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1. �¢¥¤¥­¨¥

� áâ âì¥ ¨áá«¥¤ã¥âáï à §à¥è¨¬®áâì ¢ à §«¨ç­ëå ¢¥á®¢ëå ª« áá å äã­ªæ¨© ¬®¤¥«ì­®© § ¤ ç¨

�Dm(x�mamm(x)Dmu(x))� x�m
X
i;j<m

Di(aij(x)Dju(x)) = f(x) ¯à¨ x 2 Q; (1)

uj@Q = 0: (2)

�¤¥áì Q = 
� (0; 1) | æ¨«¨­¤à¨ç¥áª ï ®¡« áâì ¢ Rm, 
 | à¥£ã«ïà­ ï ®¡« áâì ¢ Rm�1, (aij(x))
| á¨¬¬¥âà¨ç­ ï ¯®«®¦¨â¥«ì­®-®¯à¥¤¥«¥­­ ï ¬ âà¨æ  ¯à¨ x 2 Q á ¤®áâ â®ç­® £« ¤ª¨¬¨ ª®íä-
ä¨æ¨¥­â ¬¨ (ãá«®¢¨ï ­  ª®íää¨æ¨¥­âë á¬. ¢ xx 3, 4), �, � | ¢¥é¥áâ¢¥­­ë¥ ç¨á« , ã¤®¢«¥â¢®-
àïîé¨¥ ãá«®¢¨î � < min(1; � + 2). � ª ï § ¤ ç  ¢®§­¨ª ¥â, ­ ¯à¨¬¥à, ¯à¨ ®¯¨á ­¨¨ áâ æ¨®-
­ à­®£® à á¯à¥¤¥«¥­¨ï â¥¬¯¥à âãàë ¢ â¥¯«®¯à®¢®¤ïé¥© áà¥¤¥ á áãé¥áâ¢¥­­® à §«¨ç­ë¬¨ (¯à¨
� 6= �) ¯à®¢®¤ïé¨¬¨ á¢®©áâ¢ ¬¨ ¢ ®ªà¥áâ­®áâ¨ ç áâ¨ £à ­¨æë � = @Q

Tfxm = 0g ¢ ­ ¯à ¢«¥­¨¨
­®à¬ «¨ ª � ¨ ¯® ª á â¥«ì­ë¬ ­ ¯à ¢«¥­¨ï¬. �à¨ ¯®«®¦¨â¥«ì­ëå §­ ç¥­¨ïå � ¨«¨ � ¯à®¨á-
å®¤¨â § ¯¨à ­¨¥ ¯à®¢®¤¨¬®áâ¨ ­  �, çâ® ¯à¨¢®¤¨â ª ¢®§­¨ª­®¢¥­¨î ¯®£à ­á«®ï ¢ ®ªà¥áâ­®áâ¨
¢ëà®¦¤¥­¨ï ª®íää¨æ¨¥­â®¢; ®âà¨æ â¥«ì­ë¥ §­ ç¥­¨ï ¬®¤¥«¨àãîâ á¢¥àå¯à®¢®¤¨¬®áâì áà¥¤ë.
� ª¨¬ ®¡à §®¬, ¯à¨ �2 + �2 6= 0 à¥è¥­¨¥ ¨¬¥¥â ®á®¡¥­­®áâì ¯à¨ xm ! 0, ª®â®àãî ­¥®¡å®¤¨¬®
ãç¨âë¢ âì ¯à¨ ç¨á«¥­­®¬ à¥è¥­¨¨.

�«ï ®æ¥­®ª à¥è¥­¨© § ¤ ç á ¢ëà®¦¤¥­¨¥¬ ª®íää¨æ¨¥­â®¢ ¯à¨¬¥­ïîâ ®¡ëç­® ¢¥á®¢ë¥ ­®à-
¬ë ¯à®áâà ­áâ¢ �®¡®«¥¢  ¤«ï á ¬®£® à¥è¥­¨ï (á¬., ­ ¯à., [1]{[3]). � íâ®¬ á«ãç ¥ ¯®«ãç¥­¨¥
¤¢ãáâ®à®­­¨å  ¯à¨®à­ëå ®æ¥­®ª ­  ª« áá¥ à¥£ã«ïà­ëå ¯à ¢ëå ç áâ¥© ­¥¢®§¬®¦­®, ¯®áª®«ìªã
á¯¥æ¨ä¨ª  § ¤ ç¨ â ª®¢ , çâ® ¤ ¦¥ ¯à¨ £« ¤ª¨å ¯à ¢ëå ç áâïå à¥è¥­¨¥ ¨¬¥¥â ¯®£à ­á«®©.
� è ¯®¤å®¤ § ª«îç ¥âáï ¢ ¨á¯®«ì§®¢ ­¨¨ ­®à¬ ¢¥á®¢ëå ¯à®áâà ­áâ¢ �®¡®«¥¢  ¤«ï à¥è¥­¨ï,
¯®¤¥«¥­­®£® ­  ¢¥á x1��m , ª®â®àë© ®¯à¥¤¥«ï¥â íâ®â ¯®£à ­á«®© ¢ ®ªà¥áâ­®áâ¨ ¢ëà®¦¤¥­¨ï ª®-
íää¨æ¨¥­â®¢. �¥ ®ç¥¢¨¤­®, çâ® à¥§ã«ìâ â®¬ â ª®£® ¤¥«¥­¨ï ­¥à¥£ã«ïà­®£® à¥è¥­¨ï ­  ­¥à¥-
£ã«ïà­ë© ¢¥á ¡ã¤¥â £« ¤ª ï äã­ªæ¨ï,  ¤¥ª¢ â­ ï £« ¤ª®áâ¨ ¯à ¢®© ç áâ¨. �¯à¨®à­ë¥ ®æ¥­ª¨,
¯®«ãç¥­­ë¥ ¢ à ¡®â¥, ¯®ª §ë¢ îâ, çâ® à¥è¥­¨¥ (1), (2) ¢ ®ªà¥áâ­®áâ¨ � ¤¥©áâ¢¨â¥«ì­® ¬®¦­®
¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ u(x) = x1��m '(x) (¨«¨ ¢ ¢¨¤¥ u(x) = x��m '(x)), £¤¥ '(x) ï¢«ï¥âáï ¤®áâ â®ç­®
£« ¤ª®© (¢ § ¢¨á¨¬®áâ¨ ®â f(x)). �á­®¢ë¢ ïáì ­  íâ®¬ ¯à¥¤áâ ¢«¥­¨¨, ¢ [4] ¤«ï § ¤ ç¨ (1), (2)
á ¨§®âà®¯­ë¬ ¢ëà®¦¤¥­¨¥¬ (� = �) ¡ë«  ¯à¥¤«®¦¥­  áå¥¬   ¯¯à®ªá¨¬ æ¨¨, á®¢¯ ¤ îé ï ¯®
íää¥ªâ¨¢­®áâ¨ á ®¡ëç­®© áå¥¬®© ¬¥â®¤  ª®­¥ç­ëå í«¥¬¥­â®¢ ¤«ï à¥£ã«ïà­ëå § ¤ ç; â ¬ ¦¥
¡ë«  ­®­á¨à®¢ ­ ®á­®¢­®© à¥§ã«ìâ â ¤ ­­®© à ¡®âë. �â¬¥â¨¬ â ª¦¥, çâ® ¯®«ãç¥­­ë¥ ¢ à ¡®â¥
®æ¥­ª¨ ï¢«ïîâáï ­®¢ë¬¨ ¨ ¤«ï à¥£ã«ïà­®£® á«ãç ï � = � = 0.

� ¤ ç  (1), (2) à áá¬ âà¨¢ ¥âáï ¢ áâ âì¥ ª ª ç áâ­ë© á«ãç ©  ¡áâà ªâ­®© £à ­¨ç­®© § ¤ ç¨
¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ ­  ¨­â¥à¢ «¥ T = (0; 1) (xx 3, 4)

�Dt(t�a(t)Dtu(t)) + t�b(t)u(t) = f(t) ¯à¨ t 2 T; u(0) = u(1) = 0;

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(ª®¤ ¯à®¥ªâ  01-01-00616).
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á ®¯¥à â®à­ë¬¨ ª®íää¨æ¨¥­â ¬¨ a(t); b(t). � x 4 ¯®«ãç¥­ë  ¯à¨®à­ë¥ ®æ¥­ª¨ à¥è¥­¨ï íâ®©
§ ¤ ç¨; á¢®©áâ¢  à¥è¥­¨ï (1), (2) ¢ë¢®¤ïâáï ¨§ ­¨å ª ª ­¥¯®áà¥¤áâ¢¥­­ë¥ á«¥¤áâ¢¨ï. �¥å­¨ª ,
¨á¯®«ì§ã¥¬ ï ­ ¬¨ ¤«ï ¨áá«¥¤®¢ ­¨ï  ¡áâà ªâ­®© § ¤ ç¨, áãé¥áâ¢¥­­® ¨á¯®«ì§ã¥â ­¥ª®â®àë¥
á¢®©áâ¢  â ª ­ §ë¢ ¥¬ëå ¨­â¥£à «ì­ëå ®¯¥à â®à®¢ � à¤¨ ¢ ¯à®áâà ­áâ¢ å ¢¥ªâ®à-äã­ªæ¨©;
íâ¨ ¢á¯®¬®£ â¥«ì­ë¥ ¤«ï ­ è¨å æ¥«¥© à¥§ã«ìâ âë ãáâ ­ ¢«¨¢ îâáï ¢ á«¥¤ãîé¥¬ ¯ à £à ä¥.

2. �­â¥£à «ì­ë© ®¯¥à â®à � à¤¨

1. �¡®¡é¥­­®¥ ­¥à ¢¥­áâ¢® � à¤¨. �ãáâì � 2 (0;+1] ¨ T = (0; �). �«ï ª®¬¯«¥ªá­®£® ¡ ­ -
å®¢  ¯à®áâà ­áâ¢  X á ­®à¬®© j � jX , p 2 [1;1] ¨ ¢¥é¥áâ¢¥­­®£® 
 ç¥à¥§ Lp;
(T ;X) ®¡®§­ ç ¥âáï
¯à®áâà ­áâ¢® ¨§¬¥à¨¬ëå äã­ªæ¨© f : T ! X â ª¨å, çâ® äã­ªæ¨ï t 2 T ! t�
jf(t)jX ï¢«ï¥âáï
í«¥¬¥­â®¬ ¯à®áâà ­áâ¢  �¥¡¥£  Lp(T ); ¯à¨ íâ®¬ ¯®« £ ¥¬

kfkLp;
(T ;X) = kt�
fkp =
�Z

T

jt�
f(t)jpXdt
�1=p

:

(�¤¥áì ¨ ¤ «¥¥ t
 ¡ã¤¥â ®¡®§­ ç âì ¢ § ¢¨á¨¬®áâ¨ ®â ª®­â¥ªáâ  ­¥ â®«ìª® áâ¥¯¥­ì 
 ª®­ªà¥â­®£®
ç¨á«  t, ­® ¨ á¨¬¢®« áâ¥¯¥­­®© äã­ªæ¨¨ t! t
.)

�«ï ¯®«®¦¨â¥«ì­ëå ­  T ¨§¬¥à¨¬ëå äã­ªæ¨© a(s); b(s) ®¯à¥¤¥«¨¬ ä®à¬ «ì­ë© ¨­â¥£à «ì-
­ë© ®¯¥à â®à K ¢¨¤ 

Ku(s) = a(s)
Z s

0
b(t)u(t)dt; (3)

¨­â¥£à « ¢ ª®â®à®¬ ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ �®å­¥à  ¢ á«ãç ¥ B-§­ ç­®© äã­ªæ¨¨ u. � ª¨¬ ®¡à -
§®¬, ¨§¬¥à¨¬ ï äã­ªæ¨ï u : T ! X ¯à¨­ ¤«¥¦¨â ®¡« áâ¨ ®¯à¥¤¥«¥­¨ïD(K) ®¯¥à â®à  K, ¥á«¨
bu 2 L1((0; s);X) ¤«ï «î¡®£® s 2 T . �®à¬ «ì­® á®¯àï¦¥­­ë© ª ­¥¬ã ®¯¥à â®à K� ®¯à¥¤¥«ï¥âáï
ä®à¬ã«®©

K�v(t) = b(t)
Z �

t

a(s)v(s)ds: (4)

�ëïá­¨¬, ¯à¨ ª ª¨å a, b ®¯¥à â®àë (4) ¤¥©áâ¢ãîâ ¢ ¢¥á®¢ëå ª« áá å Lp. � ¬¥â¨¬, ¢®-¯¥à¢ëå,
çâ® ¯à®áâà ­áâ¢® Lp;
(T ;X) á®¤¥à¦¨âáï ¢ D(K) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  t
b 2 Lq(0; s) ¤«ï
«î¡®£® s 2 T (§¤¥áì ¨ ¤ «¥¥ ¢ íâ®¬ ¯ à £à ä¥ q = p=(p � 1)), â. ¥. b 2 Lq;�
(0; s). �â® á«¥¤ã¥â
¨§ â®£®, çâ® ¯à¨ ¢á¥å u 2 Lp;
(T ;X) ¤®«¦­  ¡ëâì ¨­â¥£à¨àã¥¬  ­  (0; s) ¯® �®å­¥àã äã­ªæ¨ï
b(t)u(t) = t
b(t)t�
u(t), çâ® à ¢­®á¨«ì­® ¨­â¥£à¨àã¥¬®áâ¨ ­  (0; s) áª «ïà­®© äã­ªæ¨¨ t
b(t)'(t)
¯à¨ «î¡®© ' 2 Lp(T ). �âáî¤  á«¥¤ã¥â ­¥®¡å®¤¨¬®áâì ¢ª«îç¥­¨ï b 2 Lq;�
(0; s).

�¥®à¥¬  2.1. �ãáâì 1 < p <1, b 2 Lq;�
(0; s) ¤«ï «î¡®£® s 2 T . �®«®¦¨¬ �(s) = s
qb(s)q�1.

�®£¤ 


 �
K�
t�
Ku




p
� qkt�
ukp 8u 2 Lp;
(T ;X). �®­áâ ­â  q ¢ íâ®¬ ­¥à ¢¥­áâ¢¥ ­¥ã«ãçè ¥¬ .

�«ï ¤®ª § â¥«ìáâ¢  ¯®­ ¤®¡¨âáï

�¥¬¬  2.1 ([5], á. 120). �ãáâì �(t), �0(t) > 0 ­  T , ¯à¨ç¥¬ �(0) = 0 ¨

F (s) =
Z s

0

f(t)dt; k�0�1=q
fkp < +1:

�®£¤ 


�01=p

�
F



p
� qk�0�1=qfkp. �®­áâ ­â  q ¢ íâ®¬ ­¥à ¢¥­áâ¢¥ ­¥ã«ãçè ¥¬ .

� á«ãç ¥ �(t) = t ¯®á«¥¤­¥¥ á®®â­®è¥­¨¥ ¨§¢¥áâ­® ª ª ­¥à ¢¥­áâ¢® � à¤¨ [6]. � ¬¥â¨¬, çâ®
¢ ãª § ­­ëå ¬®­®£à ä¨ïå íâ® ­¥à ¢¥­áâ¢® ¤®ª § ­® ¤«ï áª «ïà­ëå äã­ªæ¨©, ®¤­ ª® ¢ á¨«ã
­¥à ¢¥­áâ¢  ���� Z s

0
f(t)dt

����
X

�
Z s

0
jf(t)jXdt

®­® ­¥¯®áà¥¤áâ¢¥­­® ¯¥à¥­®á¨âáï ­  á«ãç © äã­ªæ¨© á® §­ ç¥­¨ï¬¨ ¢ ¯à®¨§¢®«ì­®¬ B-¯à®áâ-
à ­áâ¢¥ X.
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.1. �«ï u 2 Lp;
(T ;X) ¯®«®¦¨¬

f(t) = b(t)u(t); F (s) =
Z s

0
f(t)dt; �(s) =

Z s

0
(t
b(t))qdt:

�® ®¯à¥¤¥«¥­¨î �(0) = 0 ¨ �0 2 L1(T ). �®£¤  �0�1=qf = t�
u 2 Lp(T ;X) ¨

�0(s)1=p

�(s)
F (s) =

�(s)
K�(s)

s�
Ku(s):

� «¥¥, ¯à¨¬¥­ïï «¥¬¬ã 2.1, ¯®«ãç¨¬ âà¥¡ã¥¬ãî ®æ¥­ªã.

�«¥¤áâ¢¨¥ 2.1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 2.1. �á«¨ K�(s) � c�(s) ¯®çâ¨ ¢áî¤ã
(¯. ¢.) ­  T ¤«ï ­¥ª®â®à®© ¯®áâ®ï­­®© c > 0, â® ¨­â¥£à «ì­ë© ®¯¥à â®à K ®£à ­¨ç¥­ ¢ Lp;
(T ;X)
¨ ¤«ï ¥£® ­®à¬ë á¯à ¢¥¤«¨¢  ®æ¥­ª  kKkLp;
!Lp;
 � cq. �«¥¤®¢ â¥«ì­®, ¨­â¥£à «ì­ë© ®¯¥à â®à
K�, ®¯à¥¤¥«ï¥¬ë© (4), ï¢«ï¥âáï á®¯àï¦¥­­ë¬ ª K ®£à ­¨ç¥­­ë¬ ®¯¥à â®à®¬ ¢ Lq;�
(T ;X�) ¨
kK�kLq;�
!Lq;�
 � cq.

�®ª § â¥«ìáâ¢®. �«ï ¢á¥å u 2 Lp;
(T ;X) ¯® â¥®à¥¬¥ ¨¬¥¥¬

1
c
kt�
Kukp �





 �

K�
t�
Ku






p

� qkt�
ukp;

®âªã¤  á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥.

� ¬¥ç ­¨¥. �§ â®£®, çâ® ®¯¥à â®à K ®£à ­¨ç¥­ ¢ Lp;
(T ;X), á«¥¤ã¥â ®£à ­¨ç¥­­®áâì K�

¢ á®¯àï¦¥­­®¬ ¯à®áâà ­áâ¢¥ (Lp;
(T ;X))�, ª®â®à®¥, ¢®®¡é¥ £®¢®àï, ¤«ï ¡¥áª®­¥ç­®¬¥à­®£® X
è¨à¥, ç¥¬ Lq;�
(T ;X�) ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ®â®¦¤¥áâ¢«¥­¨¨ «¨­¥©­ëå ­¥¯à¥àë¢­ëå äã­ªæ¨-
®­ «®¢ ­  Lp;
(T ;X) á X�-§­ ç­ë¬¨ áª «ïà­® ¨§¬¥à¨¬ë¬¨ äã­ªæ¨ï¬¨ ¨§ ª« áá  â¨¯  Lq [7];
®¤­ ª® ¯à®áâà ­áâ¢® Lq;�
(T ;X�) ï¢«ï¥âáï § ¬ª­ãâë¬ ¯®¤¯à®áâà ­áâ¢®¬ (Lp;
(T ;X))� ¨ áã¦¥-
­¨¥ K� ­  Lq;�
(T ;X�) ï¢«ï¥âáï ®£à ­¨ç¥­­ë¬ ®¯¥à â®à®¬ ¢ íâ®¬ ¯à®áâà ­áâ¢¥.

�«ï ¯à®¨§¢®«ì­®£® ª®¬¯«¥ªá­®£® ç¨á«  � ¯®«®¦¨¬

h�(s; t) =

(
s��1t��; ¥á«¨ t � s;

0; ¨­ ç¥.

�­â¥£à «ì­ë© ®¯¥à â®à H� á ï¤à®¬ h�, ¤¥©áâ¢ãîé¨© ¯® ä®à¬ã«¥

H�u(s) =
Z
T

h�(s; t)u(t)dt = s��1

Z s

0

t��u(t)dt;

­ §ë¢ ¥âáï ¨­â¥£à «ì­ë¬ ®¯¥à â®à®¬ � à¤¨.

�¥®à¥¬  2.2. �¯¥à â®à H� ®£à ­¨ç¥­ ¢ Lp;
(T ;X) ¯à¨ 1 < p < 1 â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  � = 1=q + 
 �Re� > 0. �à¨ íâ®¬ kH�kLp;
!Lp;
 = 1=�.

�®ª § â¥«ìáâ¢®. �®«®¦¨¬ a = Re�. � ª ª ª jh�j = ha, â®D(H�) = D(Ha) ¨ kH�kLp;
!Lp;
 =
kHakLp;
!Lp;
 , â ª çâ® ¤®áâ â®ç­® ¤®ª § âì ãâ¢¥à¦¤¥­¨¥ ¤«ï Ha.

�¥®¡å®¤¨¬®áâì. �á«¨ Ha ®¯à¥¤¥«¥­ ­  Lp;
(T ;X), â® t
�a 2 Lq(0; s) ¯à¨ s > 0, çâ® à ¢­®-
á¨«ì­® ­¥à ¢¥­áâ¢ã 1=q + 
 � a > 0.

�®áâ â®ç­®áâì. �ãáâì � = 1=q + 
 � a > 0. �®«®¦¨¬ �(s) = s
q�a(q�1). �®£¤ 

Ha�(s) = sa�1

Z s

0

t(
�a)qdt =
�(s)

(
 � a)q + 1
:

�® â¥®à¥¬¥ 2.1 ¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ u 2 Lp;
(T ;X) ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

kt�
Haukp � q

(
 � a)q + 1
kt�
ukp = 1

�
kt�
ukp;
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¯à¨ç¥¬ ª®­áâ ­â  1=� §¤¥áì ­¥ã«ãçè ¥¬ .

2. �¨ää¥à¥­æ¨à®¢ ­¨¥ ®¯¥à â®à  � à¤¨. �«ï «®ª «ì­® ¨­â¥£à¨àã¥¬®© áª «ïà­®© ¨«¨ B-
§­ ç­®© äã­ªæ¨¨ u ­  T ç¥à¥§ Du ¡ã¤¥â ®¡®§­ ç âìáï ®¡®¡é¥­­ ï ¯à®¨§¢®¤­ ï ­  T [8].

�¥¬¬  2.2. �ãáâì u;Du 2 L1;loc(T ), v;Dv 2 L1;loc(T ;X), ¯à¨ç¥¬ uDv;Duv 2 L1(T ;X).
�®£¤ 

1) äã­ªæ¨ï uv (¯®á«¥ ¢®§¬®¦­®£® ¨§¬¥­¥­¨ï ­  ¬­®¦¥áâ¢¥ ¬¥àë ­ã«ì)  ¡á®«îâ­® ­¥¯à¥-
àë¢­  ­  T ;

2) ¥á«¨ ¤«ï ­¥ª®â®à®£® a 2 [0; � ] áãé¥áâ¢ã¥â ¯à¥¤¥« lim
t!a

u(t), à ¢­ë© ­ã«î ¨«¨ ¡¥áª®­¥ç­®-

áâ¨, â® lim
t!a

u(t)v(t) = 0.

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥­¨¥ 1) á«¥¤ã¥â ¨§ â®£®, çâ® D(uv) = uDv+Duv. �â¢¥à¦¤¥­¨¥ 2)
¤®ª ¦¥¬ á­ ç «  ¤«ï áª «ïà­®© äã­ªæ¨¨ v. �ãáâì, ­ ¯à¨¬¥à, lim

t!0
u(t) = L, £¤¥ L = 0 ¨«¨ L =1.

�à¥¤¯®«®¦¨¬ ¯à®â¨¢­®¥, â. ¥. çâ® b = lim
t!0

u(t)v(t) 6= 0 (¢ á¨«ã ¯¥à¢®© ç áâ¨ ãâ¢¥à¦¤¥­¨ï íâ®â

¯à¥¤¥« ª®­¥ç¥­). �¡®§­ ç¨¬ '(t) = u(t)v(t). � ©¤¥âáï â ª®¥ c 2 T , çâ® j'(t)j � jbj=2 > 0 ¤«ï
¢á¥å t 2 [0; c]. � ª ª ª vDu 2 L1(T ), â® ¨ vDu=' 2 L1(0; c). � ¤àã£®© áâ®à®­ë,Z c

s

v(t)Du(t)
'(t)

dt =
Z c

s

Du(t)
u(t)

dt = (ln ju(t)j + i arg(u(t)))jcs !1 ¯à¨ s! 0;

â. ª. u(s)! L ¯à¨ s! 0. �§ ¯®«ãç¥­­®£® ¯à®â¨¢®à¥ç¨ï á«¥¤ã¥â lim
t!0

u(t)v(t) = 0.

�ãáâì â¥¯¥àì v : T ! X ¨ b = lim
t!0

u(t)v(t) 2 X. �¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ë© «¨­¥©­ë© ­¥-

¯à¥àë¢­ë© äã­ªæ¨®­ « x� 2 X�. �®£¤  áª «ïà­ ï äã­ªæ¨ï w(t) = hx�; v(t)i ¨ ¥¥ ¯à®¨§¢®¤­ ï
Dw(t) = hx�;Dv(t)i «®ª «ì­® ¨­â¥£à¨àã¥¬ë (áª®¡ª¨ h�; �i ®¡®§­ ç îâ ®â­®è¥­¨¥ ¤¢®©áâ¢¥­­®áâ¨
¬¥¦¤ã X� ¨ X), ¯à¨ç¥¬ uDw;Duw 2 L1(T ). �® ¤®ª § ­­®¬ã hx�; bi = lim

t!0
u(t)w(t) = 0, ®âªã¤  ¢

á¨«ã ¯à®¨§¢®«ì­®áâ¨ x� 2 X� á«¥¤ã¥â b = 0.

�¥®à¥¬  2.3. �ãáâì t��u 2 L1((0; s);X) ¤«ï «î¡®£® s 2 T . �®£¤ 

sDH�u(s) = u(s) + (�� 1)H�u(s): (5)

�á«¨ ª â®¬ã ¦¥ t1��Du 2 L1((0; s);X), â®

DH�u = H��1Du: (6)

�®ª § â¥«ìáâ¢®. �®à¬ã«  (5) ¯®«ãç ¥âáï ­¥¯®áà¥¤áâ¢¥­­ë¬ ¤¨ää¥à¥­æ¨à®¢ ­¨¥¬ ¨­â¥-
£à «  ¯® ¯¥à¥¬¥­­®¬ã ¢¥àå­¥¬ã ¯à¥¤¥«ã. �®ª ¦¥¬ ä®à¬ã«ã (6). � áá¬®âà¨¬ ¤¢  á«ãç ï.

1) � 6= 1. �® ä®à¬ã«¥ ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ ¤«ï ¯à®¨§¢®«ì­ëå s; t 2 T , t < s

s��1

Z s

t
���u(�)d� =

1
1� �

�
u(s)� s��1t1��u(t)� s��1

Z s

t
�1��Du(�)d�

�
: (7)

�á«¨ Re� 6= 1, â® lim
t!0

t1�� = L, £¤¥ L = 0 ¨«¨ L =1. � ª ª ª ¯® «¥¬¬¥ 2.2 lim
t!0

t1��u(t) = 0, â®,

ãáâà¥¬«ïï ¢ (7) t ª ­ã«î, ¯®«ãç¨¬

H�u(s) =
1

1� �

�
u(s)� s��1

Z s

0

�1��Du(�)d�
�
: (8)

�á«¨ ¦¥ � = 1+ai, £¤¥ a 6= 0 | ¢¥é¥áâ¢¥­­®¥ ç¨á«®, â® ¨§ ãá«®¢¨ï â¥®à¥¬ë t1��Du 2 L1((0; s);X)
á«¥¤ã¥â, çâ® Du 2 L1((0; s);X), ¯®íâ®¬ã áãé¥áâ¢ã¥â lim

t!0
u(t) = b. �á«®¢¨¥ t��u 2 L1((0; s);X)

¢«¥ç¥â b = 0. � ª çâ® lim
t!0

t1��u(t) = 0 ¨ (8) ¨¬¥¥â ¬¥áâ®. �â ª, ¯à¨ ¢á¥å � 6= 1 (8) á¯à ¢¥¤«¨¢®.

�¨ää¥à¥­æ¨àãï íâ® à ¢¥­áâ¢®, ¯®«ãç¨¬ (6).
2) � = 1. �®£¤  Du 2 L1((0; s);X) ¨ áãé¥áâ¢ã¥â lim

t!0
u(t) = b. � ª ª ª t�1u 2 L1((0; s);X), â® á

­¥®¡å®¤¨¬®áâìî b = 0. �®íâ®¬ã DH1u(s) =
u(s)
s

= H0Du(s).
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� «¥¥ ¯à¥¤¯®« £ ¥âáï, çâ® ¨­â¥à¢ « T = (0; �) ª®­¥ç¥­. �¢¥¤¥¬ ¢¥á®¢®¥ ¯à®áâà ­áâ¢® �®¡®-
«¥¢  ¢¥ªâ®à-äã­ªæ¨© W 1

p;
(T ;X) ª ª ¬­®¦¥áâ¢® ¢á¥å «®ª «ì­® ¨­â¥£à¨àã¥¬ëå ­  T äã­ªæ¨©
á® §­ ç¥­¨ï¬¨ ¢ X â ª¨å, çâ® Du 2 Lp;
(T ;X). �à®áâà ­áâ¢® W 1

p;
(T ;X) ¡ ­ å®¢® ®â­®á¨â¥«ì­®
­®à¬ë

kukWp;
 (T ;X) =
�Z

T

jt�
Du(t)jpXdt+
Z
S

ju(t)jpXdt
�1=p

;

£¤¥ S | ä¨ªá¨à®¢ ­­ë© ª®¬¯ ªâ ¢ T ­¥­ã«¥¢®© ¬¥àë (à §«¨ç­ë© ¢ë¡®à S ¯à¨¢®¤¨â «¨èì ª
íª¢¨¢ «¥­â­ë¬ ­®à¬¨à®¢ª ¬). �á«¨ 1=q + 
 > 0, â® ¤«ï s 2 TZ s

0

jDu(t)jXdt �
�Z s

0

t
qdt

�1=q�Z
T

jt�
DujpXdt
�1=p

;

â ª çâ® ¨¬¥¥â ¬¥áâ® ­¥¯à¥àë¢­®¥ ¢«®¦¥­¨¥ W 1
p;
(T ;X) � W 1

1 ((0; s);X), á«¥¤®¢ â¥«ì­®, «î¡ ï
äã­ªæ¨ï u ¨§ W 1

p;
(T ;X) ¨¬¥¥â \á«¥¤" u(0). �®¦­® ¯®ª § âì, çâ® ¯à¨ 1=q + 
 � 0 ¢ ¯à®-
áâà ­áâ¢¥ W 1

p;
(T ;X) ¨¬¥îâáï ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ ­  T äã­ªæ¨¨, ­¥®£à ­¨ç¥­­ë¥
¢ ®ªà¥áâ­®áâ¨ ­ã«ï. �® ª®­æ  íâ®£® ¯ à £à ä  ç¥à¥§ W ®¡®§­ ç ¥âáï ¯à®áâà ­áâ¢® W 1

p;
(T ;X)
¯à¨ 1=q + 
 � 0 ¨ W = fu 2W 1

p;
(T ;X) : u(0) = 0g ¯à¨ 1=q + 
 > 0.

�¥¬¬  2.3. �à¨ 1=q + 
 6= 0 ¨¬¥¥â ¬¥áâ® ­¥¯à¥àë¢­®¥ ¢«®¦¥­¨¥ W � Lp;
+1(T ;X).

�®ª § â¥«ìáâ¢®. �ãáâì á­ ç «  1=q+ 
 > 0. �®£¤  ¤«ï � = 0 ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë
2.2, ¢ á¨«ã ª®â®à®© t�1u = H0Du 2 Lp;
(T ;X), ¥á«¨ Du 2 Lp;
(T ;X), â. ¥. u 2 Lp;
+1(T ;X).
�ãáâì â¥¯¥àì 1=q + 
 < 0 ¨«¨ 1=p + (�
) > 1. �® â¥®à¥¬¥ 2.2 H1 ®£à ­¨ç¥­ ¢ Lq;�
(T ;X�),  
¯®â®¬ã ¥£® á®¯àï¦¥­­ë© H�

1 ®£à ­¨ç¥­ ¢ Lp;
(T ;X) (íâ® ¯à®áâà ­áâ¢® ¬®¦­® ®â®¦¤¥áâ¢¨âì á
§ ¬ª­ãâë¬ ¯®¤¯à®áâà ­áâ¢®¬ á®¯àï¦¥­­®£® ª ¯à®áâà ­áâ¢ã Lq;�
(T ;X�)). �áâ «®áì § ¬¥â¨âì,
çâ® ¤«ï u 2W

u(�)� u(t) =
Z �

t

Du(s)ds = t(H�
1Du)(t);

®âªã¤  á«¥¤ã¥â ¢ª«îç¥­¨¥ u 2 Lp;
+1(T ;X), â. ª. ¢¥ªâ®à u(�) 2 X ¬®¦¥â à áá¬ âà¨¢ âìáï ¯à¨
1=q + 
 < 0 ª ª í«¥¬¥­â ¯à®áâà ­áâ¢  Lp;
+1(T ;X).

� ¬¥ç ­¨¥. �«®¦¥­¨¥W � Lp;
+1(T ;X) â®ç­® ¢ â®¬ á¬ëá«¥, çâ® ¢«®¦¥­¨¥W ¢ ¡®«¥¥ ã§ª®¥
¯à®áâà ­áâ¢® Lp;
+1+"(T ;X) ¯à¨ " > 0 ­¥¢¥à­®. �à®¬¥ â®£®, ¢ ä®à¬ã«¨à®¢ª¥ «¥¬¬ë ¨áª«îç¥­
á«ãç © 
 = �1=q, ¯®áª®«ìªã ¢ íâ®¬ á«ãç ¥ ¢«®¦¥­¨¥ W � Lp;
+1(T ;X) ­¥ ¢ë¯®«­¥­®,   á¯à -
¢¥¤«¨¢® «¨èì ¡®«¥¥ á« ¡®¥ ¢ª«îç¥­¨¥ W � Lp;
+1�"(T ;X) ¤«ï «î¡®£® " > 0; â®ç­®¥ ¢«®¦¥­¨¥
¨¬¥¥â ¬¥áâ® ¢ ª« áá Lp á ¢¥á®¬, ­¥ ï¢«ïîé¨¬áï áâ¥¯¥­­ë¬. �â®â á«ãç © ¬ë ®¯ãáª ¥¬.

�«¥¤áâ¢¨¥ 2.2. �á«¨ Du 2 Lp;
(T ;X), â® áãé¥áâ¢ã¥â x 2 X, çâ® u(t) = x + U(t), £¤¥ U 2
Lp;
+1(T ;X) ¯à¨ 1=q + 
 6= 0 ¨ U 2 Lp;1=p�"(T ;X) ¯à¨ 
 = �1=q ¤«ï ¯à®¨§¢®«ì­®£® " > 0.

�§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 2.3 ¢¨¤­®, çâ® ¢ ª ç¥áâ¢¥ í«¥¬¥­â  x 2 X ­ã¦­® ¢§ïâì u(0) ¯à¨
1=q + 
 > 0 «¨¡® u(�) ¯à¨ 1=q + 
 � 0.

�¥®à¥¬  2.4. �ãáâì Re � < 1=q + 
 + 1. �®£¤ 

1) H� 2 B(W ) ¨ ¤«ï ¢á¥å u 2W á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® (6);
2) ¥á«¨ 1=q+
 > 0 ¨ Re� < 1, â® H� 2 B(W 1

p;
(T ;X)) ¨ ¤«ï ¢á¥å u 2W 1
p;
(T ;X) á¯à ¢¥¤«¨¢®

à ¢¥­áâ¢® (6).

�®ª § â¥«ìáâ¢®. 1) �§ ãá«®¢¨ï â¥®à¥¬ë á«¥¤ã¥â, çâ® t1��Du 2 L1(T ;X) ¤«ï «î¡®© äã­ª-
æ¨¨ u 2 W . �®ª ¦¥¬, çâ® t��u 2 L1(T ;X). �¥©áâ¢¨â¥«ì­®, ¢ë¡¥à¥¬ " 2 (0; 1=q + 
 + 1� Re�).
�® «¥¬¬¥ 2.3 W � Lp;
+1�"(T ;X), ¯®íâ®¬ã äã­ªæ¨ï

jt��u(t)jX = t1+
�"�Re�jt"�
�1u(t)jX
¨­â¥£à¨àã¥¬ , â. ª. ¯¥à¢ë© á®¬­®¦¨â¥«ì ¥áâì í«¥¬¥­â ¯à®áâà ­áâ¢  Lq(T ) ¢ á¨«ã ­¥à ¢¥­áâ¢ 
" < 1=q+
+1�Re � (­ ¯®¬­¨¬, çâ® ¨­â¥à¢ « T ª®­¥ç¥­ ¯® ¯à¥¤¯®«®¦¥­¨î),   ¢â®à®© | í«¥¬¥­â

64



¯à®áâà ­áâ¢  Lp(T ) ¢ á¨«ã ãª § ­­®£® ¢ëè¥ ¢«®¦¥­¨ï. �«¥¤®¢ â¥«ì­®, ¤«ï ¢á¥å u 2 W ¯®
â¥®à¥¬¥ 2.3 ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® (6). �§ íâ®£® à ¢¥­áâ¢  á«¥¤ã¥â â¥¯¥àì, çâ® H�u 2W 1

p;
(T ;X),
¯®áª®«ìªã Du 2 Lp;
(T ;X) ¨ H��1Du 2 Lp;
(T ;X) (â¥®à¥¬  2.2). � «¥¥, ¥á«¨ 1=q + 
 > 0, â®
¤«ï u 2 W ¯® «¥¬¬¥ 2.3 ¨¬¥¥¬ ¢ª«îç¥­¨¥ u 2 Lp;
+1(T ;X) ¨, ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® ��¥«ì¤¥à ,
¯®«ãç ¥¬ ®æ¥­ªã

jH�u(s)jX � cs1=q+
+1�Re�kt�
�1ukp ! 0 ¯à¨ s! 0:

�® ¥áâì (H�u)js=0 = 0 ¨ H�u 2W . �£à ­¨ç¥­­®áâì ®¯¥à â®à  H� ¢W á«¥¤ã¥â ¨§ ®£à ­¨ç¥­­®áâ¨
®¯¥à â®à  DH� = H��1D ¢ Lp;
(T ;X) ¨ ¨§ ¢«®¦¥­¨ï W � Lp;
+1�"(T ;X).

2) �«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ u 2W 1
p;
(T ;X) ¨¬¥¥¬ ¢ª«îç¥­¨¥ u�u(0) 2W . �® ¤®ª § ­­®¬ã

¢ëè¥H�(u�u(0)) 2W . �áâ «®áì § ¬¥â¨âì, çâ®H�(u(0)) = (1��)�1u(0) 2 X ï¢«ï¥âáï í«¥¬¥­â®¬
W 1

p;
(T ;X) ª ª ¯®áâ®ï­­ ï äã­ªæ¨ï.

3. �à ­¨ç­ ï § ¤ ç  ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥

1. �®áâ ­®¢ª  § ¤ ç¨, áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï. �ãáâì X0, X1 | ¢¥é¥-
áâ¢¥­­ë¥ á¥¯ à ¡¥«ì­ë¥ £¨«ì¡¥àâ®¢ë ¯à®áâà ­áâ¢ , ¯à¨ç¥¬ X1 ­¥¯à¥àë¢­® ¨ ¯«®â­® ¢«®¦¥­®
¢ X0. �ãáâì â ª¦¥ ¯à¨ � 2 [0; 1] X� = [X0;X1]� ®¡®§­ ç ¥â ¯à®¬¥¦ãâ®ç­®¥ ¢ á¬ëá«¥ â¥®à¨¨
¨­â¥à¯®«ïæ¨¨ [9] £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®. �®à¬ë íâ¨å ¯à®áâà ­áâ¢ ®¡®§­ ç îâáï ç¥à¥§ j � j�.
�«ï í«¥¬¥­â®¢ u; v 2 X0 ç¥à¥§ u � v ®¡®§­ ç ¥âáï áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ íâ¨å ¢¥ªâ®à®¢ ¢ X0.
�  ¨­â¥à¢ «¥ T = (0; 1) à áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã á ¢ëà®¦¤¥­¨¥¬ ¯à¨ t = 0:

�D(t�a(t)Du(t)) + t�b(t)u(t) = f(t) ¯à¨ t 2 T; uj@T = 0: (9)

�â­®á¨â¥«ì­® ¢å®¤­ëå ¤ ­­ëå ¢ íâ®¬ ¯ à £à ä¥ ¯à¥¤¯®« £ ¥âáï

1) � < min(1; � + 2); 2) f 2 L2;
(T ;X0); £¤¥ 
 � �=2� 1; (10)

3) ª®íää¨æ¨¥­âë a(t), b(t) | ­¥¯à¥àë¢­ë¥ ¢ á®®â¢¥âáâ¢ãîé¨å ®¯¥à â®à­ëå ­®à¬ å äã­ªæ¨¨
a : [0; 1] ! B(X0), b : [0; 1] ! B(X1;X0), ¯à¨ç¥¬ ¯à¨ ª ¦¤®¬ t 2 [0; 1] ®¯¥à â®àë a(t), b(t)
ï¢«ïîâáï á ¬®á®¯àï¦¥­­ë¬¨ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬¨ ®¯¥à â®à ¬¨ ¢ ¯à®áâà ­áâ¢¥ X0

(â ª¨¬ ®¡à §®¬, ¯à¨ X1 6= X0 ®¯¥à â®à b(t) ­¥®£à ­¨ç¥­ ¢ X0 ¯à¨ ª ¦¤®¬ t).
� ¤ ç  (1), (2) ¤ «¥¥ à áá¬ âà¨¢ ¥âáï ª ª ç áâ­ ï à¥ «¨§ æ¨ï (9). �â® ¬®¦­® á¤¥« âì á«¥-

¤ãîé¨¬ ®¡à §®¬. �«ï x = (x1; : : : ; xm) 2 Q ¯®«®¦¨¬ t = xm 2 T , x0 = (x1; : : : ; xm�1) 2 
. �¢¥¤¥¬
¯à®áâà ­áâ¢ 

X0 = L2(
); X1=2 =
�

W 1
2(
) = fu 2W 1

2 (
) : uj@
 = 0g; X1 =W 2
2 (
)

\
X1=2; (11)

¯à¨ íâ®¬ X1=2 = [X0;X1]1=2 [9]. �«ï ª ¦¤®£® t 2 [0; 1] ®¯à¥¤¥«¨¬ ®¯¥à â®àë a(t) 2 B(X0),
b(t) 2 B(X1; X0) ä®à¬ã« ¬¨

(a(t)u)(x0) = am;m(x
0; t)u(x0); (b(t)u)(x0) = �

X
i;j<m

Di(aij(x
0; t)Dju(x

0)): (12)

�á«®¢¨ï amm 2 C(Q), aij 2 C1(Q) ¯à¨ i; j < m ®¡¥á¯¥ç¨¢ îâ ­¥¯à¥àë¢­®áâì ¢ ®¯¥à â®à­ëå
­®à¬ å ¢¢¥¤¥­­ëå äã­ªæ¨© a : [0; 1]! B(X0), b : [0; 1]! B(X1;X0). �à¥¤¯®« £ ¥âáï â ª¦¥, çâ®
amm(x) > 0 ¤«ï ¢á¥å x 2 Q ¨ ¬ âà¨æ  (aij(x))i;j<m á¨¬¬¥âà¨ç­  ¨ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­ 
¢ Rm�1, ®âªã¤  á«¥¤ã¥â á ¬®á®¯àï¦¥­­®áâì ¨ ¯®«®¦¨â¥«ì­ ï ®¯à¥¤¥«¥­­®áâì ®¯¥à â®à®¢ a(t),
b(t) ¢ X0.

�¯à¥¤¥«¨¬ ¯à®áâà ­áâ¢® äã­ªæ¨©, ¢ ª®â®à®¬ ¡ã¤¥¬ ¨áª âì à¥è¥­¨¥ (9). �®áª®«ìªã 1=2 �
�=2 > 0, â®, ª ª ¡ë«® ¯®ª § ­® ¢ ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥, ã äã­ªæ¨© ª« áá  W 1

2;��=2(T ;X0)
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ª®àà¥ªâ­® ®¯à¥¤¥«¥­ë §­ ç¥­¨ï ¢ £à ­¨ç­ëå â®çª å ¨­â¥à¢ «  T . �®«®¦¨¬

V = fu 2W 1
2;��=2(T ;X0) : uj@T = 0g \ L2;��=2(T ;X1=2);

kukV =
�kt�=2Duk22;0 + kt�=2uk22;1=2

�1=2
; £¤¥ kuk22;� =

Z
T
ju(t)j2�dt:

� ç áâ­®áâ¨, ¤«ï ¯à®áâà ­áâ¢ (11) V á®áâ®¨â ¨§ äã­ªæ¨© ­  Q á ª®­¥ç­®© ­®à¬®© ¯à®áâà ­áâ¢ 
�®¡®«¥¢  á  ­¨§®âà®¯­® ¢ëà®¦¤ îé¨¬áï ¢¥á®¬ ¨ ã¤®¢«¥â¢®àïîé¨å £à ­¨ç­®¬ã ãá«®¢¨î (2)

u 2 V : kukV =
�Z

Q
x�mjDmu(x)j2 + x�m

X
i<m

jDiu(x)j2dx
�1=2

<1 ¨ uj@Q = 0: (13)

�  ¯à®áâà ­áâ¢¥ V à áá¬®âà¨¬ ¨­â¥£à «ì­ë¥ ä®à¬ë

l(u; v) =
Z
T

t�a(t)Du(t) �Dv(t) + t�b(t)u(t) � v(t)dt; hf; vi =
Z
T

f(t) � v(t)dt:

� à¨ æ¨®­­ ï ä®à¬ã«¨à®¢ª  (9) § ª«îç ¥âáï ¢ ®âëáª ­¨¨ äã­ªæ¨¨ u 2 V â ª®©, çâ®

l(u; v) = hf; vi 8v 2 V: (14)

�§ ãá«®¢¨© ­  ª®íää¨æ¨¥­âë a(t), b(t) «¥£ª® ¯®«ãç ¥¬

jl(u; v)j � c1kukV kvkV ; jl(u; u)j � c0kuk2V 8u; v 2 V; (15)

â. ¥. ä®à¬  l ®£à ­¨ç¥­  ¨ í««¨¯â¨ç­  ­  V . � «¥¥, ¯® «¥¬¬¥ 2.3 ¨¬¥¥¬ ¢«®¦¥­¨¥ V �
L2; 1��=2(T ;X0). �®íâ®¬ã

jhf; vij � kt1��=2fk2;0kt�=2�1vk2;0 � ckt�
fk2;0kvkV ; (16)

®âªã¤  f 2 V �. �§ (15), (16) ¨ â¥®à¥¬ë �.�¨áá  ® ¯à¥¤áâ ¢«¥­¨¨ «¨­¥©­®£® ­¥¯à¥àë¢­®£® äã­ª-
æ¨®­ «  á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï (14). �áâ ­®¢«¥­ 

�¥®à¥¬  3.1. �«ï «î¡®© ¯à ¢®© ç áâ¨ f 2 L2;
(T ;X0), £¤¥ 
 � �=2�1, à¥è¥­¨¥ u(t) § ¤ ç¨
(9) ¨«¨ íª¢¨¢ «¥­â­®© ¥© § ¤ ç¨ (14) áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­® ¢ ¯à®áâà ­áâ¢¥ V , ¨ ¤«ï

­¥ª®â®à®© ¯®áâ®ï­­®© c > 0, ­¥ § ¢¨áïé¥© ®â f , kukV � ckt�
fk2;0.
�«¥¤áâ¢¨¥ 3.1. �«ï «î¡®© ¯à ¢®© ç áâ¨ f 2 L2;
(Q) (, x�
m f 2 L2(Q)), £¤¥ 
 � �=2 � 1,

à¥è¥­¨¥ u(x) § ¤ ç¨ (1), (2) áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­® ¢ ¯à®áâà ­áâ¢¥ (13), ¨ ¤«ï ­¥ª®â®à®©
¯®áâ®ï­­®© c > 0, ­¥ § ¢¨áïé¥© ®â f , kukV � ckx�
m fkL2(Q).

2. �­¢ à¨ ­â­®áâì § ¤ ç¨ ®â­®á¨â¥«ì­® £àã¯¯ë áâ¥¯¥­­ëå ¯à¥®¡à §®¢ ­¨©. � ãà ¢­¥­¨¨
(9) á¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­®© t! s = t1=r, £¤¥ r > 0 ä¨ªá¨à®¢ ­®. �®£¤  (9) § ¯¨è¥âáï ¢ ¢¨¤¥

�Ds(s
�̂ba(s)Dsbu(s)) + s�̂bb(s)bu(s) = bf(s) ¯à¨ s 2 T; bu(0) = bu(1) = 0; (17)

£¤¥ ®¡®§­ ç¥­® bu(s) = u(sr), ba(s) = a(sr), bb(s) = r2b(sr), bf(s) = r2sr�1f(sr), b� = r(�� 1) + 1, b� =
r(�+1)� 1. �à®¬¥ â®£®, ¢ª«îç¥­¨¥ f 2 L2;
(T ;X0) à ¢­®á¨«ì­® ¢ª«îç¥­¨î bf 2 L2;
̂(T ;X0), £¤¥b
 = r(
+1=2)� 1=2. �¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®© ã¡¥¦¤ ¥¬áï, çâ® ãá«®¢¨ï (10) ¤«ï ãà ¢­¥­¨ï
(9) ¯¥à¥å®¤ïâ ¢  ­ «®£¨ç­ë¥ ¤«ï ãà ¢­¥­¨ï (17)

1) b� < min(1; b� + 2); 2) bf 2 L2;b
(T ;X0); £¤¥ b
 � b�=2� 1:

� ª¨¬ ®¡à §®¬, à áá¬ âà¨¢ ¥¬ ï § ¤ ç  (9) ¨­¢ à¨ ­â­  ®â­®á¨â¥«ì­® ¯®¤£àã¯¯ë ¯à¥®¡à §®¢ -
­¨© ¨­â¥à¢ «  T ¢ á¥¡ï ¢¨¤  t! s = t1=r (r > 0). � ç áâ­®áâ¨, (9) ¬®¦­® ¯à¨¢¥áâ¨ ª ¨§®âà®¯­®¬ã
¢¨¤ã, ¢ë¡¨à ï r ¨§ ãá«®¢¨ï b� = b�, ®âªã¤  ­ å®¤¨¬

r =
2

2 + � � �
: (18)
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�â® ª á ¥âáï ­¥¯®áà¥¤áâ¢¥­­® á ¬¨å ãá«®¢¨© (10), â® ¬®¦­® áª § âì, çâ® ­ àãè¥­¨¥ ®¤­®£®
¨§ ­¨å ª à¤¨­ «ì­® ¬¥­ï¥â á¢®©áâ¢  § ¤ ç¨. � ¯à¨¬¥à, ¯à¨ 
 < �=2 � 1 ­¥ª®àà¥ªâ­  ¢ à¨-
 æ¨®­­ ï § ¤ ç  (14), ¯®áª®«ìªã ¨­â¥£à « ¢ ¯à ¢®© ç áâ¨ ¬®¦¥â ¡ëâì à áå®¤ïé¨¬áï. �¥¬ ­¥
¬¥­¥¥, ª ª ¡ã¤¥â ¯®ª § ­® ¤ «¥¥, ¨ ¢ íâ®¬ á«ãç ¥ ¯à¨ ­¥®¡å®¤¨¬®¬ ¤®¯®«­¨â¥«ì­®¬ ®£à ­¨ç¥­¨¨

 > �� 3=2 à¥è¥­¨¥ (9) áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­® ¢ ®¯à¥¤¥«¥­­®¬ ª« áá¥ äã­ªæ¨©. �à¨ � � 1
äã­ªæ¨¨ ¯à®áâà ­áâ¢  V ­¥ ¨¬¥îâ á«¥¤  ¯à¨ t = 0, ¯®íâ®¬ã £à ­¨ç­®¥ ãá«®¢¨¥ ¯¥à¢®£® à®¤  ­ 
íâ®¬ ª®­æ¥ áâ ­®¢¨âáï ­¥ª®àà¥ªâ­ë¬ ¨ á«¥¤ã¥â áâ ¢¨âì ¤àã£¨¥ ãá«®¢¨ï. �à¨ � � 2 + � áãé¥-
áâ¢¥­­® ¬¥­ïîâáï á¢®©áâ¢  ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  ¢ «¥¢®© ç áâ¨ ãà ¢­¥­¨ï. �®á«¥¤­¨¥
¤¢  á«ãç ï âà¥¡ãîâ ®â¤¥«ì­®£® à áá¬®âà¥­¨ï, ¢ëå®¤ïé¥£® §  à ¬ª¨ ¤ ­­®© áâ âì¨.

4. �¯à¨®à­ë¥ ®æ¥­ª¨

�  ¯à®âï¦¥­¨¨ íâ®£® ¯ à £à ä  ¡ã¤¥â à áá¬ âà¨¢ âìáï £à ­¨ç­ ï § ¤ ç 

Au = f ­  T = (0; �); uj@T = 0 (19)

c à §«¨ç­ë¬¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ®¯¥à â®à ¬¨ A ­  T .

1. �á¯®¬®£ â¥«ì­ ï § ¤ ç . � ç­¥¬ á ®æ¥­®ª à¥è¥­¨ï (19) ¤«ï ®¯¥à â®à  A = �D(t�D).
�¢¥¤¥¬ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® à¥è¥­¨© U�;
 = U�;
(T ) ª ª ¬­®¦¥áâ¢® äã­ªæ¨© u á ª®­¥ç­®©
­®à¬®©

kukU�;
 =
�kt1�
D2(t��1u)k22;0 + kt�
D(t��1u)k22;0

�1=2
¨ ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î u(�) = 0.

�¥¬¬  4.1. �«ï «î¡®© äã­ªæ¨¨ u 2 U�;
 á¯à ¢¥¤«¨¢  ®æ¥­ª  ju(t)j0 � ct1��+min(0; 
+1=2) ¯à¨


+1=2 6= 0 ¨ ju(t)j0 � ct1��
pj ln tj, ¥á«¨ 
 = �1=2. �«¥¤®¢ â¥«ì­®, ¯à¨ 
 > ��3=2 ¨¬¥¥â ¬¥áâ®

­¥¯à¥àë¢­®¥ ¢«®¦¥­¨¥ U�;
 � C0([0; � ];X0) = fu 2 C([0; � ];X0) : uj@T = 0g.
�®ª § â¥«ìáâ¢®. �ãáâì u 2 U�;
. �¡®§­ ç¨¬ '(t) = t��1u(t). �®£¤  D' 2 L2;
(T ;X0). � §-

¡¥à¥¬ ¤¢  ¢®§¬®¦­ëå á«ãç ï.

1) 
 > �1=2. �¤¥áì L2;
(T ;X0) � L1(T ;X0) ¨ '(s) = '(0) +
sR
0

D'(t)dt, ®âªã¤ , ®æ¥­¨¢ ï

¨­â¥£à «, ¯®«ãç¨¬

ju(s)j0 = js1��'(s)j0 � c0s
1�� +

s1��+
+1=2p

 + 1=2

kt�
D'k2;0 � cs1��:

2) 
 � �1=2. �¤¥áì '(s) = '(�)�
�R
s
D'(t)dt ¨ ju(s)j0 = js1��'(s)j0 � c0s

1��+s1���(s)kt�
D'k2;0,
£¤¥

�(s) =
s
+1=2pj
 + 1=2j ; ¥á«¨ 
 < �1=2; �(s) =

q
j ln sj ¯à¨ 
 = �1=2: �

�¥®à¥¬  4.1. �à¨ 
 > �� 3=2 ®¯¥à â®à A = �D(t�D) ®áãé¥áâ¢«ï¥â â®¯®«®£¨ç¥áª¨© ¨§®-

¬®àä¨§¬ ¯à®áâà ­áâ¢  U�;
 ­  ¯à®áâà ­áâ¢® L2;
(T ;X0). �«¥¤®¢ â¥«ì­®, ¤«ï «î¡®© äã­ªæ¨¨

f 2 L2;
(T ;X0) ¤«ï à¥è¥­¨ï (19) á ®¯¥à â®à®¬ A = �D(t�D) á¯à ¢¥¤«¨¢  ®æ¥­ª  kukU�;
 �
ckt�
fk2;0.

�®ª § â¥«ìáâ¢®. �ãáâì u 2 U�;
 , ' = t��1u. �®£¤  t�Du = (1 � �)' + tD' ¨ Au =
(�� 2)D'� tD2', ®âáî¤  á«¥¤ã¥â ­¥¯à¥àë¢­®áâì ®¯¥à â®à  A ¨§ U�;
 ¢ L2;
(T ;X0).

�®ª ¦¥¬ ­¥¯à¥àë¢­®áâì ®¡à â­®£® ®¯¥à â®à  ªA. �­â¥£à¨àãï ãà ¢­¥­¨¥ (19) á f 2 L2;
(T ;X0),
¯®«ãç¨¬ t�Du(t) = x0 + F (t), £¤¥ x0 2 X0; DF = �f ¨ á®£« á­® á«¥¤áâ¢¨î 2.2 F 2
L2;
+1�"(T ;X0), ¯à¨ç¥¬ ¢ íâ®¬ ¢ª«îç¥­¨¨ ¬®¦­® ¯®«®¦¨âì " = 0, ¥á«¨ 
 + 1=2 6= 0, ¢ ¯à®-
â¨¢­®¬ á«ãç ¥ " > 0 «î¡®¥. �âáî¤  á«¥¤ã¥â ¢ª«îç¥­¨¥ t��F 2 L1(T ;X0). � «¥¥, ¨­â¥£à¨àãï
à ¢¥­áâ¢® Du(t) = t��(x0 + F (t)) á ãç¥â®¬ £à ­¨ç­ëå ãá«®¢¨©, ¡ã¤¥¬ ¨¬¥âì

u(s) =
Z s

0
t��F (t)dt� s1��

Z �

0
t��F (t)dt
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¨«¨, ¢¢®¤ï äã­ªæ¨î '(s) = s��1u(s) = H�F (s)�H�F (�) ¨ ¨á¯®«ì§ãï ä®à¬ã«ë ¤¨ää¥à¥­æ¨à®-
¢ ­¨ï, ¯® â¥®à¥¬¥ 2.4 ¯®«ãç¨¬

D'(s) = H��1DF (s) = �H��1f; sD2'(s) = (1� �)H��1f(s)� f(s):

Oâáî¤  ¤«ï à¥è¥­¨ï u ¯®«ãç¨¬ ¢ª«îç¥­¨¥ u 2 U�;
 ¨ ¥£® ®æ¥­ªã, â. ª. H��1 2 B(L2;
(T ;X0))
¯à¨ 
 > �� 3=2 (â¥®à¥¬  2.2).

� ¬¥ç ­¨¥. �à¨ 
 � �� 3=2 â¥®à¥¬  ­¥ ¢¥à­ .

2. � ¤ ç  á ¯®áâ®ï­­ë¬¨ ®¯¥à â®à­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �¡®§­ ç¨¬ ç¥à¥§ 'j(t), j = 0; 1,
ç¨á«®¢ë¥ äã­ªæ¨¨, ï¢«ïîé¨¥áï «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨ à¥è¥­¨ï¬¨ ®¤­®à®¤­®© § ¤ ç¨

D(t�Du(t)) + t�u(t) = 0 ­  T;

ª®â®àë¥ ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï ¨§ ãá«®¢¨© '0(0) = 1, '0(�) = 0, '1(0) = 0, '1(�) = 1. �®£¤ 
à¥è¥­¨¥ § ¤ ç¨ (19) á ®¯¥à â®à®¬ A = D(t�D) + t�I ¯à¥¤áâ ¢¨¬® ¨­â¥£à «®¬

u(s) =
Z
T
G(s; t)f(t)dt; (20)

£¤¥ äã­ªæ¨ï �à¨­  G(s; t) = G(t; s) = c0'0(s)'1(t) ¯à¨ t � s, 1=c0 = t�D'1(t)jt=0. �«ï ®æ¥­-
ª¨ (20) ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© 2.1, ­® ¯à¥¦¤¥ ãáâ ­®¢¨¬ ­¥ª®â®àë¥ á¢®©áâ¢  äã­ªæ¨¨ '1(t),
¯à¥¤áâ ¢¨¢ ¥¥ ¢ ¢¨¤¥ '1(t) = k1t

1��z(t), £¤¥ k1 6= 0 | ­¥ª®â®à ï ¯®áâ®ï­­ ï. �®¤áâ ¢«ïï íâ®
¢ëà ¦¥­¨¥ ¢ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥, ¯®«ãç¨¬ ãà ¢­¥­¨¥ ¤«ï ®¯à¥¤¥«¥­¨ï z(t):

tD2z(t) + (2� �)Dz(t)� tz(t) = 0; z(0) = 1:

�®« £ ï z(t) =
1P
j=0

cjt
j , ¨§ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ¯®«ãç¨¬ (¢ëª« ¤ª¨ ®¯ãáª ¥¬, ¯®áª®«ìªã ®­¨

áâ ­¤ àâ­ë ¢ â ª®£® à®¤  à ááã¦¤¥­¨ïå) c0 = 1, c1 = 0, (j + 1)(j + 2 � �)cj+1 � cj�1 = 0 ¤«ï
j � 1, ®âáî¤ 

z(t) =
1X
j=0

ajt
2j ; £¤¥

1
aj

= 4jj!
jY

k=1

�
k +

1� �

2

�
: (21)

�¨¤­®, çâ® áâ¥¯¥­­®© àï¤ (21) áå®¤¨âáï ¢áî¤ã ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨. � ¯®¬®éìî ¯à¥®¡à -
§®¢ ­¨ï � ¯« á  ¬®¦­® ¯à¥¤áâ ¢¨âì z(t) ¢ ¨­â¥£à «ì­®¬ ¢¨¤¥ ([10], á. 395)

z(s) = �

Z 1

�1

(1� t2)��=2estdt = 2�
Z 1

0

(1� t2)��=2 ch st dt; £¤¥
1
�
=
Z 1

�1

(1� t2)��=2dt: (22)

�¥¬¬  4.2. �ãáâì � > �1, 1 � p <1. �®£¤ 

Z s

0

t�zp(t)dt � 2
j�j
2 (8� 2�)

min(1; 1 + �)
s�zp(s) 8s 2 (0;1):

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥ á­ ç «  ¤«ï � = 0, p = 1. �¡®§­ ç¨¬ ¤«ï ªà â-
ª®áâ¨ k0 = min(1; 2��=2), k1 = max(1; 2��=2). �®£¤  ¤«ï ¢á¥å t 2 [0; 1] k0 � (1 + t)��=2 � k1 ¨
k1=k0 = 2j�j=2. �­â¥£à¨àãï (22) ¯® ¨­â¥à¢ «ã (0; s) ¨ ¨á¯®«ì§ãï á¢®©áâ¢  ¡¥â -äã­ªæ¨¨ B(p; q),
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¯®«ãç¨¬ á«¥¤ãîéãî æ¥¯®çªã ­¥à ¢¥­áâ¢:

Z s

0

z(t)dt = 2�
Z 1

0

(1� t2)��=2
sh st
t

dt � 4k1�

1Z
0

(1� t)��=2
est � 1

t
dt =

= 4k1�
1X
n=0

sn

n!

Z 1

0
(1� t)��=2tn�1dt = 4k1�

1X
n=0

sn

n!
B(n; 1� �=2) =

= 4k1�
1X
n=0

sn

n!
B(n+ 1; 1� �=2)

n + 1� �=2
n

� (8� 2�)k1�
1X
n=0

Z 1

0
(1� t)��=2

(st)n

n!
dt �

� (8� 2�)2j�j=2�
Z 1

0

(1� t2)��=2estdt � (8� 2�)2j�j=2z(s):

� ª¨¬ ®¡à §®¬, «¥¬¬  á¯à ¢¥¤«¨¢  ¤«ï á«ãç ï � = 0, p = 1. � áá¬®âà¨¬ á«ãç © � > �1, p = 1.
�á¯®«ì§ãï à §«®¦¥­¨¥ (21), ¯®«ãç¨¬Z s

0
t�z(t)dt =

1X
n=0

an

Z s

0
t�+2ndt =

1X
n=0

an
� + 2n+ 1

s�+2n+1 =

= s�
1X
n=0

(2n+ 1)an
(� + 2n+ 1)(2n+ 1)

s2n+1 � c�s
�

1X
n=0

an
2n+ 1

s2n+1 =

= c�s
�

Z s

0

z(t)dt � c�(8� 2�)2j�j=2s�z(s);

£¤¥ c� = max(1; 1=(�+1)). �ãáâì, ­ ª®­¥æ, p > 1. � á¨«ã (21) äã­ªæ¨ï z(t) áâà®£® ¢®§à áâ îé ï
­  ¯®«®¦¨â¥«ì­®© ¯®«ã®á¨. �®£¤ Z s

0

t�zp(t)dt =
Z s

0

t�z(t)zp�1(t)dt �
Z s

0

t�z(t)dt zp�1(s) � c�(8� 2�)2j�j=2s�zp(s): �

�¥®à¥¬  4.2. �ãáâì � < � + 2 ¨ � � 3=2 < 
 < 3=2 + � � �. �à¨ ¢á¥å � > 0 ®¯¥à â®à

A = �D(t�D) + �t�I ®áãé¥áâ¢«ï¥â ¨§®¬®àä¨§¬ ¯à®áâà ­áâ¢  U�;
 ­  L2;
(T ;X0). �à¨ íâ®¬

à¥è¥­¨¥ § ¤ ç¨ (19) á ãª § ­­ë¬ ®¯¥à â®à®¬ A ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¥© ®æ¥­ª¥ á ¯®áâ®ï­­®©

c = c(�; �; 
) > 0, ­¥ § ¢¨áïé¥© ®â �; � > 0,

kukU�;
 + �kt��
uk2;0 � ckt�
fk2;0: (23)

�®ª § â¥«ìáâ¢®. �§ «¥¬¬ë 4.1 ¨ â¥®à¥¬ë 4.1 á«¥¤ã¥â ­¥¯à¥àë¢­®áâì ®¯¥à â®à  A ¨§ U�;


¢ L2;
(T ;X0). �¥®¡å®¤¨¬® ¯®ª § âì, çâ® § ¤ ç  à §à¥è¨¬  ¢ U�;
 ¤«ï ¢á¥å f 2 L2;
(T ;X0) ¨
¢ë¯®«­¥­  ®æ¥­ª  (23) á ¯®áâ®ï­­®© c, ª®â®à ï ­¥ § ¢¨á¨â ®â � ¨ �.

� áá¬®âà¨¬ á­ ç «  ¨§®âà®¯­ë© á«ãç © � = �. �ãáâì � = 1. �®£¤  à¥è¥­¨¥ § ¤ ç¨ ¯à¥¤áâ -
¢¨¬® ¨­â¥£à «®¬ (20) á äã­ªæ¨¥© �à¨­  G(s; t) = c0'0(s)'1(t) ¯à¨ t � s, £¤¥ '1(t) = k1t

1��z(t),
1=k1 = � 1��z(�). � áá¬®âà¨¬ ¨­â¥£à «ì­ë© ®¯¥à â®à

Kf(s) = c0'0(s)
Z s

0
'1(t)f(t)dt:

�¡®§­ ç¨¬ ¤«ï ªà âª®áâ¨ ç¥à¥§ c�;� ¯®áâ®ï­­ãî ¢ ­¥à ¢¥­áâ¢¥ «¥¬¬ë 4.2 ¤«ï � = 2
 + 2 �
2� > �1. �®« £ ï �(t) = t2
'1(t) ¨ ¨á¯®«ì§ãï «¥¬¬ã 4.2 ¯à¨ p = 2, ®æ¥­¨¬

K�(s)
�(s)

=
c0k

2
1'0(s)

s2
'1(s)

Z s

0

t�z2(t)dt � c0k
2
1'0(s)c�;�s�z2(s)

s2
'1(s)
= c�;�c0'0(s)'1(s) = c�;�s

��

¢ á¨«ã á¢®©áâ¢  äã­ªæ¨¨ �à¨­  G(s; s) = s��. �âáî¤  ¯® â¥®à¥¬¥ 2.1 ¯®«ãç ¥¬ ®æ¥­ªã

kt��
Kfk2;0 � c�;�





t�
 �

K�
Kf






2;0

� 2c�;�kt�
fk2;0:
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�®«®¦¨¬ â¥¯¥àì � = 2� 2
 > �1 ¨ �(t) = t2��2
'1(t). �®ç­® â ª ¦¥, ª ª ¨ ¢ëè¥,

K�(s)
�(s)

=
c0k

2
1'0(s)

s2��2
'1(s)

Z s

0

t�z2(t)dt � c0k
2
1'0(s)c�;�s�z2(s)
s2��2
'1(s)

= c�;�c0'0(s)'1(s) = c�;�s
��;

®âáî¤  kt
Kgk2;0 � c�;�


t
�� �

K�
Kg




2;0
� 2c�;�kt
��gk2;0, â.¥. ¤«ï á®¯àï¦¥­­®£® ªK ®¯¥à â®à  K�

¨¬¥¥¬ kK�kL2;
!L2;
��
= kKkL2;��
!L2;�


� 2c�;�. �®áª®«ìªã u = Kf + K�f , â® ¨§ ¯®«ãç¥­­ëå
®æ¥­®ª á«¥¤ã¥â kt��
uk2;0 � 2(c�;� + c�;�)kt�
fk2;0. �âáî¤  ¨ ¨§ â¥®à¥¬ë 4.1 á«¥¤ã¥â ¤®ª § -
â¥«ìáâ¢® ¤«ï á«ãç ï � = 1, â. ª. �D(t�Du) = f � t�u. �«ãç © ¯à®¨§¢®«ì­®£® � > 0 á¢®¤¨âáï ª
à áá¬®âà¥­­®¬ã ¯¥à¥å®¤®¬ ª ­®¢®© ¯¥à¥¬¥­­®© t ! s =

p
�t, ®â­®á¨â¥«ì­® ª®â®à®© ãà ¢­¥­¨¥

¯à¨¬¥â ¢¨¤
�Ds(s�Dsbu) + s�bu = ��=2�1 bf ­  bT = (0;

p
��);

£¤¥ bu(s) = bu(p�t) = u(t). �® ¤®ª § ­­®¬ã kbukbU�;
 + ks��
buk2;0 � c��=2�1ks�
 bfk2;0, ¯à¨ç¥¬ c =

c(�; 
) ­¥ § ¢¨á¨â ®â ¤«¨­ë bT . �¥à¥å®¤ï ¢ ¯®á«¥¤­¥¬ ­¥à ¢¥­áâ¢¥ ª áâ à®© ¯¥à¥¬¥­­®© t = s=
p
�,

¯®«ãç¨¬ ­¥à ¢¥­áâ¢® (23) ¯à¨ � = � á â®© ¦¥ á ¬®© ¯®áâ®ï­­®© c.
� á«ãç ¥ � 6= � á¤¥« ¥¬ § ¬¥­ã t ! s = t1=r, £¤¥ r ®¯à¥¤¥«ï¥âáï ¨§ (18), ¢ à¥§ã«ìâ â¥ ç¥£®

ãà ¢­¥­¨¥ ¯à¨¬¥â ¢¨¤

�Ds(s�̂Dsbu) + r2�s�̂bu(s) = bf(s) ¯à¨ s 2 bT = (0; � 1=r); buj
@bT = 0;

£¤¥ bu(s) = u(sr), bf(s) = r2sr�1f(sr), b� = r(��1)+1. � ª ¡ë«® ®â¬¥ç¥­® ¢ ¯à¥¤ë¤ãé¥¬ ¯ à £à ä¥,
¢ª«îç¥­¨¥ f 2 L2;
(T ;X0) à ¢­®á¨«ì­® ¢ª«îç¥­¨î bf 2 L2;
̂( bT ;X0), £¤¥ b
 = r(
 + 1=2) � 1=2,
¯à¨ç¥¬ 
 2 (��3=2; 3=2+���) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  b
 2 (b��3=2; 3=2). �® ¤®ª § ­­®¬ã

kbukU�̂;
̂ + r2�ks�̂�
̂buk2;0 � c(b�; b
)ks�
̂ bfk2;0:
�âáî¤ , á¤¥« ¢ ®¡à â­ãî § ¬¥­ã s! t = sr, ã¡¥¦¤ ¥¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ ®æ¥­ª¨ (23).

� ¬¥ç ­¨¥. �­â¥à¢ « � � 3=2 < 
 < 3=2 + � � �, ãª §ë¢ ¥¬ë© ¢ â¥®à¥¬¥, ­¥ ¯ãáâ ¨ ¬ ª-
á¨¬ «¥­ ¢ â®¬ á¬ëá«¥, çâ® ¯à¨ 
 � � � 3=2 ­¥¢®§¬®¦­  ®æ¥­ª  kukU�;
 � ckt�
fk2;0,   ¯à¨

 � 3=2 + � � �, ¢®®¡é¥ £®¢®àï, kt��
uk2;0 =1 ¤«ï u 2 U�;
 .

� «¥¥ à áá¬ âà¨¢ îâáï ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë á ¯®áâ®ï­­ë¬¨ ®¯¥à â®à­ë¬¨ ª®íä-
ä¨æ¨¥­â ¬¨ a 2 B(X0), b 2 B(X1;X0), ª®â®àë¥ áç¨â îâáï á ¬®á®¯àï¦¥­­ë¬¨ ¨ ¯®«®¦¨â¥«ì­®
®¯à¥¤¥«¥­­ë¬¨ ®¯¥à â®à ¬¨ ¢ X0.

�¥®à¥¬  4.3. �ãáâì � < �+2. �à¨ ��3=2 < 
 < 3=2+��� ®¯¥à â®à A = �D(t�aD)+ t�b
®áãé¥áâ¢«ï¥â ¨§®¬®àä¨§¬ U�;
 \ L2;
��(T ;X1) ­  L2;
(T ;X0). �à¨ íâ®¬ ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

à¥è¥­¨ï § ¤ ç¨

kukU�;
 + kt��
buk2;0 � ckt�
fk2;0; (24)

á ¯®áâ®ï­­®© c = c(�; �; 
; a), ­¥ § ¢¨áïé¥© ®â � ¨ b.

�®ª § â¥«ìáâ¢®. �ãáâì á­ ç «  a = I | â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à. �®£¤  ¤®ª § â¥«ìáâ¢®
á¢®¤¨âáï ª ¯®«ãç¥­¨î ®æ¥­ª¨ kt��
buk2;0 � c(�; �; 
)kt�
fk2;0. �á¯®«ì§ã¥¬ á¯¥ªâà «ì­®¥ ¯à¥¤-
áâ ¢«¥­¨¥ ([11], c. 375) X0 ­  £¨«ì¡¥àâ®¢ã ¯àï¬ãî áã¬¬ã

P
i2J

L2(�i) ®â­®á¨â¥«ì­® ®¯¥à â®à  b,

£¤¥ J | ­¥ª®â®à®¥ ¬­®¦¥áâ¢®, f�i : i 2 Jg | á¥¬¥©áâ¢® ª®­¥ç­ëå ¯®«®¦¨â¥«ì­ëå ¬¥à, ®¯à¥-
¤¥«¥­­ëå ­  ¡®à¥«¥¢áª¨å ¬­®¦¥áâ¢ å á¯¥ªâà  �(b) � (0;+1). �ãáâì U | ¨§®¬®àä¨§¬ X0 ­ P
i2J

L2(�i), ®áãé¥áâ¢«ïîé¨© á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ®â­®á¨â¥«ì­® b. �®£¤  ¯® ®¯à¥¤¥«¥­¨î

(Ubx)i(�) = �(Ux)i(�) �i{¯. ¢. 8i 2 J . �«ï f 2 L2;
(T ;X0) ¯®«®¦¨¬ fi(t; �) = (Uf(t))i(�). �®£¤ 
§ ¤ ç  �D(t�Du) + t�bu = f , uj@T = 0 íª¢¨¢ «¥­â­  § ¤ ç¥

�Dt(t�Dt�i(t; �)) + t���i(t; �) = fi(t; �) ¯à¨ t 2 T; �i(0; �) = �i(�; �) = 0
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¤«ï � 2 �(b), i 2 J , £¤¥ u ¨ � á¢ï§ ­ë á®®â­®è¥­¨¥¬ �i(t; �) = (Uu(t))i(�). �® â¥®à¥¬¥ 4.2 ¨¬¥¥¬

�2
Z
T
jt��
�i(t; �)j2dt � c

Z
T
jt�
fi(t; �)j2dt;

£¤¥ c = c(�; �; 
) ­¥ § ¢¨á¨â ®â � ¨ i. �­â¥£à¨àãï íâ® ­¥à ¢¥­áâ¢® ¯® ¬¥à¥ �i ­  á¯¥ªâà¥ �(b)
¨ áã¬¬¨àãï § â¥¬ ¯® i 2 J , ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®, íª¢¨¢ «¥­â­®¥ ­¥à ¢¥­áâ¢ã kt��
buk2;0 �
ckt�
fk2;0 ¢ á¨«ã ®¯à¥¤¥«¥­¨ï á¯¥ªâà «ì­®£® ¯à¥¤áâ ¢«¥­¨ï U .

�«ãç © ¯à®¨§¢®«ì­®£® a á¢®¤¨âáï ª a = I ã¬­®¦¥­¨¥¬ ãà ¢­¥­¨ï ­  a�1=2. �®£¤  ãà ¢­¥­¨¥
¯à¨¬¥â ¢¨¤ �D(t�Dbu) + t�bbbu = bf , £¤¥ bu(t) = a1=2u(t), bf(t) = a�1=2f(t) ¨ bb = a�1=2ba�1=2 2
B(a1=2(X1); X0). �®­ïâ­®, çâ® ®£à ­¨ç¥­­ë¥ ®¯¥à â®à­ë¥ ¬­®¦¨â¥«¨ a1=2, a�1=2 ­¥ ¢«¨ïîâ ­ 
¯à¨­ ¤«¥¦­®áâì äã­ªæ¨¨ á®®â¢¥âáâ¢ãîé¥¬ã ª« ááã. �® ¤®ª § ­­®¬ã

ka1=2t1�
D2(t��1u)k2;0 + ka1=2t�
D(t��1u)k2;0 + ka�1=2t��
buk2;0 � cka�1=2t�
fk2;0;
£¤¥ c § ¢¨á¨â â®«ìª® ®â �, �, 
. �âáî¤  ¢ëâ¥ª ¥â (24).

�«¥¤áâ¢¨¥ 4.1. � ãá«®¢¨ïå â¥®à¥¬ë ¤«ï à¥è¥­¨ï á¯à ¢¥¤«¨¢  ®æ¥­ª 

kukU�;
 + kt��
uk2;1 � ckt�
fk2;0;
£¤¥ c = c(�; �; 
; a; b) ­¥ § ¢¨á¨â ®â T .

�®ª § â¥«ìáâ¢® ­¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ (24), â. ª. jxj1 � kb�1kX0!X1
jbxj0.

3. �¥à¥¬¥­­ë¥ ®¯¥à â®à­ë¥ ª®íää¨æ¨¥­âë. �ãáâì a : [0; � ] ! B(X0), b : [0; � ] ! B(X1; X0)
| ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨ ¢ ®¯¥à â®à­ëå ­®à¬ å ¨ ¯à¨ ª ¦¤®¬ t 2 [0; � ] ®¯¥à â®àë a(t), b(t)
ï¢«ïîâáï á ¬®á®¯àï¦¥­­ë¬¨ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë¬¨ ®¯¥à â®à ¬¨ ¢ ¯à®áâà ­áâ¢¥ X0

(¤«ï ®¯¥à â®à-äã­ªæ¨© (12) § ¤ ç¨ (1), (2) ãá«®¢¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ ¨å ­¥¯à¥àë¢­®áâì, ¡ë«¨
®£®¢®à¥­ë ¢ x 3). �«ï äã­ªæ¨¨ a : T ! B(X0) ¤®¯®«­¨â¥«ì­® ¯à¥¤¯®« £ ¥âáï áãé¥áâ¢®¢ ­¨¥
¯à®¨§¢®¤­®© a0(t), ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬

1) lim
t!0

tja0(t)jX0!X0
= 0; 2) �ja0jX0!X0

2 L2;
(T ); (25)

£¤¥

�(t) =

(
tmin(0; 
+1=2); ¥á«¨ 
 + 1=2 6= 0;pj ln tj; ¥á«¨ 
 = �1=2:

�«ï äã­ªæ¨¨ (12) ãá«®¢¨ï (25) ¯à¨¬ãâ ¢¨¤

1) lim
xm!0

xm

�Z



jDma(x
0; xm)j2dx0

�1=2

= 0; 2)
Z
Q

jx�
m �(xm)Dma(x)j2dx < +1:

�¥¬¬  4.3. �ãáâì � � 3=2 < 
 < 3=2 + � � �. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (25), â® ¯à¨ ¤®-

áâ â®ç­® ¬ «®¬ � > 0 ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à A = �D(t�a(t)D) + t�b(t) ®áãé¥áâ¢«ï¥â
¨§®¬®àä¨§¬ U�;
 \ L2;
��(T ;X1) ­  L2;
(T ;X0). T ª¨¬ ®¡à §®¬, ¤«ï à¥è¥­¨ï § ¤ ç¨ (19) á¯à -
¢¥¤«¨¢ë ¤¢ãáâ®à®­­¨¥ ®æ¥­ª¨

kukU�;
 + kt��
uk2;1 � kt�
fk2;0:
�®ª § â¥«ìáâ¢®. � àï¤ã á ®¯¥à â®à®¬ A à áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à A0 =

�D(t�a(0)D) + t�b(0), ª®â®àë© ¯® â¥®à¥¬¥ 4.3 ï¢«ï¥âáï â®¯®«®£¨ç¥áª¨¬ ¨§®¬®àä¨§¬®¬ ¯à®-
áâà ­áâ¢  W = W (T ) = U�;
(T ) \ L2;
��(T ;X1) ­  L2;
(T ;X0). �«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­®
¯®ª § âì, çâ® ¯à¨ ¤®áâ â®ç­® ¬ «®¬ � > 0 à §­®áâì A�A0 ¬®¦­® á¤¥« âì áª®«ì ã£®¤­® ¬ «®© ¢
­®à¬¥ ¯à®áâà ­áâ¢  B(W (T ); L2;
(T ;X0)). � ª ª ªAu(t)�A0u(t) = (a(0)�a(t))D(t�Du)+t�(b(t)�
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b(0))u�t�a0(t)Du(t), â® ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨© a, b ¨ ãá«®¢¨© (25) ¯à¨ ¤®áâ â®ç­® ¬ «®¬
� > 0 ¡ã¤¥¬ ¨¬¥âì

kt�
(Au�A0u)k2;0 � max
t2[0;� ]

ka(t)� a(0)kX0!X0
kukU�;
 +

+ max
t2[0;� ]

kb(t)� b(0)kX1!X0
kt��
uk2;1 + kt��
a0Duk2;0 �

� "kukW + sup
t2[0;� ]

kta0kX0!X0
kt�
D(t��1u)k2;0 + (1� �)kt�
a0t��1uk2;0 �

� 2"kukW + ckt�
�ja0jX0!X0
k2kukU�;
 � (2 + c)"kukW ;

£¤¥ ¤«ï ®æ¥­ª¨ jt��1u(t)j0 ¨á¯®«ì§®¢ ­  «¥¬¬  4.1.
�¥®à¥¬  4.4. �ãáâì � � 3=2 < 
 < 3=2 + � � � ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (25). �®£¤  ¤«ï ¤¨ä-

ä¥à¥­æ¨ «ì­®£® ®¯¥à â®à  A = �D(t�a(t)D) + t�b(t) ­  W = U�;
 \ L2;
��(T ;X1) ¨¬¥¥â ¬¥áâ®

®æ¥­ª 

kukU�;
 + kt��
uk2;1 � c(kt�
Auk2;0 + k�(�;�)Duk2;0)
¤«ï ­¥ª®â®à®£® � 2 (0; �), £¤¥ ¯®áâ®ï­­ ï c ­¥ § ¢¨á¨â ®â u.

�®ª § â¥«ìáâ¢®. �ãáâì f'j 2 C1
0 (R) : j = 0; Ng | à §¡¨¥­¨¥ ¥¤¨­¨æë ¨­â¥à¢ «  T =

(0; �), ¯®¤ç¨­¥­­®¥ ¯®ªàëâ¨î fTj : j = 0; Ng, £¤¥ ¨­â¥à¢ «ë Tj = (aj ; bj) ¤®áâ â®ç­® ¬ «ë ¨
a0 < 0 < a1 < b0 < a2 < b1 < � � � < aN < bN�1 < � < bN . �¡®§­ ç¨¬ f = Au, uj = 'ju, fj = 'jf .
�®£¤ 

Auj = fj �D'j(D(t
�au) + t�aDu)�D2'jt

�au = gj :

�á¯®«ì§ãï «®ª «ì­ë¥ ®æ¥­ª¨ «¥¬¬ë 4.3 ¤«ï uj ­  ª ¦¤®¬ Tj ¨ § â¥¬ áã¬¬¨àãï ¨å ¯® ¢á¥¬ j,
¯®«ãç¨¬

kukW =




 NX
j=0

uj






W

�
NX
j=0

kujkW � c
NX
j=0

kt�
gjk2;0 � ec(kt�
fk2;0 + k�(�;�)Duk2;0);

â. ª. ¯à®¨§¢®¤­ë¥ D'j , D2'j à ¢­ë ­ã«î ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ t = 0, ¯®áª®«ìªã ¢ íâ®©
®ªà¥áâ­®áâ¨ '0(t) � 1 ¨ 'j � 0 ¯à¨ j � 1.

�«¥¤áâ¢¨¥ 4.2. �á«¨ �=2 � 1 � 
 < 3=2 + � � �, â® ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à A =
�D(t�a(t)D) + t�b(t) ®áãé¥áâ¢«ï¥â ¨§®¬®àä¨§¬ U�;
 \ L2;
��(T ;X1) ­  L2;
(T ;X0) ¨, á«¥¤®¢ -
â¥«ì­®, ¤«ï à¥è¥­¨ï § ¤ ç¨ (19) á¯à ¢¥¤«¨¢ë ¤¢ãáâ®à®­­¨¥ ®æ¥­ª¨

kukU�;
 + kt��
uk2;1 � kt�
fk2;0:
�®ª § â¥«ìáâ¢® áà §ã á«¥¤ã¥â ¨§ â¥®à¥¬ë 3.1, â. ª. k�(�;�)Duk2;0 � ckt�=2Duk2;0.
�«¥¤áâ¢¨¥ 4.3. �ãáâì � � 3=2 < 
 < 3=2 + � � � ¨ ¯à®áâà ­áâ¢® X1 ª®¬¯ ªâ­® ¢«®¦¥­®

¢ X0. �®£¤  ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à A = �D(t�a(t)D) + t�b(t) ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬
¯à®áâà ­áâ¢  W = U�;
 \ L2;
��(T ;X1) ­  L2;
(T ;X0) ¨ ¤«ï à¥è¥­¨ï § ¤ ç¨ (19) á¯à ¢¥¤«¨¢ë
¤¢ãáâ®à®­­¨¥ ®æ¥­ª¨ kukU�;
 + kt��
uk2;1 � kt�
fk2;0.

�®ª § â¥«ìáâ¢®. �á«¨ X1 ª®¬¯ ªâ­® ¢«®¦¥­® ¢ X0, â® ¯à¨ ­¥ª®â®à®¬ �<
�0:5(�+�) ¯à®-
áâà ­áâ¢® U�;
 \ L2;
��(T ;X1) ª®¬¯ ªâ­® ¢«®¦¥­® ¢ W 1

2;�(T ;X0). �âáî¤  ¨ ¨§ ®æ¥­ª¨ kukW �
c(kt�
Auk2;0 + kt��Duk2;0) á«¥¤ã¥â, çâ® kt��Duk2;0 � c1kt�
Auk2;0 ([12], á. 16). � ª¨¬ ®¡à §®¬,
®¯¥à â®à A ¤¥©áâ¢ã¥â ­¥¯à¥àë¢­® ¨ ¢§ ¨¬­®®¤­®§­ ç­® ¨§ W ­  ­¥ª®â®à®¥ § ¬ª­ãâ®¥ ¯®¤¯à®-
áâà ­áâ¢® ¯à®áâà ­áâ¢  L2;
(T ;X0). � ¤àã£®© áâ®à®­ë, ¨§ á«¥¤áâ¢¨ï 4.2 ¢ëâ¥ª ¥â, çâ® ¬­®¦¥áâ¢®
A(W ) ¯«®â­® ¢ L2;
(T ;X0), ¯®áª®«ìªã á®¤¥à¦¨â äã­ªæ¨¨ ¢¨¤  �(";�)f , £¤¥ " > 0 ¨ f 2 L2;
(T ;X0)
«î¡ë¥. � ª¨¬ ®¡à §®¬, A(W ) = L2;
(T ;X0) ¨ A | ¨§®¬®àä¨§¬.
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�à¨¢¥¤¥¬ â¥¯¥àì ®á­®¢­®© à¥§ã«ìâ â, ª á îé¨©áï § ¤ ç¨ (1), (2). � íâ®¬ á«ãç ¥ ¯® ®¯à¥-

¤¥«¥­¨î (11) ¯à®áâà ­áâ¢® �®¡®«¥¢  X1 = W 2
2 (
)

T �

W 1
2(
) ª®¬¯ ªâ­® ¢«®¦¥­® ¢ ¯à®áâà ­áâ¢®

X0 = L2(
). �à®áâà ­áâ¢® W = U�;
 \ L2;
��(T ;X1) | íâ® ¯à®áâà ­áâ¢® �®¡®«¥¢  äã­ªæ¨© ­ 
Q á  ­¨§®âà®¯­ë¬ ¢¥á®¬, ¨¬¥îé¨å ª®­¥ç­ãî ­®à¬ã

kukW =
�Z

Q

jx1�
m D2
m(x

��1
m u(x))j2 + jx�
m Dm(x��1u(x))j2 +

X
i;j<m

jx��
m DiDju(x)j2dx
�1=2

¨ ã¤®¢«¥â¢®àïîé¨å ªà ¥¢®¬ã ãá«®¢¨î uj@Q = 0. �à¨¬¥­¨â¥«ì­® ª à áá¬ âà¨¢ ¥¬®¬ã á«ãç î
¨§ ¯®á«¥¤­¥£® ãâ¢¥à¦¤¥­¨ï ¯®«ãç¨¬

�«¥¤áâ¢¨¥ 4.4. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï ­  ª®íää¨æ¨¥­âë ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®-
à  A «¥¢®© ç áâ¨ ãà ¢­¥­¨ï (1), ãª § ­­ë¥ ¢ëè¥, ¨ �� 3=2 < 
 < 3=2 + � � �. �®£¤  ®¯¥à â®à
A ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¯à®áâà ­áâ¢  W ­  L2;
(Q). �«¥¤®¢ â¥«ì­®, ¤«ï à¥è¥­¨ï § ¤ ç¨ (1),
(2) ¨¬¥îâ ¬¥áâ® ¤¢ãáâ®à®­­¨¥ ®æ¥­ª¨ kukW � kx�
m fkL2(Q).
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