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� áá¬®âà¨¬ ¢ Rn ®¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

_x = A(")x + F (x; "); (1)

£¤¥ "| ¯ à ¬¥âà, A(") 2 Cm+2, F (x; ") 2 Cm+2, kxk � �0, j"j � �0. �¤¥áì ¨ ­¨¦¥ k�k| ¥¢ª«¨¤®¢ 
­®à¬  ¢ Rn, m � 1, F (0; ") = 0, F 0x(0; ") = 0. �ãáâì ¬ âà¨æ  A(") ¨¬¥¥â á®¡áâ¢¥­­ë¥ ç¨á« 

�k(") = �k(") + i�k("); �k(") = �k(") � i�k("); �r(") = �r("); k = 1; l; r = l + 1; n� l; l � 1;

â ª¨¥, çâ®

�s(") = O("�s) ¯à¨ "! 0; �s > 0; s = 1; n� l; �k(0) 6= 0; rangA(0) = 2l:

�à¥¤¯®«®¦¨¬ â ª¦¥, çâ® ¢ë¯®«­ï¥âáï ãá«®¢¨¥
lX

j=1

qj�j(0) 6= 0; £¤¥ æ¥«ë¥ ç¨á«  qj â ª¨¥, çâ® 0 <
lX

j=1

jqjj � m+ 2:

�¯à¥¤¥«¥­¨¥. �­ ç¥­¨¥ "0 ¯ à ¬¥âà  " ­ §ë¢ ¥âáï â®çª®© ¡¨äãàª æ¨¨ ®£à ­¨ç¥­­ëå à¥-
è¥­¨© ãà ¢­¥­¨ï (1), ¥á«¨ ¤«ï «î¡®£® � > 0 áãé¥áâ¢ã¥â â ª®¥ "�, çâ® 0 < j"��"0j � � ¨ ãà ¢­¥­¨¥
(1) ¨¬¥¥â ­¥­ã«¥¢®¥ ®£à ­¨ç¥­­®¥ à¥è¥­¨¥ x(t; "�), ã¤®¢«¥â¢®àïîé¥¥ ­¥à ¢¥­áâ¢ã kx(t; "�)k � �
¤«ï «î¡ëå t 2 R.

�áá«¥¤ã¥âáï ¯à®¡«¥¬  ¡¨äãàª æ¨¨ ®£à ­¨ç¥­­ëå à¥è¥­¨© ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï
(1) ¨§ ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï x = 0 ¯à¨ " = 0. � ¤ ç  ¡¨äãàª æ¨¨ (à®¦¤¥­¨ï) ¯¥à¨®¤¨ç¥áª¨å
à¥è¥­¨© ¤«ï á«ãç ï n = 2l à áá¬ âà¨¢ «aáì ¢ [1], [2]. �¨äãàª æ¨ï ª¢ §¨¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨©
¤«ï â®£® ¦¥ á«ãç ï ¨§ãç¥­  ¢ ([3], á. 62). � ¤ ­­®© áâ âì¥ ¨áá«¥¤ã¥âáï á¨âã æ¨ï, ª®£¤  n � 2l.

�ë¯®«­¨¬ ­®à¬ «¨§ æ¨î ãà ¢­¥­¨ï (1) ¤® ç«¥­®¢ ¯®àï¤ª  m+1 ¢ª«îç¨â¥«ì­® ([4], á. 150).
�®£¤ , ¯à¥¤¯®« £ ï, çâ® ¯¥à¢ë¥ ®â«¨ç­ë¥ ®â ­ã«ï ç«¥­ë ­®à¬ «¨§®¢ ­­®© á¨áâ¥¬ë ¨¬¥îâ ¯®-
àï¤®ª m0 + 1, 1 � m0 � m, ¬®¦¥¬ § ¯¨á âì

_zk = �k(")zk + zk
X
q

Ak
q (")jz1j

2q1 : : : jzlj
2qlz

ql+1
l+1 : : : z

qn�l
n�l + Zk(z�; "); (2)

_zr = �r(") + zr
X
q

arq(")jz1j
2q1 : : : jzlj

2qlz
ql+1
l+1 : : : z

qn�l
n�l + Zr(z�; "); (3)

£¤¥ k = 1; l, r = l + 1; n� l, q = (q1; : : : ; qn�l), z� = (z1; z1; : : : ; zl; zl; zl+1; : : : ; zn�l), Ak
q (") = akq (") +

ibkq ("); á¨¬¢®«
P
q
®§­ ç ¥â, çâ® áã¬¬¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® ¨­¤¥ªá ¬ q, ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨î

2
lX

j=1

qj +
n�lX

j=l+1

qj = m0;

äã­ªæ¨¨ Zk(z�; "), Zr(z�; ") ¨¬¥îâ ¢ ­ã«¥ ¯® z� ¯®àï¤®ª ¬ «®áâ¨ m0+2. �â¬¥â¨¬, çâ® ãà ¢­¥­¨ï
¤«ï zk, k = 1; l, ï¢«ïîâáï ª®¬¯«¥ªá­®-á®¯àï¦¥­­ë¬¨ ª (2).
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�®«®¦¨¬ zk = �k exp i�k, k = 1; l, ¨ ¯¥à¥¯¨è¥¬ á¨áâ¥¬ã (2), (3) ¢ ª®®à¤¨­ â å �k, �k, zr,
r = l + 1; n� l. � à¥§ã«ìâ â¥ ¯®«ãç¨¬

_�k = �k(")�k + �k
X
q

akq (")�
2q1
1 : : : �2qll z

ql+1
l+1 : : : z

qn�l
n�l + �k(�; ez; "); (4)

_�k = �k(") +
X
q

bkq (")�
2q1
1 : : : �2qll z

ql+1
l+1 : : : z

qn�l
n�l +

1
�k
Tk(�; ez; "); (5)

_zr = �r(")zr + zr
X
q

arq(")�
2q1
1 : : : �2qll z

ql+1
l+1 : : : z

qn�l
n�l + eZr(�; ez; "); (6)

§¤¥áì k = 1; l, r = l + 1; n� l, ez = (�1; : : : ; �l; zl+1; : : : ; zn�l), � = (�1; : : : ; �l); �k(�; ez; "), Tk(�; ez; "),eZr(�; ez; ") | 2�-¯¥à¨®¤¨ç¥áª¨¥ ¯® � äã­ªæ¨¨, ¨¬¥îé¨¥ ¯®àï¤®ª ¬ «®áâ¨ ¯® ez ¢ ­ã«¥, à ¢­ë©
m0 + 2.

�ãáâì m0 ­¥ç¥â­®, ¨ ¯à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â ç¨á«® p, 1 � p � n� l, ã¤®¢«¥â¢®àïîé¥¥
ãá«®¢¨î

lim
"!0

�p(")
�s(")

= 0; s = 1; n� l; p 6= s; ap(q1;:::;qp�1;m0;qp+1;:::;qn�l)
(0) 6= 0:

�®£¤ , ª ª ¯®ª § ­® ¢ [5], á¨áâ¥¬  ãà ¢­¥­¨©

_�k = �k(")�k + �k
X
q

akq (")�
2q1
1 : : : �2qll z

ql+1
l+1 : : : z

qn�l
n�l ;

_zr = �r(")zr + zr
X
q

arq(")�
2q1
1 : : : �2qll z

ql+1
l+1 : : : z

qn�l
n�l ; k = 1; l; r = l + 1; n� l;

¨¬¥¥â ­¥­ã«¥¢®¥ á®áâ®ï­¨¥ à ¢­®¢¥á¨ï ¢¨¤ 

ez0(") = O("�) ¯à¨ "! 0; £¤¥ � = (�1; : : : ; �n�l); min
j=1;n�l

f�jg = �0 > 0:

�ë¯®«­¨¬ ¢ (4), (5), (6) § ¬¥­ã

ez = ez0(") + "3�0=2y; y = (y1; : : : ; yn�l): (7)

� à¥§ã«ìâ â¥ ¢ ª®®à¤¨­ â å y, � ¯®«ãç¨¬ á¨áâ¥¬ã

_y = C(")y + "m0�0H(�; y; "); (8)

_� = B(") + "m0�0R(�; y; "); (9)

¢ ª®â®à®© C(") = diag(�1("); : : : ; �l("); �l+1("); : : : ; �n�l(")), B(") = diag(�1("); : : : ; �l(")); H(�; y; "),
R(�; y; ") | 2�-¯¥à¨®¤¨ç¥áª¨¥ ¯® � äã­ªæ¨¨.

�¡®§­ ç¨¬ max
j=1;n�l

f�jg = ��.

�¥®à¥¬ . �á«¨ m0�0 > �p ¨ �� < 3�0=2, â® " = 0 | â®çª  ¡¨äãàª æ¨¨ ®£à ­¨ç¥­­ëå

à¥è¥­¨© ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (1).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¬­®¦¥áâ¢® Tn ­¥¯à¥àë¢­ëå n-¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨© fn(t),
ã¤®¢«¥â¢®àïîé¨å ­¥à ¢¥­áâ¢ ¬

kfn(t)k �M; kfn(t1)� fn(t2)k � Kjt1 � t2j

¤«ï «î¡ëå t; t1; t2 2 R; M;K 2 R+, n 2 N. �®ª ¦¥¬, çâ® ¢ Tn áãé¥áâ¢ã¥â äã­ªæ¨ï fn(t) â ª ï,
çâ® ­  ¬­®¦¥áâ¢¥ R nRn, Rn = ft : t = n=2 + kn; k 2 Zg, ¯à¨ ¬ «ëå " ¢ë¯®«­¥­® â®¦¤¥áâ¢®

_fn(t) � C(")fn(t) + "m0�0Hn(�n(t); fn(t); "); (10)

£¤¥ � = �n(t) | à¥è¥­¨¥ ãà ¢­¥­¨ï (9) ¯à¨ ¯®¤áâ ­®¢ª¥ ¢ ¯à ¢ãî ç áâì ¢¬¥áâ® y äã­ªæ¨¨ fn(t),
¯à®¤®«¦¨¬®¥ ­ R (ãª § ­­®¥ à¥è¥­¨¥ áãé¥áâ¢ã¥â ¢ á¨«ã ãá«®¢¨ï �� < 3�0=2); Hn(�n(t); fn(t); ")
| äã­ªæ¨ï ­  ¯à®¬¥¦ãâª¥ ]�n=2;n=2], á®¢¯ ¤ îé ï á H(�n(t); fn(t); "),   ¢­¥ íâ®£® ¯à®¬¥¦ãâª 
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®¯à¥¤¥«¥­  ¯® ¯¥à¨®¤¨ç¥áª®¬ã § ª®­ã. � ¢¨á¨¬®áâì äã­ªæ¨© fn(t) ¨ �n(t) ®â " ­¥ ®â¬¥ç ¥âáï,
â. ª. " áç¨â ¥âáï ä¨ªá¨à®¢ ­­ë¬ ¢ ¯à®¬¥¦ãâª¥ j"j � �0. � å®¦¤¥­¨¥ äã­ªæ¨¨ fn(t), ã¤®¢«¥-
â¢®àïîé¥© ¯à¨ t 2 R n Rn ¨ ¬ «ëå " â®¦¤¥áâ¢ã (10), á¢¥¤¥¬ ª ­ å®¦¤¥­¨î ­  ¬­®¦¥áâ¢¥ Tn
­¥¯®¤¢¨¦­®© â®çª¨ ®¯¥à â®à  Ln, ®¯à¥¤¥«¥­­®£® à ¢¥­áâ¢®¬

(Lnfn)(t) =
Z +1

�1

G(t� t1; ")"m0�0Hn(�n(t1); fn(t1); ")dt1;

£¤¥ G(t; ") | ª¢ ¤à â­ ï ¬ âà¨æ  ¯®àï¤ª  n� l, ®¡« ¤ îé ï á¢®©áâ¢ ¬¨ ([3], á. 358)

1) G(t; ") 2 C1(R0), R0 = R n f0g,
2) G(+0; ")�G(�0; ") = E,
3) kG(t; ")k � exp(�j�p(")j jtj) ¯à¨ t 2 R0,
4) _G(t; ") = C(")G(t; ") ¯à¨ t 2 R0.

�®ª ¦¥¬ ­¥¯à¥àë¢­®áâì ®¯¥à â®à  Ln. �ãáâì f 1
n(t); f

2
n(t) 2 Tn, � = � 1n(t), � = � 2n(t) | à¥è¥­¨ï

ãà ¢­¥­¨ï (9) ¯à¨ ¯®¤áâ ­®¢ª¥ ¢ ¯à ¢ãî ç áâì ¢¬¥áâ® y á®®â¢¥âáâ¢¥­­® äã­ªæ¨© f 1
n(t), f

2
n(t).

�®£¤ 

k(Lnf
2
n)(t)� (Lnf

1
n)(t)k =

=





Z +1

�1

G(t� t1; ")"m0�0(Hn(� 2n(t1); f
2
n(t1); ")�Hn(� 1n(t1); f

1
n(t1); "))dt1





 �
�
2j"jm0�0

j�p(")j
sup

t2 ]�n=2;n=2]

kHn(�
2
n(t1); f

2
n(t1); ")�Hn(�

1
n(t1); f

1
n(t1); ")k: (11)

� á¨«ã ®¯à¥¤¥«¥­¨ï äã­ªæ¨ïHn(�n(t); fn(t); ") á®¢¯ ¤ ¥â ­  ¯à®¬¥¦ãâª¥ ]�n=2;n=2] á äã­ªæ¨¥©
H(�n(t); fn(t); "). �® H(�n(t); fn(t); ") ­¥¯à¥àë¢­® § ¢¨á¨â ®â �n(t) ¨ fn(t), äã­ªæ¨ï �n(t) ¢ á¢®î
®ç¥à¥¤ì ­¥¯à¥àë¢­® § ¢¨á¨â ®â fn(t) ¯à¨ «î¡®¬ t 2 ] � n=2;n=2]. �®£¤ , ãç¨âë¢ ï ­¥à ¢¥­áâ¢®
(11), ¬®¦¥¬ § ª«îç¨âì, çâ® ®¯¥à â®à Ln ­¥¯à¥àë¢¥­ ­  ¬­®¦¥áâ¢¥ Tn,  

k(Lnfn)(t)k �
2j"jm0�0

j�p(")j
sup
t12R

kH(�n(t1); fn(t1); ")k:

�® ãá«®¢¨î m0�0 > �p, ¯®íâ®¬ã ®¯¥à â®à Ln ®â®¡à ¦ ¥â ¬­®¦¥áâ¢® Tn ¢ á¥¡ï ¯à¨ ¬ «ëå ".
�­®¦¥áâ¢® äã­ªæ¨© Tn à ¢­®¬¥à­® ®£à ­¨ç¥­® ¨ à ¢­®áâ¥¯¥­­® ­¥¯à¥àë¢­®, á«¥¤®¢ â¥«ì­®,

®­® ª®¬¯ ªâ­® ¢ á¨«ã â¥®à¥¬ë �àæ¥«  ([6], á. 324). � ª¨¬ ®¡à §®¬, áãé¥áâ¢ã¥â ��, 0 < �� �
�0, â ª®¥, çâ® ¯à¨ «î¡®¬ ", 0 < j"j � ��, ¤«ï ®¯¥à â®à  Ln ­  ¬­®¦¥áâ¢¥ Tn ¢ë¯®«­¥­ë ¢á¥
ãá«®¢¨ï â¥®à¥¬ë� ã¤¥à  ([7], á. 623). �«¥¤®¢ â¥«ì­®, ¢ Tn áãé¥áâ¢ã¥â ­¥¯®¤¢¨¦­ ï â®çª  fn(t)
®¯¥à â®à  Ln.

�®«ãç¨«¨ ­¥ª®â®àãî ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© fn(t), à ¢­®¬¥à­® ®£à ­¨ç¥­­ãî ¨ à ¢-
­®áâ¥¯¥­­® ­¥¯à¥àë¢­ãî ¯à¨ t 2 R. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì fn(t) ­  [�1; 1]. �® â¥-
®à¥¬¥ �àæ¥«  áãé¥áâ¢ã¥â ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì f 1

nk
(t) ¯®á«¥¤®¢ â¥«ì­®áâ¨ fn(t), à ¢­®¬¥à­®

áå®¤ïé ïáï ­  [�1; 1]. �­ «®£¨ç­® ¢ á¨«ã ª®¬¯ ªâ­®áâ¨ f 1
nk
(t) ­  [�2; 2] áãé¥áâ¢ã¥â ¯®¤¯®á«¥-

¤®¢ â¥«ì­®áâì f 2
nk
(t) ¯®á«¥¤®¢ â¥«ì­®áâ¨ f 1

nk
(t), à ¢­®¬¥à­® áå®¤ïé ïáï ­  [�2; 2]. �à®¤®«¦ ï

à ááã¦¤ âì  ­ «®£¨ç­ë¬ ®¡à §®¬, ¯®«ãç¨¬ áç¥â­®¥ ¬­®¦¥áâ¢® ¯®á«¥¤®¢ â¥«ì­®áâ¥©

f 1
n1
(t); f 1

n2
(t); f 1

n3
(t); : : : ;

f 2
n1
(t); f 2

n2
(t); f 2

n3
(t); : : : ;

f 3
n1
(t); f 3

n2
(t); f 3

n3
(t); : : : ;

: : : : : : : : : : : : : : : : : : : : : : : :

� áá¬®âà¨¬ ¤¨ £®­ «ì­ãî ¯®á«¥¤®¢ â¥«ì­®áâì fk
nk
(t). � á¨«ã ¯®áâà®¥­¨ï ®­  áå®¤¨âáï ¯à¨

«î¡®¬ t 2 R, ¯à¨ç¥¬ à ¢­®¬¥à­® ­  «î¡®¬ ª®­¥ç­®¬ ¯à®¬¥¦ãâª¥. �¯à¥¤¥«¨¬ äã­ªæ¨î f�(t)
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¤«ï «î¡®£® t 2 R à ¢¥­áâ¢®¬
f�(t) = lim

k!+1
fk
nk
(t):

�ãáâì � = ��(t) | à¥è¥­¨¥ ãà ¢­¥­¨ï (9) ¯à¨ ¯®¤áâ ­®¢ª¥ ¢ ¯à ¢ãî ç áâì ¢¬¥áâ® y äã­ªæ¨¨
f�(t). �®ª ¦¥¬ â¥¯¥àì, çâ® äã­ªæ¨¨ f�(t), ��(t) ã¤®¢«¥â¢®àïîâ á¨áâ¥¬¥ (8), (9) ¯à¨ ¢á¥å t 2 R.
� ª á«¥¤ã¥â ¨§ ¯®áâà®¥­¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ fk

nk
(t) ¯à¨ «î¡®¬ ", 0 < j"j � ��, ­  ¬­®¦¥áâ¢¥

R nRnk á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

fk
nk
(t) � fk

nk
(t0) +

Z t

t0

(C(")fk
nk
(�) + "m0�0Hnk(�

k
nk
(�); fk

nk
(�); "))d�: (12)

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­® t, ¢ë¡¥à¥¬ k â ª, çâ®¡ë t 2 ]�nk=2; nk=2[ ¨ ¯¥à¥©¤¥¬ ¢ â®¦¤¥áâ¢¥ (12)
ª ¯à¥¤¥«ã ¯à¨ k ! +1. �®áª®«ìªã ­  ¯à®¬¥¦ãâª¥ [t0; t] ¯®á«¥¤®¢ â¥«ì­®áâì fk

nk
(�) à ¢­®¬¥à­®

áå®¤¨âáï ª f�(�), â® ¢ à¥§ã«ìâ â¥ ¯à¥¤¥«ì­®£® ¯¥à¥å®¤  ¯®«ãç¨¬

f�(t) � f(t0) +
Z t

t0

(C(")f�(�) +H(��(�); f�(�); "))d�

¨«¨, ¢ë¯®«­ïï ¤¨ää¥à¥­æ¨à®¢ ­¨¥,

_f�(t) � C(")f�(t) +H(��(t); f�(t); "):

�ç¨âë¢ ï § ¬¥­ã (7), ¬®¦¥¬ § ª«îç¨âì, çâ® ¤«ï «î¡®£® ç¨á«  �, 0 < � � ��, áãé¥áâ¢ã¥â
"� â ª®¥, çâ® 0 < j"�j � � ¨ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (1) ¨¬¥¥â ­¥­ã«¥¢®¥ ®£à ­¨ç¥­­®¥
à¥è¥­¨¥ x(t; "�), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î kx(t; "�)k � � ¯à¨ «î¡ëå t 2 R, â. ¥. " = 0 | â®çª 
¡¨äãàª æ¨¨ ®£à ­¨ç¥­­ëå à¥è¥­¨© ãà ¢­¥­¨ï (1).

�¨â¥à âãà 
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