ku00kC > 1
4
�
1
4 ¯à¨ ¤®áâ â®ç® ¬ «ëå �.

�âáî¤  ¯®«ãç ¥¬ ®æ¥ªã á¨§ã.
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