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�®¤¥«¨à®¢ ­¨¥ ¯à®æ¥áá®¢ â¥¯«®- ¨ ¬ áá®®¡¬¥­  ¢ á«ãç ¥ ¨å ¬ «®© ¯à®¤®«¦¨â¥«ì­®áâ¨
¨/¨«¨ ¬ «®áâ¨ ª®íää¨æ¨¥­â®¢ â¥¬¯¥à âãà®¯à®¢®¤­®áâ¨-¤¨ääã§¨¨ ¯à¨¢®¤¨â ª ªà ¥¢ë¬ § ¤ -
ç ¬ ¤«ï á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå ¯ à ¡®«¨ç¥áª¨å ¨ í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© | ãà ¢­¥­¨© á
¬ «ë¬ ¯ à ¬¥âà®¬ " ¯à¨ áâ àè¨å ¯à®¨§¢®¤­ëå. �«ï â ª¨å § ¤ ç å®à®è® ¨§¢¥áâ­ë âàã¤­®áâ¨,
¢®§­¨ª îé¨¥ ¯à¨ ¨å ç¨á«¥­­®¬ à¥è¥­¨¨ áâ ­¤ àâ­ë¬¨ ¬¥â®¤ ¬¨, à §¢¨âë¬¨ ¤«ï à¥£ã«ïà­ëå
ªà ¥¢ëå § ¤ ç [1], [2]. �§¢¥áâ­  â ª¦¥ ¯à®¡«¥¬ , á¢ï§ ­­ ï á à §à ¡®âª®© á¯¥æ¨ «ì­ëå ç¨-
á«¥­­ëå ¬¥â®¤®¢, ®è¨¡ª¨ ª®â®àëå ­¥ § ¢¨áïâ ®â ¢®§¬ãé îé¥£® ¯ à ¬¥âà  ", â. ¥. "-à ¢­®¬¥à­®
áå®¤ïé¨åáï ¬¥â®¤®¢ [3]{[5]. �«ï ¤®áâ â®ç­® ¯à¥¤áâ ¢¨â¥«ì­ëå ª« áá®¢ á¨­£ã«ïà­® ¢®§¬ãé¥­-
­ëå ªà ¥¢ëå § ¤ ç ¢ [6]{[9] à §à ¡®â ­ë ¨ ¨§ãç¥­ë à §«¨ç­ë¥ ¬¥â®¤ë ¯®áâà®¥­¨ï "-à ¢­®¬¥à­®
áå®¤ïé¨åáï à §­®áâ­ëå áå¥¬. �â¨ ¬¥â®¤ë ¨á¯®«ì§ãîâ ¯®¤å®¤ë ­  ®á­®¢¥  ¤ ¯â¨àãîé¨å á¥â®ª,
á£ãé îé¨åáï ¢ ®ªà¥áâ­®áâ¨ ¯®£à ­¨ç­ëå ¨ ¯¥à¥å®¤­ëå á«®¥¢ (®¯¨á ­¨¥ ¬¥â®¤®¢ á¬., ­ ¯à., ¢
[3]; [6]; [7], á. 123; [8], á. 30; [9], á. 82) ¨/¨«¨ ¬¥â®¤  ¯®¤£®­ª¨ (¥£® ®¯¨á ­¨¥ á¬. ¢ [4], [5]). � ¬¥-
â¨¬, çâ® ¯®àï¤®ª â®ç­®áâ¨ ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ¢ á«ãç ¥ ãà ¢­¥­¨© ª®­¢¥ªæ¨¨-¤¨ääã§¨¨
­¥ ¢ëè¥ ¯¥à¢®£® ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¨ ¢à¥¬¥­­®© ¯¥à¥¬¥­­ë¬. �á®¡ë© ¨­â¥à¥á ¯à¥¤áâ ¢«ïîâ
"-à ¢­®¬¥à­® áå®¤ïé¨¥áï à §­®áâ­ë¥ áå¥¬ë ¢ëá®ª®£® ¯®àï¤ª  â®ç­®áâ¨, â. ª. ¯®§¢®«ïîâ ¯®¢ë-
á¨âì íää¥ªâ¨¢­®áâì ¢ëç¨á«¨â¥«ì­ëå  «£®à¨â¬®¢.

� á«ãç ¥ à¥£ã«ïà­ëå ªà ¥¢ëå § ¤ ç íää¥ªâ ¯®¢ëè¥­¨ï â®ç­®áâ¨ ¬®¦¥â ¡ëâì ¯®«ãç¥­ § 
áç¥â ã¬¥­ìè¥­¨ï ­¥¢ï§ª¨ à §­®áâ­ëå áå¥¬ ­  à¥è¥­¨ïå ªà ¥¢ëå § ¤ ç. �®àà¥ªæ¨ï ­¥¢ï§ª¨
¤®áâ¨£ ¥âáï á ¨á¯®«ì§®¢ ­¨¥¬ ãáâ®©ç¨¢ëå áå¥¬ ­¥¢ëá®ª®£® ¯®àï¤ª  â®ç­®áâ¨ [10], çâ® ¯à¨¢®¤¨â
ª ¯®¢ëè¥­¨î â®ç­®áâ¨  «£®à¨â¬  á á®åà ­¥­¨¥¬ ¥£® ãáâ®©ç¨¢®áâ¨. �«ï ¯à¨¬¥­¥­¨ï â ª®£®
¬¥â®¤  âà¥¡ã¥âáï ¤®áâ â®ç­® å®à®è¥¥ ¯®¢¥¤¥­¨¥ ¯à®¨§¢®¤­ëå à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨; ¯®àï¤®ª
âà¥¡ã¥¬ëå \å®à®è¨å" ¯à®¨§¢®¤­ëå à áâ¥â á à®áâ®¬ â®ç­®áâ¨ á¥â®ç­®£® à¥è¥­¨ï.

�¥¯®áà¥¤áâ¢¥­­®¥ ¨á¯®«ì§®¢ ­¨¥ ¬¥â®¤®¢ ª®àà¥ªæ¨¨ ­¥¢ï§ª¨ (¨ ¨å ®¡®á­®¢ ­¨¥) ¤«ï á¨­£ã-
«ïà­® ¢®§¬ãé¥­­ëå § ¤ ç ¢ë§ë¢ ¥â âàã¤­®áâ¨, á¢ï§ ­­ë¥ á ¤®áâ â®ç­® á«®¦­ë¬ ¯®¢¥¤¥­¨¥¬
à¥è¥­¨© ¨, ¢ ç áâ­®áâ¨, á ­¥®£à ­¨ç¥­­ë¬ à®áâ®¬ ¯à®¨§¢®¤­ëå ¯à¨ "! 0. � ¬¥â¨¬, çâ® ¢ á«ãç ¥
­¥áâ æ¨®­ à­ëå § ¤ ç ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¯® ¢à¥¬¥­­®© ¯¥à¥¬¥­­®© á®åà ­ïîâ ®á®¡¥­­®áâ¨
á ¬®£® à¥è¥­¨ï, â®£¤  ª ª ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ ¯®¢ëè ¥â
á¨­£ã«ïà­®áâì. � ª®¥ ¯®¢¥¤¥­¨¥ ¯à®¨§¢®¤­ëå ¯® ¢à¥¬¥­¨ ¯®§¢®«¨«® ¤®áâ â®ç­® ¥áâ¥áâ¢¥­­®
à §¢¨âì â¥å­¨ªã ¤¥ä¥ªâ-ª®àà¥ªæ¨¨ ¤«ï á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå § ¤ ç á æ¥«ìî ¯®¢ëè¥­¨ï
â®ç­®áâ¨ ¯® ¢à¥¬¥­­®© ¯¥à¥¬¥­­®© [11]. �«ï ¯®¢ëè¥­¨ï â®ç­®áâ¨ ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥-
¬¥­­ë¬ ã¦¥ âà¥¡ã¥âáï á¯¥æ¨ «ì­ ï ª®àà¥ªæ¨ï, ãç¨âë¢ îé ï à §«¨ç­®¥ ¯®¢¥¤¥­¨¥ ¯à®¨§¢®¤-
­ëå ¯® ¯à®áâà ­áâ¢ã ¢ ®ªà¥áâ­®áâ¨ ¯®£à ­¨ç­®£® á«®ï ¨ ¢­¥ ¥£®. � à ¡®â¥ [12] ¤«ï ãà ¢­¥­¨©
à¥ ªæ¨¨-¤¨ääã§¨¨ ¯®áâà®¥­ë áå¥¬ë ¢ëá®ª®£® ¯®àï¤ª  â®ç­®áâ¨ ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥-
¬¥­­ë¬. � ¬¥â¨¬, çâ® ¯®áâà®¥­¨¥ â ª¨å ¦¥ áå¥¬ ¢ á«ãç ¥ ãà ¢­¥­¨© á ª®­¢¥ªâ¨¢­ë¬¨ ç«¥­ ¬¨

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(ª®¤ ¯à®¥ªâ  98-01-00362).
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áãé¥áâ¢¥­­® ãá«®¦­ï¥âáï, â. ª. ­¥¢ï§ª  ã¦¥ ­¥ ï¢«ï¥âáï "-à ¢­®¬¥à­® ®£à ­¨ç¥­­®©. � ª¨¬
®¡à §®¬, âà¥¡ã¥âáï ¤ «ì­¥©è¥¥ à §¢¨â¨¥ â¥å­¨ª¨, à §à ¡®â ­­®© ¢ [12].

� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ îâáï á¥â®ç­ë¥  ¯¯à®ªá¨¬ æ¨¨ § ¤ ç¨ �¨à¨å«¥ ¤«ï á¨­£ã«ïà-
­® ¢®§¬ãé¥­­ëå ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï ­  ®âà¥§ª¥ ¨ í««¨¯â¨ç¥áª®£® ãà ¢­¥­¨ï ­  ¯®«®á¥
¢ â®¬ á«ãç ¥, ª®£¤  ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï á®¤¥à¦ â ª®­¢¥ªâ¨¢­ë¥ ç«¥­ë. �«ï ªà ¥-
¢ëå § ¤ ç ¯à¨¢®¤¨âáï  «£®à¨â¬ ¯®áâà®¥­¨ï "-à ¢­®¬¥à­® áå®¤ïé¨åáï áå¥¬ ¢ëá®ª®£® ¯®àï¤ª 
â®ç­®áâ¨ ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬. �  «£®à¨â¬¥ ¨á¯®«ì§ã¥âáï ª®àà¥ªæ¨ï ­¥¢ï§ª¨ ­ 
¯®á«¥¤®¢ â¥«ì­® à¥è ¥¬ëå á¥â®ç­ëå § ¤ ç å. � §­®áâ­ë¥ áå¥¬ë áâà®ïâáï ­  á¥âª å, á£ãé -
îé¨åáï ¢ ®ªà¥áâ­®áâ¨ ¯®£à ­¨ç­ëå á«®¥¢. �ë¯¨á ­ë á¥â®ç­ë¥ ®¯¥à â®àë ¤«ï á¯¥æ¨ «ì­ëå
à §­®áâ­ëå áå¥¬, à¥è¥­¨ï ª®â®àëå áå®¤ïâáï "-à ¢­®¬¥à­® á® áª®à®áâìî O(N�3 ln4N +N�1

0 ) ¨
O(N�3 ln4N) ¢ á«ãç ¥ ¯ à ¡®«¨ç¥áª¨å ¨ í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨© á®®â¢¥âáâ¢¥­­®, £¤¥ N ¨ N0

®¯à¥¤¥«ïîâ ç¨á«® ã§«®¢ á¥âª¨ ¯® ¯à®áâà ­áâ¢ã ¨ ¢à¥¬¥­¨.
� ®â«¨ç¨¥ ®â ¨§¢¥áâ­ëå à ¡®â (á¬., ­ ¯à., [13]) ¢ ¤ ­­®© à ¡®â¥ â¥å­¨ª  ¤¥ä¥ªâ-ª®àà¥ªæ¨¨

à áá¬ âà¨¢ ¥âáï ¢ á«ãç ¥ à ¢­®¬¥à­®© ­®à¬ë k � kL1 (¢ [13] ¨áá«¥¤®¢ « áì áå®¤¨¬®áâì ¢ L2-
­®à¬¥, ª®â®à ï, ¢®®¡é¥ £®¢®àï, ­¥ ï¢«ï¥âáï  ¤¥ª¢ â­®© ¤«ï § ¤ ç á ¯®£à ­¨ç­ë¬¨ á«®ï-
¬¨). �å¥¬ë ¢ëá®ª®£® (¤® âà¥âì¥£®) ¯®àï¤ª  â®ç­®áâ¨ ¤«ï á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå ãà ¢­¥­¨©
ª®­¢¥ªæ¨¨-¤¨ääã§¨¨ à ­¥¥ ­¥ à áá¬ âà¨¢ «¨áì.

1. �®áâ ­®¢ª  § ¤ ç¨ ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨©

� ®¡« áâ¨ G = D � (0; T ], D = fx : 0 < x < dg á £à ­¨æ¥© S = G n G à áá¬®âà¨¬ § ¤ çã
�¨à¨å«¥ ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢­¥­¨ï 1

L(1:1)u(x; t) �
�
"a(x; t)

@2

@x2
+ b(x; t)

@

@x
� c(x; t)� p(x; t)

@

@t

�
u(x; t) = f(x; t); (x; t) 2 G;

(1.1a)

u(x; t) = '(x; t); (x; t) 2 S: (1.1¡)

�¤¥áì a(x; t), b(x; t), c(x; t), p(x; t), f(x; t), (x; t) 2 G ¨ '(x; t), (x; t) 2 S, | ¤®áâ â®ç­® £« ¤ª¨¥
äã­ªæ¨¨, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î

0 < a0 � a(x; t) � a0; p(x; t) � p0 > 0; b(x; t) � b0 > 0; c(x; t) � 0; (x; t) 2 G;

¯ à ¬¥âà " ¯à¨­¨¬ ¥â ¯à®¨§¢®«ì­ë¥ §­ ç¥­¨ï ¨§ ¯®«ã¨­â¥à¢ «  (0; 1].
�à¨ áâà¥¬«¥­¨¨ ¯ à ¬¥âà  ª ­ã«î ¢ ®ªà¥áâ­®áâ¨ ¬­®¦¥áâ¢  SL� = �� � (0; T ], £¤¥ �� =

fx : x = 0g, ¯®ï¢«ï¥âáï à¥£ã«ïà­ë© ¯®£à ­¨ç­ë© á«®©, ®¯¨áë¢ ¥¬ë© ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-
æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬. �®« £ ¥¬ S = S0 [ S

L, £¤¥ S0 = D � ft = 0g ¨ SL = fx : x = 0; dg � (0; T ]
áãâì ­¨¦­¥¥ ®á­®¢ ­¨¥ ¨ ¡®ª®¢ ï £à ­¨æ  ¬­®¦¥áâ¢  G, SL = SL� [ SL+.

�«ï § ¤ ç¨ (1.1) ¢ ([7], á. 165) á ¨á¯®«ì§®¢ ­¨¥¬ ªãá®ç­®-à ¢­®¬¥à­ëå á¥â®ª, á£ãé îé¨åáï
¢ ®ªà¥áâ­®áâ¨ ¯®£à ­¨ç­®£® á«®ï, ¯®áâà®¥­  à §­®áâ­ ï áå¥¬ , à¥è¥­¨¥ ª®â®à®© áå®¤¨âáï "-
à ¢­®¬¥à­® á® áª®à®áâìî O(N�1 ln2N + N�1

0 ). �§ï¢ íâã áå¥¬ã ¢ ª ç¥áâ¢¥ ¡ §®¢®©, ¯®áâà®¨¬
à §­®áâ­ãî áå¥¬ã, ¯®àï¤®ª áª®à®áâ¨ áå®¤¨¬®áâ¨ ª®â®à®© ¯® ¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®© ¢ëè¥
¢â®à®£®. �à¨ ¯®áâà®¥­¨¨ áå¥¬ë ¨á¯®«ì§ã¥¬ ¬¥â®¤ ª®àà¥ªæ¨¨ ­¥¢ï§ª¨ (®¯¨á ­¨¥ ¬¥â®¤  ¤«ï
à¥£ã«ïà­ëå § ¤ ç á¬., ­ ¯à., ¢ [10] ¨ ¡¨¡«¨®£à ä¨î â ¬ ¦¥).

2. �á¯®¬®£ â¥«ì­ë¥ ¯®áâà®¥­¨ï

�à¨¢¥¤¥¬  ¯à¨®à­ë¥ ®æ¥­ª¨ à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨,   â ª¦¥ á¯¥æ¨ «ì­ãî à §­®áâ­ãî
áå¥¬ã. �  ®á­®¢¥ íâ®© áå¥¬ë ¯®áâà®¨¬ à §­®áâ­ãî áå¥¬ã ¯®¢ëè¥­­®£® ¯®àï¤ª  â®ç­®áâ¨ ¯®
¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®©. �¯à¨®à­ë¥ ®æ¥­ª¨ ¨á¯®«ì§ã¥¬ ¯à¨ ¯®áâà®¥­¨¨ áå¥¬ ¨ ®¡®á­®¢ -
­¨¨ áå®¤¨¬®áâ¨. �¥å­¨ª  ¢ë¢®¤  ®æ¥­®ª ¯®¤®¡­  ¯à¨¢¥¤¥­­®© ¢ [7], [14].

1� ¯¨áì L(j:k) (f(j:k)(x; t), M(j:k)) ®§­ ç ¥â, çâ® íâ®â ®¯¥à â®à (äã­ªæ¨ï, ¯®áâ®ï­­ ï) ¢¢¥¤¥­ ¢ ä®à¬ã«¥
(j:k). �¥à¥§ M , M1 (ç¥à¥§ m) ®¡®§­ ç ¥¬ ¤®áâ â®ç­® ¡®«ìè¨¥ (¬ «ë¥) ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, ­¥
§ ¢¨áïé¨¥ ®â " ¨ ®â ¯ à ¬¥âà®¢ à §­®áâ­ëå áå¥¬.
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2.1. �¯à¨®à­ë¥ ®æ¥­ª¨ à¥è¥­¨ï ¨ ¯à®¨§¢®¤­ëå. �ë¯¨è¥¬ ®æ¥­ª¨ à¥è¥­¨ï § ¤ ç¨ (1.1). �à¥¤-

¯®« £ ¥¬, çâ® ­  ¬­®¦¥áâ¢¥ S� = S
L
\ S0 ¢ë¯®«­¥­ë ãá«®¢¨ï á®£« á®¢ ­¨ï, ®¡¥á¯¥ç¨¢ îé¨¥

¤®áâ â®ç­ãî £« ¤ª®áâì à¥è¥­¨ï ¯à¨ ä¨ªá¨à®¢ ­­ëå §­ ç¥­¨ïå ¯ à ¬¥âà .
�¥è¥­¨¥ § ¤ ç¨ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë äã­ªæ¨©

u(x; t) = U(x; t) +W (x; t); (x; t) 2 G; (2.1)

£¤¥ U(x; t), W (x; t) | à¥£ã«ïà­ ï ¨ á¨­£ã«ïà­ ï ç áâ¨ à¥è¥­¨ï. �ã­ªæ¨ï U(x; t) | áã¦¥­¨¥ ­ 
G äã­ªæ¨¨ U 0(x; t), (x; t) 2 G

0
. �¤¥áì G

0
| à áè¨à¥­¨¥ ¬­®¦¥áâ¢  G §  £à ­¨æã SL�; äã­ªæ¨ï

U 0(x; t) | à¥è¥­¨¥ § ¤ ç¨

L0
(1:1)U

0(x; t) = f 0(x; t); (x; t) 2 G0; U 0(x; t) = '0(x; t); (x; t) 2 S0;

£¤¥ S0 = G
0
n G0, ª®íää¨æ¨¥­âë ®¯¥à â®à  L0

(1:1) ¨ ¯à ¢ ï ç áâì ãà ¢­¥­¨ï f 0(x; t) | £« ¤ª¨¥
¯à®¤®«¦¥­¨ï ª®íää¨æ¨¥­â®¢ ®¯¥à â®à  L(1:1) ¨ ¯à ¢®© ç áâ¨ f(x; t), á®åà ­ïîé¨¥ ¨å á¢®©áâ¢ ,
'0(x; t) | ¤®áâ â®ç­® £« ¤ª ï äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î '0(x; t) = '(x; t), (x; t) 2
S0 [ SL+. �ã­ªæ¨ï W (x; t) | à¥è¥­¨¥ § ¤ ç¨

L(1:1)W (x; t) = 0; (x; t) 2 G; W (x; t) = '(x; t)� U(x; t); (x; t) 2 S:

�«ï äã­ªæ¨¨ u(x; t) ¨ ª®¬¯®­¥­â U(x; t), W (x; t) á¯à ¢¥¤«¨¢ë ®æ¥­ª¨���� @k+k0

@xk@tk0
u(x; t)

���� �M"�k;

���� @k+k0

@xk@tk0
U(x; t)

���� �M; (2.2)

���� @k+k0

@xk@tk0
W (x; t)

���� �M"�k exp[�m(2:2)"
�1r(x; ��)];

(x; t) 2 G; k + 2k0 � K0;

£¤¥ m(2:2) | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï ¨§ ¨­â¥à¢ «  (0;m0), m0 = (a0)�1b0, r(x; ��) | à ááâ®ï-
­¨¥ ®â â®çª¨ x ¤® ¬­®¦¥áâ¢  ��. �¥«¨ç¨­  K0 § ¢¨á¨â ®â £« ¤ª®áâ¨ ¤ ­­ëå § ¤ ç¨ ¨ ¯®àï¤ª 
ãá«®¢¨© á®£« á®¢ ­¨ï ­  S�. � á«ãç ¥ ¤®áâ â®ç­® £« ¤ª¨å ¤ ­­ëå ¨ ¢ë¯®«­¥­¨ï ãá«®¢¨© á®£« -
á®¢ ­¨ï ¤® ¯®àï¤ª  K ¢ª«îç¨â¥«ì­® ¨¬¥¥¬ K0 = 2K.

�¥®à¥¬  2.1. �«ï à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (1:1) ¨ ª®¬¯®­¥­â U(x; t), W (x; t) ¨§ ¯à¥¤áâ -
¢«¥­¨ï (2:1) á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (2:2).

� ¬¥ç ­¨¥. �¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® ¯¥à¥¬¥­­®© t ­¥ ã¢¥«¨ç¨¢ ¥â á¨­£ã«ïà­®áâì à¥è¥­¨ï
¨ ¥£® ª®¬¯®­¥­â ¨ ¨å ¯à®¨§¢®¤­ëå ¯® x.

2.2. �¯¥æ¨ «ì­ ï à §­®áâ­ ï áå¥¬ . �à¨¢¥¤¥¬ á¯¥æ¨ «ì­ãî à §­®áâ­ãî áå¥¬ã ¨§ [7]. �à¥¤-
¢ à¨â¥«ì­® ¢ë¯¨è¥¬ ª« áá¨ç¥áªãî áå¥¬ã [1]. �  ¬­®¦¥áâ¢¥ G ¢¢¥¤¥¬ ¯àï¬®ã£®«ì­ãî á¥âªã

Gh = !1 � !0: (2.3)

�¤¥áì !1 | á¥âª  ­  ¬­®¦¥áâ¢¥ D, ¢®®¡é¥ £®¢®àï, ­¥à ¢­®¬¥à­ ï, !0 | à ¢­®¬¥à­ ï á¥âª  ­ 
®âà¥§ª¥ [0; T ]. �®« £ ¥¬ hi = xi+1 � xi, xi, xi+1 2 !1, x1 = 0, xN+1 = d, h = max

i
hi. �¥à¥§ N + 1

¨ N0 + 1 ®¡®§­ ç¨¬ ç¨á«® ã§«®¢ á¥â®ª !1 ¨ !0 á®®â¢¥âáâ¢¥­­®; ¯ãáâì h �MN�1, ht = TN�1
0 . � 

á¥âª¥ Gh § ¤ ç¥ (1.1) á®¯®áâ ¢¨¬ à §­®áâ­ãî áå¥¬ã

�(2:4)z(x; t) = f(x; t); (x; t) 2 Gh; (2.4a)

z(x; t) = '(x; t); (x; t) 2 Sh: (2.4¡)

�¤¥áì Gh = G \Gh, Sh = S \Gh,

�(2:4)z(x; t) � f"a(x; t)�
xbx + b(x; t)�x � c(x; t)� p(x; t)�tgz(x; t);
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�
xbx z(x; t) = 2(hi�1 + hi)�1[�xz(x; t) � �x z(x; t)], (x; t) = (xi; t), �t z, �xz, �x z, �xbx z | ¯¥à¢ë¥ ¨
¢â®à ï à §­®áâ­ë¥ ¯à®¨§¢®¤­ë¥ ­  ­¥à ¢­®¬¥à­®© á¥âª¥.

� §­®áâ­ ï áå¥¬  (2.4), (2.3) ï¢«ï¥âáï ¬®­®â®­­®© ([1], £«. VII, x 1, á. 401) "-à ¢­®¬¥à­® ¯à¨
¯à®¨§¢®«ì­®¬ à á¯à¥¤¥«¥­¨¨ ã§«®¢ á¥âª¨ !1, ¯®à®¦¤ îé¥© á¥âªã Gh(2:3). �â  áå¥¬  áå®¤¨âáï
¯à¨ ä¨ªá¨à®¢ ­­®¬ §­ ç¥­¨¨ ¯ à ¬¥âà , ®¤­ ª® ­¥ áå®¤¨âáï "-à ¢­®¬¥à­®.

�ë¯¨è¥¬ á¯¥æ¨ «ì­ãî à §­®áâ­ãî áå¥¬ã. �  ¬­®¦¥áâ¢¥ G áâà®¨¬ á¥âªã, á£ãé îéãîáï ¢
®ªà¥áâ­®áâ¨ ¯®£à ­¨ç­®£® á«®ï

Gh(2:5) = !�1(�)� !0; (2.5)

£¤¥ !0 = !0(2:3), !�1 = !�1(�) | ªãá®ç­®-à ¢­®¬¥à­ ï á¥âª , � | ¯ à ¬¥âà, § ¢¨áïé¨© ®â "
¨ N . � £¨ á¥âª¨ !�1 ­  ®âà¥§ª å [0; �] ¨ [�; d] ¯®áâ®ï­­ë ¨ à ¢­ë h(1) = 2�N�1 ¨ h(2) =
2(d � �)N�1 á®®â¢¥âáâ¢¥­­®, � � 2�1d. �¥«¨ç¨­ã � ¢ë¡¨à ¥¬ ¨§ ãá«®¢¨ï � = �(2:5)(";N; l) =
min[2�1d; lm�1" lnN ], £¤¥ m = m(2:2), l | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î
l � 1. �¥âª  Gh(2:5) = Gh(2:5)(l) ¯®áâà®¥­ .

�®¢®ªã¯­®áâì á¥â®ç­ëå ãà ¢­¥­¨© (2.4) ¨ á¥âª¨ Gh(2:5) ®¯à¥¤¥«ïîâ á¯¥æ¨ «ì­ãî à §­®áâ­ãî
áå¥¬ã | áå¥¬ã (2.4), (2.5).

2.3. �æ¥­ª¨ à¥è¥­¨© áå¥¬ë (2:4), (2:5) ¨ ¨å á¥â®ç­ëå ¯à®¨§¢®¤­ëå. �à¥¤¢ à¨â¥«ì­® ¯à¨¢¥-
¤¥¬ ¤®áâ â®ç­ë¥ ãá«®¢¨ï, ­ ª« ¤ë¢ ¥¬ë¥ ­  ¤ ­­ë¥ á¥â®ç­®© § ¤ ç¨ (2.4), (2.5), ¢ë¯®«­¥­¨¥
ª®â®àëå ®¡¥á¯¥ç¨¢ ¥â ¬ «®áâì à¥è¥­¨ï íâ®© à §­®áâ­®© áå¥¬ë. �ãáâì äã­ªæ¨¨ f(x; t), '(x; t)
ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

jf(x; t)j �M�(� +N�1)�1; M1h
(1) � x < �; x 6= xj ;

jf(x; t)j �M�; � � x � d�M1h
(2); x 6= xj;

jf(x; t)j �M�"�1��1("+ �N�1)N; x < M1h
(1);

jf(x; t)j �M�(" +N�1)N 2; x > d�M1h
(2);

jf(x; t)j �M���1("+ �N�1)(� +N�1)�1N; x = xj ; x < �;

jf(x; t)j �M�N; x = xj ; x � �; (x; t) 2 Gh;

j'(x; t)j �M�; (x; t) 2 Sh:

(2.6)

�¤¥áì Gh = Gh(2:5), � = �(2:5), � | ¯à®¨§¢®«ì­®¥ ç¨á«® (¢ ¤ «ì­¥©è¥¬ ¢¥«¨ç¨­  � ¢ë¡¨à ¥âáï
¤®áâ â®ç­® ¬ «®©), xj | ­¥ª®â®àë¥ ¯à®¨§¢®«ì­ë¥ ã§«ë á¥âª¨ !1, ¯à¨ç¥¬ j � J , ¢¥«¨ç¨­  J
®£à ­¨ç¥­  (à ¢­®¬¥à­® ¯® ", N). �®£¤  ¤«ï à¥è¥­¨ï § ¤ ç¨ (2.4), (2.5) á¯à ¢¥¤«¨¢  ®æ¥­ª 

jz(x; t)j �M�; (x; t) 2 Gh: (2.7)

�¥¬¬  2.1. � á«ãç ¥ ãá«®¢¨© (2:6) ¤«ï à¥è¥­¨ï à §­®áâ­®© áå¥¬ë (2:4), (2:5) ¢ë¯®«­ï¥âáï
®æ¥­ª  (2:7).

�à¨¢¥¤¥¬ àï¤ ®æ¥­®ª ¤«ï à¥è¥­¨© á¯¥æ¨ «ì­ëå à §­®áâ­ëå áå¥¬. �¥è¥­¨¥ à §­®áâ­®© áå¥-
¬ë (2.4), (2.5) ®£à ­¨ç¥­® "-à ¢­®¬¥à­® ¨ ¯à¨ N , N0 ! 1 áå®¤¨âáï "-à ¢­®¬¥à­® ª à¥è¥­¨î
ªà ¥¢®© § ¤ ç¨ (1.1)

jz(x; t)j �M; ju(x; t) � z(x; t)j �M [N�1 ln2N +N�1
0 ]; (x; t) 2 Gh: (2.8)

� «¥¥ ¤«ï ¯à®áâ®âë ¯à¨ ¢ë¢®¤¥ ®æ¥­®ª ¯à¥¤¯®« £ ¥¬, çâ® ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (1.1)
¯®áâ®ï­­ë,   ­ ç «ì­ë¥ §­ ç¥­¨ï à ¢­ë ­ã«î

a(x; t); b(x; t); c(x; t); p(x; t) = const; (x; t) 2 G; l'(x; 0) = 0; x 2 D: (2.9)

� áá¬®âà¨¬ �k0
t
z(x; t), (x; t) 2 Gh, ¯à¨ t � k0ht, k0 � 1, £¤¥ �k

t
z(x; t) = �t(�

k�1
t

z(x; t)), k � 1.
�ã­ªæ¨ï �k0

t
z(x; t) | à¥è¥­¨¥ á¥â®ç­®© ªà ¥¢®© § ¤ ç¨, ¯®«ãç îé¥©áï ¨§ § ¤ ç¨ (2:4); (2:5)
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¯à¨¬¥­¥­¨¥¬ ª ­¥© à §­®áâ­®£® ®¯¥à â®à  �k0
t
. � ç «ì­ë¥ ãá«®¢¨ï ¤«ï äã­ªæ¨¨ �k0

t
z(x; t) ®¯à¥-

¤¥«¥­ë ¯à¨ t = k0ht; íâ¨ ãá«®¢¨ï ­ å®¤ïâáï á ¨á¯®«ì§®¢ ­¨¥¬ à¥è¥­¨ï z(x; t) ­  á«®ïå t = iht,
i = 0; 1; : : : ; k0.

�®¤®¡­® ¢ë¢®¤ã ®æ¥­®ª (2:8) ¯®«ãç îâáï ®æ¥­ª¨ (á¬., ­ ¯à., [11])

j�k0
t
z(x; t)j �M;

���� @k0@tk0
u(x; t) � �k0

t
z(x; t)

���� �M [N�1 ln2N +N�1
0 ]; (2.10a)

(x; t) 2 Gh; t � k0ht; 2k0 � K0 � 2; K0 = K0(2:2):

� ¬¥â¨¬, çâ® á¥âª¨ Gh(2:5) ¯à¨ r(x; ��) � � ¨ ¯à¨ r(x; ��) � � à ¢­®¬¥à­ë. �  è ¡«®-
­ å á ¯®áâ®ï­­ë¬ è £®¬ ¡ã¤¥¬ à áá¬ âà¨¢ âì à §­®áâ­ë¥ ®¯¥à â®àë �k�nx �nx , £¤¥ k � 0 | ¯®-
àï¤®ª à §­®áâ­®£® ®¯¥à â®à , n ¯à¨­¨¬ ¥â §­ ç¥­¨ï ®â ­ã«ï ¤® k; �kx = �x(�k�1x ). � ¯à¨¬¥à,
�x�x z(x; t) = �xx z(x; t) = zxx(x; t) | ¢â®à ï à §­®áâ­ ï ¯à®¨§¢®¤­ ï ­  è ¡«®­¥ (xi�1; xi; xi+1),
x = xi, hi�1 = hi. �¯¥à â®àë �k�nx �nx ®¯à¥¤¥«¥­ë ­  ¬­®¦¥áâ¢ å !k;n+

1 ¨ !k;n�
1 , £¤¥

!k;n�
1 = fxi : xn+1 � xi � xj�k+n; xj = �; x1 = 0g;

!k;n+
1 = fxi : xj+n � xi � xN+1�k+n; xj = �; xN+1 = dg:

� ãç¥â®¬ ãà ¢­¥­¨© (1.1), (2.4), ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ®æ¥­ª¨ (2.10a), ­ å®¤¨¬

j"k�k�nx �nx �
k0

t
z(x; t)j �M; (2.10¡)

"kj�k�nx �nx �
k0

t
u(x; t)� �k�nx �nx �

k0

t
z(x; t)j;

"k
���� @k+k0

@xk@tk0
u(x; t)� �k�nx �nx �

k0

t
z(x; t)

���� �M [N�1 ln2N +N�1
0 ];

(x; t) 2 Gh; t � k0ht; x 2 !k;n
1 ; k + 2k0 � K0 � 4; n = 0; 1; : : : ; k;

£¤¥ !k;n
1 = !k;n�

1 [ !k;n+
1 .

�¥â®ç­ë¥ äã­ªæ¨¨ "k�k�nx �nx �
k0

t
z(x; t), (x; t) 2 Gh, x 2 !k;n

1 , ¨ äã­ªæ¨¨ "k(@k+k0=@xk@tk0)u(x; t),
(x; t) 2 G, ­ §®¢¥¬ ­®à¬¨à®¢ ­­ë¬¨ (à §­®áâ­ë¬¨ ¨ ¤¨ää¥à¥­æ¨ «ì­ë¬¨) ¯à®¨§¢®¤­ë¬¨.

� ª¨¬ ®¡à §®¬, ¢ á«ãç ¥ ãá«®¢¨ï (2.9) à¥è¥­¨¥ à §­®áâ­®© áå¥¬ë (2.4), (2.5) áå®¤¨âáï ­ 
Gh "-à ¢­®¬¥à­® ª à¥è¥­¨î ªà ¥¢®© § ¤ ç¨ (1.1),   ­®à¬¨à®¢ ­­ë¥ à §­®áâ­ë¥ ¯à®¨§¢®¤­ë¥
"k�k�nx �nx �

k0

t
z(x; t) áå®¤ïâáï "-à ¢­®¬¥à­® ª ­®à¬¨à®¢ ­­ë¬ ¯à®¨§¢®¤­ë¬ "k(@k+k0=@xk@tk0)u(x; t)

­  á¥â®ç­ëå ¯®¤¬­®¦¥áâ¢ å, £¤¥ ®¯à¥¤¥«¥­ë à §­®áâ­ë¥ ¯à®¨§¢®¤­ë¥ �k�nx �nx ­  è ¡«®­¥ á ¯®-
áâ®ï­­ë¬ è £®¬.

�¥®à¥¬  2.2. �ãáâì ¤«ï à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (1:1) ¢ë¯®«­ïîâáï ®æ¥­ª¨ â¥®à¥¬ë 2:1
¯à¨ K0 � 4. �®£¤  à¥è¥­¨¥ à §­®áâ­®© áå¥¬ë (2:4), (2:5) áå®¤¨âáï ª à¥è¥­¨î ªà ¥¢®© § ¤ ç¨

"-à ¢­®¬¥à­®; ¤«ï à¥è¥­¨ï áå¥¬ë á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (2:8). �à¨ ãá«®¢¨¨ (2:9) ¤«ï à §­®áâ­ëå

¯à®¨§¢®¤­ëå á¥â®ç­®£® à¥è¥­¨ï á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (2:10).

3. � §­®áâ­ë¥ áå¥¬ë ¯®¢ëè¥­­®£® ¯®àï¤ª  â®ç­®áâ¨

�®áâà®¨¬ á¥â®ç­ë© ¬¥â®¤, ¨á¯®«ì§ãîé¨© ª®àà¥ªæ¨î ­¥¢ï§ª¨, à¥è¥­¨¥ ª®â®à®£® áå®¤¨âáï
"-à ¢­®¬¥à­® ª à¥è¥­¨î ªà ¥¢®© § ¤ ç¨ (1.1), ®¤­ ª® á ®æ¥­ª®© â®ç­®áâ¨ (¯® ç¨á«ã ã§«®¢ N)
¢ëè¥, ç¥¬ ¢ (2.8).

3.1. �®áâà®¥­¨¥ à §­®áâ­ëå áå¥¬ ¯®¢ëè¥­­®£® ¯®àï¤ª  â®ç­®áâ¨. �¤¥ï ¯®¢ëè¥­¨ï â®ç-
­®áâ¨ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï â ª ï ¦¥, ª ª ¢ [12], ¨ á®áâ®¨â ¢ á«¥¤ãîé¥¬. �è¨¡ª  à¥è¥­¨ï
à §­®áâ­®© áå¥¬ë (2.4), (2.5), ¢ë§¢ ­­ ï  ¯¯à®ªá¨¬ æ¨¥© ç áâ­ëå ¯à®¨§¢®¤­ëå ¯® x à §­®áâ­ë-
¬¨ ¯à®¨§¢®¤­ë¬¨, ®¡ãá« ¢«¨¢ ¥âáï ¯®£à¥è­®áâìî  ¯¯à®ªá¨¬ æ¨¨ ®¯¥à â®à®¢ (@2=@x2) ¨ (@=@x)
á®®â¢¥âáâ¢¥­­® ®¯¥à â®à ¬¨ �

xbx ¨ �x ­  à¥è¥­¨¨ § ¤ ç¨:

	1(x; t) �
@2

@x2
u(x; t)� �

xbxu(x; t); 	2(x; t) �
@

@x
u(x; t)� �xu(x; t); (x; t) 2 Gh:
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� ¯à¨¬¥à, ¢ ã§« å á¥âª¨ Gh, ¤«ï ª®â®àëå hi�1 = hi = h, ¢ ç áâ­®áâ¨, ­  à ¢­®¬¥à­®© á¥âª¥

Gu
h; (3.1)

¨¬¥¥¬

	1(x; t) = �2(4!)�1
@4

@x4
u(x; t)h2 � 2(6!)�1

@6

@x6
u(�1; t)h

4;

	2(x; t) = �
4X

s=2

(s!)�1
@s

@xs
u(x; t)hs�1 � (5!)�1

@5

@x5
u(�2; t)h4;

£¤¥ �1 2 [xi�1; xi+1], �2 2 [xi; xi+1], x = xi. �®íâ®¬ã ¡ë«® ¡ë ¥áâ¥áâ¢¥­­® ¤«ï «ãçè¥©  ¯¯à®ªá¨-
¬ æ¨¨ ¯à®¨§¢®¤­ëå (@=@x)u(x; t) ¨ (@2=@x2)u(x; t) ¨á¯®«ì§®¢ âì á®®â­®è¥­¨ï

�xu(x; t) � 2�1�x�x u(x; t)h� 6�1�2x�x u(x; t)h
2 + 12�1�2x�

2
x u(x; t)h

3;

�xx u(x; t)� 12�1�2x�
2
x u(x; t)h

2; (x; t) 2 Gu
h(3:1):

� íâ®¬ á«ãç ¥ ¯à¨å®¤¨¬ ª \áå¥¬¥"c ª®àà¥ªæ¨¥© ­¥¢ï§ª¨ (¯® x)

�(2:4)z
c(x; t) = f(x; t) + 12�1"h2a(x; t)�2x�

2
x u(x; t) + 2�1hb(x; t)[ �x�x u(x; t) + 3�1h�2x�x u(x; t) ];

£¤¥ zc(x; t) | ®âª®àà¥ªâ¨à®¢ ­­®¥ (¯®¯à ¢«¥­­®¥) à¥è¥­¨¥. �¬¥áâ® à §­®áâ­ëå ¯à®¨§¢®¤­ëå à¥-
è¥­¨ï ªà ¥¢®© § ¤ ç¨ ¬®¦­® ¨á¯®«ì§®¢ âì á®®â¢¥âáâ¢ãîé¨¥ à §­®áâ­ë¥ ¯à®¨§¢®¤­ë¥ äã­ªæ¨¨
z(x; t), (x; t) 2 Gh(2:5), | à¥è¥­¨ï à §­®áâ­®© áå¥¬ë (2.4), (2.5). �®¤®¡­ë¬ ®¡à §®¬ áâà®¨âáï áå¥-
¬  á ª®àà¥ªæ¨¥© ­¥¢ï§ª¨ ¢ â®¬ á«ãç ¥, ª®£¤  ãá«®¢¨¥ hi�1 = hi ­ àãè ¥âáï. �®¦­® ®¦¨¤ âì,
çâ® ­®¢®¥ à¥è¥­¨¥ zc(x; t) ¯à¨¡«¨¦ ¥â à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ ¯® ¯¥à¥¬¥­­®© x á ¯®àï¤ª®¬
â®ç­®áâ¨ ¢ëè¥, ç¥¬ ¢ ®æ¥­ª¥ (2.8).

�¯¨è¥¬  «£®à¨â¬ ¯®áâà®¥­¨ï áå¥¬ ­  ®á­®¢¥ ª®àà¥ªæ¨¨. �à¨ ¯®áâà®¥­¨¨ áå¥¬ ¯à¨­¨¬ ¥¬
¢® ¢­¨¬ ­¨¥ «¥¬¬ã 2.1.

�¯¥à â®à �(2:4) � �1  ¯¯à®ªá¨¬¨àã¥â ®¯¥à â®à L(1:1) á ¯¥à¢ë¬ ¯®àï¤ª®¬ â®ç­®áâ¨ ¯® ¯¥à¥-
¬¥­­®© x (¯® è £ã ¯à®áâà ­áâ¢¥­­®© á¥âª¨| ¢¥«¨ç¨­ ¬ h(1), h(2)). �¥à¥§ �k ®¡®§­ ç¨¬ á¥â®ç­ë©
®¯¥à â®à,  ¯¯à®ªá¨¬¨àãîé¨© L(1:1) á k-¬ ¯®àï¤ª®¬ â®ç­®áâ¨. �¯¥à â®à �k áâà®¨¬ ¢ â ª®¬ ¢¨¤¥

�k = �1 +
kX

i=2

�(i):

� ®¯¥à â®à �k ¢å®¤ïâ à §­®áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¯® x ¯®àï¤ª  ­¥ ¢ëè¥ k + 1. �¯¥à â®àë �(i),
i � 2, á®¤¥à¦ â à §­®áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¯®àï¤ª®¢ i, i + 1 ­  è ¡«®­ å á ¯®áâ®ï­­ë¬ è £®¬,
â. ¥. è ¡«®­ë â ª¨å ¯à®¨§¢®¤­ëå ¯à¨­ ¤«¥¦ â ®¤­®¬ã ¨§ ¬­®¦¥áâ¢ !k+1;n�

1 ¨«¨ !k+1;n+
1 .�à¨

¯®áâà®¥­¨¨ ®¯¥à â®à  �k,  ¯¯à®ªá¨¬¨àãîé¥£® ®¯¥à â®à L(1:1) ¢ ã§«¥ xp, è ¡«®­ë à §­®áâ­ëå
®¯¥à â®à®¢ �(i) ¯à¨­ ¤«¥¦ â ¬­®¦¥áâ¢ã !�1 ¯à¨ ãá«®¢¨¨ j > p ¨ ¬­®¦¥áâ¢ã !+

1 ¢ ¯à®â¨¢­®¬
á«ãç ¥. �¤¥áì !�1 = !1\fx � �g, !+

1 = !1 \ fx � �g, xj = � | £à ­¨æ  à §¤¥«  ¯®¤®¡« áâ¥© á ¯®-
áâ®ï­­ë¬ è £®¬ á¥âª¨ ¯® x. �à¥¤¯®çâ¨â¥«ì­¥¥ ¯à¨¬¥­ïâì è ¡«®­ë, ¡«¨§ª¨¥ ª á¨¬¬¥âà¨ç­ë¬.
�®¯®«­¨â¥«ì­ëå ®£à ­¨ç¥­¨© ¯à¨ ¯®áâà®¥­¨¨ ®¯¥à â®à  �k ­¥ ­ ª« ¤ë¢ ¥âáï.

�ã­ªæ¨î zR(x; t), (x; t) 2 Gh, R > 1, ­ å®¤¨¬ ¨§ à¥è¥­¨ï § ¤ ç¨

�1z1(x; t) = f(x; t); (x; t) 2 Gh;

�1zj(x; t) = �
jX

i=2

�(i)zj+1�i(x; t) + f(x; t); (x; t) 2 Gh; j � 2;

zj(x; t) = '(x; t); (x; t) 2 Sh; j = 1; : : : ; R;

(3.2)

£¤¥ Gh = Gh(2:5). �ã­ªæ¨î zR(x; t), (x; t) 2 Gh, ­ §®¢¥¬ à¥è¥­¨¥¬ à §­®áâ­®© áå¥¬ë (3.2), (2.5),
  äã­ªæ¨¨ z1(x; t); : : : ; zR(x; t) | ª®¬¯®­¥­â ¬¨ à¥è¥­¨ï à §­®áâ­®© áå¥¬ë. � §­®áâ­ ï áå¥¬ 
­  ®á­®¢¥ ª®àà¥ªæ¨¨ ­¥¢ï§ª¨ ¯® ¯à®áâà ­áâ¢¥­­®© ¯¥à¥¬¥­­®© ¯®áâà®¥­ .
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3.2. �å®¤¨¬®áâì à¥è¥­¨© à §­®áâ­ëå áå¥¬ (3:2), (2:5). �à¨ ¨áá«¥¤®¢ ­¨¨ à §­®áâ­ëå áå¥¬
¯à¥¤¯®« £ ¥¬ ¢ë¯®«­¥­­ë¬¨ ®æ¥­ª¨ â¥®à¥¬ë 2.1.

� áá¬®âà¨¬ à §­®áâ­ãî áå¥¬ã (3.2), (2.5) ¯à¨ R = 2. �ãáâì ¤«ï à¥è¥­¨ï § ¤ ç¨ (3.2), (2.5)
¯à¨ R = 1 (â. ¥. à¥è¥­¨ï § ¤ ç¨ (2.4), (2.5)) ¢ë¯®«­ïîâáï ®æ¥­ª¨ â¥®à¥¬ë 2.2, a ¯à¨ k0 = 0,
k � 2 | ®æ¥­ª¨ (2.10), £¤¥ z(x; t) ¥áâì z1(x; t).

�ãáâì ¢¥«¨ç¨­  l, ®¯à¥¤¥«ïîé ï á¥âªã Gh(2:5)(l), ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

l � 2: (3.3)

� ãç¥â®¬ ®æ¥­®ª (2:10) ãáâ ­ ¢«¨¢ ¥âáï "-à ¢­®¬¥à­ ï áå®¤¨¬®áâì äã­ªæ¨¨ z2(x; t), (x; t)2Gh,

ju(x; t) � z2(x; t)j �M [N�2 ln3N +N�1
0 ]; (x; t) 2 Gh: (3.4)

�¥¬¬  3.1. �ãáâì ¤«ï à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (1:1) ¢ë¯®«­ïîâáï ®æ¥­ª¨ â¥®à¥¬ë 2:1 ¯à¨
K0 � 6,   ¤«ï à¥è¥­¨ï à §­®áâ­®© áå¥¬ë (3:2), (2:5) | ®æ¥­ª¨ â¥®à¥¬ë 2:2, £¤¥ z(x; t) ¥áâì
z1(x; t), k0 = 0, k � 2. �®£¤  à §­®áâ­ ï áå¥¬  (3:2), (2:5), (3:3) áå®¤¨âáï "-à ¢­®¬¥à­® á®

áª®à®áâìî O(N�2 ln3N +N�1
0 ); ¤«ï á¥â®ç­®£® à¥è¥­¨ï á¯à ¢¥¤«¨¢  ®æ¥­ª  (3:4).

�á«¨ ¦¥ ¤ ­­ë¥ ªà ¥¢®© § ¤ ç¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (2.9), â® ­®à¬¨à®¢ ­­ë¥ à §­®áâ­ë¥
¯à®¨§¢®¤­ë¥ äã­ªæ¨© z1(x; t), z2(x; t), (x; t) 2 Gh, áå®¤ïâáï ª á®®â¢¥âáâ¢ãîé¨¬ ­®à¬¨à®¢ ­­ë¬
à §­®áâ­ë¬ ¯à®¨§¢®¤­ë¬ à¥è¥­¨ï u(x; t). �«ï ª®¬¯®­¥­â à¥è¥­¨ï à §­®áâ­®© áå¥¬ë zi(x; t),
(x; t) 2 Gh, i = 1; : : : ; R, ¢ á«ãç ¥ áå¥¬ë (3.2), (2.5), (3.3) ¯à¨ R = 2 á¯à ¢¥¤«¨¢  ®æ¥­ª 

"kj�k�nx �nx �
k0

t
u(x; t)� �k�nx �nx �

k0

t
zi(x; t)j �M [N�i lni+1N +N�1

0 ]; (3.5)

(x; t) 2 Gh; i = 1; 2; t � k0ht; x 2 !k;n
1 ;

2i+ k + 2k0 � K0 � 2; K0 � 6; K0 = K0(2:2):

�¥¬¬  3.2. �ãáâì ¤«ï à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (1:1) ¢ë¯®«­ïîâáï ®æ¥­ª¨ â¥®à¥¬ë 2:1 ¯à¨
K0 � 6,   ¤ ­­ë¥ ªà ¥¢®© § ¤ ç¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (2:9). �®£¤  ­®à¬¨à®¢ ­­ë¥ à §­®áâ-
­ë¥ ¯à®¨§¢®¤­ë¥ äã­ªæ¨© z1(x; t), z2(x; t), (x; t) 2 Gh, | ª®¬¯®­¥­â à¥è¥­¨ï à §­®áâ­®© áå¥¬ë

(3:2), (2:5); (3:3) ¯à¨ R = 2 | áå®¤ïâáï ª ­®à¬¨à®¢ ­­ë¬ à §­®áâ­ë¬ ¯à®¨§¢®¤­ë¬ à¥è¥­¨ï

ªà ¥¢®© § ¤ ç¨ "-à ¢­®¬¥à­® (­  ¬­®¦¥áâ¢¥ Gh, x 2 !k;n
1 , t � k0ht); ¤«ï á¥â®ç­ëå äã­ªæ¨©

z1(x; t), z2(x; t) á¯à ¢¥¤«¨¢  ®æ¥­ª  (3:5).

�ãáâì R � 2. �«ï à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ ¨á¯®«ì§ã¥¬ à §­®áâ­ãî áå¥¬ã (3:2) ­  á¥âª¥
Gh(2:5)(l) ¯à¨

l � R: (3.6)

�ãáâì ¤«ï äã­ªæ¨© zi(x; t), (x; t) 2 Gh, i = 1; 2; : : : ; R�1 (ª®¬¯®­¥­â à¥è¥­¨ï à §­®áâ­®© áå¥¬ë
(3:2); (2:5); (3:6)), ¢ë¯®«­ïîâáï ®æ¥­ª¨

"kj�k�nx �nx�
k0

t
u(x; t)� �k�nx �nx �

k0

t
zi(x; t)j �M [N�i lni+1N +N�1

0 ]; (3.7)

(x; t) 2 Gh; i = 1; : : : ; R� 1; t � k0ht; x 2 !k;n
1 ;

2i+ k + 2k0 � 2R; K0 � 2R+ 2; K0 = K0(2:2):

� ãç¥â®¬ ®æ¥­®ª (3.7) ¤«ï äã­ªæ¨¨ zR(x; t), (x; t) 2 Gh, ¯®«ãç ¥âáï ®æ¥­ª 

ju(x; t)� zR(x; t)j �M [N�R lnR+1N +N�1
0 ]; (x; t) 2 Gh: (3.8)

�á«¨ ¦¥ ¤«ï ª®¬¯®­¥­â à¥è¥­¨ï à §­®áâ­®© áå¥¬ë (3.2), (2.5), (3.6) ¯à¨ R � 2 ¢ë¯®«­ï¥âáï
®æ¥­ª 

ju(x; t)� zi(x; t)j �M [N�i lni+1N +N�1
0 ]; (x; t) 2 Gh; i = 1; : : : ; R; (3.9)
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â® ¤«ï äã­ªæ¨© zi(x; t), (x; t) 2 Gh, i = 1; : : : ; R, á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

"kj�k�nx �nx �
k0
t
u(x; t)� �k�nx �nx �

k0
t
zi(x; t)j �M [N�i lni+1N +N�1

0 ]; (3.10)

(x; t) 2 Gh; i = 1; : : : ; R; t � k0ht; x 2 !k;n
1 ;

2i+ k + 2k0 � K0 � 2; K0 � 2R+ 2; K0 = K0(2:2):

�¥®à¥¬  3.1. �ãáâì ¤«ï à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (1:1) ¢ë¯®«­ïîâáï ®æ¥­ª¨ â¥®à¥¬ë 2:1
¯à¨ K0 � 2R + 2, R > 1, ¨ ¯ãáâì ¤«ï à¥è¥­¨ï § ¤ ç¨ ¨á¯®«ì§ã¥âáï à §­®áâ­ ï áå¥¬ 

(3:2); (2:5); (3:6). �á«¨ ¤«ï ª®¬¯®­¥­â à¥è¥­¨ï à §­®áâ­®© áå¥¬ë zi(x; t), (x; t) 2 Gh, ¯à¨

i = 1; : : : ; R � 1 ¢ë¯®«­ïîâáï ®æ¥­ª¨ (3:7), â® à¥è¥­¨¥ à §­®áâ­®© áå¥¬ë zR(x; t), (x; t) 2 Gh,

áå®¤¨âáï ª à¥è¥­¨î ªà ¥¢®© § ¤ ç¨ á® áª®à®áâìî O(N�R lnR+1N +N�1
0 ) "-à ¢­®¬¥à­®; ¤«ï á¥-

â®ç­®£® à¥è¥­¨ï á¯à ¢¥¤«¨¢  ®æ¥­ª  (3:8). �®«¥¥ â®£®, ¥á«¨ ¤«ï äã­ªæ¨© zi(x; t), (x; t) 2 Gh,

¯à¨ i = 1; : : : ; R ¢ë¯®«­ï¥âáï ®æ¥­ª  (3:9), â® ¯à¨ ãá«®¢¨¨ (2:9) ¤«ï à §­®áâ­ëå ¯à®¨§¢®¤­ëå

íâ¨å äã­ªæ¨© á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (3:10).

�¥âàã¤­® ¢¨¤¥âì, çâ® ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë 3.1 ¨ «¥¬¬ë 3.2 á®åà ­ïîâáï, ¥á«¨ ãá«®¢¨¥ (2.9)
§ ¬¥­¨âì, ­ ¯à¨¬¥à, ­  ãá«®¢¨¥

a(x; t) = a(t); b(x; t) = b(t); c(x; t) = c(t); p(x; t) = p(t); (x; t) 2 G:

� § ª«îç¥­¨¥ íâ®£® à §¤¥«  ¢ë¯¨è¥¬ ®¯¥à â®àë �(2) ¤«ï R = 2 ¨ �(2), �(3) ¤«ï R = 3. �à¨
R = 2 ¨¬¥¥¬

�(2) = �2�1h(1)b(x; t)�xx; r(x; ��) < �;

�(2) = �2�1h(2)b(x; t)�xx; r(x; ��) > �;

�(2) = 0; x = �; (x; t) 2 Gh:

(3.11)

�à¨ R = 3 ¨¬¥¥¬

�(2) = �2�1h(1)b(x; t)�xx; r(x; ��) < �;

�(2) = �2�1h(2)b(x; t)�xx; r(x; ��) > �;

�(2) = �3�1"(h(2) � h(1))a(x; t)�3x � 2�1h(2)b(x; t)�2x; x = �;

�(3) = �12�1(h(1))2["a(x; t)�2x�
2
x + 2b(x; t)�2x�x]; r(x; ��) < �; x 6= x2; xj�1;

�(3) = �12�1(h(2))2["a(x; t)�2x�
2
x + 2b(x; t)�2x�x]; r(x; ��) > �; x 6= xj+1; xN ;

�3 = 0; x = x2; xj�1; xj+1; xN ;

(3.12)

£¤¥ xj = �, x1 = 0, xN+1 = d.
� ¬¥â¨¬, çâ® ®¯¥à â®à �(2) (R = 2) ¡®«¥¥ ¯à®áâ®© ¯® áà ¢­¥­¨î á �(2) (R = 3); â ª®¥ ã¯à®-

é¥­¨¥ ¤®áâ¨£­ãâ® á ¨á¯®«ì§®¢ ­¨¥¬ «¥¬¬ë 2.1.

4. �à ¥¢ ï § ¤ ç  ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢­¥­¨©

�à¨¢¥¤¥¬ ¯®áâ ­®¢ªã § ¤ ç¨ �¨à¨å«¥ ¤«ï á¨­£ã«ïà­® ¢®§¬ãé¥­­®£® í««¨¯â¨ç¥áª®£® ãà ¢-
­¥­¨ï ¨ ¯®áâà®¨¬ à §­®áâ­ë¥ áå¥¬ë ¯®¢ëè¥­­®£® ¯®àï¤ª  â®ç­®áâ¨. �à¨ ¯®áâà®¥­¨¨ ¨á¯®«ì-
§ã¥¬ ª®àà¥ªæ¨î ­¥¢ï§ª¨.

4.1. �®áâ ­®¢ª  § ¤ ç¨. �  ¯®«®á¥ D = fx : 0 < x1 < d; x2 2 Rg á £à ­¨æ¥© � = D n D
à áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã ¤«ï á¨­£ã«ïà­® ¢®§¬ãé¥­­®£® ãà ¢­¥­¨ï í««¨¯â¨ç¥áª®£® â¨¯ 

L(4:1)u(x) �
�
"
X
s=1;2

as(x)
@2

@x2s
+
X
s=1;2

bs(x)
@

@xs
� c(x)

�
u(x) = f(x); x 2 D; (4.1a)

u(x) = '(x); x 2 �: (4.1¡)
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�¤¥áì as(x), bs(x), c(x), f(x), x 2 D, ¨ '(x), x 2 � , | ¤®áâ â®ç­® £« ¤ª¨¥ äã­ªæ¨¨, ã¤®¢«¥â¢®-
àïîé¨¥ ãá«®¢¨î

0 < a0 � as(x) � a0; b1(x) � b0 > 0; c(x) � 0; x 2 D;

¯ à ¬¥âà " ¯à¨­¨¬ ¥â ¯à®¨§¢®«ì­ë¥ §­ ç¥­¨ï ¨§ ¯®«ã¨­â¥à¢ «  (0; 1].
�à¨ áâà¥¬«¥­¨¨ ¯ à ¬¥âà  ª ­ã«î ¢ ®ªà¥áâ­®áâ¨ ¬­®¦¥áâ¢  ��, �� = fx : x1 = 0; x2 2 Rg,

¯®ï¢«ï¥âáï ¯®£à ­¨ç­ë© á«®©.
�«ï § ¤ ç¨ (4.1) ¢ ª ç¥áâ¢¥ ¡ §®¢®© áå¥¬ë ¨á¯®«ì§ã¥¬ áå¥¬ã, ¯®áâà®¥­­ãî ¢ ([7], á. 129; [15]).

�¥è¥­¨¥ íâ®© áå¥¬ë áå®¤¨âáï "-à ¢­®¬¥à­® á® áª®à®áâìî O(N�1 ln2N) (áà. á (4.9)).
�®áâà®¨¬ à §­®áâ­ãî áå¥¬ã, ¯®àï¤®ª áª®à®áâ¨ áå®¤¨¬®áâ¨ ª®â®à®© ¢ëè¥ ¢â®à®£®. �«ï íâ®£®

­ ¬ ¯®­ ¤®¡¨âáï àï¤ ¢á¯®¬®£ â¥«ì­ëå à¥§ã«ìâ â®¢. �®áâà®¥­¨¥ ¨ ¨áá«¥¤®¢ ­¨¥ áå¥¬ ¤«ï § ¤ ç¨
(4.1) ¯à®¢®¤¨âáï ¯®¤®¡­® ¯®áâà®¥­¨î ¨ ¨áá«¥¤®¢ ­¨î áå¥¬ ¢ á«ãç ¥ § ¤ ç¨ (1.1).

4.2. �¯à¨®à­ë¥ ®æ¥­ª¨ à¥è¥­¨ï ¨ ¯à®¨§¢®¤­ëå. �¥è¥­¨¥ § ¤ ç¨ (4.1) ã¤®¡­® ¯à¥¤áâ ¢¨âì ¢
¢¨¤¥ áã¬¬ë äã­ªæ¨©

u(x) = U(x) +W (x); x 2 D; (4.2)

£¤¥ U(x),W (x) | à¥£ã«ïà­ ï ¨ á¨­£ã«ïà­ ï ç áâ¨ à¥è¥­¨ï. � ¨á¯®«ì§®¢ ­¨¥¬ â¥å­¨ª¨ ¨§ à ¡®â
[7], [15] ¤«ï äã­ªæ¨© u(x), U(x), W (x) ãáâ ­ ¢«¨¢ îâáï ®æ¥­ª¨���� @k

@xk11 @x
k2
2

u(x)
���� �M"�k;

���� @k

@xk11 @x
k2
2

U(x)
���� �M; (4.3)

���� @k

@xk11 @x
k2
2

W (x)
���� �M"�k1 exp(�m(4:3)"

�1r(x; ��));

x 2 D; k = k1 + k2; k � K0;

£¤¥ m(4:3) | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï ¨§ ¨­â¥à¢ «  (0;m0), m0 = (a0)�1b0, ¢¥«¨ç¨­  K0 ®¯à¥¤¥-
«ï¥âáï £« ¤ª®áâìî ¤ ­­ëå § ¤ ç¨.

�¥®à¥¬  4.1. �«ï à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (4:1) ¨ ¥¥ ª®¬¯®­¥­â ¨§ ¯à¥¤áâ ¢«¥­¨ï (4:2)
á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (4:3).

4.3. �¯¥æ¨ «ì­ ï à §­®áâ­ ï áå¥¬ . �  ¬­®¦¥áâ¢¥ D ¢¢¥¤¥¬ ¯àï¬®ã£®«ì­ãî á¥âªã

Dh = !1 � !2: (4.4)

�¤¥áì !1 | á¥âª  ­  ®âà¥§ª¥ [0; d], ¢®®¡é¥ £®¢®àï, ­¥à ¢­®¬¥à­ ï, !2 | à ¢­®¬¥à­ ï á¥âª  ­ 
®á¨ x2. �®« £ ¥¬ hi1 = xi+11 � xi1, x

i
1, x

i+1
1 2 !1, h1 = max

i
hi1, h2 | è £ á¥âª¨ !2, h = max

s
hs,

s = 1; 2. �¥à¥§ N1+1 ¨ N2+1 ®¡®§­ ç¨¬ ç¨á«® ã§«®¢ á¥âª¨ !1 ¨ á¥âª¨ !2 ­  ®âà¥§ª¥ ¥¤¨­¨ç­®©
¤«¨­ë á®®â¢¥âáâ¢¥­­®. �ãáâì h � MN�1, £¤¥ N = min

s
Ns, s = 1; 2. �  á¥âª¥ Dh § ¤ ç¥ (4:1)

á®¯®áâ ¢¨¬ à §­®áâ­ãî áå¥¬ã

�(4:5)z(x) = f(x); x 2 Dh; z(x) = '(x); x 2 �h: (4.5)

�¤¥áì Dh = D \Dh, �h = � \Dh,

�(4:5)z(x) �
�
"
X
s=1;2

as(x)�xs bxs + X
s=1;2

[b+s (x)�xs + b�s (x)�xs]� c(x)
�
z(x);

v+(x) = 2�1(v(x) + jv(x)j); v�(x) = 2�1(v(x)� jv(x)j):

� §­®áâ­ ï áå¥¬  (4.5), (4.4) ï¢«ï¥âáï ¬®­®â®­­®© [1] ¯à¨ ¯à®¨§¢®«ì­®¬ à á¯à¥¤¥«¥­¨¨ ã§«®¢
á¥âª¨ Dh. �â  áå¥¬  áå®¤¨âáï ¯à¨ ä¨ªá¨à®¢ ­­®¬ §­ ç¥­¨¨ ¯ à ¬¥âà , ®¤­ ª® ®­  ­¥ áå®¤¨âáï
"-à ¢­®¬¥à­®.
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�  ¬­®¦¥áâ¢¥ D áâà®¨¬ á¥âªã, á£ãé îéãîáï ¢ ®ªà¥áâ­®áâ¨ ¯®£à ­¨ç­®£® á«®ï

Dh = Dh(l) = !�1(�)� !2; (4.6)

£¤¥ !�1 = !�1(2:5)(�), !2 = !2(4:4). �¤¥áì � = �(4:6)("; N1; l) = min[2�1d; lm�1" lnN1], m = m(4:3),
l > 0 | ¯à®¨§¢®«ì­®¥ ç¨á«®. �®¢®ªã¯­®áâì á¥âª¨ Dh(l) ¨ á¥â®ç­ëå ãà ¢­¥­¨© (4.5) ®¯à¥¤¥«ïîâ
á¯¥æ¨ «ì­ãî à §­®áâ­ãî áå¥¬ã (4:5); (4:6).

� â®¬ á«ãç ¥, ª®£¤  äã­ªæ¨¨ f(x), '(x) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

jf(x)j �M�(� +N�1)�1; M1h
(1)
1 � x1 < �; x1 6= xj1;

jf(x)j �M�; � � x1 � d�M1h
(2)
1 ; x1 6= xj1;

jf(x)j �M�"�1��1("+ �N�1)N; x1 < M1h
(1)
1 ;

jf(x)j �M�(" +N�1)N 2; x1 > d�M1h
(2)
1 ;

jf(x)j �M���1("+ �N�1)("+N�1)�1N; x1 = xj1; x1 < �;

jf(x)j �M�N; x1 = xj1; x1 � �; x 2 Dh;

j'(x)j �M�; x 2 �h;

(4.7)

¤«ï à¥è¥­¨ï § ¤ ç¨ (4.5), (4.6) á¯à ¢¥¤«¨¢  ®æ¥­ª 

jz(x)j �M�; x 2 Dh; (4.8)

£¤¥ Dh = Dh(4:6)(l) ¯à¨ l � 1. � á®®â­®è¥­¨ïå (4.7) h(i)1 ¥áâì è £ á¥âª¨ !1 ­  ®âà¥§ª å [0; �] ¯à¨
i = 1 ¨ [�; d] ¯à¨ i = 2, ç¨á«® \¨áª«îç¨â¥«ì­ëå" ã§«®¢ xj1 á¥âª¨ !1 ®£à ­¨ç¥­® ¯®áâ®ï­­®©, ­¥
§ ¢¨áïé¥© ®â " ¨ N .

�¥¬¬  4.1. � á«ãç ¥ ãá«®¢¨© (4:7) ¤«ï à¥è¥­¨ï à §­®áâ­®© áå¥¬ë (4:5); (4:6) ¯à¨ l � 1
á¯à ¢¥¤«¨¢  ®æ¥­ª  (4:8).

�¥è¥­¨¥ à §­®áâ­®© áå¥¬ë (4.5), (4.6) áå®¤¨âáï "-à ¢­®¬¥à­® ª à¥è¥­¨î ªà ¥¢®© § ¤ ç¨.
�¯à ¢¥¤«¨¢  á«¥¤ãîé ï ®æ¥­ª :

ju(x)� z(x)j �M [N�1
1 ln2N1 +N�1

2 ]; x 2 Dh(l); l � 1: (4.9)

�à¨ ¢ë¢®¤¥ ®æ¥­®ª ¯®£à¥è­®áâ¨ ¤«ï ¯à®áâ®âë ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ª®íää¨æ¨¥­âë ãà ¢-
­¥­¨ï (4.1a) ¯®áâ®ï­­ë

as(x); bs(x); c(x) = const; x 2 D; s = 1; 2: (4.10)

�ã­ªæ¨ï �k2x2 z(x), x 2 Dh, k2 � 1, ï¢«ï¥âáï à¥è¥­¨¥¬ á¥â®ç­®© ªà ¥¢®© § ¤ ç¨, ¯®«ãç îé¥©-
áï ¨§ § ¤ ç¨ (4.5), (4.6) ¯à¨¬¥­¥­¨¥¬ ª ­¥© ®¯¥à â®à  �k2x2 . �«ï äã­ªæ¨© �k2x2 z(x) ¯®«ãç îâáï
®æ¥­ª¨ ���� @k2@x22

u(x)� �k2x2 z(x)
���� �M [N�1

1 ln2N1 +N�1
2 ]; (4.11)

"k1 j�k1�nx1
�nx1 �

k2
x2
u(x)� �k1�nx1

�nx1 �
k2
x2
z(x)j;

"k1
���� @k

@xk11 @x
k2
2

u(x)� �k1�nx1
�nx1 �

k2
x2
z(x)

���� �M [N�1
1 ln2N1 +N�1

2 ];

x 2 Dh; x1 2 !k1;n
1 ; k � K0 � 3; n = 0; 1; : : : ; k1; k = k1 + k2;

£¤¥ !k1;n
1 = !k1;n

1(2:10¡), Dh = Dh(l), l � 1.
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�¥®à¥¬  4.2. �ãáâì ¤«ï à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (4:1) ¢ë¯®«­ïîâáï ®æ¥­ª¨ â¥®à¥¬ë 4:1
¯à¨ K0 � 3. �®£¤  à¥è¥­¨¥ à §­®áâ­®© áå¥¬ë (4:5), (4:6) áå®¤¨âáï ª à¥è¥­¨î ªà ¥¢®© § ¤ ç¨

"-à ¢­®¬¥à­®; ¤«ï ¯®£à¥è­®áâ¨ áå¥¬ë á¯à ¢¥¤«¨¢  ®æ¥­ª  (4:9). �à¨ ãá«®¢¨¨ (4:10) ¤«ï à §-

­®áâ­ëå ¯à®¨§¢®¤­ëå á¥â®ç­®£® à¥è¥­¨ï á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (4:11).

4.4. �®áâà®¥­¨¥ à §­®áâ­ëå áå¥¬ ¯®¢ëè¥­­®£® ¯®àï¤ª  â®ç­®áâ¨. �¤¥ï ¯®áâà®¥­¨ï â ª¨å
áå¥¬ ¯®¤®¡­  ¨¤¥¥, ®¯¨á ­­®© ¢ à §¤¥«¥ 3. �ãáâì ®¯¥à â®à �1 ¥áâì ®¯¥à â®à �(4:5). �¯¥à â®à �k

 ¯¯à®ªá¨¬¨àã¥â ®¯¥à â®à L(4:1) á ¯®àï¤ª®¬ k ®â­®á¨â¥«ì­® ¢¥«¨ç¨­ h2, h
(1)
1 , h(2)1 . �¯¥à â®àë �k

áâà®¨¬ ¯®á«¥¤®¢ â¥«ì­® �k = �1 +
kP

i=2
�(i). �¯¥à â®àë �(i)

1 , i � 2,  ¯¯à®ªá¨¬¨àãîé¨¥ ®¯¥à â®à

L1 � "a1(x)
@2

@x21
+ b1(x)

@

@x1
� c(x);

áâà®ïâáï ¯®¤®¡­® ®¯¥à â®à ¬ �(i)
(3:2).

�ã­ªæ¨î zR(x), x 2 Dh, R > 1, ­ å®¤¨¬ ¨§ à¥è¥­¨ï § ¤ ç¨

�1z1(x) = f(x); x 2 Dh;

�1zj(x) = �
jX

i=2

�(i)zj+1�i(x) + f(x); x 2 Dh; j � 2;

zj(x) = '(x); x 2 �h; j = 1; : : : ; R;

(4.12)

£¤¥ Dh = Dh(l). �ã­ªæ¨î zR(x), x 2 Dh, ­ §®¢¥¬ à¥è¥­¨¥¬ à §­®áâ­®© áå¥¬ë (4.12), (4.6),  
äã­ªæ¨¨ zi(x), x 2 Dh, i = 1; : : : ; R, | ª®¬¯®­¥­â ¬¨ à¥è¥­¨ï à §­®áâ­®© áå¥¬ë. �å¥¬  (4.12),
(4.6) | à §­®áâ­ ï áå¥¬  ­  ®á­®¢¥ ª®àà¥ªæ¨¨ ­¥¢ï§ª¨.

�ã­ªæ¨î u(x), x 2 D, | à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨,  ¯¯à®ªá¨¬¨àã¥¬ äã­ªæ¨¥© zR(x), x 2 Dh,
R > 1, Dh = Dh(l), £¤¥

l � R: (4.13)

4.5. �å®¤¨¬®áâì à¥è¥­¨© à §­®áâ­ëå áå¥¬ (4:12), (4:6). �à¨ ¢ë¢®¤¥ ®æ¥­®ª ¯®£à¥è­®áâ¨
áå¥¬ ¯à¥¤¯®« £ ¥¬, çâ® ¤«ï à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ â¥®à¥¬ë 4.1. �ãáâì
R = 2 ¨ ¤«ï äã­ªæ¨¨ z1(x), x 2 Dh, ¢ë¯®«­ïîâáï ®æ¥­ª¨ (®æ¥­ª¨ (4.11) ¯à¨ k = 2, £¤¥ z(x) ¥áâì
z1(x))

"k1 j�k1�nx1
�nx1 �

k2
x2
u(x)� �k1�nx1

�nx1 �
k2
x2
z1(x)j �M [N�1

1 ln2N1 +N�1
2 ]; (4.14)

x 2 Dh(l); x1 2 !k1;n
1 ; k1 + k2 � 2; l � 2:

�®£¤  ¤«ï äã­ªæ¨¨ z2(x), x 2 Dh, ¯®«ãç ¥âáï ®æ¥­ª 

ju(x)� z2(x)j �M [N�2
1 ln3N1 +N�2

2 ]; x 2 Dh(l); l � 2: (4.15)

� â®¬ á«ãç ¥, ª®£¤  ¯à¨ R = 2 ¤«ï ª®¬¯®­¥­â z1(x), z2(x), x 2 Dh, ¢ë¯®«­ïîâáï ®æ¥­ª¨

ju(x)� zi(x)j �M [N�i
1 lni+1N1 +N�i

2 ]; x 2 Dh; i = 1; 2; (4.16)

¤«ï à §­®áâ­ëå ¯à®¨§¢®¤­ëå íâ¨å äã­ªæ¨© á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

"k1 j�k1�nx1
�nx1 �

k2
x2
u(x)� �k1�nx1

�nx1 �
k2
x2
zi(x)j �M [N�i

1 lni+1N1 +N�i
2 ]; (4.17)

x 2 Dh, i = 1; 2, x1 2 !k1;n
1 , 2i+ k � K0 � 1, K0 � 5, K0 = K0(4:3), k = k1 + k2.
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�¥¬¬  4.2. �ãáâì ¤«ï à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (4:1) ¢ë¯®«­ïîâáï ®æ¥­ª¨ â¥®à¥¬ë 4:1 ¯à¨
K0 � 5 ¨ ¤«ï à¥è¥­¨ï § ¤ ç¨ ¨á¯®«ì§ã¥âáï à §­®áâ­ ï áå¥¬  (4:12), (4:6), (4:13) ¯à¨ R = 2.
�á«¨ ¤«ï ª®¬¯®­¥­âë à¥è¥­¨ï à §­®áâ­®© áå¥¬ë z1(x), x 2 Dh, ¢ë¯®«­ïîâáï ®æ¥­ª¨ (4:14), â®
äã­ªæ¨ï z2(x), x 2 Dh, áå®¤¨âáï ª à¥è¥­¨î ªà ¥¢®© § ¤ ç¨ á® áª®à®áâìî O(N�2

1 ln3N1 +N�2
2 )

"-à ¢­®¬¥à­®; ¤«ï á¥â®ç­®£® à¥è¥­¨ï á¯à ¢¥¤«¨¢  ®æ¥­ª  (4:15). �®«¥¥ â®£®, ¥á«¨ ¤«ï z1(x),
z2(x), x 2 Dh, ¢ë¯®«­ïîâáï ®æ¥­ª¨ (4:16), â® ¯à¨ ãá«®¢¨¨ (4:10) ¤«ï à §­®áâ­ëå ¯à®¨§¢®¤­ëå

íâ¨å äã­ªæ¨© á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (4:17).

� ¬¥ç ­¨¥. �§ â¥®à¥¬ë 4.2 ¨ «¥¬¬ë 4.2 ¢ëâ¥ª ¥â, çâ® ¯à¨K0 � 5 ¨ ãá«®¢¨¨ (4.10) ¤«ï ª®¬-
¯®­¥­â à¥è¥­¨ï à §­®áâ­®© áå¥¬ë (4.12), (4.6), (4.13) ¯à¨ R = 2 ¨ ¨å à §­®áâ­ëå ¯à®¨§¢®¤­ëå
á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (4.16), (4.17).

�ãáâì R � 2 ¨ ¤«ï ª®¬¯®­¥­â zj(x), x 2 Dh, j = 1; : : : ; R � 1, à¥è¥­¨ï à §­®áâ­®© áå¥¬ë
(4.12), (4.6) ¢ë¯®«­ïîâáï ®æ¥­ª¨

"k1 j�k1�nx1
�nx1 �

k2
x2
u(x)� �k1�nx1

�nx1 �
k2
x2
zi(x)j �M [N�i

1 lni+1N1 +N�i
2 ]; (4.18)

x 2 Dh; 1 � i � R� 1; x1 2 !k1;n
1 ;

2i+ k � 2R; K0 � 2R+ 1; K0 = K0(4:3); k = k1 + k2:

� ãç¥â®¬ ®æ¥­®ª (4.18) ¤«ï à¥è¥­¨ï zR(x), x 2 Dh(l), l � R, § ¤ ç¨ (4.12), (4.6), (4.13)
¯®«ãç ¥âáï ®æ¥­ª 

ju(x)� zR(x)j �M [N�R
1 lnR+1N1 +N�R

2 ]; x 2 Dh : (4.19)

� â®¬ á«ãç ¥, ª®£¤  ¤«ï äã­ªæ¨© zi(x), x 2 Dh, i = 1; : : : ; R, ¢ë¯®«­ïîâáï ®æ¥­ª¨

ju(x)� zi(x)j �M [N�i
1 lni+1N1 +N�i

2 ]; x 2 Dh; i = 1; : : : ; R; (4.20)

¤«ï à §­®áâ­ëå ¯à®¨§¢®¤­ëå íâ¨å äã­ªæ¨© á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

"k1 j�k1�nx1
�nx1 �

k2
x2
u(x)� �k1�nx1

�nx1 �
k2
x2
z(x)j �M [N�i

1 lni+1N1 +N�i
2 ]; (4.21)

x 2 Dh; i = 1; : : : ; R; x1 2 !k1;n
1 ; 2i+ k � K0 � 1;

K0 � 2R + 1; K0 = K0(4:3); k = k1 + k2:

�¥®à¥¬  4.3. �ãáâì ¤«ï à¥è¥­¨© ªà ¥¢®© § ¤ ç¨ (4:1) ¢ë¯®«­ïîâáï ®æ¥­ª¨ â¥®à¥¬ë 4:1
¯à¨ K0 � 2R + 1, R > 1. �á«¨ ¤«ï ª®¬¯®­¥­â zi(x), x 2 Dh, ¯à¨ i = 1; : : : ; R � 1, à¥è¥­¨ï
à §­®áâ­®© áå¥¬ë (4:12), (4:6), (4:13) ¢ë¯®«­ïîâáï ®æ¥­ª¨ (4:18), â® à¥è¥­¨¥ à §­®áâ­®© áå¥-

¬ë zR(x), x 2 Dh, áå®¤¨âáï ª à¥è¥­¨î ªà ¥¢®© § ¤ ç¨ á® áª®à®áâìî O(N�R
1 lnR+1N1 + N�R

2 )
"-à ¢­®¬¥à­®; ¤«ï á¥â®ç­®£® à¥è¥­¨ï á¯à ¢¥¤«¨¢  ®æ¥­ª  (4:19). �á«¨ ¦¥ ¤«ï äã­ªæ¨© zi(x),
x 2 Dh, i = 1; : : : ; R, ¢ë¯®«­ï¥âáï ®æ¥­ª  (4:20), â® ¯à¨ ãá«®¢¨¨ (4:10) ¤«ï à §­®áâ­ëå ¯à®¨§-

¢®¤­ëå íâ¨å äã­ªæ¨© á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (4:21).

� ¬¥ç ­¨¥ 1. �§ â¥®à¥¬ 4.2, 4.3 ¢ëâ¥ª ¥â, çâ® ¯à¨ K0 � 2R + 1 ¨ ãá«®¢¨¨ (4.10) ¤«ï ª®¬-
¯®­¥­â à¥è¥­¨ï à §­®áâ­®© áå¥¬ë (4.12), (4.6), (4.13) ¯à¨ R � 2 ¨ ¨å à §­®áâ­ëå ¯à®¨§¢®¤­ëå
á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (4.19){(4.21).

� ¬¥ç ­¨¥ 2. �â¢¥à¦¤¥­¨ï â¥®à¥¬ 4.2 ¨ 4.3 á®åà ­ïîâáï, ¥á«¨, ­ ¯à¨¬¥à, ãá«®¢¨¥ (4.10)
§ ¬¥­¨âì ­  ãá«®¢¨¥

as(x) = as(x2); bs(x) = bs(x2); c(x) = c(x2); x 2 D; s = 1; 2:

�à¨¢¥¤¥¬ ®¯¥à â®àë �(2) ¯à¨ R = 2 ¨ �(2), �(3) ¯à¨ R = 3

�(2) = �(2)
1 +�(2)

2 ; �(2)
2 = �2�1h2b2(x)�x2 x2 ; R = 2; 3;

�(3) = �(3)
1 +�(3)

2 ; �(3)
2 = �12�1(h2)

2["a2(x)�
2
x2
�2x2 + 2b2(x)�

2
x2
�x2 ];
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§¤¥áì ®¯¥à â®àë �(2)
1 ¯à¨ R = 2 ¨ �(2)

1 , �(3)
1 ¯à¨ R = 3 ®¯à¥¤¥«ïîâáï á®®â¢¥âáâ¢¥­­® á®®â­®è¥-

­¨ï¬¨ (3.11) ¨ (3.12), £¤¥ ¢¥«¨ç¨­ë a(x; t), b(x; t), h(1), h(2) ¨ ®¯¥à â®àë �px �
q

x § ¬¥­¥­ë ­  a1(x),
b1(x), h

(1)
1 , h(2)1 ¨ �px1 �

q

x1
.

�à¨¢¥¤¥­­ ï â¥å­¨ª  ¯®áâà®¥­¨ï ¨ ®¡®á­®¢ ­¨ï à §­®áâ­ëå áå¥¬ ¯®§¢®«ï¥â áâà®¨âì áå¥¬ë
¢ëá®ª®£® ¯®àï¤ª  â®ç­®áâ¨ ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨©
­  ¯®«®á¥.

�¢â®à ¯à¨§­ â¥«¥­ �.�. �­¤à¥¥¢ã ¨ �.�.� ¡¨é¥¢¨çã §  ¯«®¤®â¢®à­ë¥ ®¡áã¦¤¥­¨ï ªà ¥¢ëå
§ ¤ ç á ®£à ­¨ç¥­­®© £« ¤ª®áâìî à¥è¥­¨©.
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