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� à ¡®â¥ ¢® 2-© ¤¨ää¥à¥æ¨ «ì®© ®ªà¥áâ®áâ¨ ¢ãâà¥¨¬ ®¡à §®¬ áâà®ïâáï à §«¨çë¥ ¨-
¢ à¨ âë¥ ¯®«ë¥ ®á é¥¨ï à á¯à¥¤¥«¥¨©m-¬¥àëå «¨¥©ëå í«¥¬¥â®¢M, ¯®£àã¦¥ëå
¢ n-¬¥à®¥ á®¡áâ¢¥® ª®ä®à¬®¥ ¯à®áâà áâ¢® Cn,   â ª¦¥ ¨§ãç îâáï á¢®©áâ¢   ää¨ëå
á¢ï§®áâ¥©, ¨¤ãæ¨àã¥¬ëå ¯à¨ íâ®¬   ¯®¤¬®£®®¡à §¨¨ M. �¤¥ªáë ¯à¨¨¬ îâ á«¥¤ãîé¨¥
§ ç¥¨ï:

�; �; � = 0; n+ 1; I;K;L = 0; n; I;K;L = 1; n; i; j; k; l; s; t = 1;m;

i; j; k = 0;m; �; �;  = m+ 1; n:

1. � áá¬®âà¨¬ á®¡áâ¢¥® ª®ä®à¬®¥ ¯à®áâà áâ¢® Cn; ®â¥á¥¬ ¥£® ª ¯®¤¢¨¦®¬ã ¯®«ã¨-
§®âà®¯®¬ã [1] à¥¯¥àã R = fA�g, á®áâ®ïé¥¬ã ¨§ ¤¢ãå â®ç¥ª A0, An+1 ¨ n £¨¯¥àáä¥à AK ¤¥©-
áâ¢¨â¥«ìëå ¥ã«¥¢ëå à ¤¨ãá®¢, ¯à®å®¤ïé¨å ç¥à¥§ íâ¨ â®çª¨. �á«¨ áª «ïàë¥ ¯à®¨§¢¥¤¥¨ï
(A�A�) í«¥¬¥â®¢ ¢ë¡à ®£® à¥¯¥à  ®¡®§ ç¨âì ç¥à¥§ g��, â® á¯à ¢¥¤«¨¢® [2]

kg��k =

0 0 1
0 gIK 0
1 0 0

 ; g�� = g��; (1)

¯à¨ç¥¬ ¢ á®¡áâ¢¥® ª®ä®à¬®¬ ¯à®áâà áâ¢¥ Cn ¬ âà¨æ  kgIKk ï¢«ï¥âáï ¥¢ëà®¦¤¥®© ¨
¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥®©.

�§¢¥áâ® [1], [2], çâ® ¢á¥ â®çª¨ ª®ä®à¬®£® ¯à®áâà áâ¢  Cn ®â®¡à ¦ îâáï ¢ â®çª¨ ¥¯®-
¤¢¨¦®© ¤¥©áâ¢¨â¥«ì®© ®¢ «ì®© £¨¯¥àª¢ ¤à¨ª¨ � à¡ã Q2

n ¯à®¥ªâ¨¢®£® ¯à®áâà áâ¢  Pn+1:

gIKx
IxK + 2x0xn+1 = 0;

£¤¥ x� | ª®®à¤¨ âë â®ç¥ª P 2 Cn ®â®á¨â¥«ì® à¥¯¥à  R.
�à¨ ¡¥áª®¥ç® ¬ «®¬ ¯à¥®¡à §®¢ ¨¨ ª®ä®à¬®© £àã¯¯ë L (â. ¥. áâ æ¨® à®© ¯®¤£àã¯¯ë

 ¡á®«îâ  Q2
n � Pn+1) í«¥¬¥âë ª®ä®à¬®£® à¥¯¥à  R ¯®«ãç îâ ¯à¨à é¥¨ï, £« ¢ãî ç áâì

ª®â®àëå ®¯à¥¤¥«ïîâ ¤¨ää¥à¥æ¨ «ë dA�, ï¢«ïîé¨¥áï £¨¯¥àáä¥à ¬¨. �â¨ ¤¨ää¥à¥æ¨ «ë
à §« £ îâáï ¯® í«¥¬¥â ¬ ¨áå®¤®£® à¥¯¥à  R ¢ ¢¨¤¥

dA� = !�
�A�; (2)

£¤¥ ¤¨ää¥à¥æ¨ «ìë¥ ä®à¬ë �ä ää  !�
� § ¢¨áïâ ®â ¯ à ¬¥âà®¢ £àã¯¯ë L; ¯à¨ íâ®¬ ç¨á«®

«¨¥©® ¥§ ¢¨á¨¬ëåä®à¬ !�
� à ¢® ç¨á«ã (n+1)(n+2)=2 ¥§ ¢¨á¨¬ëå ¯ à ¬¥âà®¢ íâ®© £àã¯¯ë.

�á«®¢¨ï¬¨ ¯®«®© ¨â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë ãà ¢¥¨© (2) ï¢«ïîâáï á«¥¤ãîé¨¥ áâàãªâãàë¥
ãà ¢¥¨ï:

D!�
� = !�

� ^ !�
� :
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�à®¬¥ â®£®, ¢ á¨«ã á®®â®è¥¨© (1), (2) ä®à¬ë !�
� ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ «¨¥©ë¬ § ¢¨-

á¨¬®áâï¬ [2]:

!n+1
0 = !0

n+1 = 0; !0
0 + !n+1

n+1 = 0;

!0
I + gIL!

L
n+1 = 0; !n+1

I + gIL!
L
0 = 0;

dgIK � gIL!
L
K � gLK!

L
I = 0:

2. �®£« á® [3] ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï ¢§ ¨¬® ®àâ®£® «ìëå à á¯à¥¤¥«¥¨© M ¨
N á®®â¢¥âáâ¢¥® m-¬¥àëå ¨ (n � m)-¬¥àëå «¨¥©ëå í«¥¬¥â®¢ (A0; Lm) ¨ (A0; Ln�m) ¢
¯®«ã®àâ®£® «ì®¬ (gi� = (AiA�) = 0) ¨ ¯®«ã¨§®âà®¯®¬ à¥¯¥à¥ R 0-£® ¯®àï¤ª  (Ai 2 Lm,
A� 2 Ln�m) ¨¬¥îâ ¢¨¤

!�
i = ��

iK!
K
0 ; (3)

!i
� = �i

�K!
K
0 ; (4)

£¤¥

gij�
j
�K + g���

�
iK = 0: (5)

� ¦¤ ï ¨§ á¨áâ¥¬ äãªæ¨© gij , g�� ®¡à §ã¥â ¥¢ëà®¦¤¥ë© ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë© á¨¬-
¬¥âà¨çë© â¥§®à:

dgij � gik!
k
j � gkj!

k
i = 0; dg�� � g�!


� � g�!


� = 0; (6)

g1
def= jgij j > 0; d ln

p
g1 = !k

k ; g2
def= jg�� j > 0; d ln

p
g2 = !

 ; (7)

gikg
kj = �ji ; g�g

� = ���;

dgij + gik!j
k + gkj!i

k = 0; dg�� + g�!�
 + g�!�

 = 0: (8)

�à®¤®«¦ ï ãà ¢¥¨ï (3), (4), ¨¬¥¥¬

(a) r��
ij +��

ij!
0
0 � gij!

�
n+1 = ��

ijL!
L
0 ;

(¡) r��
i� +��

i�!
0
0 � ���!

0
i = ��

i�L!
L
0 ;

(9)

��
i[jk] = ��

i��
�
[jk]; ��

i[�] = ��
is�

s
[�];

��
ij� � ��

i�j = ��
i��

�
j� � ��

is�
s
�j;

(a) r�i
�j +�i

�j!
0
0 � �ij!

0
� = �i

�jL!
L
0 ;

(¡) r�i
�� +�i

��!
0
0 � g��!

i
n+1 = �i

��L!
L
0 ;

(10)

�i
�[jk] = �i

���
�
[jk]; �i

�[�] = �i
�s�

s
[�];

�i
�j� � �i

��j = �i
���

�
j� � �i

�s�
s
�j :

�§ ãà ¢¥¨© (9(a)), (10(¡)) á«¥¤ã¥â, çâ® ª ¦¤ ï ¨§ á¨áâ¥¬ äãªæ¨© ��
[ij], �

i
[��] ®¡à §ã¥â ª®-

á®á¨¬¬¥âà¨çë© â¥§®à 1-£® ¯®àï¤ª ; ®¡à é¥¨¥ ¢ ã«ì â¥§®à  ��
[ij] ¨«¨ �i

[��] ¥áâì ãá«®¢¨¥
£®«®®¬®áâ¨ à á¯à¥¤¥«¥¨ïM ¨«¨ N á®®â¢¥âáâ¢¥®.

3. �à®áâà áâ¢® Cn  §ë¢ ¥âáï ®à¬ «¨§®¢ ë¬ [4], ¥á«¨ ¢ ¥¬ § ¤ ® ¤¨ää¥à¥æ¨àã¥¬®¥
â®ç¥ç®¥ á®®â¢¥âáâ¢¨¥ A0 ! Xn+1, Xn+1 6= A0 (A0 | ®à¬ «¨§ã¥¬ ï â®çª , Xn+1 | ®à¬ «¨-
§ãîé ï â®çª  ¯à®áâà áâ¢  Cn). �§¢¥áâ® [3], çâ® ¯à¨ § ¤ ¨¨ ¢§ ¨¬® ®àâ®£® «ìëå à á¯à¥-
¤¥«¥¨© M ¨ N ®à¬ «¨§ æ¨ï ¯à®áâà áâ¢  Cn à ¢®á¨«ì  â®¬ã, çâ® ¢ ª ¦¤®¬ æ¥âà¥ A0 ª
m-¬¥à®¬ã ¨ (n � m)-¬¥à®¬ã í«¥¬¥â ¬ Lm ¨ Ln�m ¯®¤¬®£®®¡à §¨© M ¨ N ¯à¨á®¥¤¨¥ë
¨¢ à¨ âë¥ ª á â¥«ìë¥ m-áä¥à  [P�] ¨ (n�m)-áä¥à  [Pi] á®®â¢¥âáâ¢¥®, ¯à®å®¤ïé¨¥ ç¥à¥§
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â®çª¨A0 ¨Xn+1; ¯à¨ íâ®¬ ª ¦¤®¥ ¨§ à á¯à¥¤¥«¥¨©M ¨N á®£« á® â¥à¬¨®«®£¨¨ �.�.�ª¨¢¨á 
[2]  §®¢¥¬ ¢¯®«¥ ®á é¥ë¬ (¨«¨ ¯à®áâ® ®á é¥ë¬). � á¨«ã ®àâ®£® «ì®áâ¨ í«¥¬¥â®¢
Lm ¨ Ln�n (n � m)-áä¥à  [Pi] ï¢«ï¥âáï ®à¬ «ì®© ¯® ®â®è¥¨î ª Lm ¢ á®®â¢¥âáâ¢ãîé¥¬
æ¥âà¥ A0.

�¨¯¥àáä¥àë Pi, P� ¨ â®çª  Xn+1 ¨¬¥îâ á«¥¤ãîé¨¥ à §«®¦¥¨ï:

Pi = Ai + x0
iA0; P� = A� + x0

�A0;

Xn+1 = �1
2
(gijx0

ix
0
j + g��x0

�x
0
�)A0 � gijx0

jAi � g��x0
�A� +An+1;

§¤¥áì äãªæ¨¨ x0
i , x

0
� ¯®¤ç¨¥ë ãà ¢¥¨ï¬ [3]

(a) rx0
i + !0

i = x0
iK!

K
0 ;

(¡) rx0
� + !0

� = x0
�K!

K
0 :

(11)

�á«¨ ¢ (11) ¢ë¯®«ï¥âáï «¨èì ®¤  ¨§ á¨áâ¥¬ ãà ¢¥¨© (( ) ¨«¨ (¡)), â® £®¢®àïâ [2], çâ®
§ ¤ ® ç áâ¨ç®¥ ®á é¥¨¥ à á¯à¥¤¥«¥¨ï M (¨«¨ N). � ¯à¨¬¥à, ¥á«¨ ¢ë¯®«¥  á¨áâ¥¬ 
ãà ¢¥¨© (11( )), â® ¨¬¥¥¬ ç áâ¨ç®¥ ®á é¥¨¥ à á¯à¥¤¥«¥¨ïM ¯®«¥¬ ®à¬ «ìëå (n�m)-
áä¥à [Pi] (®à¬ «ì®¥ ®á é¥¨¥, á¬. [2], [3]); ¥á«¨ ¢ë¯®«¥  á¨áâ¥¬  ãà ¢¥¨© (11(¡)), â®
£®¢®àïâ, çâ® § ¤ ® ç áâ¨ç®¥ ®á é¥¨¥ à á¯à¥¤¥«¥¨ï M ¯®«¥¬ ª á â¥«ìëå m-áä¥à [P�]
(ª á â¥«ì®¥ ®á é¥¨¥, á¬. [2], [3]).

�®ª § ® [3], çâ®
1) ¨¢ à¨ â®¥ ¯®«®¥ ®á é¥¨¥ ª ¦¤®£® ¨§ ¢§ ¨¬® ®àâ®£® «ìëå à á¯à¥¤¥«¥¨©M ¨

N, ¯®£àã¦¥ëå ¢ á®¡áâ¢¥® ª®ä®à¬®¥ ¯à®áâà áâ¢® Cn, ®¯à¥¤¥«ï¥âáï ¢ãâà¥¨¬ ®¡à §®¬
¢ ¯¥à¢®© ¤¨ää¥à¥æ¨ «ì®© ®ªà¥áâ®áâ¨ ¯®«ï¬¨ ª¢ §¨â¥§®à®¢

�i
def= � 1

n�m
�
i ; ��

def= � 1
m
�j
�j ; (12)

2) ¢ ¤¨ää¥à¥æ¨ «ì®© ®ªà¥áâ®áâ¨ ¨¦¥ 3-£® ¯®àï¤ª  ¥¢®§¬®¦® ¯®áâà®¨âì ¢ãâà¥¨¬
®¡à §®¬ ¨¢ à¨ â®¥ ¯®«®¥ ®á é¥¨¥ ¯®¢¥àå®áâ¨ Vm � Cn; ¨¢ à¨ â®¥ ª á â¥«ì®¥ ®á -
é¥¨¥ ¥¥ ®¯à¥¤¥«ï¥âáï ¢ãâà¥¨¬ ®¡à §®¬ ¢® 2-© ¤¨ää¥à¥æ¨ «ì®© ®ªà¥áâ®áâ¨ ¯®«¥¬ ª¢ -
§¨â¥§®à  ��.

4. �® 2-© ¤¨ää¥à¥æ¨ «ì®© ®ªà¥áâ®áâ¨ ¯®áâà®¨¬ ¯®«ë¥ ®á é¥¨ï à á¯à¥¤¥«¥¨ï M ¢
Cn, ®¯à¥¤¥«ï¥¬ë¥ ¢ãâà¥¨¬ ®¡à §®¬.

� á¨«ã ãà ¢¥¨© (6), (8), (9( ))   à á¯à¥¤¥«¥¨¨ M ¢ Cn ª ¦¤ ï ¨§ á«¥¤ãîé¨å á¨áâ¥¬
äãªæ¨© ®¡à §ã¥â â¥§®à ¯¥à¢®£® ¯®àï¤ª :

a�ij
def= ��

ij �
1
m
gijg

ts��
st; ra�ij + a�ij!

0
0 = a�ijK!

K
0 ; (13)

a��
def= gisgjta�ija

�
st; ra�� + 2a��!0

0 = a��K !K
0 ; (14)

Aij
def= g��g

sta�isa
�
jt; rAij + 2Aij!

0
0 = AijK!

K
0 ; A[ij] = A[ij]K = 0: (15)

�â¬¥â¨¬, çâ® ¯®«ï íâ¨å â¥§®à®¢ ®¯à¥¤¥«¥ë ¨   ¯®¢¥àå®áâ¨ Vm � Cn, ® ¯à¨ ¤«¥¦ â 2-©
¤¨ää¥à¥æ¨ «ì®© ®ªà¥áâ®áâ¨ â®çª¨ A0 � Vm.

� ¨á¯®«ì§®¢ ¨¥¬ ãà ¢¥¨© (8), (9(¡)) ã¡¥¦¤ ¥¬áï, çâ®   à á¯à¥¤¥«¥¨¨ M (m < n � 1)
ª ¦¤ ï ¨§ á«¥¤ãîé¨å á¨áâ¥¬ äãªæ¨© â ª¦¥ ®¡à §ã¥â â¥§®à ¯¥à¢®£® ¯®àï¤ª :

b�i�
def= ��

i� �
1

n�m
����


i ; rb�i� + b�i�!

0
0 = b�i�K!

K
0 ; (16)

b��
def= gstb�sb


t�; rb�� + 2b��!

0
0 = b��K!

K
0 ; (17)

Bij
def= b�ib


j�; rBij + 2Bij!

0
0 = BijK!

K
0 ; B[ij] = B[ij]K = 0: (18)
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� ¬¥â¨¬, çâ®   ¯®¢¥àå®áâ¨ Vm � Cn ¯®«ï â¥§®à®¢ (16){(18) ®âáãâáâ¢ãîâ,     à á¯à¥¤¥«¥¨¨
£¨¯¥à¯«®áª®áâëå í«¥¬¥â®¢ (m = n� 1) â¥§®àë (16){(18) ®¡à é îâáï ¢ ã«ì.

�à¥¤¯®« £ ï, çâ®   à á¯à¥¤¥«¥¨¨M (¨«¨   ¯®¢¥àå®áâ¨ Vm) ¯à¨ ¥ª®â®à®¬ ä¨ªá¨à®¢ -

®¬ a = 1; 3 ®â®á¨â¥«ìë© ¨¢ à¨ â
a

A ¯¥à¢®£® (¢â®à®£®) ¯®àï¤ª , £¤¥

1

A def= 2m

s
jAij j
g1

;
2

A def=
q
g��a��;

3

A def= 2(n�m)

q
ja��jg2; (19)

®â«¨ç¥ ®â ã«ï, ¢ á¨«ã ãà ¢¥¨© (6), (7), (14), (15)  å®¤¨¬

d ln
a

A + !0
0 =

a

AL!
L
0 ; a = 1; 3; (20)

§¤¥áì
1

AL = 2mAksAksL; AikAkj = �ij ; rAij � 2Aij!0
0 = �AisAjtAstL!

L
0 : (21)

� ¬¥ç ¨¥. �à¨ m = n� 1 ®â®á¨â¥«ìë¥ ¨¢ à¨ âë
2

A ¨
3

A á®¢¯ ¤ îâ.

� «®£¨ç®, ¯à¥¤¯®« £ ï, çâ®   à á¯à¥¤¥«¥¨¨M (m < n� 1) ¯à¨ ¥ª®â®à®¬ ä¨ªá¨à®¢ -

®¬ a = 1; 3 ®â®á¨â¥«ìë© ¨¢ à¨ â
a

B ¯¥à¢®£® ¯®àï¤ª , £¤¥

1

B def= 2m

s
jBij j
g1

;
2

B def=
q
b ;

3

B def= 2(n�m)

q
jb�� j;

®â«¨ç¥ ®â ã«ï, ¢ á¨«ã ãà ¢¥¨© (7), (17), (18) ¨¬¥¥¬

d ln
a

B + !0
0 =

a

BL!
L
0 ; a = 1; 3; (22)

£¤¥,  ¯à¨¬¥à,
1

BL = 2mBksBksL; BikBks = �ij :

�à®¤®«¦ ï ãà ¢¥¨ï (20), (22), ¯®«ãç¨¬

(a) r
a

Ai +
a

Ai!
0
0 + !0

i =
a

AiL!
L
0 ;

a

A[ij] = �
a

A�


[ij];

(¡) r
a

A� +
a

A�!
0
0 + !0

� =
a

A�L!
L
0 ;

(23)

(a) r
a

Bi +
a

Bi!
0
0 + !0

i =
a

BiL!
L
0 ;

(¡) r
a

B� +
a

B�!
0
0 + !0

� =
a

B�L!
L
0 :

(24)

�â¬¥â¨¬, çâ® ¢á¥ ª¢ §¨â¥§®àë
a

Ai,
a

A�,
a

Bi,
a

B� ¯à¨ ¤«¥¦ â ®ªà¥áâ®áâ¨ 2-£® ¯®àï¤ª  ®¡à -

§ãîé¥£® í«¥¬¥â  à á¯à¥¤¥«¥¨ïM; ª¢ §¨â¥§®àë
a

Ai ®¯à¥¤¥«¥ë ¨   ¯®¢¥àå®áâ¨ Vm � Cn ¨
®å¢ ç¥ë ¥¥ ª®¬¯®¥â ¬¨ äã¤ ¬¥â «ì®£® ®¡ê¥ªâ  3-£® ¯®àï¤ª .

�à ¢¥¨¥ ãà ¢¥¨© (23) ¨ (24) á á®®â¢¥âáâ¢ãîé¨¬¨ ãà ¢¥¨ï¬¨ (11) ¤®ª §ë¢ ¥â á¯à ¢¥¤-
«¨¢®áâì á«¥¤ãîé¨å ¯à¥¤«®¦¥¨©.

�¥®à¥¬  1. � §«¨çë¥ ¯®¯ àë¥ á®ç¥â ¨ï ®à¬ «ìëå ¨ ª á â¥«ìëå ®á é¥¨© à á¯à¥-

¤¥«¥¨ï m-¬¥àëå «¨¥©ëå í«¥¬¥â®¢M ¢ Cn, ®¯à¥¤¥«ï¥¬ëå ¯®«ï¬¨ ª¢ §¨â¥§®à®¢ á®®â¢¥â-

áâ¢¥®
a

Ai,
a

A�, a = 1; 3 (á¬. (23)), ¢® 2-© ¤¨ää¥à¥æ¨ «ì®© ®ªà¥áâ®áâ¨ ¢ãâà¥¨¬ ®¡à §®¬

¨¤ãæ¨àãîâ

 ) ¯à¨m 6= n�1 ¤¥¢ïâì (¢ ®¡é¥¬ á«ãç ¥) ¨¢ à¨ âëå ¯®«ëå ®á é¥¨© ¯®¤¬®£®®¡à §¨ï
M;

¡) ¯à¨ m = n� 1 ç¥âëà¥ ¨¢ à¨ âëå ¯®«ëå ®á é¥¨© ¯®¤¬®£®®¡à §¨ï M.
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�«¥¤áâ¢¨¥. �®«ï ª¢ §¨â¥§®à®¢ 3-£® ¯®àï¤ª 
a

Ai, a = 1; 3, ¢ãâà¥¨¬ ®¡à §®¬ ®¯à¥¤¥«ïîâ
 ) ¯à¨ m 6= n� 1 âà¨ (¢ ®¡é¥¬ á«ãç ¥) ®à¬ «ìëå ®á é¥¨ï ¯®¢¥àå®áâ¨ Vm � Cn;
¡) ¯à¨ m = n� 1 ¤¢  ®à¬ «ìëå ®á é¥¨ï £¨¯¥à¯®¢¥àå®áâ¨ Vn�1 � Cn.
� ¦¤®¥ ¨§ íâ¨å ¯®«¥© ¢¬¥áâ¥ á ¯®«¥¬ ª¢ §¨â¥§®à  2-£® ¯®àï¤ª  �� (á¬. (12)) ¢ 3-© ¤¨ää¥-

à¥æ¨ «ì®© ®ªà¥áâ®áâ¨ § ¤ ¥â ¢ãâà¥¥¥ ¯®«®¥ ®á é¥¨¥ ¯®¤¬®£®®¡à §¨ï Vm.

�¥®à¥¬  2. �à¨ m < n � 1 à §«¨çë¥ ¯®¯ àë¥ á®ç¥â ¨ï ®à¬ «ìëå ¨ ª á â¥«ìëå

®á é¥¨© à á¯à¥¤¥«¥¨ï m-¬¥àëå «¨¥©ëå í«¥¬¥â®¢ M ¢ Cn, ®¯à¥¤¥«ï¥¬ëå ¯®«ï¬¨ ª¢ -

§¨â¥§®à®¢ á®®â¢¥âáâ¢¥®
a

Bi,
a

B�, a = 1; 3 (á¬. (24)), ¢® 2-© ¤¨ää¥à¥æ¨ «ì®© ®ªà¥áâ®áâ¨

¢ãâà¥¨¬ ®¡à §®¬ ¨¤ãæ¨àãîâ ¤¥¢ïâì (¢ ®¡é¥¬ á«ãç ¥) ¨¢ à¨ âëå ¯®«ëå ®á é¥¨©

¯®¤¬®£®®¡à §¨ï M.

� ¬¥ç ¨¥ 1. �§ â¥®à¥¬ 1 ¨ 2 á«¥¤ã¥â, çâ® ¯à¨ m < n� 1 ¢ ®¡é¥¬ á«ãç ¥ ¢® 2-© ¤¨ää¥à¥-
æ¨ «ì®© ®ªà¥áâ®áâ¨ ¨¬¥¥¬ âà¨¤æ âì è¥áâì ¨¢ à¨ âëå ¯®«ëå ®á é¥¨© à á¯à¥¤¥«¥¨ï

M ¢ Cn, ®¯à¥¤¥«ï¥¬ëå ¢ãâà¥¨¬ ®¡à §®¬ ¯®«ï¬¨ ª¢ §¨â¥§®à®¢
a

Ai,
a

A�,
a

Bi,
a

B�.

� ¬¥ç ¨¥ 2. � á«ãç ¥ à á¯à¥¤¥«¥¨ïM £¨¯¥à¯«®áª®áâëå í«¥¬¥â®¢ (m = n� 1) ¢ ¯à¥¤-

¯®«®¦¥¨¨ ¥¢ëà®¦¤¥®áâ¨ â¥§®à  anij (á¬. (13)), â. ¥. a
def= janij j 6= 0, á®£« á® [3] ¢ ª ç¥áâ¢¥

®â®á¨â¥«ì®£® ¨¢ à¨ â  â¨¯ 
a

A (á¬. (19)) ¬®¦® ¢§ïâì

A def= n�1

r
a

g1
; d lnA + !0

0 = AL!
L
0 ;

¯à¨ íâ®¬ ¯®«ï ª¢ §¨â¥§®à®¢ Ai, A� ¢® 2-© ¤¨ää¥à¥æ¨ «ì®© ®ªà¥áâ®áâ¨ ¢ãâà¥¨¬ ®¡à §®¬
®¯à¥¤¥«ïîâ ¯®«®¥ ®á é¥¨¥ ¯®¤¬®£®®¡à §¨ï M.

5. � [5] ¤®ª § ®, çâ® ¯à¨ ¯®«®¬ ®á é¥¨¨ à á¯à¥¤¥«¥¨ïM, ¯®£àã¦¥®£® ¢ ª®ä®à¬®¥
¯à®áâà áâ¢® Cn, ¯®«ï¬¨ ª¢ §¨â¥§®à®¢ x0

i , x
0
� (á¬. (11)) ¢ à áá«®¥¨¨ «¨¥©ëå í«¥¬¥â®¢ Lm

¯®¤¬®£®®¡à §¨ï M ¨¤ãæ¨àã¥âáï ¢¥©«¥¢® ¯à®áâà áâ¢® Wn;m (¢®®¡é¥ £®¢®àï, á ªàãç¥¨¥¬)
á ¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥§®à  gij ¨ ¤®¯®«¨â¥«ì®© ä®à¬®© � = !0

0 � x0
L!

L
0 , ¡ §®© ª®â®à®£®

ï¢«ï¥âáï ¯à®áâà áâ¢® Cn,   á«®¥¢ë¬¨ ä®à¬ ¬¨ |

0

�j0 = !j
0;

0

�ji = !j
i � �ji (!

0
0 � x0

L!
L
0 ) + gjkx0

k!
n+1
i + x0

i!
j
0; (25)

â¥§®àë ªàãç¥¨ï
0
rj0KL ¨ ªà¨¢¨§ë

0
rjiKL ¯à®áâà áâ¢  Wn;m ¨¬¥îâ á®®â¢¥âáâ¢¥® ¢¨¤

0
rj0st = 0;

0
rj0s� = �(�j

�s + x0
��

j
s);

0
rj0� = 2�j

[�]; (26)
0
rjiKL = 2[gstx0

tx
0
sgi[K�

j

L] � gjsx0
sgi[K�

t
L]x

0
t + x0

i[K�
j

L] +

+�

i[K�
j

jjL � x0
ix

0
s�

s
[K�

j

L] � gjsx0
s�



i[KgL] � gjsx0
s[KgL]i +

+�ji (x
0
s[K�

s
L] � x0

s�
s
[K�



L] + x0
[K�



L] + x0
�

s
[K�



jsjL)]: (27)

� ¬¥â¨¬, çâ®   ¯®¢¥àå®áâ¨ Vm � Cn ¢ á¨«ã !�
0 = 0 ¤«ï ¯®«ãç¥¨ï ä®à¬ ¢¥©«¥¢®© á¢ï§®áâ¨

0

�j
i
(á¬. (25)) ¤®áâ â®ç® § ¤ âì ¥¥ ç áâ¨ç®¥ ®á é¥¨¥, ®¯à¥¤¥«ï¥¬®¥ ¯®«¥¬ ª¢ §¨â¥§®à  x0

k,
â. ¥. ¤®áâ â®ç® § ¤ âì ®à¬ «ì®¥ ®á é¥¨¥ ¯®¤¬®£®®¡à §¨ï Vm.

�àã£ ï  ää¨ ï á¢ï§®áâì r   ¢¯®«¥ ®á é¥®¬ à á¯à¥¤¥«¥¨¨M á®£« á® à ¡®â¥ [6]
®¯à¥¤¥«ï¥âáï á¨áâ¥¬®© ä®à¬ f!I

0 ; �
j

i
g, ¢ ª®â®à®© á«®¥¢ë¥ ä®à¬ë �j

i
¯®«ãç îâáï ¢ à¥§ã«ìâ â¥

¯à¥®¡à §®¢ ¨ï

�j
i
=

0

�j
i
+�j

iK
!K
0 :
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�à¥¡®¢ ¨¥, çâ®¡ë á¨áâ¥¬  ä®à¬ �j
i
ã¤®¢«¥â¢®àï«  áâàãªâãàë¬ ãà ¢¥¨ï¬ � àâ  {� ¯â¥¢ 

[7], [8]

D�j0 = �k0 ^ �jk +
1
2
rj0KL!

K
0 ^ !L

0 ; D�ji = �ki ^ �jk +
1
2
rjiKL!

K
0 ^ !L

0 ;

à ¢®á¨«ì® á«¥¤ãîé¥© á¨áâ¥¬¥ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©:

d�j0K + �j0K!
0
0 � �j0L!

L
K + �s0K

0

�js � �jtK
0

�t0 + �t0K�
j
tL!

L
0 +

1
2

0
rj0LK!

L
0 = e�j0KL!

L
0 ; (28)

d�jiK + �jiK!
0
0 � �jiL!

L
K � �jtK

0

�ti + �tiK
0

�jt � �tiL�
j
tK!

L
0 +

1
2

0
rjiKL!

L
0 = e�jiKL!

L
0 ; (29)

¯à¨ç¥¬

rj0KL = �2e�j0[KL]; rjiKL = �2e�ji[KL]: (30)

� á¯¨áë¢ ï á ãç¥â®¬ (25) ãà ¢¥¨ï á¨áâ¥¬ë (28) ¯à¨ K = s, K = �, ã¡¥¦¤ ¥¬áï, çâ®
ª ¦¤ ï ¨§ á¨áâ¥¬ äãªæ¨© �j0s ¨ �

j
0� ¥áâì â¥§®à:

d�j0s � �j0t!
t
s + �t0s!

j
t = �j0sL!

L
0 ;

d�j0� � �j0�!
�
� + �t0�!

j
t = �j0�L!

L
0 ;

(31)

¢ ãà ¢¥¨ïå (31) äãªæ¨¨ �j0sL, �
j
0�L ¨¬¥îâ ¢¨¤

�j0sL = e�j0sL + �j0��
�
sL � �j0sx

0
L + �k0sg

jtx0
tgkL � �k0sx

0
k�

j
L + �jLs � �t0s�

j
tL +

1
2
0
rj0sL (�j�s = 0); (32)

�j0�L = e�j0�L + �j0k�
k
�L � �j0�x

0
L + �k0�g

jtx0
tgkL � �k0�x

0
k�

j
L + �jt��

t
L � �t0��

j
tL +

1
2
0
rj0�L: (33)

�¨¦¥ ¡ã¤¥¬ áç¨â âì, çâ® �j0 �
0

�j0 = !j
0, á«¥¤®¢ â¥«ì®,

�j0s = �j0� = 0: (34)

�§ ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (31) á ãç¥â®¬ à ¢¥áâ¢ (34)  å®¤¨¬

�j0sL = �j0�L = 0: (35)

�¥¯¥àì ¨§ á®®â®è¥¨© (30) á ¨á¯®«ì§®¢ ¨¥¬ ¢ëà ¦¥¨© (26), (32){(35) ¯®«ãç¨¬ ª®¬¯®¥âë
â¥§®à  ªàãç¥¨ï ¯à®áâà áâ¢  An;m

rj0st = �2�j[st]; rj0�s = �rj0s� = �j
�s + x0

��
j
s + �js�; rj0�� = 2�j

[��]: (36)

�§ ãà ¢¥¨© (29) ¯à¨ K = s ¨ K = �  å®¤¨¬

r�jis + �jis!
0
0 = �jisL!

L
0 ; r�ji� + �ji�!

0
0 = �ji�L!

L
0 ; (37)

¢ ãà ¢¥¨ïå (37) äãªæ¨¨ �jisL, �
j
i�L ¨¬¥îâ ¢¨¤

�jisL = e�jisL + �ji��
�
sL � �jksg

klx0
l giL + �jksx

0
i �

k
L + �kiL�

j
ks + �kisg

jlx0
l gkL � �kisx

0
k�

j
L +

1
2

0
rjisL; (38)

�ji�L = e�ji�L + �jik�
k
�L � �jk�g

klx0
l giL + �jk�x

0
i �

k
L + �kiL�

j
k� + �ki�g

jlx0
l gkL � �ki�x

0
k�

j
L +

1
2

0
rji�L: (39)

�à ¢¥¨ï (37) ¯®ª §ë¢ îâ, çâ® ª ¦¤ ï ¨§ á¨áâ¥¬ äãªæ¨© �jis, �
j
i� ecâì â¥§®à; ¨¦¥ ¢

ª ç¥áâ¢¥ â¥§®à  �ji� ¢®§ì¬¥¬

�ji� = 0: (40)

�®£¤  ¢ á¨«ã (37)

�ji�L = 0: (41)
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�§ á®®â®è¥¨© (30) á ¨á¯®«ì§®¢ ¨¥¬ (38){(41)  å®¤¨¬ ª®¬¯®¥âë

rjist = �2(�ji[st] + gklx0
l�

j

k[sgt]i + x0
i�

j

[st] � �jk[s�
k
jijt] � gjlx0

l�
k
i[sgt]k + x0

k�
k
i[s�

j

t]) +
0
rjist; (42)

rji�s = �rjis� = �jis� + �jik�
k
�s +

0
rji�s; (43)

rji�� = 2�jik�
k
[��] +

0
rji�� (44)

â¥§®à  ªà¨¢¨§ë ¯à®áâà áâ¢   ää¨®© á¢ï§®áâ¨ An;m.
� ª¨¬ ®¡à §®¬, ¤®ª §  

�¥®à¥¬  3. �  ¢¯®«¥ ®á é¥®¬ à á¯à¥¤¥«¥¨¨ m-¬¥àëå «¨¥©ëå í«¥¬¥â®¢ M ¢ Cn,

ªà®¬¥ ¢¥©«¥¢  ¯à®áâà áâ¢  Wn;m, ®¯à¥¤¥«ï¥¬®£® á«®¥¢ë¬¨ ä®à¬ ¬¨
0

�j
i
(25), ¯à¨ § ¤ ¨¨  

¯®¤¬®£®®¡à §¨¨ M ¯®«ï â¥§®à  �jik ¨¤ãæ¨àã¥âáï ¯à®áâà áâ¢®  ää¨®© á¢ï§®áâ¨ An;m

á® á«®¥¢ë¬¨ ä®à¬ ¬¨

�j0 =
0

�j0; �ji =
0

�ji + �jik!
k
0 ; (45)

¯à¨ç¥¬ â¥§®àë ªàãç¥¨ï ¨ ªà¨¢¨§ë ¯à®áâà áâ¢  An;m ¨¬¥îâ á®®â¢¥âáâ¢¥® ¢¨¤ (36) ¨
(42){(44).

6. �à®¤®«¦ ï ãà ¢¥¨ï (15), ¨¬¥¥¬, ¢ ç áâ®áâ¨,

rAijk + 3Aijk!
0
0 +Aij!

0
k +A(ij!

0
k) �As(igj)kg

st!0
t = AijkL!

L
0 : (46)

�à¥¤¯®« £ ï, çâ® à á¯à¥¤¥«¥¨¥ M ç áâ¨ç® ®á é¥® ¯®«¥¬ ª¢ §¨â¥§®à  x0
i (â. ¥. § ¤ ®

®à¬ «ì®¥ ®á é¥¨¥ ¥£® ¯®«¥¬ (n�m)-áä¥à [Pi]), ¢®§ì¬¥¬ ®å¢ â

1

Dijk
def= Aijk �Aijx

0
k �A(ijx

0
k) +As(igj)kg

stx0
t ;

1

D[ij]k = 0; (47)

á®£« á® ãà ¢¥¨ï¬ (11( )), (15), (46) á®¢®ªã¯®áâì äãªæ¨©
1

Dijk   à á¯à¥¤¥«¥¨¨M ®¡à §ã¥â
â¥§®à ¯®àï¤ª  ¥ ¨¦¥ ¢â®à®£® (  ¯®¢¥àå®áâ¨ Vm � Cn | ¥ ¨¦¥ âà¥âì¥£®):

r
1

Dijk + 3
1

Dijk!
0
0 =

1

DijkL!
L
0 : (48)

� á¨«ã á®®â®è¥¨© (21), (47) á¯à ¢¥¤«¨¢®

Aij
1

Dijk = 2m(
1

Ak � x0
k);

á«¥¤®¢ â¥«ì®, â¥§®àë Aij ¨
1

Dijk  ¯®«ïàë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ ª®¬¯®¥â å â¥-

§®à 
1

Dijk (á¬. (47)) ¢ ª ç¥áâ¢¥ äãªæ¨© x0
k ¡¥à¥âáï ª¢ §¨â¥§®à

1

Ak ¢â®à®£® ¯®àï¤ª .

� á¨«ã ãà ¢¥¨© (21), (48) ¢ ª ç¥áâ¢¥ â¥§®à 
1

�jik (á¬. (37)) ¬®¦® ¢§ïâì ®å¢ â

1

�jik
def= Ajs

1

Dsik; (49)

á«¥¤®¢ â¥«ì®, á®£« á® (45), (49) á«®¥¢ë¥ ä®à¬ë á¢ï§®áâ¨
1

r   ¢¯®«¥ ®á é¥®¬ à á¯à¥-
¤¥«¥¨¨M ¯à¨¬ãâ ¢¨¤

1

�j0 =
0

�j0;
1

�ji =
0

�ji +Ajs
1

Dsik!
k
0 : (50)

�¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï (15) á ¨á¯®«ì§®¢ ¨¥¬ ¢ëà ¦¥¨© (25), (50) § ¯¨èãâáï ¢ ¢¨¤¥

dAij �Aik

0

�kj �Akj

1

�ki = (Aij� � 2Aijx
0
�)!

�
0 : (51)

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

58



�¥®à¥¬  4. �ää¨ë¥ á¢ï§®áâ¨
0

r ¨
1

r ¯à®áâà áâ¢ Wn;m ¨
1

An;m, ¨¤ãæ¨àã¥¬ë¥ ¯®«ë¬

®á é¥¨¥¬ à á¯à¥¤¥«¥¨ï M ¢ Cn, á®¯àï¦¥ë [9] ®â®á¨â¥«ì® ¯®«ï á¨¬¬¥âà¨ç®£® â¥§®à 
¯¥à¢®£® ¯®àï¤ª  Aij ¢¤®«ì «î¡®© ªà¨¢®©, ¯à¨ ¤«¥¦ é¥© ¯®¤¬®£®®¡à §¨î M.

� ¬¥â¨¬, çâ® íâ®â à¥§ã«ìâ â á¯à ¢¥¤«¨¢ ¨   ®à¬ «ì® ®á é¥®© ¯®¢¥àå®áâ¨ Vm � Cn;
¢ íâ®¬ á«ãç ¥ ¢ á¨«ã !�

0 = 0 ãà ¢¥¨ï (51) § ¯¨èãâáï ¢ ¢¨¤¥

dAij �Aik

0

�kj �Akj

1

�ki = 0: (52)

�  ®à¬ «ì® ®á é¥®© ¯®¢¥àå®áâ¨ Vm � Cn â¥§®à ªàãç¥¨ï
1
rj0st á¢ï§®áâ¨

1

r ¢ á¨«ã
á®®â®è¥¨© (36), (49) ¨¬¥¥â ¢¨¤

1
rj0st = �2Ajk

1

Dk[st]: (53)

�¥§®à ªà¨¢¨§ë
1
rjist á¢ï§®áâ¨

1

r ¨¬¥¥â áâà®¥¨¥ (42), £¤¥ ¢ ª ç¥áâ¢¥ �jik ¢§ïâ â¥§®à
1

�jik (á¬.

(49)). �à¨¢¥¤¥¬ ¢ëç¨á«¥¨¥ ª®¬¯®¥â â¥§®à 
1
rjist, ¨á¯®«ì§ãï á®¯àï¦¥®áâì á¢ï§®áâ¥©

0

r ¨
1

r ®â®á¨â¥«ì® ¯®«ï á¨¬¬¥âà¨ç®£® â¥§®à  Aij . � ¬ëª ï ãà ¢¥¨ï (52), ¨¬¥¥¬

Aik

0
rkjst +Ajk

1
rkist = 0;

®âªã¤  ¥¯®áà¥¤áâ¢¥®  å®¤¨¬

1
rjist = �AikAjl 0rklst; (54)

§¤¥áì ª®¬¯®¥âë â¥§®à  ªà¨¢¨§ë
0
rklst á¢ï§®áâ¨

0

r ¨¬¥îâ áâà®¥¨¥ (27).
�§ ¢ëà ¦¥¨© (54) ¯®«ãç¨¬

1
rkkst = �0

rkkst = 2
0
r[st];

£¤¥
0
r[st] | ®¡ê¥¬ë© â¥§®à [9] ¢¥©«¥¢  ¯à®áâà áâ¢  Wm;m. � ª¨¬ ®¡à §®¬, ¥á«¨ ¯à®áâà áâ¢®

1

Am;m ¨¬¥¥â ã«¥¢®¥ ªàãç¥¨¥ (á¬. (53)) (§ ¬¥â¨¬, çâ® ¯à®áâà áâ¢® Wm;m �
0

Am;m ¡¥§ ªàãç¥¨ï,

á¬. (26)), â®
1
r[st] =

0
r[st]. �«¥¤®¢ â¥«ì®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  5. �á«¨   ®à¬ «ì® ®á é¥®© ¯®¢¥àå®áâ¨ Vm � Cn á¢ï§®áâì ¯à®áâà áâ¢ 
1

Am;m ¥ ¨¬¥¥â ªàãç¥¨ï, â® ¢¥©«¥¢® ¯à®áâà áâ¢® Wm;m ï¢«ï¥âáï à¨¬ ®¢ë¬ â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤  á¢ï§®áâì ¯à®áâà áâ¢ 
1

Am;m íª¢¨ ää¨ .

� ª ª ª  ää¨ ï á¢ï§®áâì
01

r, áà¥¤ïï [9] ¯® ®â®è¥¨î ª
0

r ¨
1

r, ®¯à¥¤¥«ï¥âáï á«®¥¢ë¬¨
ä®à¬ ¬¨

01

� j
i
= 1

2
(
0

�j
i
+

1

�j
i
), â® ¨§ ãà ¢¥¨© (52) á«¥¤ã¥â

dAij �Aik

01

� kj �Akj

01

� ki = 0:

�®á«¥¤¨¥ ãà ¢¥¨ï ¢ á«ãç ¥ ã«¥¢®£® ªàãç¥¨ï á¢ï§®áâ¨
01

r ¤®ª §ë¢ îâ á«¥¤ãîé¥¥ ¯à¥¤«®-
¦¥¨¥.

�¥®à¥¬  6. �á«¨   ®à¬ «ì® ®á é¥®© ¯®¢¥àå®áâ¨ Vm � Cn á¢ï§®áâì
01

r, áà¥¤ïï
¯® ®â®è¥¨î ª  ää¨ë¬ á¢ï§®áâï¬

0

r ¨
1

r ¯à®áâà áâ¢ Wm;m ¨
1

Am;m, ¨¬¥¥â ã«¥¢®¥

ªàãç¥¨¥, â® ®  ï¢«ï¥âáï à¨¬ ®¢®© á ¯®«¥¬ ¬¥âà¨ç¥áª®£® â¥§®à  Aij .
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7. �à¥¤¯®«®¦¨¬, çâ® m < n � 1; ¢ íâ®¬ á«ãç ¥  àï¤ã á ¯®«¥¬ â¥§®à 
1

Dijk (á¬. (47))  
®à¬ «ì® ®á é¥®¬ à á¯à¥¤¥«¥¨¨M ¢ Cn ¬®¦® à áá¬®âà¥âì ¯®«¥ â¥§®à 

2

Dijk
def= Bijk � Bijx

0
k � B(ijx

0
k) +Bs(igj)kg

stx0
t ;

2

D[ij]k = 0;

r
2

Dijk + 3
2

Dijk!
0
0 =

2

DijkL!
L
0 :

(55)

� á¨«ã ãà ¢¥¨© (18), (55) ¢ ª ç¥áâ¢¥ â¥§®à  �jik (á¬. (37)) ¬®¦® ¢§ïâì
2

�jik = Bjs
2

Dsik, á«¥¤®¢ -

â¥«ì®, á«®¥¢ë¥ ä®à¬ë á¢ï§®áâ¨
2

r ¯à®áâà áâ¢ 
2

An;m, ¨¤ãæ¨àã¥¬®£®   ¢¯®«¥ ®á é¥®¬
à á¯à¥¤¥«¥¨¨M (m < n� 1), ¯à¨¬ãâ ¢¨¤

2

�j0 =
0

�j0;
2

�ji =
0

�ji +Bjs
2

Dsik!
k
0 :

�¯à ¢¥¤«¨¢ë ãà ¢¥¨ï, ¨¤¥â¨çë¥ ãà ¢¥¨ï¬ (51),

dBij � Bik

0

�kj � Bkj

2

�ki = (Bij� � 2Bijx
0
�)!

�
0 ;

¯®á«¥¤¥¥ ¤®ª §ë¢ ¥â á«¥¤ãîé¥¥ ¯à¥¤«®¦¥¨¥,   «®£¨ç®¥ â¥®à¥¬¥ 4.

�¥®à¥¬  7. �ää¨ë¥ á¢ï§®áâ¨
0
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