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� áá¬ âà¨¢ ¥âáï § ¤ ç  ®¡ ®¯à¥¤¥«¥¨¨ ¯®«®¦¥¨ï à ¢®¢¥á¨ï ¬ï£ª®© ®¡®«®çª¨, § ªà¥¯«¥-
®© ¯® ªà ï¬,  å®¤ïé¥©áï ¯®¤ ¢®§¤¥©áâ¢¨¥¬ ¬ áá®¢®© ¨ ¯®¢¥àå®áâ®©  £àã§ª¨ ¨ ®£à ¨ç¥-
®© ¢ ¯¥à¥¬¥é¥¨¨ ¯à¥¯ïâáâ¢¨¥¬. �¥ä®à¬ æ¨¨ ¨ ¯¥à¥¬¥é¥¨ï ®¡®«®çª¨ ¤®¯ãáª îâáï ª®¥çë-
¬¨.

�«®áª ï § ¤ ç  ® à ¢®¢¥á®¬ ¯®«®¦¥¨¨ ¨â¨ ¯®¤ ¢®§¤¥©áâ¢¨¥¬  £àã§ª¨, ®£à ¨ç¥®©
¢ à á¯®«®¦¥¨¨ ¯®«ã¯«®áª®áâìî, ¯®áâ ¢«¥  ¢ ¢¨¤¥ ¢ à¨ æ¨®®£® ¥à ¢¥áâ¢  ¢ [1]. � ¬ ¦¥
ãáâ ®¢«¥® áãé¥áâ¢®¢ ¨¥ à¥è¥¨ï íâ®© § ¤ ç¨. �«ãç ©, ª®£¤  £à ¨æ  ¯à¥¯ïâáâ¢¨ï ®¯¨áë¢ -
¥âáï ¢®£ãâ®© äãªæ¨¥©, ¤«ï ¯«®áª®© § ¤ ç¨ à áá¬®âà¥ ¢ [2]. � à ¡®â¥ [3] ¤«ï íâ®© ¦¥ § ¤ ç¨
à áá¬®âà¥ á«ãç ©, ª®£¤  ¬®¦¥áâ¢® ¤®¯ãáâ¨¬ëå ª®ä¨£ãà æ¨© ¯à®¨§¢®«ì®.

� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ¯à®áâà áâ¢¥ ï § ¤ ç  ® à ¢®¢¥á®¬ á®áâ®ï¨¨ ¬ï£ª®©
®¡®«®çª¨, ¯à¨ ãá«®¢¨¨, çâ® ¯®¢¥àå®áâì ¯à¥¯ïâáâ¢¨ï ®¯¨áë¢ ¥âáï ¤®áâ â®ç® £« ¤ª®© (¥ ®¡ï-
§ â¥«ì® ¢ë¯ãª«®©) äãªæ¨¥©. � ç « , ¨áå®¤ï ¨§ ãà ¢¥¨© à ¢®¢¥á¨ï, § ¯¨á ëå ¢ ¤¥ª à-
â®¢®© á¨áâ¥¬¥ ª®®à¤¨ â, áä®à¬ã«¨à®¢   ¯®â®ç¥ç ï § ¤ ç . � â¥¬   ®á®¢¥ ¯à¨æ¨¯  ¢¨à-
âã «ìëå ¯¥à¥¬¥é¥¨© ¯®«ãç¥  ¢ à¨ æ¨® ï ä®à¬ã«¨à®¢ª . �áâ ®¢«¥  íª¢¨¢ «¥â®áâì
ãª § ëå § ¤ ç.

�® ¢â®à®© ç áâ¨ áâ âì¨ à áá¬®âà¥ á«ãç © ¬ï£ª®© á¥âç â®© ®¡®«®çª¨, ®¡à §®¢ ®© ¤¢ã¬ï
á¥¬¥©áâ¢ ¬¨ ¨â¥©. �à¨ ®¯à¥¤¥«¥ëå ãá«®¢¨ïå   äãªæ¨¨, ®¯¨áë¢ îé¨¥ ä¨§¨ç¥áª¨¥ á®®â-
®è¥¨ï ¢ ¨âïå, ¯®áâ ¢«¥  ®¡®¡é¥ ï § ¤ ç  ¢ ¢¨¤¥ ª¢ §¨¢ à¨ æ¨®®£® ¥à ¢¥áâ¢  ¢ ¡ -
 å®¢®¬ ¯à®áâà áâ¢¥ ¨ ãáâ ®¢«¥  ¥¥ à §à¥è¨¬®áâì. �â¬¥â¨¬, çâ® á®®â¢¥âáâ¢ãîé ï § ¤ ç 
¯à¨ ®âáãâáâ¢¨¨ ¯à¥¯ïâáâ¢¨ï ¡ë«  ¨§ãç¥  ¢ [4].

1. �®â®ç¥ç ï ¨ ¢ à¨ æ¨® ï ä®à¬ã«¨à®¢ª¨ § ¤ ç¨

�¢¥¤¥¬ ¤¥ª àâ®¢ã á¨áâ¥¬ã ª®®à¤¨ â (x1; x2; x3). �ç¨â ¥¬, çâ® ¢ ¥¤¥ä®à¬¨à®¢ ®¬ á®áâ®ï-
¨¨ ®¡®«®çª  ¬®¦¥â ¡ëâì ®¯¨á   ¯®¢¥àå®áâìî �(�) = (�1(�); �2(�); �3(�)), £¤¥ � = (�1; �2) 2 

| « £à ¦¥¢ë ª®®à¤¨ âë, 
 | ®£à ¨ç¥ ï ®¡« áâì ¨§ R2 á ¥¯à¥àë¢®© ¯® �¨¯è¨æã £à -
¨æ¥© �; ¯à¥¤¯®« £ ¥¬, çâ® äãªæ¨ï � ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

� 2 [C1(
)]
3; j[@1�(�); @2�(�)]j � c > 0 8� 2 
: (1)

�¥à¥§ w(�) = (w1(�); w2(�); w3(�)) ®¡®§ ç¨¬ äãªæ¨î, ®¯¨áë¢ îéãî ¯®¢¥àå®áâì ®¡®«®ç-
ª¨ ¢ ¤¥ä®à¬¨à®¢ ®¬ á®áâ®ï¨¨; G(�) = j[@1w(�); @2w(�)]j2 | ¤¨áªà¨¬¨ â ¬¥âà¨ç¥áª®£®
â¥§®à  ¯®¢¥àå®áâ¨ ¤¥ä®à¬¨à®¢ ®© ®¡®«®çª¨.

�¤¥áì ¨á¯®«ì§®¢ ë ®¡®§ ç¥¨ï @k = @=@�k, k = 1; 2; [�; �], (�; �) ¨ j � j| ¢¥ªâ®à®¥, áª «ïà®¥
¯à®¨§¢¥¤¥¨ï ¨ ®à¬  ¢ R3 á®®â¢¥âáâ¢¥®.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(ª®¤ë ¯à®¥ªâ®¢ 01-01-00616, 03-01-00380).
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�à ¢¥¨¥ à ¢®¢¥á¨ï ®¡®«®çª¨,  å®¤ïé¥©áï ¯®¤ ¢®§¤¥©áâ¢¨¥¬ ¢¥è¨å á¨« ¢ ®âáãâáâ¢¨¨
¯à¥¯ïâáâ¢¨ï, ¨¬¥¥â ¢ ¤¥ª àâ®¢®© á¨áâ¥¬¥ ª®®à¤¨ â á«¥¤ãîé¨© ¢¨¤ [5]:

2X
k;m=1

@m(
p
GT km@kw) +

p
GP +

p
GQ = 0; (2)

£¤¥ P , Q | ¢¥ªâ®àë ¯«®â®áâ¨ á®®â¢¥âáâ¢¥® ¯®¢¥àå®áâ®© ¨ ¬ áá®¢®©  £àã§®ª,  | ¯«®â-
®áâì ¬ â¥à¨ «  ®¡®«®çª¨ ¢ ¤¥ä®à¬¨à®¢ ®¬ á®áâ®ï¨¨, T km | ª®¢ à¨ âë¥ ª®¬¯®¥âë
â¥§®à   ¯àï¦¥¨©

T =
2X

k;m=1

T kmRkRm;

Rk(�) = @kw(�), k = 1; 2, | ¢¥ªâ®àë, ®¡à §ãîé¨¥ ª®¢ à¨ âë© «®ª «ìë© ¡ §¨á   ¤¥ä®à¬¨-
à®¢ ®© ¯®¢¥àå®áâ¨.

� «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® à á¯®«®¦¥¨¥ ®¡®«®çª¨ ¢ ¯à®áâà áâ¢¥ ®£à ¨ç¥® ¯à¥¯ïâáâ¢¨¥¬.
�§ ¨¬®¤¥©áâ¢¨¥ ¯à¥¯ïâáâ¢¨ï á ®¡®«®çª®© ãçâ¥¬, ¢¥áï ¢ ãà ¢¥¨¥ (2) ¤®¯®«¨â¥«ìãî ¯®¢¥àå-
®áâãî  £àã§ªã P0 | ¯«®â®áâì á¨«ë à¥ ªæ¨¨ ¯à¥¯ïâáâ¢¨ï:

D(w) +
p
GP0 = 0; (3)

£¤¥ D(w) =
2P

k;m=1
@m(

p
GT km@kw) +

p
GP +

p
GQ. � ª®¥ ¬®¤¥«¨à®¢ ¨¥ ¢§ ¨¬®¤¥©áâ¢¨ï â¥«  á

¯à¥¯ïâáâ¢¨¥¬ ¨á¯®«ì§ã¥âáï ¯à¨ ¯®áâ ®¢ª¥ ª®â ªâëå § ¤ ç ¢ â¥®à¨¨ ã¯àã£®áâ¨ (á¬. [6], [7]).
�â®â ¦¥ ¯®¤å®¤ ¨á¯®«ì§®¢  ¢ [8] ¯à¨ ¨áá«¥¤®¢ ¨¨ áâ æ¨® à®© ®á¥á¨¬¬¥âà¨ç®© § ¤ ç¨ ®¡
í« áâ¨ç®© æ¨«¨¤à¨ç¥áª®© ®¡®«®çª¥, ¢ãâà¨ ª®â®à®© á®¤¥à¦¨âáï â¢¥à¤®¥ â¥«®. � ¬¥â¨¬, çâ®
¨§ ç «ì® äãªæ¨ï P0 ¥¨§¢¥áâ  ¨  àï¤ã á à ¢®¢¥áë¬ ¯®«®¦¥¨¥¬ ®¡®«®çª¨ w ï¢«ï¥âáï
¨áª®¬®©.

�ã¤¥¬ ¯®« £ âì ¢ ¤ «ì¥©è¨å à ááã¦¤¥¨ïå, çâ® ¢å®¤ïé¨¥ ¢ ãà ¢¥¨¥ (3) äãªæ¨¨ ®¡« -
¤ îâ ¥®¡å®¤¨¬®© £« ¤ª®áâìî.

�à¥¤¯®«®¦¨¬, çâ® ¯®¢¥àå®áâì ¯à¥¯ïâáâ¢¨ï § ¤ ¥âáï ¢ ¢¨¤¥ x3 = '(x1; x2), £¤¥ ' |
¥¯à¥àë¢®-¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï, ¨ ®¡®«®çª   å®¤¨âáï \ ¤ ¯à¥¯ïâáâ¢¨¥¬", â. ¥.
�3(�) � '(�1(�); �2(�)), � 2 
. �«ï ã¤®¡áâ¢  ¤ «ì¥©è¥£® ¨§«®¦¥¨ï ¢¢¥¤¥¬ äãªæ¨î F : R3 !
R1 á®®â®è¥¨¥¬ F (x1; x2; x3) = '(x1; x2). �¡®§ ç¨¬ ç¥à¥§ N : R3 ! R3 ¢¥ªâ®à-äãªæ¨î, á¢ï-
§ ãî á ¥¤¨¨ç®© ¢¥è¥© ®à¬ «ìî ª ¯®¢¥àå®áâ¨ ¯à¥¯ïâáâ¢¨ï ¯® ä®à¬ã«¥

N(x) =
�(x)
j�(x)j ; x 2 R3; (4)

£¤¥ � = [�1; �2], �1 = (1; 0; @F =@x1), �2 = (0; 1; @F =@x2). �¢¥¤¥¬ ¬®¦¥áâ¢® ¤®¯ãáâ¨¬ëå ª®-
ä¨£ãà æ¨© ®¡®«®çª¨ M = fv : 
 ! R3, v3(�) � F (v(�)), � 2 
, vj� = �j�g. �ãªæ¨¨ ¨§
¬®¦¥áâ¢  M ®¯¨áë¢ îâ ¯®¢¥àå®áâ¨,  å®¤ïé¨¥áï \ ¤ ¯à¥¯ïâáâ¢¨¥¬" ¨ ã¤®¢«¥â¢®àïîé¨¥
£à ¨ç®¬ã ãá«®¢¨î.

�ã¤¥¬ áç¨â âì ¬ â¥à¨ « ¯à¥¯ïâáâ¢¨ï  ¡á®«îâ® â¢¥à¤ë¬,   ¥£® ¯®¢¥àå®áâì |  ¡á®«îâ-
® £« ¤ª®©, â. ¥. ¯à¥¯ïâáâ¢¨¥ ¯à¨ ¢®§¤¥©áâ¢¨¨   ¥£® ¥ ¤¥ä®à¬¨àã¥âáï ¨ ¯®à®¦¤ ¥â ãá¨«¨ï
â®«ìª® ¢  ¯à ¢«¥¨¨ ¢¥è¥© ®à¬ «¨ ª á¢®¥© ¯®¢¥àå®áâ¨. �®£¤  ¯«®â®áâì á¨«ë à¥ ªæ¨¨
¯à¥¯ïâáâ¢¨ï ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ P0(�) = �(�)N(w(�)), £¤¥ � : 
 ! R | ¥¨§¢¥áâ ï
äãªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬

�(�) �0; � 2 I(w); (5)

�(�) =0; � 2 I�(w): (6)

�¤¥áì I(w) = f� 2 
 : w3(�) = F (w(�))g | â ª  §ë¢ ¥¬®¥ ª®¨æ¨¤¥â®¥ ¬®¦¥áâ¢®, I�(w) =

n I(w). � ¬¥â¨¬, çâ® I�(w) = f� 2 
 : w3(�) > F (w(�))g | ¬®¦¥áâ¢® â¥å â®ç¥ª, £¤¥ ®¡®«®çª 
¥ ª®â ªâ¨àã¥â á ¯à¥¯ïâáâ¢¨¥¬.
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� ª¨¬ ®¡à §®¬, ¯®áâ ®¢ª  § ¤ ç¨ ® à ¢®¢¥á®¬ ¯®«®¦¥¨¨ § ªà¥¯«¥®© ¯® ªà î ¬ï£ª®©
®¡®«®çª¨ ¯®¤ ¢®§¤¥©áâ¢¨¥¬  £àã§ª¨ ¨ ®£à ¨ç¥®© ¢ ¯à®áâà áâ¢¥  ¡á®«îâ® â¢¥à¤ë¬ ¨ £« ¤-
ª¨¬ ¯à¥¯ïâáâ¢¨¥¬ á¢®¤¨âáï ª ¯®¨áªã äãªæ¨© w 2M ¨ �, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (5), (6)
¨ ãà ¢¥¨î

D(w(�)) +
q
G(�)�(�)N(w(�)) = 0; � 2 
: (7)

�¥à¥©¤¥¬ ®â ¯®â®ç¥ç®© ª ¢ à¨ æ¨®®© ä®à¬ã«¨à®¢ª¥ íâ®© § ¤ ç¨. �«ï ¯à®¨§¢®«ì®£®
¯®«®¦¥¨ï ®¡®«®çª¨ u 2M ®¯à¥¤¥«¨¬ ¬®¦¥áâ¢® ¤®¯ãáâ¨¬ëå  ¯à ¢«¥¨©, ¤®áâ â®ç® ¬ «ë©
á¤¢¨£ ¯® ª®â®àë¬ ¨§ u ¯à¨ ¤«¥¦¨â M ,

M(u) = fv : 
! R3; 9tv > 0; 8t 2 [0; tv]; u+ tv 2Mg:
�¬®¦¨¬ áª «ïà® ãà ¢¥¨¥ (7)   ¯à®¨§¢®«ìãî äãªæ¨î � ¨§ ¬®¦¥áâ¢  M(w) ¨ § â¥¬
¯à®¨â¥£à¨àã¥¬ ¯® ¬®¦¥áâ¢ã 
Z




(D(w); �)d�+
Z



(
p
G�N(w); �)d� = 0: (8)

�«ï � 2 I�(w) ¨§ (6) á«¥¤ã¥â

(
p
G�N(w); �) = 0: (9)

�«ï � 2 I(w), ¯®áª®«ìªã � 2 M(w) (¨, § ç¨â, w + t� 2 M ¤«ï t 2 [0; t�]), ¨¬¥¥¬ F (w) + t�3 =
w3 + t�3 � F (w + t�), ®âªã¤  ¯®«ãç ¥¬

t�3 � F (w + t�)� F (w) = t(�;rF (w)) + o(t): (10)

� §¤¥«¨¢ ¥à ¢¥áâ¢® (10)   t > 0 ¨ ¯¥à¥å®¤ï ¯à¨ ä¨ªá¨à®¢ ®¬ � 2 I(w) ª ¯à¥¤¥«ã ¯à¨
t ! +0, ¯®«ãç ¥¬ ¥à ¢¥áâ¢® ([�1; �2]; �) = �3 � (�;rF (w)) � 0. �§ íâ®£® ¥à ¢¥áâ¢  á ãç¥â®¬
(4) ¢ëâ¥ª ¥â

(
p
G�N(w); �) � 0; � 2 I(w): (11)

� ª¨¬ ®¡à §®¬, ¨§ (8), (9), (11) á«¥¤ã¥â, çâ® ¥á«¨ w | à¥è¥¨¥ § ¤ ç¨ (7), â® ¢ë¯®«¥®
¥à ¢¥áâ¢® Z



(D(w(�)); �(�))d� � 0 8� 2M(w): (12)

�®¤ ¢ à¨ æ¨®®© ¯®áâ ®¢ª®© íâ®© § ¤ ç¨ ¡ã¤¥¬ ¯®¨¬ âì á«¥¤ãîé¥¥:  ©â¨ äãªæ¨î w ¨§
¬®¦¥áâ¢  M , ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î (12). �à¥¤ë¤ãé¨¥ à ááã¦¤¥¨ï ¯®ª § «¨, çâ® ¥á«¨
äãªæ¨ï w ï¢«ï¥âáï à¥è¥¨¥¬ ¯®â®ç¥ç®© § ¤ ç¨ (7), â® ®  ï¢«ï¥âáï à¥è¥¨¥¬ ¨ ¢ à¨ æ¨-
®®© § ¤ ç¨. �¡à â®, ¯ãáâì äãªæ¨ï w ¨§ M ã¤®¢«¥â¢®àï¥â ¢ à¨ æ¨®®¬ã ãá«®¢¨î (12).
�¯à¥¤¥«¨¬ äãªæ¨î � á®®â®è¥¨¥¬

�(�) =
jD(w(�))j

j[@1w(�); @2w(�)]j ; � 2 
: (13)

�®ª ¦¥¬, çâ® ¤«ï äãªæ¨© w ¨ � ¢ë¯®«¥ë ãà ¢¥¨¥ (7) ¨ ãá«®¢¨ï (5), (6). �¡¥¤¨¬áï,
çâ®

D(w(�)) = �jD(w(�))jN(w(�)) ¤«ï � 2 I(w): (14)

�®¯ãáâ¨¬, çâ®  è« áì â®çª  �� 2 I(w), ¢ ª®â®à®© ¥ ¢ë¯®«¥® ãá«®¢¨¥ (14). �¯à¥¤¥«¨¬
¢¥ªâ®à g = (g1; g2; g3) à ¢¥áâ¢®¬

g =
D(w�)=jD(w�)j+N(w�)
jD(w�)=jD(w�)j+N(w�)j ; £¤¥ w� = w(��):
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�â®â ¥¤¨¨çë© ¢¥ªâ®à ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬

(g;D(w�)=jD(w�)j) > 0; (g;N(w�)) > 0: (15)

�¥©áâ¢¨â¥«ì®, ¤«ï «î¡ëå ¤¢ãå ¥¤¨¨çëå ¢¥ªâ®à®¢ a, b â ª¨å, çâ® ¢ë¯®«¥® ãá«®¢¨¥ a 6= �b,
¢¥à® ¥à ¢¥áâ¢® (a; b) > �1. Eá«¨ c = (a+ b)=ja+ bj, â® (a; c) > 0, (b; c) > 0, ¯®áª®«ìªã

(a; c) =
(a; a+ b)
ja+ bj =

1 + (a; b)
ja+ bj = (b; c) > 0:

�¥¢ë¥ ç áâ¨ ¥à ¢¥áâ¢ (15) ¯® ¯à¥¤¯®«®¦¥¨î, á¤¥« ®¬ã ¢ëè¥, ¥¯à¥àë¢ë,   § ç¨â,  ©-
¤ãâáï â ª¨¥ �; "0 > 0, çâ®

(g;D(w(�))) > �; � 2 B"0(�
�); (16)

(g;N(w(�)))j�(w(�))j > �; � 2 B"0(�
�); (17)

£¤¥ B"(�) = f� 2 R2 : j� ��j � "g. � «¥¥, ¤«ï " > 0 ¢¢¥¤¥¬ äãªæ¨î !" 2 C1(R2) á® á¢®©áâ¢ ¬¨
(á¬.,  ¯à., [9], á. 89)

0 � !"(�) � 1; !"(�) = 1; � 2 B"=3(0); !"(�) = 0; � =2 B"(0);

¨ ®¯à¥¤¥«¨¬ ¢¥ªâ®à-äãªæ¨î �(�) = "!"(� � ��)g, � 2 
. �áâ ®¢¨¬, çâ® � 2 M(w) ¤«ï ¤®-
áâ â®ç® ¬ «ëå " > 0. �à¨ «î¡ëå t 2 [0; 1], ¨á¯®«ì§ãï à §«®¦¥¨¥ ¢ àï¤ �¥©«®à  äãªæ¨¨ F ,
¨¬¥¥¬

w3(�) + t�3(�)� F (w(�) + t�(�)) = w3(�) + t"!"(�� ��)g3 �
� (F (w(�)) + t"!"(�� ��)(g;rF (w(�))) + c(�)(t"!"(�� ��))2) =

= w3(�)� F (w(�)) + t"!"(�� ��)((N(w(�)); g)j�(w(�))j � c(�)t"!"(�� ��)); (18)

£¤¥ c(�) = (r2F (x(�))g; g), x(�) = w(�)+ �(�)�(�), �(�) 2 [0; 1]. �à¥¤¯®« £ ï, çâ® jc(�)j � c0 ¯à¨
� 2 B"(��), ¨§ (17) ¤«ï " � minf"0, �=(2c0)g ¯®«ãç ¥¬

(N(w(�)); g)j�(w(�))j � c(�)t"!"(�� ��) � � � c0�=(2c0) = �=2 > 0:

�«ï � =2 B"(��) ¨¬¥¥¬ !"(�� ��) = 0,   § ç¨â,

t"!"(�� ��)((N(w(�)); g)j�(w(�))j � c(�)t"!"(�� ��)) = 0:

� ª¨¬ ®¡à §®¬, ¯®áª®«ìªã w 2M (â. ¥. w3(�) � F (w(�))), â® ¨§ (18) á«¥¤ã¥â, çâ® ¯à¨ t 2 [0; 1]

w3(�) + t�3(�) � F (w(�) + t�(�)) � 0; � 2 
;

¨ ¯®íâ®¬ã � 2 M(w). �«ï ¯®áâà®¥®© äãªæ¨¨ �, ¯®«ì§ãïáì (16) ¨ á¢®©áâ¢ ¬¨ äãªæ¨¨ !",
¨¬¥¥¬Z




(D(w(�)); �(�))d� =
Z
B"(��)\


"!"(�� ��)(D(w(�)); g)d� �

� �"

Z
B"=3(��)\


!"(�� ��)d� = �"mes(B"=3(�
�)
\

) > 0; (19)

çâ® ¯à®â¨¢®à¥ç¨â (12). �¯à ¢¥¤«¨¢®áâì (14) â¥¬ á ¬ë¬ ãáâ ®¢«¥ .
� «¥¥ ¤®ª ¦¥¬ à ¢¥áâ¢®

D(w(�)) = 0 ¤«ï � 2 I�(w): (20)

�à¥¤¯®«®¦¨¬, çâ®  è« áì â®çª  �� 2 I�(w), ¢ ª®â®à®© ¥ ¢ë¯®«¥® ãá«®¢¨¥ (20). �®«®¦¨¬
g = D(w�)=jD(w�)j, â®£¤   ©¤ãâáï â ª¨¥ �; "0 > 0, çâ® ¢ë¯®«¥® (16). �®áª®«ìªã �� 2 I�(w),
â® w3(��) > F (w(��)), ¨ ¢ á¨«ã ¥¯à¥àë¢®áâ¨ äãªæ¨© w, F ,  ©¤¥âáï ®ªà¥áâ®áâì â®çª¨ ��, ¢
ª®â®à®©

w3(�) � F (w(�)) � �1 > 0:
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�®«ì§ãïáì ¯®á«¥¤¨¬ ¥à ¢¥áâ¢®¬ ¨ (18), ¯®«ãç ¥¬, çâ® äãªæ¨ï � = "!"g ¯à¨ ¤«¥¦¨âM(w),
¨ ¤«ï ¥¥ ¢ë¯®«¥® ¥à ¢¥áâ¢® (19). �®«ãç¥® ¯à®â¨¢®à¥ç¨¥ á (12) ¨ â¥¬ á ¬ë¬ ãáâ ®¢«¥®
à ¢¥áâ¢® (20).

�§ à ¢¥áâ¢ (13), (14) ¨ (20) á«¥¤ã¥â, çâ® äãªæ¨¨ w ¨ � ã¤®¢«¥â¢®àïîâ ãà ¢¥¨î (7) ¨
ãá«®¢¨ï¬ (5), (6). � ª¨¬ ®¡à §®¬, ¯®â®ç¥ç ï ¨ ¢ à¨ æ¨® ï ä®à¬ã«¨à®¢ª¨ § ¤ ç¨ (7), (12)
íª¢¨¢ «¥âë.

� à áá¬®âà¥ëå § ¤ ç å ¥¨§¢¥áâ ï äãªæ¨ï w ®¯¨áë¢ ¥â à ¢®¢¥á®¥ ¯®«®¦¥¨¥ ®¡®-
«®çª¨. �ä®à¬ã«¨àã¥¬ § ¤ çã ®â®á¨â¥«ì® ¯¥à¥¬¥é¥¨© u ®¡®«®çª¨ ¨§ ¨§¢¥áâ®£® ¯¥à¢® -
ç «ì®£® ¯®«®¦¥¨ï �. �¢¥¤¥¬ ¬®¦¥áâ¢ 

K = fv : 
! R3; vj� = 0; �3 + v3 � F (� + v); � 2 
g; (21)

K(u) = fv 2 K : 8t 2 [0; 1]; u+ t(v � u) 2 Kg: (22)

�®£¤  ¢ à¨ æ¨® ï § ¤ ç  ®â®á¨â¥«ì® ¯¥à¥¬¥é¥¨© ®¡®«®çª¨ á¢®¤¨âáï ª á«¥¤ãîé¥©:  ©â¨
äãªæ¨î u ¨§ ¬®¦¥áâ¢  K, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î

Z



(D(�(�) + u(�)); v(�) � u(�))d� � 0 8v 2 K(u): (23)

�®ª ¦¥¬, çâ® § ¤ ç¨ (12) ¨ (23) íª¢¨¢ «¥âë. �¥©áâ¢¨â¥«ì®, ¯ãáâì u ã¤®¢«¥â¢®àï¥â § ¤ ç¥
(23), â®£¤  à ¢®¢¥á®¥ ¯®«®¦¥¨¥ ®¡®«®çª¨ ®¯à¥¤¥«¥® äãªæ¨¥© w = � + u. �ë¡¥à¥¬ ¯à®¨§-
¢®«ìãî � ¨§ M(w), â®£¤  v = u+ t�� ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã K(u), ¨ ¨§ (23) ¯®«ãç ¥¬, çâ® w
ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (12). � «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ® ¥á«¨ w| à¥è¥¨¥ ¢ à¨ æ¨®®©
§ ¤ ç¨ (12), â® u = w � � | à¥è¥¨¥ (23).

� ¬¥â¨¬, çâ® ¥á«¨ ¬®¦¥áâ¢® K ¢ë¯ãª«®¥, â® K(u) = K ¤«ï «î¡®£® u ¨§ K, ¨ ª¢ §¨¢ à¨-
 æ¨®®¥ ¥à ¢¥áâ¢® (23) áâ ®¢¨âáï ¢ à¨ æ¨®ë¬. �®¦¥áâ¢® K ï¢«ï¥âáï ¢ë¯ãª«ë¬, ¥á«¨
äãªæ¨ï ', ®¯¨áë¢ îé ï ¯®¢¥àå®áâì ¯à¥¯ïâáâ¢¨ï, ¢ë¯ãª«  ¢® ¢¢¥¤¥®© ¤¥ª àâ®¢®© á¨áâ¥¬¥
ª®®à¤¨ â.

2. �ãé¥áâ¢®¢ ¨¥ à¥è¥¨ï ®¡®¡é¥®© § ¤ ç¨ ¤«ï á¥âç â®© ®¡®«®çª¨

� áá¬®âà¨¬ ®¡®¡é¥ãî § ¤ çã ¢ ¯¥à¥¬¥é¥¨ïå ®¡ ®¯à¥¤¥«¥¨¨ ¯®«®¦¥¨ï à ¢®¢¥á¨ï ¬ï£-
ª®© á¥âç â®© ®¡®«®çª¨, § ªà¥¯«¥®© ¯® ªà ï¬,  å®¤ïé¥©áï ¯®¤ ¢®§¤¥©áâ¢¨¥¬ ¬ áá®¢ëå á¨«,
®£à ¨ç¥®© ¯à¥¯ïâáâ¢¨¥¬, ¨ ãáâ ®¢¨¬ áãé¥áâ¢®¢ ¨¥ à¥è¥¨ï íâ®© § ¤ ç¨.

�®¤ á¥âç â®© ¯®¨¬ ¥âáï ®¡®«®çª , á¨«®¢®© ®á®¢®© ª®â®à®© ï¢«ï¥âáï á¥âª , ®¡à §®¢  ï
¤¢ã¬ï á¨áâ¥¬ ¬¨ ¢§ ¨¬® ¯¥à¥ªà¥é¨¢ îé¨åáï,  ¡á®«îâ® £¨¡ª¨å ã¯àã£¨å ¨â¥©. �à¥¤¯®« -
£ ¥âáï, çâ® ã§«ë á¥â¨ ä¨ªá¨à®¢ ë, ¬ â¥à¨ «, § ¯®«ïîé¨© ¯à®¬¥¦ãâª¨ ¬¥¦¤ã ¨âï¬¨, ¥
á®¯à®â¨¢«ï¥âáï ¤¥ä®à¬ æ¨¨, ¨ ¨ ¢  ç «ì®¬ á®áâ®ï¨¨, ¨ ¢ ¯à®æ¥áá¥ ¤¥ä®à¬ æ¨¨ á®á¥¤¨¥
¨â¨ ¥ á®¯à¨ª á îâáï. �ç¥©ª¨ á¥â¨ áç¨â îâáï ¬ «ë¬¨ ¨ ¥ á®¯à®â¨¢«ïîé¨¬¨áï á¤¢¨£®¢ë¬
¤¥ä®à¬ æ¨ï¬. �¥ä®à¬ æ¨¨ ¨ ¯¥à¥¬¥é¥¨ï ¤®¯ãáª îâáï ª®¥çë¬¨.

� £à ¦¥¢ë ª®®à¤¨ âë (�1; �2) ¢ë¡¥à¥¬ â ª, çâ® ª®®à¤¨ âë¥ «¨¨¨ áâ ãâ á® ¯à ¢«¥-
ë á ¨âï¬¨, ®¡à §ãîé¨¬¨ ®¡®«®çªã; äãªæ¨ï � ¯®-¯à¥¦¥¬ã ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (1).

�¢¥¤¥¬ â ª¦¥ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï (¤«ï k = 1; 2): k� = 3 � k; gk = j@k�j, Gk = j@kwj |
¯ à ¬¥âàë � ¬¥ ¯®¢¥àå®áâ¨ ¥¤¥ä®à¬¨à®¢ ®© ¨ ¤¥ä®à¬¨à®¢ ®© ®¡®«®çª¨ á®®â¢¥âáâ¢¥-
®; R1; R2 | ¢¥ªâ®àë, ®¡à §ãîé¨¥ ª®âà ¢ à¨ âë© «®ª «ìë© ¡ §¨á   ¤¥ä®à¬¨à®¢ ®©
¯®¢¥àå®áâ¨: (Rk; R

m) = �km.
�¡®§ ç¨¬ ç¥à¥§ Fk ¢ãâà¥îî á¨«ã, ¤¥©áâ¢ãîéãî   ¥¤¨¨æã ¤«¨ë �k

�

-© ª®®à¤¨ â®©
«¨¨¨ (�k = const) ¤¥ä®à¬¨à®¢ ®© ®¡®«®çª¨, á â®© áâ®à®ë ®¡®«®çª¨, ªã¤   ¯à ¢«¥ ¢¥ªâ®à
Rk (k = 1; 2), ç¥à¥§ F km | ª®íää¨æ¨¥âë à §«®¦¥¨ï íâ®© ¯«®â®áâ¨ á¨« ¯® ¥¤¨¨çë¬ ¢¥ª-

â®à ¬ «®ª «ì®£® ¡ §¨á  Fk =
2P

m=1
F kmRm=Gm. �®£¤  ª®¬¯®¥âë â¥§®à   ¯àï¦¥¨© á¢ï§ ë

á ¯®£®ë¬¨ ãá¨«¨ï¬¨ F km á®®â®è¥¨ï¬¨ [5]
p
GT km = F kmGk�=Gm.

49



�«ï á¥âç â®© ®¡®«®çª¨ ¢ á¨«ã â®£®, çâ® ¢ ¢ë¡à ®© « £à ¦¥¢®© á¨áâ¥¬¥ ª®®à¤¨ â  ¯à -
¢«¥¨ï ®á¥© á®¢¯ ¤ îâ á  ¯à ¢«¥¨ï¬¨ ¨â¥©, ¨¬¥¥¬ (á¬. [5], [10]) F 12 = F 21 = 0 (â. ¥. ïç¥©ª 
á¥â¨ ¥ ®ª §ë¢ ¥â á®¯à®â¨¢«¥¨ï ¯®¢®à®âã ¨â¥© ¢ ã§« å áªà¥¯«¥¨ï), F kk = Nk(�k)�kgk�=Gk� ,
£¤¥ �k = Gk=gk | ®â®á¨â¥«ìë¥ áâ¥¯¥¨ ã¤«¨¥¨ï.

�¤¥áì N1; N2 : R+ ! R+ | äãªæ¨¨, å à ªâ¥à¨§ãîé¨¥ ä¨§¨ç¥áª¨¥ á¢®©áâ¢  ¨â¥©,
�k : 
! R+ | ª®«¨ç¥áâ¢® ¨â¥©, á® ¯à ¢«¥ëå á �k-© ª®®à¤¨ â®© ®áìî,   ¥¤¨¨æã ¤«¨ë
�k

�

-© ª®®à¤¨ â®© ®á¨ ¢ ¥¤¥ä®à¬¨à®¢ ®¬ á®áâ®ï¨¨. �â¨ äãªæ¨¨ ®¯à¥¤¥«¥ë ª®áâàãª-
æ¨¥© á¥âç â®© ®¡®«®çª¨, ¨ ®â®á¨â¥«ì® ¨å áç¨â ¥¬ ¢ë¯®«¥ë¬¨ ãá«®¢¨ï

Nk 2 C0(R+); (24)

Nk(t) = 0 ¯à¨ t � 1 (25)

(â. ¥. ¨â¨ ¥ ¢®á¯à¨¨¬ îâ á¦¨¬ îé¨å ãá¨«¨©),

Nk(t) > Nk(s) ¯à¨ t > s � 1; (26)

áãé¥áâ¢ãîâ c; c0; c1; C > 0, p > 1 â ª¨¥, çâ® ¯à¨ t � 0

c0t
p � c1 � Nk(t)t � Ctp; (27)

�k 2 C0(
); (28)

�k(�) � c > 0 8� 2 
: (29)

� ¬¥â¨¬, çâ®, ¢®®¡é¥ £®¢®àï,  ¯à ¢«¥¨ï Rk ¥ ï¢«ïîâáï £« ¢ë¬¨ ¤«ï â¥§®à  T, å®âï
á¬¥è ë¥ ª®¬¯®¥âë T km (k 6= m) ¨ à ¢ë ã«î.

�«®â®áâì ¬ áá®¢ëå á¨« Q : 
 ! R3 áç¨â ¥¬ ¨§¢¥áâ®©. � á¨«ã § ª®  á®åà ¥¨ï ¬ ááë
¨¬¥¥¬

p
G = j[@1�(�); @2�(�)]j �, £¤¥ �

 : 
! R1 | § ¤  ï ¯«®â®áâì ¬ â¥à¨ «  ¥¤¥ä®à¬¨à®-
¢ ®© ®¡®«®çª¨. �â®á¨â¥«ì® Q ¨

�

 áç¨â ¥¬ ¢ë¯®«¥ë¬¨ ãá«®¢¨ï Q 2 [C(
)]3,
�

 2 C(
),
�

(�) � c > 0 8� 2 
. �®¢¥àå®áâ ï  £àã§ª  ¯à¥¤¯®« £ ¥âáï à ¢®© ã«î: P = 0.
� ª¨¬ ®¡à §®¬, ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥

D(w) =
2X

k=1

@k

�
Nk(j@kwj=gk)

j@kwj �kgk�@kw

�
+ j[@1�; @2�]j�Q:

�¢¥¤¥¬ ¯à®áâà áâ¢® V = [
�

W 1
p (
)]

3 (£¤¥ p > 1 | ¯ à ¬¥âà ¨§ ãá«®¢¨ï (27)), ®¡®§ ç¨¬ ç¥à¥§
h�; �i | ®â®è¥¨¥ ¤¢®©áâ¢¥®áâ¨ ¬¥¦¤ã V � ¨ V , £¤¥ V � | ¯à®áâà áâ¢®, á®¯àï¦¥®¥ ª V .

�â®ç¨¬ ¤«ï à áá¬ âà¨¢ ¥¬®£® á«ãç ï á¥âç â®© ®¡®«®çª¨ ®¯à¥¤¥«¥¨¥ ¬®¦¥áâ¢ (21), (22)

K = fv 2 V : �3(�) + v3(�) � F (�(�) + v(�)) ¯®çâ¨ ¢áî¤ã   
g;
K(u) = fv 2 K : 8t 2 [0; 1]; u+ t(v � u) 2 Kg:

�®¤ à¥è¥¨¥¬ ®¡®¡é¥®© § ¤ ç¨ (23) ¡ã¤¥¬ ¯®¨¬ âì â ªãî äãªæ¨î u 2 K, çâ® ¤«ï
«î¡®£® v 2 K(u) á¯à ¢¥¤«¨¢® ¨â¥£à «ì®¥ ¥à ¢¥áâ¢®

2X
k=1

Z



Nk(j@k(� + u)j=gk)
j@k(� + u)j �kgk�(@k(� + u); @k(v � u))d� �

Z



(j[@1�; @2�]j�Q; v � u)d�: (30)

� ¤ ¤¨¬ ®¯¥à â®àë Ak : V ! V � ¨ äãªæ¨® « f 2 V � ä®à¬ ¬¨

hAku; vi =
Z



Nk(j@k(� + u)j=gk)
j@k(� + u)j �kgk�(@k(� + u); @kv)d�; k = 1; 2;

hf; vi =
Z


(j[@1�; @2�]j�Q; v)d�:
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�¡¥¤¨¬áï ¢ ª®àà¥ªâ®áâ¨ ®¯à¥¤¥«¥¨©. �§ ãá«®¢¨© (1) á«¥¤ã¥â

C � gk(�) � c > 0 8� 2 
: (31)

�§ (27), ãç¨âë¢ ï (28), (31), ¯®«ãç ¥¬ ®æ¥ªã

Nk(j@kuj=gk)�kgk� � Cj@kujp�1; � 2 
:

�§ ¥¥ ¯®«ãç ¥¬ ª®àà¥ªâ®áâì ®¯à¥¤¥«¥¨ï ®¯¥à â®à  Ak

jhAku; vij � C

Z



j@k(u+ �)jp�1j@kvjd� �

� Ck@k(u+ �)kp�1Lp
k@kvkLp � C(kukV + k@k�kLp)p�1kvkV :

�ãáâì A = A1 +A2. � ãç¥â®¬ ¢¢¥¤¥ëå ®¡®§ ç¥¨© ®¡®¡é¥ ï § ¤ ç  (30) íª¢¨¢ «¥â 
ª¢ §¨¢ à¨ æ¨®®¬ã ¥à ¢¥áâ¢ã:  ©â¨ u ¨§ ¬®¦¥áâ¢  K, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î

hA(u); v � ui � hf; v � ui 8v 2 K(u): (32)

�¥®à¥¬ . � ¤ ç  (32) ¨¬¥¥â à¥è¥¨¥.

�®ª § â¥«ìáâ¢®. �«ï à¥ä«¥ªá¨¢®£® ¡  å®¢  ¯à®áâà áâ¢  V ¯®   «®£¨¨ á [4] ¨§ ãá«®¢¨©
(24){(29) ¯®«ãç ¥¬, çâ® ®¯¥à â®àë Ak, k = 1; 2, ï¢«ïîâáï ¬®®â®ë¬¨, ¤¥¬¨¥¯à¥àë¢ë¬¨
¨ ª®íàæ¨â¨¢ë¬¨,   ¯®   «®£¨¨ á [11] ãáâ  ¢«¨¢ ¥âáï ¯®â¥æ¨ «ì®áâì ®¯¥à â®à  Ak. �£®
¯®â¥æ¨ «®¬ ï¢«ï¥âáï äãªæ¨® « �k : V ! R1

�k(v) =
Z


Ik(j@k(� + v)j=gk)�kgk�gkd�; £¤¥ Ik(t) =

Z t

0
Nk(t)dt:

�¯à¥¤¥«¨¬ äãªæ¨® « �(v) = �1(v)+�2(v)�hf; vi, v 2 V . � á¨«ã ¢ëè¥áª § ®£® � ï¢«ï¥âáï
á« ¡® ¯®«ã¥¯à¥àë¢ë¬ á¨§ã, ª®íàæ¨â¨¢ë¬ äãªæ¨® «®¬, ¨ �0(v) = Av � f .

�®ª ¦¥¬ â¥¯¥àì á« ¡ãî § ¬ªãâ®áâì ¬®¦¥áâ¢ K. �ãáâì ¯®á«¥¤®¢ â¥«ì®áâì fv(i)g1i=0, ¯à¨-
 ¤«¥¦ é ï ¬®¦¥áâ¢ã K, á« ¡® áå®¤¨âáï ª v ¢ ¯à®áâà áâ¢¥ V . �§ ª®¬¯ ªâ®áâ¨ ¢«®¦¥¨ï
¯à®áâà áâ¢  W 1

p (
) ¢ L1(
) á«¥¤ã¥â, çâ® ¯®á«¥¤®¢ â¥«ì®áâì fv(i)g1i=0 áå®¤¨âáï á¨«ì® ª v ¢
¯à®áâà áâ¢¥ [L1(
)]3,   § ç¨â,  ©¤¥âáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì, áå®¤ïé ïáï ¯®çâ¨ ¢áî¤ã ª v.
�®íâ®¬ã v ¯à¨ ¤«¥¦¨â K.

�§ ãáâ ®¢«¥ëå ¢ëè¥ á¢®©áâ¢ äãªæ¨® «  �, ¬®¦¥áâ¢  K ¨ ¯à®áâà áâ¢  V á«¥¤ã¥â
¯® â¥®à¥¬¥ �¥©¥àèâà áá  [12] áãé¥áâ¢®¢ ¨¥ à¥è¥¨ï § ¤ ç¨ ¬¨¨¬¨§ æ¨¨ äãªæ¨® «  �  
¬®¦¥áâ¢¥ K. �ãáâì u | à¥è¥¨¥ íâ®© § ¤ ç¨

�(u) = min
v2�

�(v):

�®ª ¦¥¬, çâ® u ï¢«ï¥âáï à¥è¥¨¥¬ ª¢ §¨¢ à¨ æ¨®®£® ¥à ¢¥áâ¢  (32). �ãáâì v|¯à®¨§¢®«ì-
ë© í«¥¬¥â ¬®¦¥áâ¢  K(u). �§ ®¯à¥¤¥«¥¨ï ¬®¦¥áâ¢  K(u) á«¥¤ã¥â, çâ® u + t(v � u) 2 K
¤«ï ¢á¥å t 2 [0; 1]. �«¥¬¥â u ï¢«ï¥âáï â®çª®© ¬¨¨¬ã¬  �   ¬®¦¥áâ¢¥ K, § ç¨â,

�(u+ t(v � u)) � �(u); t 2 [0; 1]: (33)

� á¨«ã ¤¨ää¥à¥æ¨àã¥¬®áâ¨ � ¨¬¥¥¬

�(u+ t(v � u))� �(u) = th�0(u+ �tt(v � u)); v � ui; £¤¥ 0 � �t � 1;

á«¥¤®¢ â¥«ì®, ¨§ (33) ¯®«ãç ¥¬

hA(u+ �tt(v � u))� f; v � ui � 0:

�áâà¥¬«ïï t ª ã«î ¨ ãç¨âë¢ ï ¤¥¬¨¥¯à¥àë¢®áâì ®¯¥à â®à  A, ¯®«ãç ¥¬ ¥à ¢¥áâ¢® (32).
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