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1. �¢¥¤¥¨¥

� áá¬ âà¨¢ îâáï  áá®æ¨ â¨¢ë¥ ª®«ìæ  á ¥¤¨¨æ¥© ¨ ã¨â àë¥ ¬®¤ã«¨  ¤ ¨¬¨. Eá«¨
¥ ®£®¢®à¥® ¯à®â¨¢®¥, ¬®¤ã«¨ ï¢«ïîâáï «¥¢ë¬¨ ¬®¤ã«ï¬¨. �ã¤¥¬ ®¡®§ ç âì ç¥à¥§ J(M)
à ¤¨ª « �¦¥ª®¡á®  R-¬®¤ã«ï M ,   ç¥à¥§ HomR(M;M) ª®«ìæ® í¤®¬®àä¨§¬®¢ R-¬®¤ã«ï M .
�. �®¬¯ ¢ ([1], á. 1933) áä®à¬ã«¨à®¢ « á«¥¤ãîé¨© ¢®¯à®á: ¡ã¤¥â «¨ ª®¥ç® ¯®à®¦¤¥ë¬ «î-

¡®© (á ¬®-)¯à®¥ªâ¨¢ë© R-¬®¤ã«ì P , ª®«ìæ® í¤®¬®àä¨§¬®¢ ª®â®à®£® ¯®«ã«®ª «ì®? �â®â ¢®-
¯à®á â¥á® á¢ï§  á ¯à®¡«¥¬®© �. � § à  ([2], á. 440): ¡ã¤¥â «¨ ª®¥ç® ¯®à®¦¤¥ë¬ ¯à®¥ª-

â¨¢ë© «¥¢ë© R-¬®¤ã«ì P , ¥á«¨ ª®¥ç® ¯®à®¦¤¥ ä ªâ®à¬®¤ã«ì P=J(P )?
� [3]{[9] ¡ë«  ¨áá«¥¤®¢   ¯à®¡«¥¬  � § à . � [10] ¯®áâà®¥® ¥ª®¬¬ãâ â¨¢®¥ ¯®«ã«®ª «ì-

®¥ ª®«ìæ® R,  ¤ ª®â®àë¬ áãé¥áâ¢ã¥â ¯à®¥ªâ¨¢ë© R-¬®¤ã«ì P â ª®©, çâ® ä ªâ®à¬®¤ã«ì
P=J(P ) ª®¥ç® ¯®à®¦¤¥,   á ¬ ¬®¤ã«ì P ¥ ï¢«ï¥âáï ª®¥ç® ¯®à®¦¤¥ë¬.

� ¤ ®© à ¡®â¥ ¤®ª § ® (á«¥¤áâ¢¨¥ 2.2), çâ® ¯à®¥ªâ¨¢ë© «¥¢ë© R-¬®¤ã«ì P , ª®«ìæ® í-
¤®¬®àä¨§¬®¢ ª®â®à®£® ¯®«ã«®ª «ì®, ï¢«ï¥âáï ª®¥ç® ¯®à®¦¤¥ë¬ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ¤ã «ìë¥ à §¬¥à®áâ¨ �®«¤¨ ¬®¤ã«ï P ¨ ä ªâ®à¬®¤ã«ï P=J(P ) ¬®¤ã«ï P ¯® ¥£® à ¤¨ª -
«ã �¦¥ª®¡á®  à ¢ë. �®ª § ®, çâ® ¤«ï ¯à®¥ªâ¨¢®£® ¬®¤ã«ï, ¯®áâà®¥®£® ¢ [10], íâ® ãá«®¢¨¥
¥ ¢ë¯®«¥®.

2. �®ª § â¥«ìáâ¢® à¥§ã«ìâ â®¢

�¥¢ë© R-¬®¤ã«ì H  §ë¢ ¥âáï «®ª «ìë¬ ([11], á. 74), ¥á«¨ H á®¤¥à¦¨â  ¨¡®«ìè¨© á®¡-
áâ¢¥ë© ¯®¤¬®¤ã«ì. �¥¢ë© R-¬®¤ã«ì M  §ë¢ ¥âáï ¯®«ã«®ª «ìë¬, ¥á«¨ ä ªâ®à¬®¤ã«ì
M=J(M) ï¢«ï¥âáï ¯®«ã¯à®áâë¬ «¥¢ë¬ R-¬®¤ã«¥¬, â. ¥. M=J(M) ¥áâì ¯àï¬ ï áã¬¬  ¯à®áâëå
«¥¢ëå R-¬®¤ã«¥©. � á«ãç ¥ ¯®«ã¯à®áâ®£® R-¬®¤ã«ï M =

L
i2I Mi, £¤¥ Mi | ¯à®áâë¥ R-¬®¤ã«¨,

¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ length(M) ¬®é®áâì ¬®¦¥áâ¢  I, â. ¥. length(M) = card(I).
�®¤¬®¤ã«ì N «¥¢®£® R-¬®¤ã«ï M  §ë¢ ¥âáï ¬ «ë¬ ¢ M (§ ¯¨áì N �M), ¥á«¨ ¤«ï «î¡®£®

¯®¤¬®¤ã«ï U ¬®¤ã«ï M ¨§ ãá«®¢¨ï N +U = M á«¥¤ã¥â U = M . �¥¢ë© R-¬®¤ã«ì M  §ë¢ ¥âáï
¥à §«®¦¨¬ë¬ ¢ áã¬¬ã, ¥á«¨ M 6= 0 ¨ ª ¦¤ë© á®¡áâ¢¥ë© ¯®¤¬®¤ã«ì ¬®¤ã«ï M ¬ «ë© ¢ M .
�®¢®àïâ, çâ® «¥¢ë© R-¬®¤ã«ì M ¨¬¥¥â ª®¥çãî ¤ã «ìãî à §¬¥à®áâì �®«¤¨, ¥á«¨ áãé¥áâ¢ã¥â
â®ç ï ¯®á«¥¤®¢ â¥«ì®áâì R-¬®¤ã«¥©

M
g
�!

nM
i=1

Hi �! 0;

£¤¥ ¢á¥ Hi | ¥à §«®¦¨¬ë¥ ¢ áã¬¬ã «¥¢ë¥ R-¬®¤ã«¨ ¨ ï¤à® R-£®¬®¬®àä¨§¬  g | ¬ «ë©
¯®¤¬®¤ã«ì ¢ M . �®£¤  ç¨á«® n ï¢«ï¥âáï ¨¢ à¨ â®¬ ¬®¤ã«ï M ¨  §ë¢ ¥âáï ª®¥ç®© ¤ã «ì®©
à §¬¥à®áâìî �®«¤¨ ¬®¤ã«ï M , ¢ íâ®¬ á«ãç ¥ ¡ã¤¥¬ ¯¨á âì hdimR(M) = n ¨«¨, ¥á«¨ ïá®,  ¤
ª ª¨¬ ª®«ìæ®¬ à áá¬ âà¨¢ ¥âáï ¬®¤ã«ì M , hdim(M) = n.

�áá«¥¤®¢ ¨ï �.�.� å ¥¢  ¨ �.�.� áàãâ¤¨®¢  ¡ë«¨ ¯®¤¤¥à¦ ë �®áá¨©áª¨¬ ä®¤®¬ äã¤ ¬¥-
â «ìëå ¨áá«¥¤®¢ ¨© (£à â ò 99-01-00469).
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�§¢¥áâ® ( ¯à., [12], â¥®à¥¬  1.8), çâ® ¢ íâ®¬ á«ãç ¥ ¬®¤ã«ì M ¥ ¬®¦¥â ®â®¡à ¦ âìáï í¯¨-
¬®àä®   ¯àï¬ãî áã¬¬ã «¥¢ëå R-¬®¤ã«¥©, á®¤¥à¦ éãî ¡®«¥¥ ç¥¬ n á« £ ¥¬ëå. � ¬¥â¨¬, çâ®
¤«ï ¯à®áâ®£® R-¬®¤ã«ï H ¢ë¯®«ï¥âáï hdim(H) = length(H) = 1,   ¤«ï ¯®«ã¯à®áâ®£® R-¬®¤ã«ï
M á ª®¥ç®© ¤ã «ì®© à §¬¥à®áâìî �®«¤¨ hdim(M) = length(M). �ã «ì ï à §¬¥à®áâì �®«-
¤¨ ¨§ãç « áì ¢ áâ âìïå [12]{[18]. �¢ï§ì ¬¥¦¤ã ª®«ìæ®¬ í¤®¬®àä¨§¬®¢ ¯à®¥ªâ¨¢®£® ¬®¤ã«ï
¨ ¥£® ¤ã «ì®© à §¬¥à®áâìî �®«¤¨ ¯à®ïáï¥â á«¥¤ãîé ï â¥®à¥¬  � ª¥ãç¨ ([17], á«¥¤áâ¢¨¥ 6;
á¬. â ª¦¥ [1], â¥®à¥¬  3.10).

�¥®à¥¬ . �à®¥ªâ¨¢ë© «¥¢ë© R-¬®¤ã«ì P ¨¬¥¥â ª®¥çãî ¤ã «ìãî à §¬¥à®áâì �®«¤¨

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥£® ª®«ìæ® í¤®¬®àä¨§¬®¢ S = HomR(P; P ) ¯®«ã«®ª «ì®. � íâ®¬

á«ãç ¥ hdimP = length(S=J(S)).

�®¤ã«¨, ª®«ìæ® í¤®¬®àä¨§¬®¢ ª®â®àëå ¯®«ã«®ª «ì®, ¡ë«¨ ¨§ãç¥ë ¢ áâ âìïå [19], [15] ¨
[1].

�®ª ¦¥¬ á ç « , ª ª á¢ï§ ë ¬¥¦¤ã á®¡®© ¯®áâ ¢«¥ë©  ¬¨ ¢®¯à®á ¨ ¯à®¡«¥¬  � § à .

�¥¬¬  2.1. �ãáâì P | (á ¬®-)¯à®¥ªâ¨¢ë© «¥¢ë© R-¬®¤ã«ì, S = HomR(P; P ) | ª®«ìæ®

í¤®¬®àä¨§¬®¢ ¬®¤ã«ï P , I = HomR(P; J(P )) | ¨¤¥ « ª®«ìæ  S ¨ eS = S=I ï¢«ï¥âáï ¯®«ã«®-

ª «ìë¬ ª®«ìæ®¬. �®£¤  ä ªâ®à¬®¤ã«ì P=J(P ) ª®¥ç® ¯®à®¦¤¥.

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ P ä ªâ®à¬®¤ã«ì P=J(P ),   ç¥à¥§ R | ä ªâ®àª®«ì-
æ® R=J(R). � ¬¥â¨¬, çâ® P | ¯à®¥ªâ¨¢ë© «¥¢ë© R-¬®¤ã«ì. �«ï «î¡®£® £®¬®¬®àä¨§¬ 
' 2 HomR(P; P ) ¨¬¥¥¬ '(J(P )) � J(P ) ([20], â¥®à¥¬  9.1.4, á. 212) ¨, á«¥¤®¢ â¥«ì®, £®¬®¬®à-
ä¨§¬ ' ®¯à¥¤¥«ï¥â R-£®¬®¬®àä¨§¬ ' : P=J(P ) ! P=J(P ), ª®â®àë© á®¤¥à¦¨âáï ¢ HomR(P ; P ).
� áá¬®âà¨¬ £®¬®¬®àä¨§¬

� : S ! HomR(P ; P )

ª®«¥æ S ¨ HomR(P ; P ), ®¯à¥¤¥«¥ë© ¯® ¯à ¢¨«ã �(') = ' ¤«ï «î¡®£® ' ¨§ S. � | í¯¨¬®àä¨§¬
([21], ¯à¥¤«®¦¥¨¥ 1.1) ¨ I = Ker(�) = HomR(P; J(P )). �®£¤ 

HomR(P ; P ) �= S=Ker(�): (1)

� ª ª ª ª®«ìæ® S=I ¯®«ã«®ª «ì®, â® ¢ á¨«ã ¨§®¬®àä¨§¬  ª®«¥æ HomR(P ; P ) �= HomR(P ; P )
¨ ¨§®¬®àä¨§¬  (1) ª®«ìæ® HomR(P ; P ) ¯®«ã«®ª «ì®¥ ¨ ¯® â¥®à¥¬¥ � ª¥ãç¨ hdimR(P=J(P )) =
hdimR(Hom(P ; P )) = hdim(S=Ker(�)) <1. � á¨«ã â¥®à¥¬ë 2.7 ¨§ [1] P=J(P ) | ¯®«ã«®ª «ìë©
R=J(R)-¬®¤ã«ì ¨ hdimR P = length(P ) = hdimS(S) � 1.

� ç¨â, P=J(P ) ï¢«ï¥âáï ª®¥ç®© ¯àï¬®© áã¬¬®© ¯à®áâëå «¥¢ëå R-¬®¤ã«¥© ¨ ¯®íâ®¬ã
P=J(P ) | ª®¥ç® ¯®à®¦¤¥ë© «¥¢ë© R=J(R)-¬®¤ã«ì. �«¥¤®¢ â¥«ì®, P=J(P ) | ª®¥ç®
¯®à®¦¤¥ë© «¥¢ë© R-¬®¤ã«ì.

�¥¬¬  2.2. �á«¨ H | ¥à §«®¦¨¬ë© ¢ áã¬¬ã «¥¢ë© R-¬®¤ã«ì, â® H | «¨¡® «®ª «ìë©

R-¬®¤ã«ì, «¨¡® à ¤¨ª «ìë© R-¬®¤ã«ì, â. ¥. H = J(H).

�®ª § â¥«ìáâ¢®. �á«¨ H = J(H), â® «¥¬¬  ¤®ª §  . �ãáâì â¥¯¥àì H 6= J(H), â®£¤  ¯®
®¯à¥¤¥«¥¨î ¥à §«®¦¨¬®£® ¢ áã¬¬ã R-¬®¤ã«ï ª ¦¤ë© á®¡áâ¢¥ë© ¯®¤¬®¤ã«ì N ¬®¤ã«ï H
¬ «ë© ¢ H. �®£« á® ®¯à¥¤¥«¥¨î à ¤¨ª «  �¦¥ª®¡á®  J(H) ([20], â¥®à¥¬  9.1.1, á. 211) ¨¬¥¥¬
N � J(H), § ç¨â, J(H) |  ¨¡®«ìè¨© ¯®¤¬®¤ã«ì ¬®¤ã«ï H ¨ H | «®ª «ìë© ¬®¤ã«ì.

�«¥¤áâ¢¨¥ 2.1. �ãáâì P | ¯à®¥ªâ¨¢ë© «¥¢ë© R-¬®¤ã«ì, ª®«ìæ® í¤®¬®àä¨§¬®¢ ª®â®à®£®
¯®«ã«®ª «ì®, â®£¤  «¥¢ë© R-¬®¤ã«ì P=J(P ) ª®¥ç® ¯®à®¦¤¥ë©.

�®ª § â¥«ìáâ¢®. �ãáâì S = HomR(P; P ) ¨ I = HomR(P; J(P )). �® ([21], ¯à¥¤«®¦¥¨¥ 1.1)
¨¬¥¥¬ J(S) � HomR(P; J(P )) = I ¨ S=J(S) �= (S=J(S))=(I=J(S)). �«¥¤®¢ â¥«ì®, S=I | ¯®«ã«®-
ª «ì®¥ ª®«ìæ® ¨ ¯® «¥¬¬¥ 2.1 «¥¢ë© R-¬®¤ã«ì P=J(P ) ª®¥ç® ¯®à®¦¤¥ë©.

�¥¯¥àì à áá¬®âà¨¬ ¯®¤à®¡¥¥ ¬®¤ã«¨ á ª®¥ç®© ¤ã «ì®© à §¬¥à®áâìî �®«¤¨.
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�¥®à¥¬  2.1. �ãáâì M | «¥¢ë© R-¬®¤ã«ì ¨ hdim(M) < 1. �®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï

íª¢¨¢ «¥âë:

(a) M ª®¥ç® ¯®à®¦¤¥ë©;
(b) J(M) | ¬ «ë© ¯®¤¬®¤ã«ì ¢ M ;
(c) hdim(M) = hdim(M=J(M)), £¤¥ M=J(M) | ä ªâ®à¬®¤ã«ì R-¬®¤ã«ï M ¯® à ¤¨ª «ã

�¦¥ª®¡á®  J(M).

�®ª § â¥«ìáâ¢®. 1. (a) ) (b). �á«¨ M | ª®¥ç® ¯®à®¦¤¥ë© «¥¢ë© R-¬®¤ã«ì, â® ¯®
â¥®à¥¬¥ 9.2.1 ([20], á. 216) ¨¬¥¥¬ J(M) �M .

2. (b) ) (c). �®£« á® § ¬¥ç ¨î 1.4 ¨§ [1] ¨¬¥¥¬ hdim(M=J(M)) < hdimM < 1. �®£¤ 
¨§ â¥®à¥¬ë 2.7 ¨§ [1] á«¥¤ã¥â, çâ® M | ¯®«ã«®ª «ìë© «¥¢ë© R-¬®¤ã«ì, ¨ ¯® ®¯à¥¤¥«¥¨î
¯®«ã«®ª «ì®£® ¬®¤ã«ï ä ªâ®à¬®¤ã«ì M=J(M) ¥áâì ¯àï¬ ï áã¬¬  ¯à®áâëå «¥¢ëå R-¬®¤ã«¥©
Hi, i = 1; 2; : : : ; n. �®áª®«ìªã ¯à®áâ®© «¥¢ë© R-¬®¤ã«ì Hi ¥à §«®¦¨¬ ¢ áã¬¬ã ¨ M=J(M) =Ln

i=1Hi, â® hdim(M=J(M)) = n. � áá¬®âà¨¬ ¥áâ¥áâ¢¥ë© í¯¨¬®àä¨§¬ M ! M=J(M) ! 0.
�®£« á® ãá«®¢¨î (b) J(M) �M ¨ ¯®íâ®¬ã ¨¬¥¥¬ hdim(M) = hdim(M=J(M)) = n.

3. (c) ) (a). �®£« á® ãá«®¢¨î â¥®à¥¬ë hdim(M) < 1. �®¦® áç¨â âì, çâ® hdim(M) > 0,
¯®áª®«ìªã ¯à¨ hdim(M) = 0 ¯® ®¯à¥¤¥«¥¨î ([19], á. 3593) M = 0 ¨ ¤®ª §ë¢ âì ¥ç¥£®. �®«®¦¨¬
hdim(M) = n > 0. �®£¤  ¢ á¨«ã ®¯à¥¤¥«¥¨ï ¤ã «ì®© à §¬¥à®áâ¨ �®«¤¨ áãé¥áâ¢ã¥â â®ç ï
¯®á«¥¤®¢ â¥«ì®áâì «¥¢ëå R-¬®¤ã«¥©

M
g
�!

nM
i=1

Hi �! 0; (2)

£¤¥ ¢á¥ Hi | ¥à §«®¦¨¬ë¥ ¢ áã¬¬ã «¥¢ë¥ R-¬®¤ã«¨ ¨ Ker(g) | ¬ «ë© ¯®¤¬®¤ã«ì ¢ M , ¯à¨ç¥¬
á®£« á® «¥¬¬e 2.2 Hi | «¨¡® «®ª «ìë©, «¨¡® à ¤¨ª «ìë© «¥¢ë© R-¬®¤ã«ì.

�®ª ¦¥¬, çâ® Hi 6= J(Hi) ¤«ï ¢á¥å i = 1; 2; : : : ; n. �®¯ãáâ¨¬, çâ® Hi = J(Hi), i = 1; 2; : : : ; k,
¨ k > 0. �®áª®«ìªã ¢ â®ç®© ¯®á«¥¤®¢ â¥«ì®áâ¨ (2) £®¬®¬®àä¨§¬ g ï¢«ï¥âáï í¯¨¬®àä¨§¬®¬,
ä ªâ®à¬®¤ã«ì M=Ker(g) ¨§®¬®àä¥ R-¬®¤ã«î

Ln
i=1Hi.

� ª ª ª Ker(g) | ¬ «ë© ¯®¤¬®¤ã«ì ¢ M , â® Ker(g) � J(M), ¨ ¢ á¨«ã á«¥¤áâ¢¨ï 9.1.5
¨§ ([20], á. 213) ¯®«ãç¨¬ ¨§®¬®àä¨§¬ë R-¬®¤ã«¥© M=J(M) �= (M=Ker(g))=(J(M)=Ker(g)) �=
(
Ln

i=1Hi)=(
Ln

i=1 J(Hi)) �=
Ln

i=1(Hi=J(Hi) =
Ln

i=k+1(Hi=J(Hi)).

�â ª, M=J(M) =
nL

i=k+1
Hi=J(Hi), k > 0, ¯à¨ç¥¬ ¢ á¨«ã «®ª «ì®áâ¨ ¬®¤ã«¥© Hi ä ªâ®à-

¬®¤ã«¨ Hi=J(Hi), i = k + 1; : : : ; n, ï¢«ïîâáï ¯à®áâë¬¨ R-¬®¤ã«ï¬¨. �®íâ®¬ã ä ªâ®à¬®¤ã«ì
M=J(M) | ¯®«ã¯à®áâ®© «¥¢ë© R-¬®¤ã«ì ¨ hdim(M) = length(M=J(M)) = n� k < n. �à¨è«¨ ª
¯à®â¨¢®à¥ç¨î á ãá«®¢¨¥¬ (c).

�«¥¤®¢ â¥«ì®, k = 0 ¨ Hi ¤«ï ¢á¥å i = 1; 2; : : : ; n | «®ª «ìë¥ «¥¢ë¥ R-¬®¤ã«¨. �®íâ®¬ã
áãé¥áâ¢ãîâ ¥ã«¥¢ë¥ í«¥¬¥âë hi 2 Hi; ¤«ï ª®â®àëå Hi = Rhi, i = 1; 2; : : : ; n.

� ª ª ª ¯®á«¥¤®¢ â¥«ì®áâì (2) â®ç , â® M =
Pn

i=1Rui + Ker(g), £¤¥ u1; u2; : : : ; un | ¯à®-
®¡à §ë í«¥¬¥â®¢ hi, â. ¥. hi = g(ui), i = 1; 2; : : : ; n. �®áª®«ìªã Ker(g) � M , â® M =

Pn

i=1Rui ¨
«¥¢ë© R-¬®¤ã«ì M ª®¥ç® ¯®à®¦¤¥.

�«¥¤áâ¢¨¥ 2.2. �à®¥ªâ¨¢ë© «¥¢ë© R-¬®¤ã«ì P , ª®«ìæ® í¤®¬®àä¨§¬®¢ ª®â®à®£® ¯®«ã«®-
ª «ì®, ï¢«ï¥âáï ª®¥ç® ¯®à®¦¤¥ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  hdim(P ) = hdim(P=J(P )).

�®ª § â¥«ìáâ¢®. �®£« á® â¥®à¥¬¥ � ª¥ãç¨ ¨¬¥¥¬ hdimP < 1 ¨ á«¥¤áâ¢¨¥ ¢ëâ¥ª ¥â ¨§
¯à¥¤ë¤ãé¥© â¥®à¥¬ë 2.1.

�à¥¤áâ ¢«ïîâ ¡®«ìè®© ¨â¥à¥á â ª¨¥ R-¬®¤ã«¨ M , ¤«ï ª®â®àëå hdimR(M) = 1 ¨
HomR(M;M) | ¯®«ã«®ª «ì®¥ ª®«ìæ®,   â ª¦¥ ¯à®¥ªâ¨¢ë¥ R-¬®¤ã«¨ P , ¤«ï ª®â®àëå
hdimR(P ) 6= hdimR(P=J(P )) ¨ hdimR(P=J(P )) = 1. � «¥¥ ¯à¨¢¥¤¥ë ¯à¨¬¥àë â ª¨å ¬®¤ã«¥©.
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�à¨¬¥à 1 ([19], ¯à¨¬¥à 10(2)). �ãé¥áâ¢ãîâ æ¨ª«¨ç¥áª¨¥ ¬®¤ã«¨ á ¡¥áª®¥ç®© ¤ã «ì®©

à §¬¥à®áâìî �®«¤¨, ª®«ìæ® í¤®¬®àä¨§¬®¢ ª®â®àëå ¯®«ã«®ª «ì®.

�â¬¥â¨¬, çâ® íâ®â ¯à¨¬¥à ¢ [19] ¯à¨¢¥¤¥ «¨èì á ¥§ ç¨â¥«ìë¬¨ ª®¬¬¥â à¨ï¬¨, ¯®íâ®¬ã
¤ ¤¨¬ ¥£® ¯®¤à®¡®¥ ®¡®á®¢ ¨¥.

� áá¬®âà¨¬ ª®¬¬ãâ â¨¢ãî ¯®«ã«®ª «ìãî ®¡« áâì æ¥«®áâ®áâ¨ R ¨ ª®¬¬ãâ â¨¢®¥ ª®«ìæ®
¬®£®ç«¥®¢ S = R[X] á ª®íää¨æ¥â ¬¨ ¨§ R. �®«ìæ® S, à áá¬ âà¨¢ ¥¬®¥ ª ª «¥¢ë© R-¬®¤ã«ì,
¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ RS. �ç¥¢¨¤®, ª®«ìæ® R | ¯®¤¬®¤ã«ì R-¬®¤ã«ï S, ¨ ¬®¦® à áá¬®âà¥âì
ä ªâ®à¬®¤ã«ì RS=R. �á«¨ s 2 S ¨ s = r0 + r1x + � � � + rnx

n, â® s 2 RS=R ¨ s = r1x + � � � + rnx
n,

£¤¥ xn = xn + R, n = 1; 2; : : : , S | á¢®¡®¤ë© «¥¢ë© R-¬®¤ã«ì á ¡ §¨á®¬ fxng, n = 0; 1; 2; : : : , ¨
S = RS=R | á¢®¡®¤ë© «¥¢ë© R-¬®¤ã«ì á ¡ §¨á®¬ fxng, n = 1; 2; : : :

� ª ª ª ¬®¦¥áâ¢® fxng, n = 1; 2; : : : , | R-¡ §¨á ¬®¤ã«ï S, â® ®â®¡à ¦¥¨¥ 'xm : S !
S, ®¯à¥¤¥«¥®¥ ¯® ¯à ¢¨«ã 'xm(xn) = x(n+m), n = 1; 2; : : : , ¤ ¥â R-£®¬®¬®àä¨§¬ ¬®¤ã«ï S

¢ á¥¡ï. �®£¤  ®â®¡à ¦¥¨¥
tP

m=0
r�m'xm : S ! S, ®¯à¥¤¥«¥®¥ ¯® ¯à ¢¨«ã

� tP
m=0

r�m'xm
�
(xn) =

tP
m=0

r�mx
(n+m), ¥áâì R-£®¬®¬®àä¨§¬. �®«®¦¨¬ ss� =

� tP
m=0

r�m'xm
�
(s) ¤«ï «î¡®£® s 2 S, £¤¥ s� =

tP
m=0

r�mx
m, s� 2 S.

� ª¨¬ ®¡à §®¬, R-¬®¤ã«ì S ¬®¦® à áá¬ âà¨¢ âì ª ª S-¬®¤ã«ì ¨ ®â®¡à ¦¥¨¥ 's� : S ! S,
's�(s) = ss� ¤«ï «î¡®£® s 2 S, ¥áâì R-£®¬®¬®àä¨§¬.

�¡®§ ç¨¬ ç¥à¥§ M  ¡¥«¥¢ã £àã¯¯ã ¢á¥å R-£®¬®¬®àä¨§¬®¢ f : RS ! RS=R, â. ¥. M =
HomR(RS; (RS=R)) = ff : RS ! RS=Rg.

� ª ª ª ¤«ï «î¡ëå s�; s 2 S ¨ f 2 M ¨¬¥¥¬ f(s� � s) 2 RS=R, â® ¬®¦® ®¯à¥¤¥«¨âì ®â®-
¡à ¦¥¨¥ s� � f : S ! RS=R ¯® ¯à ¢¨«ã (s� � f)(s) = f(s� � s). �ç¥¢¨¤®, s� � f 2 M ,   â ª¦¥
(s�1 + s�2)f = s�1f + s�2f ¨ s�(f1 + f2) = s�f1 + s�f2 ¤«ï «î¡ëå s�1; s

�

2 2 S ¨ f1; f2 2 M . �®íâ®¬ã M
¬®¦® à áá¬ âà¨¢ âì ª ª «¥¢ë© S-¬®¤ã«ì. �®«¥¥ â®£®, M ï¢«ï¥âáï (S;R)-¬®¤ã«¥¬ ( ¯à., [22],
£«. 2, x 3).

� áá¬®âà¨¬ (S;R)-¯®¤¬®¤ã«ì N = ff 2M j f(R) = 0g (S;R)-¬®¤ã«ï M .
�¡®§ ç¨¬ ç¥à¥§

�
s f
0 r

�
(2; 2)-¬ âà¨æã, £¤¥ s 2 S, f 2 M , r 2 R, ¨ ¯ãáâì T = ( S M

0 R ) =��
s f
0 r

�
j s 2 S; r 2 R; f 2M

	
. T ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª  ¤¤¨â¨¢ ï £àã¯¯  á ¥áâ¥áâ¢¥ë¬

á«®¦¥¨¥¬ ¬ âà¨æ. �¯à¥¤¥«¨¬ ¯à®¨§¢¥¤¥¨¥�
s1 f1
0 r1

��
s2 f2
0 r2

�
=
�
s1s2 s1f2 + f1r2

0 r1r2

�
;

£¤¥ s1f2 : S ! RS=R, (s1f2)(s) = f2(s1s), f1r2 : S ! RS=R, (f1r2)(s) = f1(r2s) ¤«ï ¢á¥å s 2 S,
s1f2 2 M , f1r2 2 M ,   s1s2, r1r2 ¨ sr2 | ¯à®¨§¢¥¤¥¨ï í«¥¬¥â®¢ ª®«ìæ  S. �¥£ª® ¢¨¤¥âì, çâ®
T ï¢«ï¥âáï ª®«ìæ®¬ ®â®á¨â¥«ì® ¢¢¥¤¥ëå ®¯¥à æ¨© á«®¦¥¨ï ¨ ã¬®¦¥¨ï. � áá¬®âà¨¬
I = ( 0 N

0 R ) | ¯à ¢ë© ¨¤¥ « ¢ T . �¡®§ ç¨¬ ç¥à¥§ I 0 ¨¤¥ «¨§ â®à ¯à ¢®£® ¨¤¥ «  I ¢ ª®«ìæ¥ T
([23], £«. 0, x 0.4). �á«¨

�
s f
0 r

�
2 I 0, â®

�
s f
0 r

�
( 0 N
0 R ) � ( 0 N

0 R ). � ª¨¬ ®¡à §®¬, ¨¬¥¥¬

�
s f
0 r

� 
0 ef
0 er

!
=

 
0 s ef + f er
0 rer

!
(3)

¤«ï «î¡®£®
�
0 ~f
0 ~r

�
2 I ¨ s ef + f er 2 N , £¤¥ s 2 S, f 2M ,   r; er 2 R.

�á«¨ ¢ à ¢¥áâ¢¥ (3) ef = 0, er = 1; f er 2 N , â® f(r�) = 0 ¤«ï «î¡®£® r� 2 R ¨ ¯®íâ®¬ã f 2 N .
� «¥¥, ¥á«¨ ¢ (3) er = 0, â® s ef 2 N ¤«ï «î¡®£® ef 2 N .

�ç¨âë¢ ï, çâ® S | á¢®¡®¤ë© «¥¢ë© R-¬®¤ã«ì á ¡ §¨á®¬ f1; x; : : : ; xi; : : : g, ¯®áâà®¨¬ R-£®-
¬®¬®àä¨§¬ ef0 : S ! RS=R, ¯®« £ ï ef0(1) = 0, ef0(xi) = xi, i = 1; 2; : : : � ª ª ª ef0 ï¢«ï¥âáï
R-£®¬®¬®àä¨§¬®¬ ¨ ef0(R) = 0, â® ef0 2 N . �á«¨ í«¥¬¥â s 2 S ¨ s 62 R, â®, ®ç¥¢¨¤®, ef0(s) 6= 0.

26



�ãáâì
�
s f
0 r

�
2 I 0 ¨

�
0 ~f0
0 0

�
2 ( 0 N

0 0 ), â®£¤ �
s f
0 r

�
�

 
0 ef0
0 0

!
=

 
0 s ef0
0 0

!
2

�
0 N
0 0

�
¨ (s ef0)(r) = 0 ¤«ï ¢á¥å r 2 R. �® ®¯à¥¤¥«¥¨î ¯à®¨§¢¥¤¥¨ï s ef0 ¨¬¥¥¬ (s ef0)(r) = ( ef0)(sr) = 0
¨ ¢ á«ãç ¥ r = 1 ¯®«ãç¨¬ ef0(s) = 0. �® ¯®áâà®¥¨î R-£®¬®¬®àä¨§¬  ef0 íâ® ¢®§¬®¦® â®«ìª® ¢
â®¬ á«ãç ¥, ª®£¤  s 2 R.

�¬¥¥¬ I 0 = (R N
0 R ) ¨ ¯® ¯à¥¤«®¦¥¨î 4.1 ¨§ ([23], £«. 0, x 0.4) HomT (T=I; T=I) ' I 0=I ' R.

�«¥¤®¢ â¥«ì®, T=I | æ¨ª«¨çë© T -¬®¤ã«ì, ª®«ìæ® í¤®¬®àä¨§¬®¢ ª®â®à®£® ¨§®¬®àä® ¯®-
«ã«®ª «ì®¬ã ª®«ìæã R. � ª ª ª S ¥ ï¢«ï¥âáï ¯®«ã«®ª «ìë¬ ª®«ìæ®¬, â® ([1], á«¥¤áâ¢¨¥ 3.2)
S ¨¬¥¥â ¡¥áª®¥çãî ¤ã «ìãî à §¬¥à®áâì �®«¤¨ ª ª ¯à ¢ë© S-¬®¤ã«ì, â. ¥. hdimS(S) = 1.

T=I ¨¬¥¥â ¡¥áª®¥çãî ¤ã «ìãî à §¬¥à®áâì �®«¤¨ ª ª ¯à ¢ë© T -¬®¤ã«ì. �¥©áâ¢¨â¥«ì®,
à áá¬®âà¨¬ ¢ ª®«ìæ¥ T ¨¤¥ « UT = ( 0 M

0 R ). �®£¤  S �= ( S 0
0 0 ) �= T=UT , ¨, â ª¨¬ ®¡à §®¬, ª®«ìæ® S

¨§®¬®àä® ä ªâ®àª®«ìæã T=UT . �¡®§ ç¨¬ íâ®â ¨§®¬®àä¨§¬ ç¥à¥§ �, â. ¥. S
�
�= T=UT ¨ s = �(t)

¤«ï t 2 T=UT . �®¦¥¬ à áá¬ âà¨¢ âì S ª ª ¯à ¢ë© T -¬®¤ã«ì, ¯®« £ ï st = ss�, £¤¥ s� = �(t) ¤«ï
t 2 T=UT . �¥©áâ¢¨â¥«ì®, ¨¬¥¥¬ s(t1+t2) = s�(t1 + t2) = s�(t1+t2) = s(�(t1)+�(t2)) = s(s�1+s�2) =
ss�1 + ss�2 = st1 + st2 ¨ s(t1t2) = s�(t1t2) = s�(t1t2) = s(�(t1)�(t2)) = s(s�1s

�

2) = (ss�1)s
�

2 = (st1)t2 ¤«ï
«î¡®£® s 2 S ¨ ¤«ï «î¡ëå t1, t2, á®¤¥à¦ é¨åáï ¢ T .

�ç¥¢¨¤®, ST = S ¨ KT = K, ¥á«¨ K | ¯à ¢ë© S-¯®¤¬®¤ã«ì S. � ¬¥â¨¬, çâ® ¥á«¨ K 0 ¨ K 00

| S-¯®¤¬®¤ã«¨ S, â® K 0T = K 00T â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  K 0 = K 00.
�ã¤¥¬ £®¢®à¨âì, çâ® á¥¬¥©áâ¢® fK�g�2� á®¡áâ¢¥ëå ¯®¤¬®¤ã«¥© K� «¥¢®£® R-¬®¤ã«ï M

®¡à §ã¥â ª®¥§ ¢¨á¨¬®¥ á¥¬¥©áâ¢®, ¥á«¨ ¤«ï ¢áïª®£® � 2 � ¨ «î¡®£® ª®¥ç®£® ¯®¤¬®¦¥áâ¢ 
J � � n f�g (â. ¥. � =2 J) ¢ë¯®«¥® á®®â®è¥¨¥

K� +
\
j2J

Kj = M:

�®¤ã«ì M ¨¬¥¥â ª®¥çãî ¤ã «ìãî à §¬¥à®áâì �®«¤¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª ¦¤®¥
ª®¥§ ¢¨á¨¬®¥ á¥¬¥©áâ¢® ¯®¤¬®¤ã«¥© ¬®¤ã«ï M ª®¥ç® [19]. � íâ®¬ á«ãç ¥ áãé¥áâ¢ã¥â ¬ ªá¨-
¬ «ì®¥ ª®¥§ ¢¨á¨¬®¥ á¥¬¥©áâ¢® ¨ ¥£® ¬®é®áâì á®¢¯ ¤ ¥â á ¤ã «ì®© à §¬¥à®áâìî �®«¤¨.

�®áª®«ìªã S = R[x] ¨ SS ¥ ï¢«ï¥âáï ¯®«ã«®ª «ìë¬ ª®«ìæ®¬, â® á®£« á® á«¥¤áâ¢¨î 3.2
¨§ [1] ¨¬¥¥¬ hdimS(S) = 1. �®íâ®¬ã áãé¥áâ¢ã¥â ª®¥§ ¢¨á¨¬®¥ á¥¬¥©áâ¢® fK�g�2�, j�j = 1,
á®¡áâ¢¥ëå ¯®¤¬®¤ã«¥© SS â ª®¥, çâ® ¤«ï ¢áïª®£® � 2 � ¨ «î¡®£® ª®¥ç®£® ¯®¤¬®¦¥áâ¢ 
J � � n f�g ¢ë¯®«ï¥âáï

K� +
\
j2J

Kj = SS:

�®£¤  K�T +
T
j2J KjT = SST ¤«ï «î¡®£® ª®¥ç®£® ¯®¤¬®¦¥áâ¢  J � � n f�g ¨, á«¥¤®¢ -

â¥«ì®, á¥¬¥©áâ¢® fK�Tg�2� á®¡áâ¢¥ëå ¯®¤¬®¤ã«¥© ¯à ¢®£® T -¬®¤ã«ï ST ª®¥§ ¢¨á¨¬® ¨
hdimT (ST ) = 1, ¯®áª®«ìªã ST = S,   K�T = K� ¤«ï «î¡®£® � 2 �. � á¨«ã â®£®, çâ® I = ( 0 N

0 R ),
UT = ( 0 M

0 R ) ¨ I � UT , ¨¬¥¥¬ ST �= T=U
T
�= (T=I)=(UT =I). �® § ¬¥ç ¨î 1.4 ¨§ [1] íâ® ¢«¥ç¥â

hdimT ST = hdimT (T=UT ) � hdimT T=I ¨ hdimT (T=UT ) = 1. �â ª, T -¬®¤ã«ì T=I ¨¬¥¥â ¯®«ã«®-
ª «ì®¥ ª®«ìæ® í¤®¬®àä¨§¬®¢ EndT (T=I) = HomT (T=I; T=I) �= R, ® hdimT (T=I) = 1.

�à¨¬¥à 2. �ãé¥áâ¢ã¥â ¯à®¥ªâ¨¢ë© R-¬®¤ã«ì P â ª®©, çâ® hdimR(P=J(P )) = 1 ¨

hdimR(P ) 6= 1.

� áá¬®âà¨¬ ª®«ìæ® R, ¯®áâà®¥®¥ ¢ [10]. �«ï ¯®«®âë ¨§«®¦¥¨ï ¯à¨¢¥¤¥¬ ª®áâàãªæ¨î
íâ®£® ª®«ìæ .

�ãáâì k | ¯®«¥ ¨ K = khx; y j yx = 0i | k- «£¥¡à  á ¤¢ã¬ï ¯®à®¦¤ îé¨¬¨ í«¥¬¥â ¬¨
x ¨ y ¨ ®¤¨¬ ®¯à¥¤¥«ïîé¨¬ á®®â®è¥¨¥¬ yx = 0. �¡®§ ç¨¬ ç¥à¥§ h : K ! k � k £®¬®¬®à-
ä¨§¬ k- «£¥¡à, ®¯à¥¤¥«¥ë© ¯® ¯à ¢¨«ã h(x) = (1; 0) ¨ h(y) = (0; 1), £¤¥ k � k | ¯àï¬®¥
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¯à®¨§¢¥¤¥¨¥ ¤¢ãå íª§¥¬¯«ïà®¢ ¯®«ï k. �ãáâì Mat(K) ¨ Mat(k�k) ®¡®§ ç îâ ¬®¦¥áâ¢a ¢á¥å
ª¢ ¤à âëå ¬ âà¨æ á í«¥¬¥â ¬¨ ¨§ K ¨ k�k á®®â¢¥âáâ¢¥®. �®¬®¬®àä¨§¬ h ¨¤ãæ¨àã¥â ®â®-
¡à ¦¥¨¥ Mat(K) ! Mat(k�k), ª®â®à®¥ â ª¦¥ ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ h. �ãáâì � | ¬®¦¥áâ¢®
¢á¥å ¬ âà¨æ A 2 Mat(K), ®¡à § h(A) ª®â®àëå ®¡à â¨¬. �ãáâì R = K��1 | ã¨¢¥àá «ì®¥ �-
®¡à é îé¥¥ K-ª®«ìæ®, â. ¥. ¥á«¨ ' : K ! S | £®¬®¬®àä¨§¬ k- «£¥¡à ¨ ¤«ï «î¡®£® A 2 � '(A)
| ®¡à â¨¬ ï ¬ âà¨æ   ¤ k- «£¥¡à®© S, â® áãé¥áâ¢ã¥â ¥¤¨áâ¢¥ë© £®¬®¬®àä¨§¬ k- «£¥¡à
' : K��1 ! S â ª®©, çâ® ¤¨ £à ¬¬  k-£®¬®¬®àä¨§¬®¢ k- «£¥¡à

K
'

���! S
&
��

%
'�

K��1

ª®¬¬ãâ â¨¢ , £¤¥ ª®«ìæ¥¢®© £®¬®¬®àä¨§¬ �� : K ! K��1 â ª®©, çâ® ®¡à § ª ¦¤®© ¬ âà¨æë
¨§ � | ®¡à â¨¬ ï ¬ âà¨æ   ¤ K��1, ã¨¢¥àá «¥ ¨ ®¯à¥¤¥«ï¥âáï íâ¨¬ á¢®©áâ¢®¬ ([23], â¥®à¥¬ 
7.2.1 ¨«¨ [10]).

�¬¥¥â ¬¥áâ® ª®¬¬ãâ â¨¢ ï ¤¨ £à ¬¬  k-£®¬®¬®àä¨§¬®¢ k- «£¥¡à

K
h

���! k � k
&
��

%
h�

R

�¤à® £®¬®¬®àä¨§¬  h� : R! k�k à ¢® J(R) ([24], á«¥¤áâ¢¨¥ â¥®à¥¬ë 3.1 ¨«¨ [25], â¥®à¥¬  4.1),
á«¥¤®¢ â¥«ì®, R | ¯®«ã«®ª «ì®¥ ª®«ìæ®. �ãáâì x1 ¨ y1 ®¡®§ ç îâ ®¡à §ë í«¥¬¥â®¢ x ¨ y
á®®â¢¥âáâ¢¥® ¢ ª®«ìæ¥ R. �®£¤  y1x1 = 0. � ¬¥â¨¬, çâ® 1� 1- ¬ âà¨æ  x + y á®¤¥à¦¨âáï ¢ �,
â. ª. h(x+ y) = h(x) + h(y) = (1; 1) | ®¡à â¨¬ë© í«¥¬¥â ¢ k� k. �®íâ®¬ã x1 + y1 | ®¡à â¨¬ë©
í«¥¬¥â ¢ ª®«ìæ¥ R. �®«®¦¨¬ z = x1 + y1, â®£¤  zx1 = (x1 + y1)x1 = zx21, x1 = z�1x21. �¡®§ ç¨¬
am = z�m�1x1z

m ¤«ï «î¡®£® m � 1. �®£¤  am+1am = z�m�2x21z
m = z�m�2(x1 + y1)x1zm = am.

�® «¥¬¬¥ 1 ¨§ [26] ¯à ¢ë© ¨¤¥ « I =
P

1

m=1 amR ª®«ìæ  R ¯à®¥ªâ¨¢¥ ¨ F = R=I | ¯«®áª¨©
¯à ¢ë© R-¬®¤ã«ì. � ç áâ®áâ¨, I=IJ(R) = I=I \J(R) ([27], «¥¬¬  19.18), ¯®íâ®¬ã I=IJ(R) �= I+
J(R)=J(R). � ª ª ª h(x) = (1; 0), â® h�(x1) = (1; 0) ¨ h�(amR) = k� 0 ¤«ï ¢á¥å m � 1. �®«ãç ¥¬
h�(I) = k � 0. �®¬®¬®àä¨§¬ h� : R ! k � k ¨¤ãæ¨àã¥â ¨§®¬®àä¨§¬ k- «£¥¡à R=J(R) �= k � k.
�¬¥¥¬ I=IJ(R) �= I + J(R)=J(R) �= h�(I) = k � 0.

� ª ª ª ä ªâ®à¬®¤ã«ì I=IJ(R) | ¯à®áâ®© R-¬®¤ã«ì, ¨ ª ¦¤ë© ¯à®áâ®© ¬®¤ã«ì ï¢«ï¥âáï
¥à §«®¦¨¬ë¬ ¢ áã¬¬ã, â® hdimR(I=IJ(R)) = 1.

� «¥¥, ¥á«¨ hdimR(I) = 1, â® áãé¥áâ¢ã¥â â®ç ï ¯®á«¥¤®¢ â¥«ì®áâì

I
g
�! H �! 0;

£¤¥ H | ¯à ¢ë© ¥à §«®¦¨¬ë© ¢ áã¬¬ã R-¬®¤ã«ì ¨ Ker(g) � I. �® á«¥¤áâ¢¨î 9.1.5 ¨§ ([20],
á. 213) g(I) = H ¨ g(J(I)) = J(H). � ¬¥â¨¬, çâ® H 6= J(H), â. ª. ¨ ç¥ à ¢¥áâ¢® H = J(H) ¢«¥ç¥â
H = g(I) = g(J(I)) = J(H) ¨ Ker(g) + J(I) = I. � á¨«ã â®£®, çâ® Ker(g) � I, ¨¬¥¥¬ I = J(I),
¨ ¯® ¯à¥¤«®¦¥¨î 9.6.4 ¨§ ([20], á. 232) I = 0. �à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î. �â ª, H 6= J(H)
¨ H| «®ª «ìë© R-¬®¤ã«ì, ¯®íâ®¬ã H = hR ¤«ï ¥ª®â®à®£® h 2 H ¨ I = aR + Ker(g), £¤¥
g(a) = h. �®áª®«ìªã Ker(g) � I, â® I = aR æ¨ª«¨ç¥, ¨ ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î, â. ª. ¯® [10] I
¥ ï¢«ï¥âáï ª®¥ç® ¯®à®¦¤¥ë¬. �«¥¤®¢ â¥«ì®, hdimR(I) 6= 1 ¨ hdimR(I) 6= hdimR(I=J(I)).
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