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� ¤ ­­®© áâ âì¥ ¤®ª § ­ë â¥®à¥¬ë £« ¤ª®áâ¨ ¨ ¯®«ãç¥­ë  ¯à¨®à­ë¥ ®æ¥­ª¨ ¢ ¢¥á®¢ëå ¯à®-
áâà ­áâ¢ å �®¡®«¥¢  à¥è¥­¨ï ¢ëà®¦¤ îé¥£®áï ­  ç áâ¨ £à ­¨æë ¬®¤¥«ì­®£® ãà ¢­¥­¨ï í««¨-
¯â¨ç¥áª®£® â¨¯ 

� @m(x
�
mamm@mu)� x�m

X
i;j<m

@i(aij@ju) = f (1)

(@i | ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® xi) ¢ æ¨«¨­¤à¨ç¥áª®© ®¡« áâ¨ 
 = 
0 � (0; 1) � Rm á £à ­¨ç­ë¬¨
ãá«®¢¨ï¬¨

x�mamm@mu = 0 ­  �; u = 0 ­  @
 n �: (2)

�¤¥áì 
0 | ®¡« áâì ¢ Rm�1 á ¤®áâ â®ç­® £« ¤ª®© £à ­¨æ¥©, ¯ à ¬¥âàë �, � ®¯à¥¤¥«ïîâ áâ¥¯¥­¨
á¨­£ã«ïà­®áâ¨ (¢ëà®¦¤¥­¨ï ¯à¨ ¯®«®¦¨â¥«ì­ëå §­ ç¥­¨ïå, ­¥®£à ­¨ç¥­­®áâ¨ ¯à¨ ®âà¨æ â¥«ì-
­ëå) ª®íää¨æ¨¥­â®¢ ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  ¢ ®ªà¥áâ­®áâ¨ � = fx = (x1; x2; : : : ; xm) 2

 : xm = 0g; ª®íää¨æ¨¥­âë aij(x) ¤®áâ â®ç­® £« ¤ª¨¥ ¨ ®¡à §ãîâ ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ãî
¬ âà¨æã ¯à¨ ª ¦¤®¬ x 2 
 (¡®«¥¥ â®ç­® ãá«®¢¨ï ­  ª®íää¨æ¨¥­âë ¡ã¤ãâ áä®à¬ã«¨à®¢ ­ë ¢
à §¤¥«¥ 4).

�« ¤ª®áâì à¥è¥­¨ï ¢ëà®¦¤ îé¥£®áï ãà ¢­¥­¨ï ¤«ï £à ­¨ç­ëå ãá«®¢¨© �¨à¨å«¥ ¢ ¢¥á®¢ëå
­®à¬ å ¯à®áâà ­áâ¢ �®¡®«¥¢  à áá¬ âà¨¢ « áì ¢ [1], [2]. �â¬¥â¨¬, çâ® ¯®¢¥¤¥­¨¥ à¥è¥­¨ï ¢ëà®-
¦¤ îé¥£®áï ãà ¢­¥­¨ï áãé¥áâ¢¥­­ë¬ ®¡à §®¬ § ¢¨á¨â ®â â¨¯  £à ­¨ç­ëå ãá«®¢¨©, § ¤ ¢ ¥¬ëå
¢ â®çª å ¢ëà®¦¤¥­¨ï ª®íää¨æ¨¥­â®¢ ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à . � ª, ¢ [3] ¡ë«® ¤®ª § ­®,
çâ® ¢ á«ãç ¥ ãá«®¢¨© �¨à¨å«¥ à¥è¥­¨¥ ¢ ®ªà¥áâ­®áâ¨ â®ç¥ª ¢ëà®¦¤¥­¨ï ¨¬¥¥â ¯®£à ­á«®©,
®¯à¥¤¥«ï¥¬ë© áâ¥¯¥­ìî ¢ëà®¦¤¥­¨ï ª®íää¨æ¨¥­â®¢, ¯à¨ «î¡®© áª®«ì ã£®¤­® £« ¤ª®© ¯à ¢®©
ç áâ¨. � ¬ ¦¥ ãáâ ­®¢«¥­®, çâ® íâ®â ¯®£à ­á«®© ¬®¦­® ä ªâ®à¨§®¢ âì, ¯à¥¤áâ ¢¨¢ ¥£® ¢ ¢¨¤¥
¯à®¨§¢¥¤¥­¨ï ¨§¢¥áâ­®© á¨­£ã«ïà­®© äã­ªæ¨¨ ¨ £« ¤ª®©, çâ® ¯®§¢®«ï¥â áâà®¨âì, ­¥á¬®âàï ­ 
­¥à¥£ã«ïà­®áâì ¤ ­­ëå, íää¥ªâ¨¢­ë¥ ª®­¥ç­®-í«¥¬¥­â­ë¥ áå¥¬ë ç¨á«¥­­®£® à¥è¥­¨ï § ¤ ç¨
[4]. � ç¥áâ¢¥­­® ¨­ ï ª àâ¨­  ¨¬¥¥â ¬¥áâ® ¢ á«ãç ¥ ãá«®¢¨© �¥©¬ ­  ­  �. �¬¥­­®, ¢ à ¡®-
â¥ ¯®ª § ­®, çâ® ¢ íâ®¬ á«ãç ¥ à¥è¥­¨¥ ¢ ®ªà¥áâ­®áâ¨ � à¥£ã«ïà­® ¨ ¥£® ¤¨ää¥à¥­æ¨ «ì­®-
¨­â¥£à «ì­ë¥ á¢®©áâ¢  ¢ §­ ç¨â¥«ì­®© áâ¥¯¥­¨ ®¯à¥¤¥«ïîâáï á®®â¢¥âáâ¢ãîé¨¬¨ á¢®©áâ¢ ¬¨
¯à ¢®© ç áâ¨,   ­¥ ¢ëà®¦¤¥­¨¥¬ ª®íää¨æ¨¥­â®¢ ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à .

�«ï ¨áá«¥¤®¢ ­¨ï £« ¤ª®áâ¨ à¥è¥­¨ï ¨á¯®«ì§ã¥âáï ¤¨ää¥à¥­æ¨ «ì­®-®¯¥à â®à­ë© ¯®¤å®¤
(á¬. [5]{[8],   â ª¦¥ [3]): § ¤ ç  (1), (2) à áá¬ âà¨¢ ¥âáï ª ª ¤¢ãåâ®ç¥ç­ ï £à ­¨ç­ ï § ¤ ç 
¢¨¤ 

�Dt�aDu+ t�bu = f ¢ (0; 1); t�aDu(0) = 0; u(1) = 0;

¯® ¢ë¤¥«¥­­®© ¯¥à¥¬¥­­®© t = xm 2 (0; 1) ¢ ¡¥áª®­¥ç­®¬¥à­®¬ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ äã­ª-
æ¨© ¯¥à¥¬¥­­®© x0 = (x1; x2; : : : ; xm�1) 2 
0 á ®¯¥à â®à­ë¬¨ ª®íää¨æ¨¥­â ¬¨ a(t), b(t) ¢ íâ®¬

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­âë òò03-01-00380, 04-01-0821, ¨ �¨­¨áâ¥àáâ¢  ®¡à §®¢ ­¨ï, £à ­â òE02-1.0-189.
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¯à®áâà ­áâ¢¥. � ª¨¬ ®¡à §®¬, à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¯à¥¤áâ ¢«ï¥âáï í«¥¬¥­â®¬ â¥­§®à­®£® ¯à®-
¨§¢¥¤¥­¨ï ¯à®áâà ­áâ¢ äã­ªæ¨© ¯® ¯¥à¥¬¥­­ë¬ x0 ¨ t. �á®¡¥­­®áâì íâ®£® ¯®¤å®¤  § ª«îç ¥âáï
¢ â®¬, çâ® ¨áá«¥¤®¢ ­¨¥ á¢®©áâ¢ à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì­®-®¯¥à â®à­®£® ãà ¢­¥­¨ï ã¤ ¥âáï
á¢¥áâ¨ ª  ­ «¨§ã à¥è¥­¨ï áª «ïà­®£® ãà ¢­¥­¨ï á ç¨á«®¢ë¬ ª®íää¨æ¨¥­â®¬ ¢¬¥áâ® ®¯¥à â®à-
­®£®.

� ª ¨ ¢ [3], £¤¥ à áá¬ âà¨¢ «®áì ãà ¢­¥­¨¥ (1) á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ �¨à¨å«¥, ¯à ¢ ï
ç áâì f áç¨â ¥âáï äã­ªæ¨¥© ¢¥á®¢®£® ¯à®áâà ­áâ¢  L2;
(
), â. ¥. x�
m f 2 L2(
). �¥®à¥¬ë £« ¤-
ª®áâ¨ ¤«ï (1), (2) ãáâ ­ ¢«¨¢ îâáï ¯à¨ ãá«®¢¨ïå � < � + 2 ¨ �1=2 < 
 < � + 1=2. � ¬¥â¨¬,
çâ® ¨­â¥à¢ « (�1=2; � + 1=2) ­¥¯ãáâ, â®«ìª® ¥á«¨ � > �1. � à ¡®â¥ ¯®ª § ­®, çâ® ¯à¨ ãá«®¢¨¨
� � �1 à¥è¥­¨ï § ¤ ç¨ ­¥ áãé¥áâ¢ã¥â ­  ª« áá¥ áª®«ì ã£®¤­® £« ¤ª¨å ä¨­¨â­ëå ¢ 
 äã­ªæ¨©
f(x), â. ¥. ®£à ­¨ç¥­¨¥ � > �1 ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¤«ï à §à¥è¨¬®áâ¨.

1. �à®áâà ­áâ¢  ¢¥ªâ®à-äã­ªæ¨©

1. �á­®¢­ë¥ ®¡®§­ ç¥­¨ï. �¯¥à â®à â¨¯  � à¤¨. �ãáâì � > 0 ¨ T = (0; �), X | á¥¯ à ¡¥«ì-
­®¥ (¢¥é¥áâ¢¥­­®¥ ¨«¨ ª®¬¯«¥ªá­®¥) £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ x�y
¨ ­®à¬®© jxjX =

p
x � x, á®¯àï¦¥­­®¥ ª X, ®â®¦¤¥áâ¢«ï¥âáï á X. �à®áâà ­áâ¢® ¢á¥å ­¥¯à¥àë¢-

­ëå «¨­¥©­ëå ®¯¥à â®à®¢ ¨§ X ¢ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® Y ®¡®§­ ç ¥âáï ç¥à¥§ B(X ! Y ),
  ¨§ X ¢ X | ç¥à¥§ B(X). �«ï p 2 [1;1) ¨ ¢¥é¥áâ¢¥­­®£® 
 ç¥à¥§ Lp;
(T ;X) ®¡®§­ ç ¥âáï
¯à®áâà ­áâ¢® ¨§¬¥à¨¬ëå äã­ªæ¨© f : T ! X â ª¨å, çâ® äã­ªæ¨ï t 2 T ! t�
jf(t)jX ï¢«ï¥âáï
í«¥¬¥­â®¬ ¯à®áâà ­áâ¢  �¥¡¥£  Lp(T ). �®« £ ¥¬

kf jLp;
(T ;X)k =
�Z

T

jt�
f(t)jpXdt
�1=p

:

�¤¥áì ¨ ¤ «¥¥ t
 ¡ã¤¥â ®¡®§­ ç âì, ¢ § ¢¨á¨¬®áâ¨ ®â ª®­â¥ªáâ , ­¥ â®«ìª® áâ¥¯¥­ì 
 ç¨á«  t, ­®
¨ á¨¬¢®« áâ¥¯¥­­®© äã­ªæ¨¨ t! t
. � ª ®¡ëç­®, ¥á«¨ 
 = 0 ¨«¨ X á®¢¯ ¤ ¥â á ¯®«¥¬ áª «ïà®¢,
â® íâ¨ á¨¬¢®«ë ¢ ®¡®§­ ç¥­¨¨ ¯à®áâà ­áâ¢  ®¯ãáª îâáï.

�«ï ¯®«®¦¨â¥«ì­ëå ­  T ¨§¬¥à¨¬ëå äã­ªæ¨© a(s), b(s) ®¯à¥¤¥«¨¬ ä®à¬ «ì­ë© ¨­â¥£à «ì-
­ë© ®¯¥à â®à

Ku(s) = a(s)
Z s

0

b(t)u(t)dt; (3)

¨­â¥£à « ¢ ª®â®à®¬ ¯®­¨¬ ¥âáï ¢ á¬ëá«¥ �®å­¥à  ¢ á«ãç ¥ X-§­ ç­®© ¨§¬¥à¨¬®© äã­ªæ¨¨ u.
� ª¨¬ ®¡à §®¬, ¨§¬¥à¨¬ ï äã­ªæ¨ï u : T ! X ¯à¨­ ¤«¥¦¨â ®¡« áâ¨ ®¯à¥¤¥«¥­¨ï D(K) ®¯¥-
à â®à  K, ¥á«¨ bu 2 L1((0; s);X) ¤«ï «î¡®£® s 2 T . �®à¬ «ì­® á®¯àï¦¥­­ë© ª ­¥¬ã ®¯¥à â®à
K� ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

K�v(t) = b(t)
Z �

t

a(s)v(s)ds:

� ¬¥â¨¬, çâ® ¯à®áâà ­áâ¢® L2;
(T ;X) á®¤¥à¦¨âáï ¢ D(K) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  t
b 2
L2(0; s) ¤«ï «î¡®£® s 2 T , â. ¥. b 2 L2;�
(0; s). �â® á«¥¤ã¥â ¨§ â®£®, çâ® ¯à¨ ¢á¥å u 2 L2;
(T ;X)
äã­ªæ¨ï b(t)u(t) = t
b(t)t�
u(t) ¤®«¦­  ¡ëâì ¨­â¥£à¨àã¥¬  ­  (0; s) ¯® �®å­¥àã, çâ® à ¢­®-
á¨«ì­® ¨­â¥£à¨àã¥¬®áâ¨ ­  (0; s) áª «ïà­®© äã­ªæ¨¨ t
b(t)'(t) ¯à¨ «î¡®© ' 2 L2(T ). �âáî¤ 
á«¥¤ã¥â ­¥®¡å®¤¨¬®áâì ¢ª«îç¥­¨ï b 2 L2;�
(0; s). �«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ «¥£ª® ¢ë¢®¤¨âáï ¨§
â ª ­ §ë¢ ¥¬®£® ®¡®¡é¥­­®£® ­¥à ¢¥­áâ¢  � à¤¨ ([9], c. 120).

�¥¬¬  1.1 ([3]). �ãáâì b 2 L2;�
(0; s) ¤«ï «î¡®£® s 2 T , �(s) = s2
b(s). �á«¨ K�(s) �
c�(s) ¯®çâ¨ ¢áî¤ã ­  T ¤«ï ­¥ª®â®à®© ¯®áâ®ï­­®© c > 0, â® ¨­â¥£à «ì­ë¥ ®¯¥à â®àë K ¨

K� ®£à ­¨ç¥­ë ¢ ¯à®áâà ­áâ¢ å L2;
(T ;X) ¨ L2;�
(T ;X) á®®â¢¥âáâ¢¥­­® ¨ kKkL2;
!L2;

=

kK�kL2;�
!L2;�

� 2c.
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2. �à®áâà ­áâ¢  ¤¨ää¥à¥­æ¨àã¥¬ëå ¢¥ªâ®à-äã­ªæ¨©. �¥à¥§ D ®¡®§­ ç¨¬ ®¯¥à â®à ¤¨ää¥-
à¥­æ¨à®¢ ­¨ï ¢ ¯à®áâà ­áâ¢¥ X-§­ ç­ëå à á¯à¥¤¥«¥­¨© D0(T ;X) ([10], c. 18), ¯®íâ®¬ã Du = u0

¡ã¤¥â ®¡®¡é¥­­®© ¯à®¨§¢®¤­®© à á¯à¥¤¥«¥­¨ï u. �«ï ­ âãà «ì­®£® m ¨ � 2 (�1;+1) ¢¢¥-
¤¥¬ ¢¥á®¢®¥ ¯à®áâà ­áâ¢® �®¡®«¥¢  X-§­ ç­ëå äã­ªæ¨© Hm

� (T ;X) = fu 2 L1;loc(T ;X) : Dmu 2
L2;�(T ;X)g á ­®à¬®©

kuj Hm
� (T ;X)k = kDmujL2;�(T ;X)k + kujL2(�;X)k;

£¤¥ � = [�; � ] ¤«ï ­¥ª®â®à®£® ä¨ªá¨à®¢ ­­®£® � 2 (0; �) (à §«¨ç­ë© ¢ë¡®à � ¯à¨¢¥¤¥â «¨èì ª
íª¢¨¢ «¥­â­ë¬ ­®à¬¨à®¢ª ¬). � â¥å á«ãç ïå, ª®£¤  ¨­â¥à¢ « T ¨ ¯à®áâà ­áâ¢® X ¯®¤à §ã¬¥-
¢ îâáï ¨§ ª®­â¥ªáâ , ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨ï L2;
 ¨ Hm

� .
� ¬¥â¨¬, çâ® ¥á«¨ � > �1=2, â® ¯à®áâà ­áâ¢® H1

�(T ;X) ­¥¯à¥àë¢­® ¢«®¦¥­® ¢ ¯à®áâà ­áâ¢®
 ¡á®«îâ­® ­¥¯à¥àë¢­ëå X-§­ ç­ëå äã­ªæ¨© W 1

1 (T ;X), ¯®áª®«ìªãZ
T
jDu(t)jXdt �

�Z
T
jt��Du(t)j2Xdt

�1=2�Z
T
t2�dt

�1=2

< +1:

�«¥¤®¢ â¥«ì­®, ¤«ï u 2 H1
�(T ;X) ®¯à¥¤¥«¥­ \á«¥¤" ujt=0 = u(0). �ã¤¥¬ ¨á¯®«ì§®¢ âì â ª¦¥

®¡®§­ ç¥­¨¥ _H1
�(T ;X) ¤«ï äã­ªæ¨© u 2 H1

�(T ;X) â ª¨å, çâ® u(�) = 0. �«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥
ä ªâ¨ç¥áª¨ ï¢«ï¥âáï ¯¥à¥ä®à¬ã«¨à®¢ª®© «¥¬¬ë 1.1.

�¥¬¬  1.2. �ãáâì � 6= �1=2. �«ï u 2 H1
�(T ;X) ¯®«®¦¨¬ u0 = u(0), ¥á«¨ � > �1=2 ¨

u0 = u(�), ¥á«¨ � < �1=2. �®£¤ 

ku� u0jL2;�+1(T ;X)k � 1
j�+ 0;5jkDujL2;�(T ;X)k:

�¥¬¬  1.3. �ãáâì 
 > �1=2 ¨ � 2 (�1;+1). �¢¥¤¥¬ ¯à®áâà ­áâ¢® W = H2

��(T ;X) \

H1

��+1(T ;X), ­ ¤¥«¥­­®¥ ­®à¬®©, à ¢­®© áã¬¬¥ ­®à¬ ¯à®áâà ­áâ¢, ãç áâ¢ãîé¨å ¢ ¯¥à¥á¥ç¥-

­¨¨, ¨ ®¯à¥¤¥«¨¬ ­  W ¤¨ää¥à¥­æ¨ «ì­ë¥ ®¯¥à â®àë F = t�D; A = DF = Dt�D. �®£¤ 

(i) F 2 B(W !W 1
1 );

(ii) Fujt=0 = 0 ¤«ï «î¡®© äã­ªæ¨¨ u 2W ;
(iii) ®¯¥à â®à A ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ (â. ¥. ­¥¯à¥àë¢­ë¬ ¢§ ¨¬­®®¤­®§­ ç­ë¬ ®â®¡à -

¦¥­¨¥¬ \­ ") ¯à®áâà ­áâ¢  _W = fv 2 W : v(�) = 0g ­  L2;
; ¯à¨ íâ®¬ áãé¥-

áâ¢ãîâ â ª¨¥ ¯®áâ®ï­­ë¥ c1, c2, § ¢¨áïé¨¥ ®â �, 
, ­® ­¥ § ¢¨áïé¨¥ ®â � , çâ®
c1kf jL2;
k � kujWk � c2kf jL2;
k, £¤¥ u 2 _W ¥áâì ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï

Au = f .

�®ª § â¥«ìáâ¢®. � ª ª ª Au = t�u00+�t��1u0, â® A 2 B(W!L2;
). �®íâ®¬ã F 2 B(W!H1

),

®âªã¤  ¯à¨ ãá«®¢¨¨ 
 > �1=2 á«¥¤ã¥â (i). � «¥¥, ¢ á¨«ã (i) ¤«ï u 2 W äã­ªæ¨ï w = t�u0

¨¬¥¥â á«¥¤ ¢ ­ã«¥ w(0) 2 X. �® ãá«®¢¨î «¥¬¬ë w 2 L2;
+1; ¯® «¥¬¬¥ 1.2 w � w(0) 2 L2;
+1.
�«¥¤®¢ â¥«ì­®,

jw(0)j2X
Z
T

jt�
�1j2dt =
Z
T

jt�
�1w(0)j2Xdt � 2
Z
T

jt�
�1(w(0) � w(t))j2Xdt+ 2
Z
T

jt�
�1w(t)j2Xdt <1;

®âªã¤  á«¥¤ã¥â, çâ® w(0) = 0, â.ª. �
 � 1 < �1=2.
(iii) �«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f 2 L2;
 äã­ªæ¨ï

u(s) = �
Z �

s

t��
Z t

0

f(�)d� dt

ï¢«ï¥âáï, ®ç¥¢¨¤­®, à¥è¥­¨¥¬ § ¤ ç¨ Au = f , t�Du(0) = 0, u(�) = 0. � á¨«ã «¥¬¬ë 1.2 t�Du 2
L2;
+1 ¨ kDujL2;
��+1k � 1=(
 + 1=2)kf jL2;
k. �«¥¤®¢ â¥«ì­®, D2u = t��f � �t�1Du 2 L2;
�� ¨

kD2ujL2;
��k+ kDujL2;
��+1k � j�j+ 
 + 3=2

 + 1=2

kf jL2;
k: �
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2. �¥®¡å®¤¨¬ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï § ¤ ç¨ �¥©¬ ­ 

�ãáâì äã­ªæ¨¨ a(t), b(t) ¯®«®¦¨â¥«ì­ë ¨ ­¥¯à¥àë¢­ë ­  (0; � ]. � áá¬®âà¨¬ ­  T ®¡ëª­®-
¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

�DaDu+ bu = f (4)

á ¯à ¢®© ç áâìî f 2 L1(T ). �®¤ à¥è¥­¨¥¬ § ¤ ç¨ (4), ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨î aDu(0) = 0,
¡ã¤¥¬ ¯®­¨¬ âì «®ª «ì­® ¨­â¥£à¨àã¥¬ãî äã­ªæ¨î u â ªãî, çâ® aDu 2 C[0; � ] ¨ a(t)u0(t) ! 0
¯à¨ t! 0. � ¬¥â¨¬, çâ® 1) u 2 H1(�; �) ¤«ï «î¡®£® � 2 (0; �); 2) ¥á«¨ u| ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥
®¤­®à®¤­®£® ãà ¢­¥­¨ï (4), â® ã äã­ªæ¨© u(t), u0(t) áãé¥áâ¢ã¥â ­¥ ¡®«¥¥ ®¤­®£® ­ã«ï ­  ¯®«ã-
¨­â¥à¢ «¥ (0; � ], ¯à¨ç¥¬ ¢ à §­ëå â®çª å. �â® á«¥¤ã¥â ¨§ ª« áá¨ç¥áª®© â¥®à¨¨ ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (á¬., ­ ¯à., [11], á. 129), â. ª. ãà ¢­¥­¨¥ à¥£ã«ïà­® ­  (�; �).

�¥¬¬  2.1. �ãáâì ab 2 L1(T ). �á«¨ bu 2 L1(0; s) ¤«ï «î¡®£® s 2 T ¨

0 � u(s) � a(s)
Z s

0

b(t)u(t)dt;

â® u(s) � 0.

�®ª § â¥«ìáâ¢®. �«ï áâ¥¯¥­¨ ®¯¥à â®à  K (á¬. (3)) ¯® ¨­¤ãªæ¨¨ ­¥âàã¤­® ãáâ ­®¢¨âì
ä®à¬ã«ã

Knu(s) =
a(s)

(n� 1)!

Z s

0
(C(s)� C(t))n�1b(t)u(t)dt; n � 1;

£¤¥ C(s) =
sR
0

a(t)b(t)dt. � ª ª ª a; b > 0, â® ¨§ ãá«®¢¨ï «¥¬¬ë ¤«ï «î¡®£® s 2 T á«¥¤ã¥â

0 � u(s) � Ku(s) � K2u(s) � � � � � Kn+1u(s) =

=
a(s)
n!

Z s

0

(C(s)� C(t))nb(t)u(t)dt � a(s)Cn(s)
n!

Z s

0

b(t)u(t)dt! 0

¯à¨ n!1.

�¥®à¥¬  2.1. �ãáâì ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (4) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ 1=a 2 L1(T ),

a1b 2 L1(T ), £¤¥ a1(s) =
sR
0

1
a(t)

dt. �á«¨
R
T

b(t)dt = +1, â®

(i) ­¥ áãé¥áâ¢ã¥â ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï ®¤­®à®¤­®£® ãà ¢­¥­¨ï DaDu = bu á £à ­¨ç­ë¬
ãá«®¢¨¥¬ aDu(0) = 0;

(ii) ­  ª« áá¥ £« ¤ª¨å ä¨­¨â­ëå ¯à ¢ëå ç áâ¥© f 2 C10 (T ) ­¥ áãé¥áâ¢ã¥â à¥è¥­¨ï (4) á
£à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ aDu(0) = 0, u(�) = 0.

�®ª § â¥«ìáâ¢®. (i) �ãáâì DaDu = bu ¨ aDu(0) = 0. �á«¨ ¯à¥¤¯®«®¦¨âì, çâ® à¥è¥­¨¥ u
­¥âà¨¢¨ «ì­®, â®, ª ª ¡ë«® § ¬¥ç¥­® ¢ëè¥, ã äã­ªæ¨¨ u(t) áãé¥áâ¢ã¥â ­¥ ¡®«¥¥ ®¤­®£® ­ã«ï
­  (0; � ]. �®íâ®¬ã ¢ á¨«ã ®¤­®à®¤­®áâ¨ ãà ¢­¥­¨ï ¬®¦¥¬ áç¨â âì, çâ® u(t) > 0 ­  (0; �) ¤«ï
­¥ª®â®à®£® � 2 T . � ª ª ª ¤«ï 0 < t < s < �

a(s)u0(s)� a(t)u0(t) =
Z s

t

b(�)u(�)d�

¨ a(t)u0(t)! 0 ¯à¨ t! 0, â®

1) áãé¥áâ¢ã¥â ¯à¥¤¥« lim
t!0+0

sR
t
b(�)u(�)d� = a(s)u0(s) > 0, ®âªã¤  bu 2 L1(T );

2) u(t) ¢®§à áâ ¥â ­  (0; �), ¯®íâ®¬ã áãé¥áâ¢ã¥â ­¥®âà¨æ â¥«ì­ë© ¯à¥¤¥« lim
t!0+0

u(t);

3) â. ª. ¯® ãá«®¢¨î
R
T

b(t)dt = +1 ¨ bu 2 L1(T ), â® á ­¥®¡å®¤¨¬®áâìî u(t)! 0 ¯à¨ t! 0.
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�¡®§­ ç¨¬w(s) =
sR
0

b(t)u(t)dt. �§ ®¤­®à®¤­®£® ãà ¢­¥­¨ï (4) á«¥¤ã¥â u(s)�u(t) =
sR
t
w(�)=a(�)d� !

u(s) ¯à¨ t! 0. � ª¨¬ ®¡à §®¬, w=a 2 L1(T ) ¨ ¤«ï «î¡®£® s 2 (0; �)

0 < u(s) =
Z s

0

1
a(t)

Z t

0
b(�)u(�)d� dt =

Z s

0
(a1(s)� a1(t))b(t)u(t)dt � a1(s)

Z s

0
b(t)u(t)dt;

£¤¥ a1(s) =
sR
0

1
a(t)

dt. � á¨«ã «¥¬¬ë 2.1 u(s) � 0 ­  (0; �), á«¥¤®¢ â¥«ì­®, u(s) � 0 ­  (0; �).

�®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥­¨¥ (i) â¥®à¥¬ë.
(ii) �ãáâì f 2 C10 (T ), 0 � f(t) � 1, f 6� 0 ¨ f(t) = 0 ¤«ï t 2 [0; �], £¤¥ � 2 T . �à¥¤¯®«®¦¨¬,

çâ® áãé¥áâ¢ã¥â à¥è¥­¨¥ § ¤ ç¨ (4) á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ aDu(0) = 0, u(�) = 0. � á¨«ã (i)
u(t) = 0 ¤«ï ¢á¥å t 2 [0; �] ¨ u(t) � 0 ­  [�; � ]. �®£¤ 

0 � u(s) =
Z s

0

1
a(t)

Z t

0

b(�)u(�) � f(�)d� dt �

�
Z s

0
(a1(s)� a1(t))(b(t)u(t) � f(t))dt � a1(s)

Z s

0
b(t)u(t)dt 8s 2 T:

�à¨¬¥­¨¢ «¥¬¬ã 2.1, ¯®«ãç¨¬, çâ® u � 0 ­  T , çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã f 6� 0.

�«¥¤áâ¢¨¥ 2.1. �ãáâì a(t) � t� (â. ¥. 0 < c1 � a(t)t�� � c2 ¤«ï ­¥ª®â®àëå ¯®áâ®ï­­ëå c1,
c2), b(t) � t� ¢ ®ªà¥áâ­®áâ¨ t = 0 , ¯à¨ç¥¬ � < � + 2. �«ï â®£® çâ®¡ë áãé¥áâ¢®¢ «® à¥è¥­¨¥
§ ¤ ç¨ (4) á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ aDu(0) = 0, u(�) = 0, ­¥®¡å®¤¨¬®, çâ®¡ë � > �1.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® � � �1, â. ¥. R
T

b dt = 1. �®£¤  � < � + 2 � 1 ¨

1=a 2 L1(T ), a1b � t1��+�, ®âªã¤  a1b 2 L1(T ). � ª¨¬ ®¡à §®¬, ¢ë¯®«­¥­ë ¢á¥ ãá«®¢¨ï â¥®à¥-
¬ë. �«¥¤®¢ â¥«ì­®, ­¥ áãé¥áâ¢ã¥â à¥è¥­¨ï à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ ­  ª« áá¥ £« ¤ª¨å ¯à ¢ëå
ç áâ¥©.

3. �¥á®¢ë¥ ®æ¥­ª¨ à¥è¥­¨ï ãà ¢­¥­¨ï á® áª «ïà­ë¬¨ ª®íää¨æ¨¥­â ¬¨

� íâ®¬ à §¤¥«¥ à áá¬ âà¨¢ îâáï ¤¢ãåâ®ç¥ç­ ï £à ­¨ç­ ï § ¤ ç 

�Dt�Du+ �t�u = f ¢ T = (0; �); t�Du(0) = 0; u(�) = 0 (5)

¨ á®®â¢¥âáâ¢ãîé ï ¥© ®¤­®à®¤­ ï § ¤ ç  á ­¥®¤­®à®¤­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

�Dt�Du+ �t�u = 0 ¢ T = (0; �); t�Du(0) = u0; u(�) = u1; (6)

£¤¥ � > 0 | ¯à®¨§¢®«ì­ë© ¯ à ¬¥âà. �áâ ­®¢¨¬ ­¥ª®â®àë¥ á¢®©áâ¢  äã­ªæ¨¨ �à¨­  § ¤ ç¨ (5),
¨á¯®«ì§ãï ª®â®àë¥, ¯®«ãç¨¬ ®æ¥­ª¨ ¢¥á®¢ëå ­®à¬ à¥è¥­¨© (5) ç¥à¥§ ¯à ¢ãî ç áâì á ª®­áâ ­-
â ¬¨, ­¥ § ¢¨áïé¨¬¨ ®â ¤«¨­ë ¨­â¥à¢ «  � ¨ ¯ à ¬¥âà  � > 0. �â® ¯®§¢®«¨â ãáâ ­®¢¨âì  ­ -
«®£¨ç­ë¥ à¥§ã«ìâ âë ¢ á«ãç ¥ ¯¥à¥¬¥­­ëå ®¯¥à â®à­ëå ª®íää¨æ¨¥­â®¢. �¢¨¤ã á«¥¤áâ¢¨ï 2.1
¢áî¤ã ¤ «¥¥ ¯à¥¤¯®« £ ¥âáï � > max(�1; �� 2).

�¥®à¥¬  3.1. (i) �ãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥  (t) § ¤ ç¨ (6), ã¤®¢«¥â¢®àïîé¥¥
ãá«®¢¨ï¬ t�D (0) = 0,  (�) = 1. �â® à¥è¥­¨¥ ¯à¥¤áâ ¢¨¬® áå®¤ïé¨¬áï ¢ [0;+1) àï¤®¬

 (t) =
1P
n=0

ant
�n, £¤¥ � = 2 + � � � > 0, 0 < an = o( 1

n!
).

(ii) �ãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ '(t) § ¤ ç¨ (6), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

t�D'(0) = 1, '(�) = 0. �¥è¥­¨¥ ¨¬¥¥â ¢¨¤

'(s) = � (0) (s)
Z �

s

1
t� 2(t)

dt;

£¤¥  (t) | äã­ªæ¨ï ¨§ ãâ¢¥à¦¤¥­¨ï (i).
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�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥­¨¥ (i) ¤®ª ¦¥¬ á­ ç «  ¤«ï á«ãç ï � = �. �®£¤  ãà ¢­¥­¨¥
(6) ¯à¨¬¥â ¢¨¤ u00(t) + �

t
u0(t) � �u(t) = 0. �ã¤¥¬ ¨áª âì à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¢ ¢¨¤¥ àï¤ 

u(t) =
1P
n=0

ant
2n. �®¤áâ ¢«ïï u(t) ¢ ãà ¢­¥­¨¥, ¯®«ãç¨¬

1X
n=1

2n(2n� 1)ant
2n�2 + �

1X
n=1

2nant
2n�2 � �

1X
n=1

an�1t
2n�2 = 0:

�âáî¤ , ¯®« £ ï a0 = 1, ­ å®¤¨¬

an =
�an�1

4n(n� 1 + 0;5(1 + �))
= � � � = �n

4nn!
n�1Q
j=0

(j + 0;5(1 + �))
(n � 1):

�ç¥¢¨¤­®, 0 < an = o
�

1
n!

�
, ¨ àï¤ áå®¤¨âáï ¤«ï ¢á¥å t, á«¥¤®¢ â¥«ì­®, äã­ªæ¨ï u(t)  ­ «¨â¨ç­  ¨

¯® ¯®áâà®¥­¨î ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (6). �à¨ íâ®¬ t�u0(t)jt=0 = 2a1t�+1jt=0 = 0 (¯®áª®«ìªã
� = � > �1) ¨ u(�) > 0. �áâ «®áì ¯®«®¦¨âì  (t) = u(t)=u(�), ¨ ãâ¢¥à¦¤¥­¨¥ (i) ¢ á«ãç ¥ � = �
¤®ª § ­®.

� ®¡é¥¬ á«ãç ¥ ¢ ãà ¢­¥­¨¨ (6) á¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­®© t = sr, £¤¥ r = 2=(2+���) > 0.
�«ï äã­ªæ¨¨ bu(s) = u(sr) ¯®«ãç¨¬ ãà ¢­¥­¨¥ �Ds�̂Dbu + r2�s�̂bu = 0, £¤¥ b� = r(� � 1) + 1 =

r(� + 1) � 1 > �1. �® ¤®ª § ­­®¬ã bu(s) = 1P
n=0

ans
2n, £¤¥ ª®íää¨æ¨¥­âë an ¢ëç¨á«ïîâáï, ª ª

¨ ¢ëè¥, á § ¬¥­®© � ­  r2� ¨ � ­  b� = r(� + 1) � 1. �¡à â­®© § ¬¥­®© s = t1=r ¯®«ãç¨¬

¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï u(t) =
1P
n=0

ant
�n, £¤¥ � = 2 + � � � > 0. �à¨ íâ®¬ ¤«ï  (t) = u(t)=u(�)

¢ë¯®«­¥­ë £à ­¨ç­ë¥ ãá«®¢¨ï t�D (0) = 0,  (�) = 1. �â¢¥à¦¤¥­¨¥ (i) ¤®ª § ­® ¨ ¢ ®¡é¥¬
á«ãç ¥.

�«ï ¤®ª § â¥«ìáâ¢  (ii) ¢®á¯®«ì§ã¥¬áï ä®à¬ã«®©

'(s) = c (s)
Z �

s

1
t� 2(t)

dt;

ª®â®à ï ¤ ¥â ¢â®à®¥ «¨­¥©­®-­¥§ ¢¨á¨¬®¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï (6). �®£¤  '(�) = 0
¨

s�'0(s) = cs� 0(s)
Z �

s

1
t� 2(t)

dt� c

 (s)
! � c

 (0)
¯à¨ s! 0;

â. ª.

0 � s� 0(s)
Z �

s

1
t� 2(t)

dt � s� 0(s)
� 1�� � s1��

 2(0)(1 � �)
! 0 ¯à¨ s! 0;

¢ á¨«ã s� 0(s)js=0 = 0 ¨ s 0(s)js=0 = 0. �«ï ¢ë¯®«­¥­¨ï ãá«®¢¨ï t�'0(t)jt=0 = 1 ­ã¦­® ¯®«®¦¨âì
c = � (0).

�§ ¯®á«¥¤­¥£® ãâ¢¥à¦¤¥­¨ï á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ äã­ªæ¨¨ �à¨­  �(s; t) = �(t; s) =
c0'(s) (t) (t < s) ¤«ï § ¤ ç¨ (5), £¤¥ ¯®áâ®ï­­ ï c0 ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã 1=c0 = s�('(s) 0(s)�
'0(s) (s)) ¤«ï «î¡®£® s 2 T . �ç¨âë¢ ï £à ­¨ç­ë¥ á¢®©áâ¢  äã­ªæ¨© ',  , ¯®«ãç ¥¬
1=c0 = � (0) ¢ ¯à¥¤¥«¥ ¯à¨ s ! 0, â. ¥. c0 = �1= (0) < 0. � ª¨¬ ®¡à §®¬, à¥è¥­¨¥ § ¤ ç¨
(5) ¯à¥¤áâ ¢¨¬® ¨­â¥£à «®¬

u(s) = Gf(s) :=
Z
T

�(s; t)f(t)dt = Kf(s) +K�f(s) (7)

¤«ï â¥å ¯à ¢ëå ç áâ¥©, ¤«ï ª®â®àëå ¨­â¥£à « ®¯à¥¤¥«¥­. �­â¥£à «ì­ë¥ ®¯¥à â®àë K, K� ï¢«ï-
îâáï ¢§ ¨¬­® á®¯àï¦¥­­ë¬¨ ®¯¥à â®à ¬¨ â¨¯  � à¤¨ ¨ ¨¬¥îâ ¢¨¤

Kf(s) = c0'(s)
Z s

0
 (t)f(t)dt; K�f(s) = c0 (s)

Z �

s
'(t)f(t)dt: (8)
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�ëïá­¨¬, ¯à¨ ª ª¨å §­ ç¥­¨ïå ¯ à ¬¥âà  
 ¨­â¥£à «ì­ë© ®¯¥à â®à G ¢ (7) ®¯à¥¤¥«¥­ ­  ª« áá¥
¯à ¢ëå ç áâ¥© f 2 L2;
 . �«ï íâ®£® ¯®­ ¤®¡ïâáï ¤¢  ¢á¯®¬®£ â¥«ì­ëå ãâ¢¥à¦¤¥­¨ï, ª á îé¨åáï
á¢®©áâ¢ äã­ªæ¨© ',  , ®¯à¥¤¥«ïîé¨å äã­ªæ¨î �à¨­ .

�¥¬¬  3.1. �«ï ¢á¥å s 2 T 0 < c0'(s) < 1
s� 0(s)

.

�®ª § â¥«ìáâ¢®. � ¬¥â¨¬, çâ® ­  ¨­â¥à¢ «¥ T ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢   ; 0 > 0, ' < 0.
� «¥¥, äã­ªæ¨ï w(s) = s�'0(s)'(s) áâà®£® ¢®§à áâ îé ï, â. ª. w0(s) = s�'02(s) + �s�'2(s) > 0.
�®áª®«ìªã w(�) = 0, â® w(s) < 0 ¨, á«¥¤®¢ â¥«ì­®, '0(s) > 0 ¤«ï ¢á¥å s 2 T . �âáî¤ 

1
c0

= s�'(s) 0(s)� s�'0(s) (s) < s�'(s) 0(s) ¨«¨ 0 < c0'(s) <
1

s� 0(s)
: �

�¥¬¬  3.2. �«ï «î¡ëå �; � > �1
Z s

0

t� (t)dt � max
�
1;
�+ 1
� + 1

�
s���

Z s

0

t� (t)dt:

�®ª § â¥«ìáâ¢®. � ãç¥â®¬ ¯®«®¦¨â¥«ì­®áâ¨ ª®íää¨æ¨¥­â®¢ an ¢ à §«®¦¥­¨¨  ¨¬¥¥¬

Z s

0

t� (t)dt =
1X
n=0

ans
�n+�+1

�n+ � + 1
= s���

1X
n=0

(�n+ �+ 1)ans�n+�+1

(�n+ � + 1)(�n+ �+ 1)
�

� max
�
1;
�+ 1
� + 1

�
s���

1X
n=0

ans
�n+�+1

�n+ �+ 1
= max

�
1;
�+ 1
� + 1

�
s���

sZ
0

t� (t)dt: �

�¥®à¥¬  3.2. (i) �­â¥£à «ì­ë© ®¯¥à â®à K ¢ (8) ®¯à¥¤¥«¥­ ­  äã­ªæ¨ïå ¨§ L2;
(T ;X) â®-
£¤  ¨ â®«ìª® â®£¤ , ª®£¤  
 > �1=2, ¯à¨ íâ®¬ K 2 B(L2;
 ! L2;
��) ¨

�kKkL2;
!L2;
��
� max

�
2;

� + 1

 + 1=2

�
:

(ii) �­â¥£à «ì­ë© ®¯¥à â®à K� ¢ (8) ­¥¯à¥àë¢¥­ ¨§ L2;
 ¢ L2;
�� â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  
 < � + 1=2, ¯à¨ íâ®¬

�kK�kL2;
!L2;
��
� max

�
2;

� + 1
� � 
 + 1=2

�
:

(iii) �­â¥£à «ì­ë© ®¯¥à â®à G ¢ (7) ­¥¯à¥àë¢¥­ ¨§ L2;
 ¢ L2;
�� â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  �1=2 < 
 < � + 1=2, ¯à¨ íâ®¬

�kGkL2;
!L2;
��
� max

�
2;

� + 1

 + 1=2

�
+max

�
2;

� + 1
� � 
 + 1=2

�
:

�®ª § â¥«ìáâ¢®. (i) �®áª®«ìªã  ¯®«®¦¨â¥«ì­  ­  [0; � ], ¨­â¥£à¨àã¥¬®áâì äã­ªæ¨¨  (t)f(t)
¤«ï ¯à®¨§¢®«ì­®© äã­ªæ¨¨ f 2 L2;
(T ;X) ¡ã¤¥â ®¡¥á¯¥ç¥­  â®«ìª® ¢ á«ãç ¥ 
 > �1=2. �ãáâì
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íâ® ãá«®¢¨¥ ¢ë¯®«­¥­®. �®«®¦¨¬ �(t) = t2
 (t). �¬¥¥¬

K�(s)
�(s)

=
c0'(s)

sR
0

t2
 2(t)dt

s2
 (s)
� [¢ á¨«ã ¢®§à áâ ­¨ï  (t)] �

�
c0'(s)

sR
0

t2
 (t)dt

s2

� [¯® «¥¬¬¥ 3.1] �

sR
0

t2
 (t)dt

s2
s� 0(s)
=

=

sR
0

t2
 (t)dt

s2

sR
0

(t� 0(t))0dt
=

sR
0

t2
 (t)dt

�s2

sR
0

t� (t)dt
� [¯® «¥¬¬¥ 3.2] �

� max
�
1;
� + 1
2
 + 1

�s2
�� sR
0

t� (t)dt

�s2

sR
0

t� (t)dt
= max

�
1;
� + 1
2
 + 1

�
1
�s�

:

�à¨¬¥­ïï â¥¯¥àì ª ¨­â¥£à «ì­®¬ã ®¯¥à â®àã �s�K «¥¬¬ã 1.1, ¯®«ãç¨¬ ®æ¥­ªã ¢ (i).
(ii) � ª ª ª K� ¨ K | ¨­â¥£à «ì­ë¥ ®¯¥à â®àë á ¢§ ¨¬­® âà ­á¯®­¨à®¢ ­­ë¬¨ ï¤à ¬¨, â®

kK�kL2;
!L2;
��
= kKkL2;��
!L2;�
 = kKkL2;�!L2;��� ;

£¤¥ � = � � 
. � ª¨¬ ®¡à §®¬, K� ­¥¯à¥àë¢¥­ ¨§ L2;
 ¢ L2;
�� â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  K
­¥¯à¥àë¢¥­ ¨§ L2;� ¢ L2;���. �®á«¥¤­¥¥ ¢ á¨«ã (i) ¨¬¥¥â ¬¥áâ® ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 
� = � � 
 > �1=2, â. ¥. ¯à¨ 
 < � + 1=2. �æ¥­ª  ¤«ï á®®â¢¥âáâ¢ãîé¥© ®¯¥à â®à­®© ­®à¬ë K�

¢ëâ¥ª ¥â ¨§ ®æ¥­ª¨ (i) á § ¬¥­®© 
 ­  � � 
. �â¢¥à¦¤¥­¨¥ (iii) ï¢«ï¥âáï ¯à®áâë¬ á«¥¤áâ¢¨¥¬
ãâ¢¥à¦¤¥­¨© (i) ¨ (ii).

�¢¥¤¥¬ ¯à®áâà ­áâ¢® W = H2

��(T ;X)\H1


��+1(T ;X)\L2;
��(T ;X) á ­®à¬®© ¯¥à¥á¥ç¥­¨ï ¨
¯®«®¦¨¬ _W = fv 2W : v(�) = 0g. � ¬¥â¨¬, çâ® t�Du(0) = 0 ¤«ï u 2 _W ¯® «¥¬¬¥ 1.3. �¯à¥¤¥«¨¬
­  _W ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à Au = �Dt�Du+ �t�u.

�¥®à¥¬  3.3. �«ï â®£® çâ®¡ë à¥è¥­¨¥ § ¤ ç¨ (5) áãé¥áâ¢®¢ «® ­  ª« áá¥ ¯à ¢ëå ç áâ¥©
f 2 L2;
(T ;X) ¨ ¯à¨­ ¤«¥¦ «® ¯à®áâà ­áâ¢ã _W , ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«-

­ï«®áì ãá«®¢¨¥ �1=2 < 
 < � + 1=2. �à¨ íâ®¬ ãá«®¢¨¨ ®¯¥à â®à A ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬

¯à®áâà ­áâ¢  _W ­  L2;
 (â. ¥. ­¥¯à¥àë¢­ë¬ ®â®¡à ¦¥­¨¥¬ á ­¥¯à¥àë¢­ë¬ ®¡à â­ë¬). �à®¬¥
â®£®, ¨¬¥¥â ¬¥áâ® ¤¢ãáâ®à®­­ïï  ¯à¨®à­ ï ®æ¥­ª 

kD2ujL2;
��k+ kDujL2;
��+1k+ �kt�ujL2;
k � kf jL2;
k

á ¯®áâ®ï­­ë¬¨, ­¥ § ¢¨áïé¨¬¨ ®â � ¨ �, £¤¥ u 2 _W ¥áâì ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï

Au = f .

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì ãá«®¢¨ï �1=2 < 
 < � + 1=2 ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 3.2.
�ãáâì ®­® ¢ë¯®«­¥­®. �®£¤  à¥è¥­¨¥ u 2 L2;
�� ¯à¥¤áâ ¢¨¬® ¨­â¥£à «®¬ (7), ¯à¨ç¥¬ ¯® ãâ¢¥à-
¦¤¥­¨î (iii) â¥®à¥¬ë 3.2 ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

�kt�ujL2;
k �
�
max

�
2;

� + 1

 + 1=2

�
+max

�
2;

� + 1
� � 
 + 1=2

��
kf jL2;
k:

� ª¨¬ ®¡à §®¬, �Dt�Du = f � �t�u 2 L2;
. �à¨¬¥­ïï «¥¬¬ã 1.3 (iii), ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥
â¥®à¥¬ë.
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� ¬¥ç ­¨¥ 1. � ª ª ª � > �1, â® ¨­â¥à¢ « (�1=2; � + 1=2) ¢®§¬®¦­ëå §­ ç¥­¨© ¢¥á®¢®£®
¯ à ¬¥âà  
 ­¥¯ãáâ ¨ ¬ ªá¨¬ «¥­ ¢ â®¬ á¬ëá«¥, çâ® ¯à¨ 
 � �1=2 ­  ª« áá¥ ¯à ¢ëå ç áâ¥©
f 2 L2;
(T ;X) à¥è¥­¨ï § ¤ ç¨ ­¥ áãé¥áâ¢ã¥â ,   ¯à¨ 
 � �+1=2 à¥è¥­¨¥ § ¤ ç¨, ¢®®¡é¥ £®¢®àï,
­¥ ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã _W .

� ¬¥ç ­¨¥ 2. �â®à ï ç áâì ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë ®§­ ç ¥â, çâ® áãé¥áâ¢ãîâ â ª¨¥ ¯®áâ®-
ï­­ë¥ c1, c2, ­¥ § ¢¨áïé¨¥ ®â � ¨ �, çâ® ¤«ï à¥è¥­¨ï § ¤ ç¨ (5) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

c1kf jL2;
k � kD2ujL2;
��k+ kDujL2;
��+1k+ �kt�ujL2;
k � c2kf jL2;
k:
� «¥¥ áãé¥áâ¢¥­­® â®, çâ® ¢ íâ®© ®æ¥­ª¥ ¯®áâ®ï­­ë¥ ¬®£ãâ ¡ëâì ¢ë¡à ­ë ­¥§ ¢¨á¨¬® ®â ¯ à -
¬¥âà  � ¨ ¤«¨­ë ¨­â¥à¢ «  � .

4. �¥á®¢ë¥ ®æ¥­ª¨ à¥è¥­¨ï ãà ¢­¥­¨ï á ®¯¥à â®à­ë¬¨ ª®íää¨æ¨¥­â ¬¨

� áá¬ âà¨¢ ¥âáï ¤¢ãåâ®ç¥ç­ ï £à ­¨ç­ ï § ¤ ç  ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ X:

�Dt�aDu+ t�bu = f ¢ T = (0; �); t�Du(0) = 0; u(�) = 0: (9)

�à¥¤¯®« £ ¥âáï, çâ® ª®íää¨æ¨¥­âë a(t), b(t) ¯à¨ ª ¦¤®¬ t 2 [0; � ] ï¢«ïîâáï á ¬®á®¯àï¦¥­­ë¬¨
¯®«®¦¨â¥«ì­ë¬¨ ®¯¥à â®à ¬¨ ¢ ¯à®áâà ­áâ¢¥ X, ¯à¨ç¥¬ a(t) 2 B(X), b(t) 2 B(X1 ! X),
£¤¥ X1 � X | ­¥ª®â®à®¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢®, ­¥¯à¥àë¢­® ¨ ¯«®â­® ¢«®¦¥­­®¥ ¢ X,
¯à¨ç¥¬ b(t) ¯à¨ ª ¦¤®¬ t 2 [0; � ] ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ X1 ­  X. �«¥¤®¢ â¥«ì­®, ®¯¥à â®à
b(t) ­¥®£à ­¨ç¥­ ¢ X, ¥á«¨ X1 6= X. � «¥¥, ¯à¥¤¯®« £ ¥âáï, çâ® äã­ªæ¨¨ a : [0; � ] ! B(X),
b : [0; � ] ! B(X1 ! X) ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨ äã­ªæ¨ï¬¨ ¢ á®®â¢¥âáâ¢ãîé¨å ®¯¥à â®à­ëå
­®à¬ å ¨, ªà®¬¥ íâ®£®, ¤«ï äã­ªæ¨¨ a ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) ¤«ï «î¡®£® t 2 T áãé¥áâ¢ã¥â ¯à¥¤¥« a0(t) = lim
h!0

(a(t+ h)� a(t))=h ¢ ­®à¬¥ B(X);

2) ¤«ï «î¡®£® � 2 T äã­ªæ¨ï ka0(�)kX!X ®£à ­¨ç¥­  ­  [�; � ];
3) lim

t!0+0
tka0(t)kX!X = 0.

�®  ­ «®£¨¨ á ¯à¥¤ë¤ãé¨¬ à §¤¥«®¬ ¢¢¥¤¥¬ ¯à®áâà ­áâ¢® W = H2

��(T ;X)\H1


��+1(T ;X)\
L2;
��(T ;X1) á ­®à¬®© ¯¥à¥á¥ç¥­¨ï, ¨ à¥è¥­¨¥ § ¤ ç¨ (9) ¡ã¤¥¬ ¨áª âì ¢ ¯®¤¯à®áâà ­áâ¢¥ _W =
fv 2 W : v(�) = 0g (£à ­¨ç­®¥ ãá«®¢¨¥ t�Du(0) = 0 ¤«ï u 2 W ¢ë¯®«­¥­®  ¢â®¬ â¨ç¥áª¨ ¯®
«¥¬¬¥ 1.3).

�­ ç «  à á¯à®áâà ­¨¬ â¥®à¥¬ã 3.3 ­  á«ãç © ¯®áâ®ï­­ëå ®¯¥à â®à­ëå ª®íää¨æ¨¥­â®¢
a(t) � a, b(t) � b. �¥âà¨¢¨ «ì­®áâì ®¡®¡é¥­¨ï § ª«îç ¥âáï ¢ § ¬¥­¥ ç¨á«®¢®£® ¯ à ¬¥âà  � > 0
¢ ãà ¢­¥­¨¨ (5) ­  á ¬®á®¯àï¦¥­­ë© ¯®«®¦¨â¥«ì­ë© ­¥®£à ­¨ç¥­­ë© ¢ X ®¯¥à â®à b.

�¥®à¥¬  4.1. �ãáâì a, b | ¯®áâ®ï­­ë¥ ®¯¥à â®àë ¢ (9). �®£¤  ¯à¨ 
 2 (�1=2; � + 1=2)
®¯¥à â®à A = �Dt�aD+ t�b ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¯à®áâà ­áâ¢  _W ­  L2;
(T ;X); ¯à¨ íâ®¬
¨¬¥¥â ¬¥áâ® ¤¢ãáâ®à®­­ïï ®æ¥­ª  á ¯®áâ®ï­­ë¬¨, ­¥§ ¢¨áïé¨¬¨ ®â � :

kD2ujL2;
��(T ;X)k + kDujL2;
��+1(T ;X)k + kujL2;
��(T ;X1)k � kf jL2;
k;
£¤¥ u 2 _W ¥áâì ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï Au = f .

�®ª § â¥«ìáâ¢®. �ãáâì a = I | â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à. �®£¤  ¤®ª § â¥«ìáâ¢® á¢®¤¨âáï
ª ¯®«ãç¥­¨î ®æ¥­ª¨ kbujL2;
��(T ;X)k � c(�; 
)kf jL2;
(T ;X)k. �á¯®«ì§ã¥¬ á¯¥ªâà «ì­®¥ ¯à¥¤-
áâ ¢«¥­¨¥ ([12], c. 375) X ­  £¨«ì¡¥àâ®¢ã ¯àï¬ãî áã¬¬ã

P
i2J

L2(�i) ®â­®á¨â¥«ì­® ®¯¥à â®à  b,

£¤¥ J | ­¥ª®â®à®¥ ¬­®¦¥áâ¢®, f�i : i 2 Jg | á¥¬¥©áâ¢® ª®­¥ç­ëå ¯®«®¦¨â¥«ì­ëå ¬¥à, ®¯à¥-
¤¥«¥­­ëå ­  ¡®à¥«¥¢áª¨å ¬­®¦¥áâ¢ å á¯¥ªâà  �(b) � (0;+1). �ãáâì U | ¨§®¬®àä¨§¬ X0 ­ P
i2J

L2(�i), ®áãé¥áâ¢«ïîé¨© á¯¥ªâà «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ ®â­®á¨â¥«ì­® b. �®£¤  ¯® ®¯à¥¤¥«¥­¨î

(Ubx)i(�) = �(Ux)i(�) �i -¯. ¢. 8i 2 J:
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�«ï f 2 L2;
(T ;X) ¯®«®¦¨¬ fi(t; �)=(Uf(t))i(�). �®£¤  § ¤ ç  �D(t�Du) + t�bu=f , t�Du(0)=0,
u(�) = 0 íª¢¨¢ «¥­â­  § ¤ ç¥

�Dt�D�i(t; �) + �t��i(t; �) = fi(t; �) ¢ T; t�D�i(0; �) = 0; �i(�; �) = 0

¤«ï � 2 �(b), i 2 J , £¤¥ u ¨ � á¢ï§ ­ë á®®â­®è¥­¨¥¬ �i(t; �) = (Uu(t))i(�). �® â¥®à¥¬¥ 3.3 ¤«ï
� 2 �(b), i 2 J ¨¬¥¥¬

�2
Z
T

jt��
�i(t; �)j2dt � c

Z
T

jt�
fi(t; �)j2dt;
£¤¥ c = c(�; 
) ­¥ § ¢¨á¨â ®â � ¨ i 2 J . �­â¥£à¨àãï íâ® ­¥à ¢¥­áâ¢® ¯® ¬¥à¥ �i ­  á¯¥ªâà¥ �(b) ¨
áã¬¬¨àãï § â¥¬ ¯® i 2 J , ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®

kbujL2;
��(T ;X)k � c(�; 
)kf jL2;
(T ;X)k
¢ á¨«ã ®¯à¥¤¥«¥­¨ï á¯¥ªâà «ì­®£® ¯à¥¤áâ ¢«¥­¨ï U . �âáî¤  á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¯à¨
a = I, ¯®áª®«ìªã ¨¬¥¥â ¬¥áâ® íª¢¨¢ «¥­â­®áâì ­®à¬ á ª®­áâ ­â ¬¨, § ¢¨áïé¨¬¨ â®«ìª® ®â
®¯¥à â®à  b: kbujL2;
��(T ;X)k � kujL2;
��(T ;X1)k.

�«ãç © ¯à®¨§¢®«ì­®£® a á¢®¤¨âáï ª a = I ã¬­®¦¥­¨¥¬ ãà ¢­¥­¨ï ­  a�1=2. �®£¤  ãà ¢­¥­¨¥
¯à¨¬¥â ¢¨¤

�D(t�Dbu) + t� bbbu = bf;
£¤¥ bu(t) = a1=2u(t), bf(t) = a�1=2f(t) ¨ bb = a�1=2ba�1=2 2 B(a1=2(X1) ! X). �®­ïâ­®, çâ® ®£à -
­¨ç¥­­ë¥ ®¯¥à â®à­ë¥ ¬­®¦¨â¥«¨ a1=2, a�1=2 ­¥ ¢«¨ïîâ ­  ¯à¨­ ¤«¥¦­®áâì äã­ªæ¨¨ á®®â¢¥â-
áâ¢ãîé¥¬ã ª« ááã. �® ¤®ª § ­­®¬ã

kD2ujL2;
��(T ;X)k + kDujL2;
��+1(T ;X)k + kujL2;
��(T ;X1)k � ckf jL2;
k;
£¤¥ c § ¢¨á¨â â®«ìª® ®â �, �, 
. �¡à â­®¥ ­¥à ¢¥­áâ¢® ®ç¥¢¨¤­® ¢ á¨«ã ®¯à¥¤¥«¥­¨ï ¯à®áâà ­-
áâ¢  W .

�áâ ­®¢¨¬ â¥¯¥àì «®ª «ì­ãî £« ¤ª®áâì à¥è¥­¨ï § ¤ ç¨ (9) ¢ á«ãç ¥ ¯¥à¥¬¥­­ëå ®¯¥à â®à-
­ëå ª®íää¨æ¨¥­â®¢.

�¥®à¥¬  4.2. �ãáâì a(t), b(t) | ®¯¥à â®à­®§­ ç­ë¥ äã­ªæ¨¨, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨-

ï¬, áä®à¬ã«¨à®¢ ­­ë¬ ¢ëè¥. �®£¤  ¯à¨ 
 2 (�1=2; � + 1=2) ¨ ¤®áâ â®ç­® ¬ «®¬ � ®¯¥à â®à

A = �Dt�aD + t�b ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¯à®áâà ­áâ¢  _W ­  L2;
(T ;X).

�®ª § â¥«ìáâ¢®. \� ¬®à ¦¨¢ ï" ª®íää¨æ¨¥­âë a, b ¢ ­ã«¥, ¢¢¥¤¥¬ ¤¨ää¥à¥­æ¨ «ì­ë©
®¯¥à â®à A0 = �Dt�a(0)Du+ t�b(0)u. �® ¯à¥¤ë¤ãé¥© â¥®à¥¬¥ A0 ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¯à®-
áâà ­áâ¢  _W ­  L2;
(T ;X). �®çâ¨ ®ç¥¢¨¤­®, ¢ á¨«ã £« ¤ª®áâ¨ a, b ®¯¥à â®àë A ¨ A0 ¡ã¤ãâ ¬ «®
®â«¨ç âìáï ¯à¨ ¬ «ëå � > 0. �¥©áâ¢¨â¥«ì­®, ¤«ï u 2 _W

Au�A0u = (a(0) � a(t))Dt�Du� t�a0(t)Du+ t�(b(t) � b(0))u;

¯®íâ®¬ã

kAu�A0ujL2;
(T ;X)k � (max
t2[0;� ]

ka(t)� a(0)kX!X +

+ max
t2[0;� ]

kta0(t)kX!X + max
t2[0;� ]

kb(t)� b(0)kX1!X
) � kujWk � �(�)kujWk:

�§ ãá«®¢¨©, ­ «®¦¥­­ëå ­  ª®íää¨æ¨¥­âë a, b, ¯®«ãç ¥¬ �(�)! 0 ¯à¨ � ! 0. �®íâ®¬ã ­®à¬ 
kA�A0k _W!L2;


¬®¦¥â ¡ëâì á¤¥« ­  áª®«ì ã£®¤­® ¬ «®© §  áç¥â ¢ë¡®à  ¤®áâ â®ç­® ¬ «®£® � > 0.
� ¬¥â¨¬ ¤ «¥¥, çâ® ¨§ ®æ¥­ª¨ â¥®à¥¬ë 4.1 á«¥¤ã¥â ®£à ­¨ç¥­­®áâì á¢¥àåã ­®à¬ë kA�1

0 kL2;
!
_W

¯®áâ®ï­­®©, ­¥ § ¢¨áïé¥© ®â � . �«¥¤®¢ â¥«ì­®, ¯à¨ ¤®áâ â®ç­® ¬ «®¬ � > 0 ¡ã¤¥â ¢ë¯®«­¥­®
­¥à ¢¥­áâ¢® kA�1

0 (A0 �A)k _W! _W < 1, çâ® ®¡¥á¯¥ç¨¢ ¥â áãé¥áâ¢®¢ ­¨¥ ®¯¥à â®à 
A�1 2 B(L2;
 ! _W ).
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�¥®à¥¬  4.3. �á«¨ �1=2 < 
 < � + 1=2, â® áãé¥áâ¢ãîâ â ª¨¥ ¯®áâ®ï­­ë¥ � 2 (0; �),
c = c� > 0, çâ® ¤«ï ¢á¥å u 2 _W á¯à ¢¥¤«¨¢  ®æ¥­ª 

kujWk � c(kAujL2;
(T ;X)k + kDujL2((�; �);X)k):
�®ª § â¥«ìáâ¢®. �¯à¥¤¥«¨¬ ¯®ªàëâ¨¥ O = f(aj ; bj) : j = 0; Ng ®âà¥§ª  [0; � ] ¨­â¥à¢ « ¬¨

(aj ; bj) ¤®áâ â®ç­® ¬ «®© ¤«¨­ë, áç¨â ï, çâ® a0 < 0 < a1 < b0 < a2<b1< � � �<aN<bN�1 < � < bN .
�ãáâì f'j 2 C10 (aj ; bj) : j = 0; Ng | ¯®¤ç¨­¥­­®¥ ¯®ªàëâ¨î O à §¡¨¥­¨¥ ¥¤¨­¨æë ®âà¥§ª 
[0; � ]. �¡®§­ ç¨¬ � = (a1; �), T0 = (0; b0), TN = (aN ; �), Tj = (aj ; bj) ¯à¨ j = 1; N � 1. �«ï u 2 _W
¯®«®¦¨¬ f = Au, uj(t) = 'j(t)u(t), fj(t) = 'j(t)f(t). �®£¤ 

Auj = fj � '0j(t
�au0 + (t�au)0)� '00j t

�au � gj :

� ª ª ª '0(t) = 1 ­  [0; a1], â® ­  íâ®¬ ®âà¥§ª¥ '00(t) = '000(t) = 0 ¨ ¯® â¥®à¥¬¥ 4.2

ku0jWk = ku0jW (T0)k � c0kg0jL2;
(T0;X)k � c01(kf jL2;
(T ;X)k + kDujL2(�;X)k + kujL2(�;X)k):
�®áª®«ìªã Duj(aj) = 0, uj(bj) = 0 ¯à¨ j = 1; N � 1,   â ª¦¥ DuN(aN ) = 0, uN(�) = 0, â®,
¯à¨¬¥­ïï â¥®à¥¬ã 4.2 ­  ¨­â¥à¢ «¥ Tj (j = 1; N ) ¤«ï ­¥¢ëà®¦¤¥­­®£® á«ãç ï � = � = 
 = 0,
¯®«ãç¨¬

kuj jWk � cj(kD2uj jL2(Tj ;X)k + kDuj jL2(Tj ;X)k + kuj jL2(Tj ;X1)k) �
� cj1kgj jL2(Tj ;X)k � cj2(kf jL2;
(T ;X)k + kDujL2(�;X)k + kujL2(�;X)k):

�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ®áâ «®áì § ¬¥â¨âì, çâ®

kujWk �
NX
j=0

kuj jWk ¨ kujL2(�;X)k � ckDujL2(�;X)k;

â. ª. u(�) = 0.

�ãáâì X1=2 = [X1;X]1=2 | ¯à®¬¥¦ãâ®ç­®¥ ¬¥¦¤ã X1 ¨ X ¯à®áâà ­áâ¢® ([10], á. 23). �¢¥¤¥¬
¯à®áâà ­áâ¢® äã­ªæ¨© V = _H1

��=2(T ;X)\L2;��=2(T ;X1=2) á ­®à¬®© ¯¥à¥á¥ç¥­¨ï ¨ ä®à¬ã ­  íâ®¬
¯à®áâà ­áâ¢¥

a(v; u) =
Z
T
t�a(t)Dv(t) �Du(t) + t�b(t)1=2v(t) � b(t)1=2u(t)dt:

� á¨«ã ãá«®¢¨© ­  ®¯¥à â®à­ë¥ ª®íää¨æ¨¥­âë a ¨ b ä®à¬  a ­¥¯à¥àë¢­  ¨ í««¨¯â¨ç­  ­  V . �®
â¥®à¥¬¥ �¨áá  ®âáî¤  á«¥¤ã¥â, çâ® ¤«ï «î¡®£® «¨­¥©­®£® ­¥¯à¥àë¢­®£® äã­ªæ¨®­ «  F 2 V �

áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¢ à¨ æ¨®­­®© § ¤ ç¨ ®¡ ®âëáª ­¨¨ äã­ªæ¨¨ u 2 V â ª®©,
çâ®

a(v; u) = F (v) (10)

¨ ¤«ï à¥è¥­¨ï á¯à ¢¥¤«¨¢  ¤¢ãáâ®à®­­ïï  ¯à¨®à­ ï ®æ¥­ª  kujV k � kF jV �k. �®ª ¦¥¬, çâ®
¯à¨ ãá«®¢¨¨ 
 � �=2 � 1 à¥è¥­¨¥ u 2 _W § ¤ ç¨ (9) ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (10) á äã­ªæ¨-
®­ «®¬ ¨­â¥£à «ì­®£® ¢¨¤  F (v) =

R
T

v(t) � f(t)dt. �«ï íâ®£® ¯®­ ¤®¡ïâáï ¤¢  ¢á¯®¬®£ â¥«ì­ëå

ãâ¢¥à¦¤¥­¨ï.

�¥¬¬  4.1. �ãáâì 
 > �1=2 ¨ 
 � �=2� 1. �®£¤  W � H1
��=2(T ;X) � L2;�
(T ;X).

�®ª § â¥«ìáâ¢®. �¥à¢®¥ ¢ª«îç¥­¨¥ ®ç¥¢¨¤­®, ¯®áª®«ìªã W � H1

��+1 � H1

��=2(T ;X), â. ª.

 � � + 1 � ��=2 ¯® ãá«®¢¨î. �®ª ¦¥¬ ¢â®à®¥. �á«¨ � < 1, â® ¯® «¥¬¬¥ 1.2 H1

��=2(T ;X) �
W 1

1 (T ;X) � C([0; � ];X) � L2;�
(T ;X) ¢ á¨«ã 
 > �1=2. �á«¨ � > 1, â® á­®¢  ¯® «¥¬¬¥ 1.2
H1
��=2(T ;X) � L2;1��=2 � L2;�
(T ;X), â. ª. 1 � �=2 � 
 ¯® ãá«®¢¨î. � ª®­¥æ, ¥á«¨ � = 1,

â®, ¢ë¡¨à ï " 2 (0; 
 + 1=2), ¡ã¤¥¬ ¨¬¥âì H1
��=2(T ;X) � H1

�1=2�"(T ;X) � [¯® «¥¬¬¥ 1.2] �
L2;1=2�"(T ;X) � L2;�
(T ;X), â. ª. 1=2 � " > �
 ¢ á¨«ã ¢ë¡®à  ".
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�§ «¥¬¬ë, ¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ® ¤«ï «î¡ëå äã­ªæ¨© f 2 L2;
(T ;X), v 2 H1
��=2(T ;X)

áª «ïà­ ï äã­ªæ¨ï t ! v(t) � f(t) ¨­â¥£à¨àã¥¬  ¯® �¥¡¥£ã ­  T , ¨ ¯®íâ®¬ã äã­ªæ¨®­ «
v 2 V ! F (v) =

R
T

v(t) � f(t)dt ­¥¯à¥àë¢¥­ ­  V ¤«ï «î¡®© f 2 L2;
(T ;X).

�¥¬¬  4.2. � ãá«®¢¨ïå ¯à¥¤ë¤ãé¥© «¥¬¬ë ¤«ï «î¡ëå äã­ªæ¨© u 2 W , v 2 H1
��=2(T ;X)

¨¬¥¥¬ 1) t�v � u0 2W 1
1 (T ) ¨ 2) lim

t!0
t�v � u0 = 0.

�®ª § â¥«ìáâ¢®. 1) �¨ää¥à¥­æ¨àãï äã­ªæ¨î ' = t�v �u0, ¯®«ãç¨¬ '0 = v � (t�u0)0+ t�v0 �u0.
�âáî¤  á«¥¤ã¥â, çâ® '0 2 L1(T ), â. ª. t�v0 � u0 2 L1(T ) ¢ á¨«ã ¯¥à¢®£® ¢ª«îç¥­¨ï «¥¬¬ë 4.1 ¨
v � (t�u0)0 2 L1(T ) ¢ á¨«ã ¢â®à®£® ¢ª«îç¥­¨ï íâ®© ¦¥ «¥¬¬ë.

2) �®«®¦¨¬ w = (t�u0)0, '(t) =
tR
0

jw(�)jXd�. �®£¤  '0 2 L1(T ), '0v 2 L1(T ;X) ¨ 'v0 2 L1(T ;X),

â. ª. ' 2 L2;
+1(T ) ¨ 
+1 � �=2. �®áª®«ìªã '(0) = 0, â® ([3], «¥¬¬  2.2) lim
t!0

'v = 0. C«¥¤®¢ â¥«ì­®,

lim
t!0

t�v � u0 = 0, â. ª. jt�v(t) � u0(t)j � '(t)jv(t)jX .

�§ ¤®ª § ­­ëå «¥¬¬ á«¥¤ã¥â, çâ® ¥á«¨ u 2 _W ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (9) ¤«ï
f 2 L2;
(T ;X), â® ¯à¨ ãá«®¢¨¨ 
 � �=2 � 1 u ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (10) á äã­ªæ¨®­ -
«®¬ F (v) =

R
T

v(t) � f(t)dt. �¥©áâ¢¨â¥«ì­®, ã¬­®¦¨¬ ãà ¢­¥­¨¥ (9) áª «ïà­® á«¥¢  ­  ¯à®¨§-

¢®«ì­ãî äã­ªæ¨î v 2 V ¨ ¯à®¨­â¥£à¨àã¥¬ à ¢¥­áâ¢® ¯® T . �®£¤ , ãç¨âë¢ ï «¥¬¬ã 4.2, ¯®-
«ãç ¥¬

R
T

v(t) � Dt�aDudt = R
T

t�Dv(t) � aDudt = R
T

t�aDv(t) � Dudt, çâ® ¯à¨¢®¤¨â ª (10), â. ª.R
T

v � t�bu dt = R
T

t�b1=2v � b1=2u dt. �âáî¤ , ¢ ç áâ­®áâ¨ á«¥¤ã¥â, çâ® ¨¬¥¥â ¬¥áâ® ¢«®¦¥­¨¥ (¯à¨


 � �=2 � 1) _W � V .

�¥®à¥¬  4.4. �á«¨ �1=2 < 
 < � + 1=2 ¨ 
 � �=2 � 1, â® ®¯¥à â®à A ¨§®¬®àä­® ®â®¡à -

¦ ¥â ¯à®áâà ­áâ¢® _W ­  L2;
(T ;X).

�®ª § â¥«ìáâ¢®. �ãáâì f 2 L2;
(T ;X) ¨ u 2 V | à¥è¥­¨¥ § ¤ ç¨ (10) á äã­ªæ¨®­ «®¬
F (v) =

R
T

v(t) �f(t)dt. �á¯®«ì§ã¥¬ â¥ ¦¥ ¯®áâà®¥­¨ï ¨ ®¡®§­ ç¥­¨ï, çâ® ¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥-

¬ë 4.3. �¡®§­ ç¨¬ ç¥à¥§wj 2 _W (Tj), j = 0; N , à¥è¥­¨ï § ¤ çAwj = gj ­  Tj á á®®â¢¥âáâ¢ãîé¨¬¨
£à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨. �®áª®«ìªã gj 2 L2;
 , â® íâ¨ à¥è¥­¨ï áãé¥áâ¢ãîâ ¯® â¥®à¥¬¥ 4.2 (¥á«¨
¨­â¥à¢ «ë Tj ¤®áâ â®ç­® ¬ «ë) ¨ kwj jW (Tj)k � ckgj jL2;
k. � ¤àã£®© áâ®à®­ë, ¤«ï ¯à®¨§¢®«ì­®©
äã­ªæ¨¨ v 2 VZ

T

fjv dt =
Z
T

t�aD('jv) �Dudt+
Z
T

'jt
�b1=2v � b1=2u dt =

Z
T

t�aDv �D('ju)dt+

+
Z
T

t�b1=2v � b1=2('ju)dt+
Z
T

'0v � (t�aDu+D(t�au))dt+
Z
T

'00j v � t�au dt
¨«¨ Z

T
t�aDv �D('ju)dt+ t�b1=2v � b1=2('ju)dt =

Z
T
v � gj dt;

®âªã¤  ¢ á¨«ã ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï á«¥¤ã¥â 'ju = wj 2 _W ¤«ï ¢á¥å j = 0; N . � ª ª ªP
'j � 1 ­  [0; � ], â® u 2 _W ¨ kujWk � ckf jL2;
(T ;X)k.
�¥®à¥¬  4.5. �á«¨ �1=2 < 
 < � + 1=2 ¨ ¯à®áâà ­áâ¢® X1 ª®¬¯ ªâ­® ¢«®¦¥­® ¢ X, â®

®¯¥à â®à A ¨§®¬®àä­® ®â®¡à ¦ ¥â ¯à®áâà ­áâ¢® _W ­  L2;
(T ;X).

�®ª § â¥«ìáâ¢®. � á¨«ã ¯à¥¤ë¤ãé¥© â¥®à¥¬ë, ãâ¢¥à¦¤¥­¨¥ ¤®áâ â®ç­® ¤®ª § âì ¤«ï á«ã-
ç ï 
 < �=2�1. �ãáâì � 2 (0; �) | ¯®áâ®ï­­ ï, ä¨£ãà¨àãîé ï ¢ â¥®à¥¬¥ 4.3 ¨ � = (�; �). � ª ª ª
¨¬¥¥â ¬¥áâ® ¥áâ¥áâ¢¥­­®¥ ­¥¯à¥àë¢­®¥ ¢«®¦¥­¨¥ W � H2(�;X)\L2(�;X1),   ¨§ ª®¬¯ ªâ­®áâ¨
¢«®¦¥­¨ï X1 � X á«¥¤ã¥â ª®¬¯ ªâ­®áâì ¢«®¦¥­¨ï H2(�;X) \ L2(�;X1) � H1(�;X) ([13], â¥®-
à¥¬  2), â® W ª®¬¯ ªâ­® ¢«®¦¥­® ¢ H1(�;X). �âáî¤ , ¨§ â¥®à¥¬ë 4.3 ¨ ¨§ ([14], â¥®à¥¬  2.6) á
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ãç¥â®¬ â®£®, çâ® ­ã«ì-¯à®áâà ­áâ¢® ®¯¥à â®à  A á®áâ®¨â â®«ìª® ¨§ ­ã«ï, â¥¯¥àì á«¥¤ã¥â ®æ¥­ª 
kujWk � ckAujL2;
(T ;X)k 8u 2 _W . �â® ®§­ ç ¥â, çâ® ®¯¥à â®à A ¨§®¬®àä­® ®â®¡à ¦ ¥â _W ­ 
§ ¬ª­ãâ®¥ ¢ L2;
(T ;X) ¯®¤¯à®áâà ­áâ¢® F = A( _W ). �«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ®áâ «®áì
¯®ª § âì, çâ® F ¯«®â­® ¢ L2;
(T ;X), ¨ â¥¬ á ¬ë¬ ¡ã¤¥â ãáâ ­®¢«¥­® à ¢¥­áâ¢® F = L2;
(T ;X).

�ãáâì f 2 L2;
(T ;X) | ¯à®¨§¢®«ì­ ï äã­ªæ¨ï, �n 2 T | ã¡ë¢ îé ï ¯à¨ n!1 ª ­ã«î ¯®-
á«¥¤®¢ â¥«ì­®áâì ¨ fn | \áà¥§ª¨" äã­ªæ¨¨ f ­  (�n; �), â. ¥. áã¦¥­¨ï f ­  (�n; �), ¯à®¤®«¦¥­­ë¥
­ã«¥¬ ­  (0; �n). � ª ª ª fn 2 L2;�=2�1 ¨ 
 < �=2�1 ¯® ¯à¥¤¯®«®¦¥­¨î, â® ¯® â¥®à¥¬¥ 4.4 ¤«ï ª -
¦¤®£® n � 1 áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­ ï äã­ªæ¨ï un 2 _W â ª ï, çâ® Aun = fn. �áâ «®áì § ¬¥â¨âì,
çâ® fn ! f ¢ L2;
(T ;X), ®âªã¤  á«¥¤ã¥â ¯«®â­®áâì F ¢ L2;
(T ;X) ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ f .

� § ª«îç¥­¨¥ ¯à¨¬¥­¨¬ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ª £à ­¨ç­®© § ¤ ç¥ (1), (2) ¨ ãáâ ­®¢¨¬
¤«ï ­¥¥ ¢¥á®¢ë¥ â¥®à¥¬ë £« ¤ª®áâ¨ á ®æ¥­ª ¬¨ à¥è¥­¨ï ¢ ¢¥á®¢ëå á®¡®«¥¢áª¨å ­®à¬ å. � ¤ çã
(1), (2) ¯à¥¤áâ ¢¨¬ ª ª ¤¨ää¥à¥­æ¨ «ì­®-®¯¥à â®à­®¥ ãà ¢­¥­¨¥ (9). �«ï x = (x1; : : : ; xm) 2 

¯®«®¦¨¬ t = xm 2 T , x0 = (x1; : : : ; xm�1) 2 
0. �¢¥¤¥¬ ¯à®áâà ­áâ¢ 

X = L2(

0); X1 = fu 2W 2

2 (

0) : uj@
0 = 0g:

�«ï ª ¦¤®£® t 2 [0; 1] ®¯à¥¤¥«¨¬ ®¯¥à â®àë a(t) 2 B(X), b(t) 2 B(X1 ! X) ä®à¬ã« ¬¨

(a(t)u)(x0) = amm(x
0; t)u(x0); (b(t)u)(x0) = �

X
i;j<m

@i(aij(x
0; t)@ju(x

0)):

�á«®¢¨ï amm 2 C(
), aij 2 C1(
) ¯à¨ i; j < m ®¡¥á¯¥ç¨¢ îâ ­¥¯à¥àë¢­®áâì ¢ ®¯¥à â®à­ëå
­®à¬ å ¢¢¥¤¥­­ëå äã­ªæ¨© a : [0; 1]! B(X), b : [0; 1]! B(X1 ! X). �à¥¤¯®« £ ¥âáï â ª¦¥, çâ®
amm(x) > 0 ¤«ï ¢á¥å x 2 
 ¨ ¬ âà¨æ  faij(x)gi;j<m á¨¬¬¥âà¨ç­  ¨ à ¢­®¬¥à­® ¯®«®¦¨â¥«ì­®
®¯à¥¤¥«¥­  ¤«ï x 2 
, ®âªã¤  á«¥¤ã¥â á ¬®á®¯àï¦¥­­®áâì ¨ ¯®«®¦¨â¥«ì­ ï ®¯à¥¤¥«¥­­®áâì
®¯¥à â®à®¢ a(t), b(t) ¢ X. �«ï ª®íää¨æ¨¥­â  amm(x) ¯à¥¤¯®« £ ¥âáï â ª¦¥, çâ®

1) @mamm 2 C(
0 � [�; 1]) ¤«ï «î¡®£® � 2 (0; 1);
2) max

x02
0
jxm@mamm(x)j ! 0 ¯à¨ xm ! 0.

�â¨ ãá«®¢¨ï ®¡¥á¯¥ç¨¢ îâ ¢ë¯®«­¨¬®áâì ãá«®¢¨© 1){3) ¤«ï ®¯¥à â®à-äã­ªæ¨¨ a(t), áä®à¬ã«¨-
à®¢ ­­ëå ¢ ­ ç «¥ à §¤¥«  4. �¢¥¤¥¬ ¯à®áâà ­áâ¢® äã­ªæ¨© W á ª®­¥ç­ë¬ ª¢ ¤à â®¬ ­®à¬ë

kujWk2 =
Z



jx��
m @2muj2 + jx��
�1
m @muj2 +

X
i;j<m

jx��
m @2ijuj2 + jx��
m uj2dx

¨ ã¤®¢«¥â¢®àïîé¨å £à ­¨ç­ë¬ ãá«®¢¨ï¬ (2). �®áª®«ìªã ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¯à®áâà ­-
áâ¢® X1 ª®¬¯ ªâ­® ¢«®¦¥­® ¢ X, â® ¨§ â¥®à¥¬ë 4.5 ¢ëâ¥ª ¥â

�¥®à¥¬  4.6. �á«¨ � < � + 2 ¨ �1=2 < 
 < � + 1=2, â® ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à

¢ «¥¢®© ç áâ¨ (1) ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¯à®áâà ­áâ¢  W ­  L2;
(
). �«¥¤®¢ â¥«ì­®, ¤«ï
«î¡®© ¯à ¢®© ç áâ¨ f 2 L2;
(
) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u 2 W § ¤ ç¨ (1), (2) ¨
á¯à ¢¥¤«¨¢  ¤¢ãáâ®à®­­ïï ®æ¥­ª  kujWk � kf jL2;
(
)k.
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