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�¤®© ¨§ ¢ ¦¥©è¨å ®á®¡¥®áâ¥© £¥®¬¥âà¨¨ £¨¯¥à¯®¢¥àå®áâ¥© ¯®çâ¨ íà¬¨â®¢  ¬®£®®¡à -
§¨ï ï¢«ï¥âáï  «¨ç¨¥   â ª¨å £¨¯¥à¯®¢¥àå®áâïå ¢ãâà¥¨¬ ®¡à §®¬ ®¯à¥¤¥«¥®© ¯®çâ¨ ª®-
â ªâ®© ¬¥âà¨ç¥áª®© áâàãªâãàë. �â  áâàãªâãà  ¨§ãç « áì £« ¢ë¬ ®¡à §®¬ ¤«ï ¯®¢¥àå®áâ¥©
ª¥«¥à®¢ëå [1], [2] ¨ ª¢ §¨ª¥«¥à®¢ëå [3] ¬®£®®¡à §¨©. � á«ãç ¥, ª®£¤  ®¡ê¥¬«îé¥¥ ¬®£®®¡à §¨¥
íà¬¨â®¢®, ® £¥®¬¥âà¨¨ ¥£® £¨¯¥à¯®¢¥àå®áâ¨ ¨§¢¥áâ® áà ¢¨â¥«ì® ¬ «®.

� ¤ ®© à ¡®â¥ ¯à¨¢®¤ïâáï ¤¢  à¥§ã«ìâ â  ¢ íâ®¬  ¯à ¢«¥¨¨, ¯®«ãç¥ëå á ¨á¯®«ì§®¢ -
¨¥¬ áâàãªâãàëå ãà ¢¥¨© £¨¯¥à¯®¢¥àå®áâ¨.

1. �ãáâì O � R8 |  «£¥¡à  �í«¨. � ª ¨§¢¥áâ® [4], ¢ ¥© ®¯à¥¤¥«¥ë ¤¢  ¥¨§®¬®àäëå
3-¢¥ªâ®àëå ¯à®¨§¢¥¤¥¨ï:

P1(X;Y;Z) = �X(Y Z) + hX;Y iZ + hY;ZiX � hZ;XiY ;
P2(X;Y;Z) = �(XY )Z + hX;Y iZ + hY;ZiX � hZ;XiY:

�¤¥áì X;Y;Z 2 O; h�; �i | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ ¢ O, X ! X | ®¯¥à â®à á®¯àï¦¥¨ï ¢
O. �à¨ íâ®¬ «î¡®¥ ¤àã£®¥ 3-¢¥ªâ®à®¥ ¯à®¨§¢¥¤¥¨¥ ¢  «£¥¡à¥ ®ªâ ¢ ¨§®¬®àä® ®¤®¬ã ¨§
¢ëè¥ãª § ëå.

�á«¨ M 6 � O | 6-¬¥à®¥ ®à¨¥â¨àã¥¬®¥ ¯®¤¬®£®®¡à §¨¥, â®   ¥¬ ¨¤ãæ¨àã¥âáï ¯®çâ¨
íà¬¨â®¢  áâàãªâãà  fI�; h�; �i jM 6g, ®¯à¥¤¥«ï¥¬ ï ¢ ª ¦¤®© â®çª¥ p 2M 6 á®®â®è¥¨¥¬

I�(X) = P�(X; e1; e2); � = 1; 2;

£¤¥ fe1; e2g | ¯à®¨§¢®«ìë© ®àâ®®à¬¨à®¢ ë© ¡ §¨á ®à¬ «ì®£® ª M 6 ¯®¤¯à®áâà áâ¢  ¢
â®çª¥ p,X 2 Tp(M 6) [4]. �®¤¬®£®®¡à §¨¥M 6 � O  §ë¢ ¥âáï íà¬¨â®¢ë¬, ¥á«¨ ¨¤ãæ¨à®¢  ï
  ¥¬ ¯®çâ¨ íà¬¨â®¢  áâàãªâãà  ¨â¥£à¨àã¥¬ .

� ¯®¬¨¬ [5], çâ® â®çª  p 2 M 6  §ë¢ ¥âáï ®¡é¥©, ¥á«¨ e0 =2 Tp(M 6)�L(e0)?, £¤¥ e0 2 O

| ¥¤¨¨æ   «£¥¡àë �í«¨, L(e0)? | ¥¥ ®àâ®£® «ì®¥ ¤®¯®«¥¨¥. �®¤¬®£®®¡à §¨¥, á®áâ®ïé¥¥
â®«ìª® ¨§ ®¡é¨å â®ç¥ª,  §ë¢ ¥âáï ¯®¤¬®£®®¡à §¨¥¬ ®¡é¥£® â¨¯ . � «¥¥ à áá¬ âà¨¢ ¥¬ â®«ìª®
¯®¤¬®£®®¡à §¨ï M 6 � O ®¡é¥£® â¨¯ .

2. �ãáâì N | ®à¨¥â¨àã¥¬ ï £¨¯¥à¯®¢¥àå®áâì íà¬¨â®¢  ¯®¤¬®£®®¡à §¨ï M 6 � O, � |
¢â®à ï ª¢ ¤à â¨ç ï ä®à¬  ¥¥ ¯®£àã¦¥¨ï ¢M 6. � ª å®à®è® ¨§¢¥áâ® [1], [2],   N ¢ãâà¥¨¬
®¡à §®¬ ¨¤ãæ¨àã¥âáï ¯®çâ¨ ª®â ªâ ï ¬¥âà¨ç¥áª ï áâàãªâãà . � ¯®¬¨¬ [6], çâ® ¯®çâ¨ ª®-
â ªâ®© ¬¥âà¨ç¥áª®© áâàãªâãà®©   ¬®£®®¡à §¨¨ N  §ë¢ ¥âáï á¨áâ¥¬  f�; �; �; gg â¥§®àëå
¯®«¥©   íâ®¬ ¬®£®®¡à §¨¨, £¤¥ � | ¢¥ªâ®à®¥ ¯®«¥, � | ª®¢¥ªâ®à®¥ ¯®«¥, � | ¯®«¥ â¥§®à 
â¨¯  (1; 1), g | à¨¬ ®¢  ¬¥âà¨ª    N . �à¨ íâ®¬

�(�) = 1; �(�) = 0; � � � = 0; �2 = �id+ � 
 �;

h�X;�Y i = hX;Y i � �(X)�(Y ); X; Y 2 @(N):

�®çâ¨ ª®â ªâ ï ¬¥âà¨ç¥áª ï áâàãªâãà   §ë¢ ¥âáï ª®á¨¬¯«¥ªâ¨ç¥áª®©, ¥á«¨

r� = r� = 0:
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�¤¥áì r| à¨¬ ®¢  á¢ï§®áâì ¬¥âà¨ª¨ g. �¥à¢ ï £àã¯¯  áâàãªâãàëå ãà ¢¥¨© £¨¯¥à¯®¢¥àå-
®áâ¨ N íà¬¨â®¢  ¬®£®®¡à §¨ï M 6 ¨¬¥¥â ¢¨¤ [7]

d!a = !a
b ^ !b +Bab

c!
c ^ !b + (

p
2Ba3

b + i�a
b )!

b ^ ! + (� 1p
2
Bab

3 + i�ab)!b ^ !;

d!a = �!b
a ^ !b +Bab

c!c ^ !b + (
p
2Ba3

b � i�b
a)!b ^ ! + (� 1p

2
Bab

3 � i�ab)!b ^ !;

d! = (
p
2B3a

b �
p
2B3b

a � 2i�a
b )!

b ^ !a + (B3b
3 + i�3b)! ^ !b + (B3b

3 � i�b
3)! ^ !b:

�¤¥áì B | áâàãªâãàë¥ â¥§®àë �¨à¨ç¥ª® íà¬¨â®¢  ¬®£®®¡à §¨ï [8], a; b; c = 1; 2, ba = a+ 3.
�à¨¨¬ ï ¢® ¢¨¬ ¨¥, çâ® ¯¥à¢ ï £àã¯¯  áâàãªâãàëå ãà ¢¥¨© ª®á¨¬¯«¥ªâ¨ç¥áª®© áâàãª-
âãàë ¤®«¦  ¨¬¥âì ¢¨¤ [9]

d!a = !a
b ^ !b; d!a = �!b

a ^ !b; d! = 0;

¯®«ãç ¥¬ ãá«®¢¨ï, ª®â®àëe ï¢«ïîâáï ªà¨â¥à¨¥¬ ª®á¨¬¯«¥ªâ¨ç®áâ¨ £¨¯¥à¯®¢¥àå®áâ¨ N :

1) Bab
c = 0; 2)

p
2Ba3

b + i�a
b = 0; 3) � 1p

2
Bab

3 + i�ab = 0;

4) B3a
b �

p
2B3b

a � 2i�a
b = 0; 5) B3b

3 � i�b
3 = 0

(1)

¨ ä®à¬ã«ë ª®¬¯«¥ªá®£® á®¯àï¦¥¨ï (ä. ª. á.), § ¯¨áì ª®â®àëå ®¯ãáâ¨¬.

3. �à®  «¨§¨àã¥¬ ¯®«ãç¥ë¥ ãá«®¢¨ï. �§ (1)3 á«¥¤ã¥â �ab = � ip
2
Bab

3. �à® «ìâ¥à¨àã¥¬
íâ® á®®â®è¥¨¥

0 = �[ab] = � ip
2
B[ab]

3 = � i

2
p
2
(Bab

3 �Bba
3) = � ip

2
Bab

3:

�«¥¤®¢ â¥«ì®, Bab
3 = 0,   § ç¨â, ¨ �ab = 0. �§ (1)2 ¯®«ãç ¥¬, çâ® B3a

b = ip
2
�a
b . �®¤áâ ¢«ïï ¢

(1)4, ¨¬¥¥¬ �a
b = i

p
2Ba

3b.
�¥¯¥àì ¢®á¯®«ì§ã¥¬áï ¢ëà ¦¥¨¥¬ ¤«ï áâàãªâãàëå â¥§®à®¢ �¨à¨ç¥ª® 6-¬¥àëå íà¬¨-

â®¢ëå ¯®¤¬®£®®¡à §¨©  «£¥¡àë �í«¨ [8]

B��
 =

1p
2
"���D� ; B

�� =
1p
2
"���D

� ;

£¤¥ D� = �T 8
� + iT 7

� , D
� = D�̂̂ = �T 8

�̂̂ � iT 7
�̂̂. �¤¥áì T

'
kj | ª®¬¯®¥âë ª®ä¨£ãà æ¨®®£®

â¥§®à  [8] (¨«¨ â¥§®à  í©«¥à®¢®© ªà¨¢¨§ë [10]) íà¬¨â®¢  ¯®¤¬®£®®¡à §¨ï M 6 � O. �à¨
íâ®¬ �; �; ; � = 1; 2; 3; k; j = 1; : : : ; 6; ' = 7; 8; "��� = "���123 , "��� = "123��� | ª®¬¯®¥âë â¥§®à 
�à®¥ª¥à  ¯®àï¤ª  âà¨ [11]. �§ (1)1 á«¥¤ã¥â

Bab
c = 0 , 1p

2
"abDc = 0 , 1p

2
"ab3D3c = 0 , D3c = 0:

� ááã¦¤ ï   «®£¨ç®, ¯®«ãç ¥¬

Bab
3 = 0 , 1p

2
"abD3 = 0 , 1p

2
"ab3D33 = 0 , D33 = 0:

�â ª, D3c = D33 = 0, â. ¥. D3� = 0. �§ (1)5 ¯®«ãç ¥¬ �b
3 = �3b̂ = �iB3b

3 = �i 1p
2
"3bD3 = 0.

�¬¥¥¬ �ab = �âb̂ = �3b = �3b̂ = 0. �ëç¨á«¨¬ ®áâ «ìë¥ ª®¬¯®¥âë �, ¨á¯®«ì§ãï (1)2:

�âb = �a
b = i

p
2Ba3

b = i
p
2
1p
2
"a3Db = i"a3cDcb:
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�®£¤ 

�1̂1 = i"13cDc1 = i"132D21 = �iD21;

�1̂2 = i"13cDc2 = i"132D22 = �iD22;

�2̂1 = i"23cDc1 = i"231D11 = iD11;

�2̂2 = i"23cDc2 = i"231D12 = iD12;

�11̂ = �1̂1 = iD12;

�12̂ = �2̂1 = iD11;

�21̂ = �1̂2 = �iD22;

�22̂ = �2̂2 = �iD12:

�®«ãç ¥¬, çâ® ¬ âà¨æ  ¢â®à®© ª¢ ¤à â¨ç®© ä®à¬ë ¯®£àã¦¥¨ï ª®á¨¬¯«¥ªâ¨ç¥áª®© £¨¯¥à-
¯®¢¥àå®áâ¨ N ¢ íà¬¨â®¢® M 6 � O ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤:

0
BBBB@

0 0 0 iD12 �iD11

0 0 0 iD22 �iD12

0 0 �33 0 0
�iD12 �iD22 0 0 0
iD11 iD12 0 0 0

1
CCCCA :

�®á¯®«ì§®¢ ¢è¨áì â®¦¤¥áâ¢ ¬¨ D11D22 = (D12)2 ¨ D11D22 = (D12)2, ãáâ ®¢«¥ë¬¨ ¢ [12],
ã¡¥¦¤ ¥¬áï, çâ® ª ¦¤ ï ¨§ ¬ âà¨æ

��iD12 �iD22

iD11 iD12

�
¨

��iD12 �iD11

�iD22 iD12

�

ï¢«ï¥âáï ¢ëà®¦¤¥®©. �«¥¤®¢ â¥«ì®, ¢ëà®¦¤¥  ¨ ¬ âà¨æ  ¢â®à®© ª¢ ¤à â¨ç®© ä®à¬ë �.
�®íâ®¬ã á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �®á¨¬¯«¥ªâ¨ç¥áª ï £¨¯¥à¯®¢¥àå®áâì 6-¬¥à®£® íà¬¨â®¢  ¯®¤¬®£®®¡à §¨ï

 «£¥¡àë �í«¨ «¨¥©ç â .

�áá«¥¤ãï ¬ âà¨æã �, ¯à¨å®¤¨¬ ¥é¥ ª ®¤®¬ã à¥§ã«ìâ âã. � á ¬®¬ ¤¥«¥, ªà¨â¥à¨¥¬ ¬¨¨-
¬ «ì®áâ¨ £¨¯¥à¯®¢¥àå®áâ¨ ï¢«ï¥âáï â®¦¤¥áâ¢® ([13], c. 40) gkl�kl = 0. � ï, ª ª ¢ë£«ï¤¨â
¬ âà¨æ  ¬¥âà¨ç¥áª®£® â¥§®à  [7] 0

BBBB@
0 0 0 1 0
0 0 0 0 1
0 0 1 0 0
1 0 0 0 0
0 1 0 0 0

1
CCCCA ;

¯à®¤¥« ¥¬ â ª¨¥ ¢ëª« ¤ª¨:

gkl�kl = gab�ab + gâb̂�âb̂ + gâb�âb + gab̂�ab̂ + g33�33 = iD12 � iD12 + iD12 � iD12 + �33 = �33:

�®íâ®¬ã gkl�kl = 0 , �33 = 0. �®á«¥¤¥¥ à ¢¥áâ¢® ®§ ç ¥â, çâ® �(�; �) = 0. � ª¨¬ ®¡à §®¬,
¤®ª §  

�¥®à¥¬  2. �®á¨¬¯«¥ªâ¨ç¥áª ï £¨¯¥à¯®¢¥àå®áâì 6-¬¥à®£® íà¬¨â®¢  ¯®¤¬®£®®¡à §¨ï

 «£¥¡àë �í«¨ ¬¨¨¬ «ì  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �(�; �) = 0.
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