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� à ¡®â¥ [1] ¯à¥¤«®¦¥ ¬ âà¨çë© ¬¥â®¤ ¨â¥à¯®«¨à®¢ ¨ï äãªæ¨© ¬®£¨å ¯¥à¥¬¥ëå.
� «ì¥©è¥¥ à §¢¨â¨¥ íâ®£® ¬¥â®¤  ¨§« £ «®áì,  ¯à¨¬¥à, ¢ [2]. � ª ç¥áâ¢¥ ®¡« áâ¨ ¨â¥à¯®«¨-
à®¢ ¨ï ¨á¯®«ì§®¢ «áï ¯àï¬®ã£®«ìë© ¯ à ««¥«¥¯¨¯¥¤. � ¤ ®© à ¡®â¥ áâà®ïâáï ¨â¥à¯®«ï-
æ¨®ë¥ ¬®£®ç«¥ë ª ª ¢ ¯àï¬®«¨¥©ëå, â ª ¨ ¢ ªà¨¢®«¨¥©ëå ®¡« áâïå.

�®áâ ®¢ª  § ¤ ç¨. �¢¥¤¥¬ á¨áâ¥¬ã ã§«®¢
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£¤¥ a1 � x0 < x1 < � � � < xn � b1, a2 � y0 < y1 < � � � < ym � b2, a3 � z0 < z1 < � � � < zr � b3,
¨ § ¤ ¤¨¬ á¨áâ¥¬ë äãªæ¨©
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®¯à¥¤¥«¥ëå ¢ (1).
�®§ì¬¥¬ ¬®£®ç«¥

P (x; y; z) =
n;m;rX
i;j;q=0

ci;j;q'i(x) j(y)�q(z)

á ç¨á«®¢ë¬¨ ª®íää¨æ¨¥â ¬¨

ci;j;q; i = 0; n; j = 0;m; q = 0; r: (3)

� ¤ ç  ¨â¥à¯®«¨à®¢ ¨ï äãªæ¨¨ f(x; y; z), ¢
3Q

i=1
[ai; bi] á¨áâ¥¬ ¬¨ (2)   (1) á®áâ®¨â ¢ ®¯à¥¤¥-

«¥¨¨ ª®íää¨æ¨¥â®¢ (3), ¤«ï ª®â®àëå ¤®«¦ë ¢ë¯®«ïâìáï ãá«®¢¨ï

P (xi; yj ; zq) = fijq = f(xi; yj ; zq) (4)

¤«ï i = 0; n, j = 0;m, q = 0; r.

�¥®à¥¬ . �á«¨ á¨áâ¥¬ë äãªæ¨© (2) ï¢«ïîâáï ç¥¡ëè¥¢áª¨¬¨, â® á¨áâ¥¬  ãà ¢¥¨© (4)
à §à¥è¨¬ .

�ãªæ¨î f(x; y; z) ¯à¨¡«¨¦ ¥¬ ¬®£®ç«¥®¬

f(x; y; z) � P (x; y; z):

�â® ¯à¨¡«¨¦¥¨¥ ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¬ âà¨ç®© ä®à¬¥

P (x; y; z) = �c; (5)

£¤¥ � = � 
  
 ', ' = ('i)i=0;n,  = ( j)j=0;m, � = (�q)q=0;r | ¬ âà¨æë-áâà®ª¨, c =
(c000; c100; : : : ; cnmr)T | ¨áª®¬ ï ¬ âà¨æ -áâ®«¡¥æ. �¤¥áì 
 ®§ ç ¥â ªà®¥ª¥à®¢® ¯à®¨§¢¥¤¥-
¨¥ ¬ âà¨æ. �á«®¢¨ï (4) ¢ ¬ âà¨ç®© ä®à¬¥ ¯à¨¬ãâ ¢¨¤ �c = f; £¤¥ � = N 
 	 
 �,
f = (f000; f100; : : : fnmr)T . �¤¥áì

� = ('i(xk))i;k=0;n; 	 = ( j(yk))j;k=0;m; N = (�q(wk))q;k=0;r (6)

| ª¢ ¤à âë¥ ¬ âà¨æë.
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�á«¨ á¨áâ¥¬ë äãªæ¨© (2) ï¢«ïîâáï ç¥¡ëè¥¢áª¨¬¨, â® ¬ âà¨æë (6) ¨¬¥îâ ®¡à âë¥ ¬ âà¨-
æë ¨, á«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â ¬ âà¨æ , ®¡à â ï ¬ âà¨æ¥ �, ª®â®àãî ¬®¦® § ¯¨á âì ¢ ¢¨¤¥
��1 = N�1 
	�1 
 ��1; ¨, á«¥¤®¢ â¥«ì®, ¨¬¥¥¬ c = ��1f:

�®¤áâ ¢«ïï ¯®á«¥¤¥¥ ¢ëà ¦¥¨¥ ¢ à ¢¥áâ¢® (5), ¨â¥à¯®«ïæ¨®ë© ¬®£®ç«¥ P (x; y; z)
§ ¯¨è¥¬ ¢ ¢¨¤¥ P (x; y; z) = ���1f; â. ¥. f(x; y; z) � ���1f:

� ª¨¬ ¦¥ ®¡à §®¬ à¥è ¥âáï § ¤ ç  ¨â¥à¯®«¨à®¢ ¨ï äãªæ¨© ¬®£¨å ¯¥à¥¬¥ëå ®¡®¡-
é¥ë¬¨ ¬®£®ç«¥ ¬¨ (¯®«¨®¬ ¬¨) ¢ ªà¨¢®«¨¥©ëå ®¡« áâïå.

�¡à â¨¬ ¢¨¬ ¨¥   ä®à¬ã § ¯¨á¨ ¨â¥à¯®«ïæ¨®®£® ¬®£®ç«¥ . �â¥à¯®«ïæ¨®ë©
¬®£®ç«¥ (áª «ïà ï ¢¥«¨ç¨ ) ¯à¥¤áâ ¢«¥ ª ª ¯à®¨§¢¥¤¥¨¥ âà¥å ¬ âà¨æ:

| ¬ âà¨æë-áâà®ª¨ �, í«¥¬¥âë ª®â®à®© ï¢«ïîâáï äãªæ¨ï¬¨ x, y, z;
| ª¢ ¤à â®© ¬ âà¨æë ��1, í«¥¬¥âë ª®â®à®© § ¢¨áïâ ®â § ç¥¨© äãªæ¨© 'i,  j , �r,

¢ëç¨á«¥ëå ¢ ã§« å xi, yj , zq á®®â¢¥âáâ¢¥®;
| ¬ âà¨æë-áâ®«¡æ  f , í«¥¬¥â ¬¨ ª®â®à®© ï¢«ïîâáï § ç¥¨ï äãªæ¨© f(x; y; z), ¢ëç¨-

á«¥ëå ¢ ã§« å xi, yj, zq.

� ¬¥ç ¨¥. �á«¨ ¯à®¨§¢¥¤¥¨¥ ���1 § ¯¨á âì ¢ ¢¨¤¥

���1 = [�N�1]
 [ 	�1]
 ['��1];

â® ¢ëç¨á«¥¨¥ äãªæ¨¨ f(x; y; z) ¯® ¢á¥¬ ¯¥à¥¬¥ë¬ ¬®¦® ¯à®¨§¢®¤¨âì ¯ à ««¥«ì® ¯® ª -
¦¤®© ¯¥à¥¬¥®© ¢ ®â¤¥«ì®áâ¨. � ª®¥ ¯ à ««¥«ì®¥ ¢ëç¨á«¥¨¥ ã¤®¡® ¯à¨ à¥ «¨§ æ¨¨ ¢
á¨áâ¥¬ å à¥ «ì®£® ¢à¥¬¥¨.

� ¤ ®© à ¡®â¥ ¢ ª ç¥áâ¢¥ á¨áâ¥¬ �¥¡ëè¥¢  ¢§ïâë  «£¥¡à ¨ç¥áª¨¥ á¨áâ¥¬ë, â. ¥. 'i(x) = xi,
i = 0; n. � íâ®¬ á«ãç ¥ � = (xik)i;k=0;n ï¢«ï¥âáï ¬ âà¨æ¥© � ¤¥à¬®¤ , ª®â®à ï ¨¬¥¥â ®¡à âãî
¬ âà¨æã

��1 =
�
q(0)

q0
;
q(1)

q1
; : : : ;

q(n)

qn

�
;

£¤¥ q(0) = ((�1)nSn; : : : ; S2;�S1; 1)T , q0 = (x1 � x0) : : : (xn � x0): �¤¥áì S1 = x1 + x2 + � � � + xn,
S2 = xix2 + xix3 + � � � + xn�1xn; : : : , Sn = x1 � x2 � : : : � xn | á¨¬¬¥âà¨ç¥áª¨¥ ä®à¬ë. �áâ «ìë¥
q(i) ¨ qi ¨¬¥îâ âã ¦¥ áâàãªâãàã. � ¨å ®âáãâáâ¢ã¥â í«¥¬¥â xi.

� áá¬®âà¨¬ ¤¢  á«ãç ï.
1) �¡« áâì ¨â¥à¯®«¨à®¢ ¨ï | ¯àï¬®ã£®«ì¨ª. �ãáâì   ¯«®áª®áâ¨ ¢¢¥¤¥  ¤¥ª àâ®¢ 

á¨áâ¥¬  ª®®à¤¨ â, ¨ ¢ § ¤ ëå ã§« å ¨§¢¥áâë § ç¥¨ï äãªæ¨¨ f(x; y). �â¥à¯®«ïæ¨®ë©
¬®£®ç«¥ § ¯¨áë¢ ¥¬ ¢ ¢¨¤¥

P (x; y) = ( Y �1 
 'X�1)f;

£¤¥  (y) = (yj)j=0;m, '(x) = (xi)i=0;n | ¬ âà¨æë-áâà®ª¨, Y = (y�j )j;�=0;m, X = (x�i )i;�=0;n |
¬ âà¨æë � ¤¥à¬®¤ , f = (f00; f10; : : : ; fn0; f01; f11; : : : ; fn1; : : : ; f0m; f1m; : : : ; fnm)T | ¬ âà¨æ -
áâ®«¡¥æ.

�ãáâì äãªæ¨ï f(x; y) ¨¬¥¥â ¥®¡å®¤¨¬ë¥ ¯à®¨§¢®¤ë¥. � ([3], c. 194) ¯®ª § ®, çâ® ®áâ â®ç-
ë© ç«¥ ¢ íâ®¬ á«ãç ¥ ¬®¦¥â ¡ëâì § ¯¨á  ¢ ¢¨¤¥

R =
!n(x)
(n+ 1)!

@n+1

@xn+1
f(�; y) +

!m(y)
(m+ 1)!

@m+1

@ym+1
f(x; �)�

!n(x)
(n+ 1)!

!m(y)
(m+ 1)!

@n+m+2

@xn+1@ym+1
f(�1; �1);

£¤¥ !n(x) = (x� x0) : : : (x� xn), !m(y) = (y � y0) : : : (y � ym);

min[x; xi] < � < max[x; xi]; min[y; yj ] < � < max[y; yj ]; �1 2 [x0; xn]; �1 2 [y0; ym]:

�à¨¬¥à 1. �ãáâì n = m = 1, ¢ íâ®¬ á«ãç ¥

 (y) = (1; y); '(x) = (1; x);

Y �1 =
1

y1 � y0

�
y1 �y0
�1 1

�
; X�1 =

1
x1 � x0

�
x1 �x0
�1 1

�
;

f = (f00; f10; f01; f11)
T :
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�®£à¥è®áâì ¨â¥à¯®«ïæ¨¨ ¤«ï f(x; y) 2 C ®æ¥¨¢ ¥âáï ¥à ¢¥áâ¢®¬ jP (x; y) � f(x; y)j �
2!(f); £¤¥ !(f) = max

(x;y);(x;y)2

jf(x; y)� f(x; y)j:

2) �¡« áâì ¨â¥à¯®«¨à®¢ ¨ï | ªàã£. �¢¥¤¥¬ ¯®«ïàãî á¨áâ¥¬ã ª®®à¤¨ â (�; '), £¤¥ � |
à ¤¨ãá-¢¥ªâ®à, ' | ¯®«ïàë© ã£®«. �ãáâì äãªæ¨ï f(�; ') ®¯à¥¤¥«¥  ¢ § ¤ ëå ã§« å.

�â¥à¯®«ïæ¨®ë© ¬®£®ç«¥ § ¯¨áë¢ ¥¬ ¢ ¢¨¤¥

P (�; ') = (���1 
 �R�1)f;

£¤¥ �(') = ('j)j=0;m, �(�) = (�i)i=0;n | ¬ âà¨æë-áâà®ª¨, � = ('�
j )j;�=0;m, R = (��i )i;�=0;n |

¬ âà¨æë � ¤¥à¬®¤ .
� âà¨æ -áâ®«¡¥æ f ¨¬¥¥â â®â ¦¥ ¢¨¤, çâ® ¨ ¢ëè¥.

�à¨¬¥à 2. �à¨ n = m = 1 ¡ã¤¥¬ ¨¬¥âì

�(') = (1; '); �(�) = (1; �);

��1 =
1

'1 � '0

�
'1 �'0
�1 1

�
; R�1 =

1
�1 � �0

�
�1 ��0
�1 1

�
;

f = (f00; f10; f01; f11)
T :

�æ¥ªã ®áâ â®ç®£® ç«¥  ¬®¦® ¯à®¢¥áâ¨, ª ª ¢ ¯à¨¬¥à¥ 1. �á«¨ ®¡« áâìî ¨â¥à¯®«¨à®¢ -
¨ï ï¢«ï¥âáï ¯àï¬®ã£®«ìë© ¯ à ««¥«¥¯¨¯¥¤, ¨ ¢ § ¤ ëå ã§« å ¨§¢¥áâë § ç¥¨ï äãªæ¨¨
f(x; y; z), â®, ¢¢®¤ï ¤¥ª àâ®¢ã á¨áâ¥¬ã ª®®à¤¨ â, ¡ã¤¥¬ ¨¬¥âì

P (x; y; z) = (Z�1 
 �Y �1 
 �X�1)f:

�á«¨ ®¡« áâìî ¨â¥à¯®«¨à®¢ ¨ï ï¢«ï¥âáï è à, â®, ¢¢®¤ï áä¥à¨ç¥áªãî á¨áâ¥¬ã ª®®à¤¨ â
(�; '; �), £¤¥ � | à ¤¨ãá-¢¥ªâ®à, ' | ¤®«£®â , � | è¨à®â , ¡ã¤¥¬ ¨¬¥âì

P (�; '; �) = (��1 
 ���1 
 �R�1)f:

� ª®¥æ, ¥á«¨ ®¡« áâìî ¨â¥à¯®«¨à®¢ ¨ï ï¢«ï¥âáï æ¨«¨¤à, â®, ¢¢®¤ï æ¨«¨¤à¨ç¥áªãî
á¨áâ¥¬ã ª®®à¤¨ â (�; '; z), ¯®«ãç ¥¬

P (�; '; z) = (Z�1 
 ���1 
 �R�1)f:

� § ª«îç¥¨¥ ®â¬¥â¨¬ á«¥¤ãîé¥¥: ¥á«¨ ¨â¥à¯®«¨àã¥¬ ï äãªæ¨ï ¡ã¤¥â ¯¥à¨®¤¨ç¥áª®©
äãªæ¨¥© ¯® ª ª®©-¨¡ã¤ì ¯¥à¥¬¥®©, â® ¬®¦® ¯à¨¬¥ïâì âà¨£®®¬¥âà¨ç¥áª®¥ ¨â¥à¯®«¨à®-
¢ ¨¥ ¯® íâ®© ¯¥à¥¬¥®© (á¬.,  ¯à., [2]).
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