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1. �¢¥¤¥¨¥

� áâ âì¥ ¨áá«¥¤ã¥âáï  ªâã «ì ï ¢ á¢ï§¨ á ¥®¡å®¤¨¬®áâìî á¦ â¨ï ¨ä®à¬ æ¨¨ ¯à®¡«¥¬ 
¯®¨áª  ¤«ï áâã¯¥ç â®© äãªæ¨¨ á N ¨â¥à¢ « ¬¨ ¯®áâ®ïáâ¢  â ª®£® ®¡®¡é¥®£® ¡ §¨á  �  -
à , çâ® ¯¥à¢ë¬¨ k < N ¥£® äãªæ¨ï¬¨ ®  ¯à¨¡«¨¦ ¥âáï  ¨«ãçè¨¬ ®¡à §®¬ (¢ á¬ëá«¥ ®à¬ë
L2[0; 1]), ¨«¨, ¢ ¨®© ä®à¬ã«¨à®¢ª¥ (¢§ ¨¬® ®¤®§ ç ï á¢ï§ì íâ¨å § ¤ ç ¯®ª §   ¢ à §¤¥-
«¥ \�®áâ ®¢ª  § ¤ ç¨"), ¯à®¡«¥¬  ¯®¨áª  áâã¯¥ç â®© äãªæ¨¨, ®¯â¨¬ «ì® ¯à¨¡«¨¦ îé¥©
¤ ãî ¢ ª« áá¥ ¢á¥å áâã¯¥ç âëå äãªæ¨© á ¥ ¡®«¥¥ ç¥¬ k ¨â¥à¢ « ¬¨ ¯®áâ®ïáâ¢ .

�«ï à¥è¥¨ï ¯®á«¥¤¥© § ¤ ç¨ à §à ¡®â   «£®à¨â¬, áãâì ª®â®à®£® § ª«îç ¥âáï ¢ ¯®á«¥¤®-
¢ â¥«ì®¬ ¯®áâà®¥¨¨   ª ¦¤®¬ è £¥ ®¯â¨¬ «ì®£® ¯à¨¡«¨¦¥¨ï ¤«ï äãªæ¨¨, ¯®«ãç¥®©
§  ¯à¥¤ë¤ãé¨¥ è £¨, ¢ ª« áá¥ áâã¯¥ç âëå äãªæ¨© á ¬¥ìè¨¬   ¥¤¨¨æã ç¨á«®¬ ¨â¥à¢ «®¢
¯®áâ®ïáâ¢  (§  ®¯â¨¬ «ì® ¯à¨¡«¨¦ îéãî ¯¥à¥¤ ¯¥à¢ë¬ è £®¬ ¯à¨¨¬ ¥âáï á ¬  äãªæ¨ï).
�®ç®¥ ®¯¨á ¨¥  «£®à¨â¬  ¨§«®¦¥® ¢ ¯. 3.1.

� áâ âì¥ ¯®¤à®¡® ¨áá«¥¤®¢  ª« áá äãªæ¨©, ¤«ï ª®â®àëå  «£®à¨â¬ ¤ ¥â âà¥¡ã¥¬®¥  ¨-
«ãçè¥¥ ¯à¨¡«¨¦¥¨¥; ¤®áâ â®çë¥ ãá«®¢¨ï ®¯â¨¬ «ì®áâ¨ áä®à¬ã«¨à®¢ ë ¢ â¥®à¥¬ å 1 ¨ 2
à §¤¥«  \�á®¢ë¥ à¥§ã«ìâ âë", £¤¥ ¯à¨¢®¤ïâáï â ª¦¥ ¥ª®â®àë¥ ®æ¥ª¨ â®ç®áâ¨ ¯à¨¡«¨¦¥-
¨ï.

2. �®áâ ®¢ª  § ¤ ç¨

2.1. �á®¢ë¥ ®¡®§ ç¥¨ï. �ãáâì �N := f0 = p0 < p1 < � � � < pN = 1g | à §¡¨¥¨¥ ®âà¥§ª 
[0; 1], ®¯à¥¤¥«ïîé¥¥ ¨â¥à¢ «ë ¯®áâ®ïáâ¢  ¨áå®¤®© äãªæ¨¨ f ;

fxigNi=1 | § ç¥¨ï äãªæ¨¨ f   ¨â¥à¢ « å ¯®áâ®ïáâ¢ ;
�k := f0 = q0 < q1 < � � � < qk = 1g | à §¡¨¥¨¥ ®âà¥§ª  [0; 1], ®¯à¥¤¥«ïîé¥¥ ¨â¥à¢ «ë

¯®áâ®ïáâ¢  äãªæ¨¨ fk;
fyigki=1 | § ç¥¨ï äãªæ¨¨ fk; �i := pi � pi�1, i = 1; N ;
	k | ª« áá ¢á¥å áâã¯¥ç âëå äãªæ¨© á ¥ ¡®«¥¥ ç¥¬ k ¨â¥à¢ « ¬¨ ¯®áâ®ïáâ¢ ;
�(�) | ¯à®áâà áâ¢® áâã¯¥ç âëå   [0; 1] äãªæ¨©, ¨â¥à¢ «ë ¯®áâ®ïáâ¢  ª®â®àëå ®¯à¥-

¤¥«ïîâáï à §¡¨¥¨¥¬ �, c ®à¬®© ¨ áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬, ¨¤ãæ¨à®¢ ë¬¨ ¨§ L2[0; 1];
Pr� f | ®àâ®£® «ì ï (¢ á¬ëá«¥ L2[0; 1]) ¯à®¥ªæ¨ï äãªæ¨¨ f   ¯®¤¯à®áâà áâ¢® �(�);
f optk | ®¯â¨¬ «ì® ¯à¨¡«¨¦ îé ï äãªæ¨ï ¤«ï f ¢ 	k;
{
(t) | å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï ¬®¦¥áâ¢  
;
#
 | ç¨á«® â®ç¥ª ¬®¦¥áâ¢  
.

2.2. �®à¬ã«¨à®¢ª  § ¤ ç¨. � ¯®¬¨¬ ®¯à¥¤¥«¥¨¥ ®¡®¡é¥®© á¨áâ¥¬ë �  à    ®âà¥§ª¥
[0; 1].

�ãáâì fIjl, j = 0; 1; : : : , l = 0; 2j � 1g | á¨áâ¥¬  ¨â¥à¢ «®¢   [0; 1], ®¯à¥¤¥«ï¥¬ëå à¥ªãà-
à¥â® á«¥¤ãîé¨¬ ®¡à §®¬:

I00 = [0; 1]; Ijl = Ij+1; 2l [ Ij+1; 2l+1; Ijl \ Ijm = ; ¯à¨ l 6= m:
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�®£¤  á¨áâ¥¬  äãªæ¨© �0(t) = {[0;1](t), �00(t) = {I10(t) � {I11(t); : : : ; �jl(t) = [{Ij+1; 2l(t) �
{Ij+1; 2l+1(t)]xjl, xjl =

1p
jIjlj

; : : : , j = 0; 1; 2; : : : , l = 0; 1; : : : ; 2j � 1,  §ë¢ ¥âáï ®¡®¡é¥®© á¨-

áâ¥¬®© �  à    ®âà¥§ª¥ [0; 1]. �àã¯¯ã äãªæ¨© f�jl(t)g2j�1l=0 ¯à¨ïâ®  §ë¢ âì j-© ¯ çª®©. � ª
ª ª ®á¨â¥«ì äãªæ¨¨ «î¡®© ¯ çª¨ ï¢«ï¥âáï ®¡ê¥¤¨¥¨¥¬ ®á¨â¥«¥© ¤¢ãå äãªæ¨© á«¥¤ã-
îé¥© ¯ çª¨, ¡ §¨á �  à  ç áâ®  §ë¢ îâ ¤¢®¨çë¬ ([1], á. 70). �á«¨ jIjlj = jIjmj ¤«ï «î¡ëå
l;m = 0; 2j � 1, â® ¯®áâà®¥ ï â ª¨¬ ®¡à §®¬ á¨áâ¥¬  ï¢«ï¥âáï ª« áá¨ç¥áª®© á¨áâ¥¬®© �  à .

� ¬¥ç ¨¥ 1. � ¯®áâ ®¢ª¥ § ¤ ç¨ ¤«ï ¯à®áâ®âë ¨á¯®«ì§®¢   ã¬¥à æ¨ï äãªæ¨© á ¯®-
¬®éìî ®¤®£® ¨¤¥ªá  i, â. ª. à §¤¥«¥¨¥ äãªæ¨© �  à    ¯ çª¨ §¤¥áì ¥ ¨£à ¥â ¢ ¦®©
à®«¨. �¢ï§ì ¬¥¦¤ã ®¤¨ àë¬ ¨¤¥ªá®¬ i ¨ ¤¢®©®© ¨¤¥ªá æ¨¥© fj; lg, ®¯¨á ®© çãâì ¢ëè¥,
§ ¤ ¥âáï á®®â®è¥¨¥¬ i = 2j + l.

�ãáâì f | áâã¯¥ç â ï   [0; 1] äãªæ¨ï á N ¨â¥à¢ « ¬¨ ¯®áâ®ïáâ¢ . �§ ¬®¦¥áâ¢ 

¢á¥¢®§¬®¦ëå ®¡®¡é¥ëå ¡ §¨á®¢ �  à  fBg2�, B = f�i g, i 2 N [f0g, âà¥¡ã¥âáï ¢ë¡à âì
â®â ¡ §¨á B�, ¯¥à¢ë¬¨ k äãªæ¨ï¬¨ ª®â®à®£® f ¯à¨¡«¨¦ ¥âáï  ¨«ãçè¨¬ ®¡à §®¬ (¢ á¬ëá«¥
®à¬ë L2[0; 1]) ¯® áà ¢¥¨î á ¯¥à¢ë¬¨ k äãªæ¨ï¬¨ «î¡®£® ¤àã£®£® ¡ §¨á 

f � kX
i=0

C�
i �

�
i

 = min


f � kX
i=0

C
i �


i

:
�®áª®«ìªã ¤«ï «î¡®£® ¡ §¨á  B «¨¥© ï ®¡®«®çª  ¯¥à¢ëå k ¥£® äãªæ¨© á®¢¯ ¤ ¥â á

�(�k ), ®¯à¥¤¥«ï¥¬ë¬ ¥ª®â®àë¬ ä¨ªá¨à®¢ ë¬ à §¡¨¥¨¥¬ �k = f0 = p0 < p1 < � � � < pk = 1g,
â® § ¤ ç  ® ¯®¨áª¥ ¡ §¨á  á¢®¤¨âáï ª § ¤ ç¥ ®  å®¦¤¥¨¨ äãªæ¨¨ f optk .

� ¤ ç  ¥«¨¥©®©  ¯¯à®ªá¨¬ æ¨¨ äãªæ¨ï¬¨ á § ¤ ë¬ ç¨á«®¬ § ç¥¨© ¨ ¥ä¨ªá¨à®-
¢ ë¬¨ ã§« ¬¨ ¢  áâ®ïé¥¥ ¢à¥¬ï ¤®áâ â®ç®  ªâã «ì . � [2], ¢ ç áâ®áâ¨, ã¯®¬¨ ¥âáï à¥-
§ã«ìâ â, ª®â®àë© ªà âª® ¬®¦® áä®à¬ã«¨à®¢ âì â ª: «î¡ ï äãªæ¨ï f 2 Lip(1; L1[0; 1]) ¬®¦¥â
¡ëâì ¯à¨¡«¨¦¥  ¢ ®à¬¥ L1[0; 1] áâã¯¥ç â®© á à ¢®¬¥àë¬ à §¡¨¥¨¥¬ è £®¬ 1

n
á â®ç®-

áâìî O( 1
n
) («¨¥© ï  ¯¯à®ªá¨¬ æ¨ï), â®£¤  ª ª ¢ á«ãç ¥ ¯à¨¡«¨¦¥¨ï f áâã¯¥ç â®© äãª-

æ¨¥© á à §¡¨¥¨¥¬, ã§«ë ª®â®à®£® ¥ ä¨ªá¨à®¢ ë § à ¥¥, ® ¨å ª®«¨ç¥áâ¢® ¥ ¯à¥¢®áå®¤¨â
n (¥«¨¥© ï  ¯¯à®ªá¨¬ æ¨ï), â®â ¦¥ ¯®àï¤®ª â®ç®áâ¨ ¤®áâ¨£ ¥âáï ¤«ï £®à §¤® ¡®«¥¥ è¨à®-
ª®£® ª« áá  äãªæ¨© f 2 C([0; 1])

T
BV [0; 1], £¤¥ BV [0; 1] | ¯à®áâà áâ¢® äãªæ¨© ®£à ¨ç¥-

®© ¢ à¨ æ¨¨   [0; 1]. (H ¯®¬¨¬, çâ® äãªæ¨ï f ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã Lip(�;Lp([0; 1])),
0 < � � 1, 0 < p � 1, ¥á«¨ áãé¥áâ¢ã¥â â ª ï ª®áâ â  M > 0, çâ® ¤«ï «î¡®£® h 2 (0; 1) ¢¥à®
¥à ¢¥áâ¢® kf(� + h) � f(�)kLp[0; 1�h) � Mh�.) �¥«¨¥© ï  ¯¯à®ªá¨¬ æ¨ï ®ª §ë¢ ¥âáï ¡®«¥¥
íää¥ªâ¨¢®©.

� áá¬ âà¨¢ ¥¬ ï § ¤ ç  â ª¦¥ ®â®á¨âáï ª ¥«¨¥©®©  ¯¯à®ªá¨¬ æ¨¨, ® §¤¥áì ¯à¨¡«¨¦¥-
¨¥ ¢ë¡¨à ¥âáï ®¯â¨¬ «ìë¬ ¢ ®à¬¥ ¯à®áâà áâ¢  L2[0; 1] ¨ ¢ ª ç¥áâ¢¥ ª« áá  ¨áá«¥¤ã¥¬ëå
äãªæ¨© ¨áå®¤® à áá¬ âà¨¢ îâáï áâã¯¥ç âë¥ äãªæ¨¨   ®âà¥§ª¥ [0; 1]. � ª®¥ ¤®¯ãé¥¨¥
¥áâ¥áâ¢¥®, ¢¥¤ì ¯à®¨§¢®«ì ï äãªæ¨ï f 2 L2[0; 1] ¬®¦¥â ¡ëâì ¯à¨¡«¨¦¥  á «î¡®© § ¤ ®©
áâ¥¯¥ìî â®ç®áâ¨ áâã¯¥ç â®© äãªæ¨¥© á ¤®áâ â®ç® ¡®«ìè¨¬ ç¨á«®¬ ¨â¥à¢ «®¢ ¯®áâ®ï-
áâ¢ .

� ¬¥â¨¬, çâ® ¥á«¨ fk = f optk , â® �k � �N , â. ¥. ¢á¥ â®çª¨ à §àë¢  ¯à¨¡«¨¦ îé¥© äãªæ¨¨
¢å®¤ïâ ¢ ¬®¦¥áâ¢® â®ç¥ª à §àë¢  f . �â® ¢ëâ¥ª ¥â ¨§ á«¥¤ãîé¥£® ä ªâ : ¥á«¨ § ¤ ë äãªæ¨¨

g(t) = c{[a;b](t) ¨ h(t) =
nP
i=1

xi{�i
(t), £¤¥ f�igni=1 | ¨â¥à¢ «ë ¥ª®â®à®£® à §¡¨¥¨ï [a; b], â®

kg � hk � kg � ehk, £¤¥ eh(t) = xm{[a;b](t), min
i=1;n

jc� xij = jxm � cj.
�«ï «î¡®£® �k � �N äãªæ¨ï �(�N) = �(�k) � [�(�k)]?, ¨ äãªæ¨¥©, ¯à¨¡«¨¦ îé¥© f

 ¨«ãçè¨¬ ®¡à §®¬ ¢ ¯®¤¯à®áâà áâ¢¥ �(�k), ï¢«ï¥âáï Pr�k f(¯®¤à®¡¥¥ ®¡ ®àâ®£® «ì®¬ ¯à®-
¥ªâ¨à®¢ ¨¨ á¬. ¯. 3.2).
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�â ª, § ¤ ç  ¯®¨áª  fk á¢®¤¨âáï ª ¢ë¡®àã (k� 1) â®çª¨ ¨§ �N \ (0; 1), ª®â®àë¥ ¢¬¥áâ¥ á 0 ¨ 1
á®áâ ¢ïâ à §¡¨¥¨¥ ¯à¨¡«¨¦ îé¥© áâã¯¥ç â®© äãªæ¨¨ fk. �«ï ¯®áâà®¥¨ï �k ¯à¥¤« £ ¥âáï
¨á¯®«ì§®¢ âì  «£®à¨â¬ ¯®è £®¢®£® ã¤ «¥¨ï â®ç¥ª (����).

3. �«£®à¨â¬ ¯®è £®¢®£® ã¤ «¥¨ï â®ç¥ª

� ç «  ¤«ï äãªæ¨¨ f áâà®¨âáï ®¯â¨¬ «ì® ¯à¨¡«¨¦ îé¨© ¥¥ í«¥¬¥â fN�1 ¢ ª« áá¥
	N�1, § â¥¬ äãªæ¨ï fN�1 ®¯â¨¬ «ì® ¯à¨¡«¨¦ ¥âáï äãªæ¨¥© fN�2 ¢ ª« áá¥ 	N�2 ¨ â. ¤. � 
N � k è £®¢ ¡ã¤¥â ¯®áâà®¥  äãªæ¨ï fk 2 	k. �¯¨è¥¬ ¯¥à¥å®¤ë ®â f ª fN�1, ®â fN�1 ª fN�2 ¨
â. ¤.

3.1. �¯¨á ¨¥  «£®à¨â¬ . �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï, ¨á¯®«ì§ã¥¬ë¥ ¢  «£®à¨â¬¥:
�N�i := f0 = pi0 < pi1 < � � � < piN = 1g { à §¡¨¥¨¥, ¯®áâà®¥®¥ ¯®á«¥ i è £®¢  «£®à¨â¬ ;
�l

j := plj � plj�1, j = 1; N � l;
fN�l := Pr�N�l f | ¯à¨¡«¨¦ îé ï äãªæ¨ï l-£® è £  ���� (¯® ®¯à¥¤¥«¥¨î);

fxligN�li=1 | § ç¥¨ï äãªæ¨¨ fN�l; fN�l =
N�lP
i=1

xli{[pl
i�1

;pl
i
](t);

Dl := kf � fN�lk | ¯®£à¥è®áâì, ¯à¨®¡à¥â¥ ï §  l è £®¢  «£®à¨â¬ . �¥à¥¤ 1-¬ è £®¬
¥áâ¥áâ¢¥® ¯®«®¦¨âì fN := f , D0 := 0.

1. �¥à¥¤ (l + 1)-¬ è £®¬  «£®à¨â¬  (l = 0; N � k � 1) à ááç¨âë¢ îâáï å à ªâ¥à¨áâ¨ª¨ ª -
¦¤®© â®çª¨ pli à §¡¨¥¨ï �N�l

�2i;l =
(xli � xli+1)

2�l
i�

l
i+1

�l
i +�l

i+1

= kfN�l � Pr�N�lnfp l
i
g fk2: (1)

2. �à¥¤¨ ¢á¥å å à ªâ¥à¨áâ¨ª f�2i;lgN�l�1i=1 ¢ë¡¨à ¥âáï  ¨¬¥ìè ï �2i0;l, § â¥¬ â®çª  á ®¬¥à®¬
i0 ã¤ «ï¥âáï ¨§ à §¡¨¥¨ï, â. ¥. ¯®« £ ¥¬ �N�l�1 = �N�l n fpli0g, fN�l�1 := Pr�N�l�1 f . �à¨ íâ®¬
D2

l+1 := D2
l + �2i0;l, â. ª. ¯à®¥ªâ¨à®¢ ¨¥ ®àâ®£® «ì®¥.

� ª¨¬ ®¡à §®¬, ¤«ï äãªæ¨¨ fN�l   (l+1)-¬ è £¥ áâà®¨âáï ®¯â¨¬ «ì® ¯à¨¡«¨¦ îé ï ¥¥
äãªæ¨ï ¨§ 	N�(l+1). �®çª¨ �N�l n fpli0g ¯®á«¥ ¯¥à¥ã¬¥à æ¨¨ ®¡à §ãîâ �N�l�1, ¢¥«¨ç¨ë �2i;l+1
¯¥à¥áç¨âë¢ îâáï. �®ç¥¥, ã¦® ¯¥à¥¤ á«¥¤ãîé¨¬ è £®¬ ¯¥à¥áç¨â âì â®«ìª® å à ªâ¥à¨áâ¨ª¨
á®á¥¤¨å á ã¤ «¥®© â®ç¥ª, å à ªâ¥à¨áâ¨ª¨ ®áâ «ìëå â®ç¥ª ®áâ îâáï ¥¨§¬¥ë¬¨. � ª, § 
N � k è £®¢ ¯®«ãç ¥¬ äãªæ¨î fk.

� ¬¥ç ¨¥ 2. ���� ¬®¦¥â ¡ëâì ¯à¨¬¥¥ ¨ ª äãªæ¨¨, § ¤ ®©   ®¡ê¥¤¨¥¨¨ ¯à®¬¥-
¦ãâª®¢. T®£¤  �N á®áâ®¨â ¨§ ®¡ê¥¤¨¥¨ï à §¡¨¥¨© íâ¨å ¯à®¬¥¦ãâª®¢ ¨ ¢ ¯à®æ¥áá¥ à ¡®âë
 «£®à¨â¬  áà ¢¨¢ îâáï å à ªâ¥à¨áâ¨ª¨ â®ç¥ª à §¡¨¥¨©, ¢ãâà¥¨å ¤«ï á®®â¢¥âáâ¢ãîé¨å
¯à®¬¥¦ãâª®¢. �à ¨çë¥ â®çª¨ ä¨ªá¨à®¢ ë ¨ ¥ ¬®£ãâ ¡ëâì ã¤ «¥ë.

�®á«¥¤ãîé¨¥ à ááã¦¤¥¨ï ¯®á¢ïé¥ë ¨áá«¥¤®¢ ¨î á¢®©áâ¢, ª®â®àë¬¨ ¤®«¦  ®¡« ¤ âì
¨áå®¤ ï äãªæ¨ï f , çâ®¡ë ¯®«ãç¥ ï ¢ à¥§ã«ìâ â¥ ¯à¨¬¥¥¨ï  «£®à¨â¬  äãªæ¨ï fk á®¢¯ -
¤ «  á f optk , â. ª. ®¯â¨¬ «ì®áâì   ª ¦¤®¬ è £¥ ¥ £ à â¨àã¥â ®¯â¨¬ «ì®áâ¨ §  N � k è £®¢
 «£®à¨â¬ . �â® ¯®ª §ë¢ ¥â

�à¨¬¥à 1. �ãáâì f(t) = {[ 1
5
; 2
5
](t)+2{[ 2

5
; 3
5
](t)+5;3{[ 3

5
; 4
5
](t)+2{[ 4

5
;1](t). �®£¤  f3(t) = {[0; 3

5
](t)+

5;3{[ 3
5
; 4
5
](t) + 2{[ 4

5
;1](t) ¨ D2

3 = 0;4, ® ¯à¨ íâ®¬ f opt3 = {[ 1
5
; 2
5
](t) + 3;1{[ 2

5
;1](t),   kf � f opt3 k2 =

0;134(4) < D2
3.

3.2. �á¯®¬®£ â¥«ìë¥ ãâ¢¥à¦¤¥¨ï.

�¥¬¬  1. �ãáâì   1-¬ ¨ 2-¬ è £ å  «£®à¨â¬  ¨§ à §¡¨¥¨ï �N ¡ë«¨ ã¤ «¥ë á®á¥¤¨¥

â®çª¨ p0i ¨ p
0
i+1 á®®â¢¥âáâ¢¥®. �®£¤ 

D2
2 = kf � Pr�Nnfp0i ;p0i+1g k2 = �i;i+1[�

2
i;0 + �2i+1;0 � 2�i;0�i+1;0i; i+1] ; (2)
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£¤¥ § ª ¯«îá á®®â¢¥âáâ¢ã¥â á«ãç î, ª®£¤  äãªæ¨ï f ¬®®â® ,   ¬¨ãá | ª®£¤  f ¥¬®-

®â®    [p0i�1; p
0
i+2], ¨

�i;i+1 =
(�0

i +�0
i+1)(�

0
i+1 +�0

3)
�0

i+1(�0
i +�0

i+1 +�0
i+2)

; i; i+1 =

s
�0

i�0
i+2

(�0
i +�0

i+1)(�0
i+1 +�0

i+2)
:

�®ª § â¥«ìáâ¢®. �ª § ë¥ ¢ëè¥ ä®à¬ã«ë ¯®«ãç îâáï ¯à¨¬¥¥¨¥¬ ª ¢ëà ¦¥¨î D2
2 =

(x(2)i �xi)2�i+(x(2)i �xi+1)2�i+1+(x(2)i �xi+2)�i+2 (¯®£à¥è®áâ¨ ¯®á«¥ ¤¢ãå è £®¢) ®¯à¥¤¥«¥¨ï

(1) ¨ à ¢¥áâ¢  (xi�xi+2)2 = (xi�xi+1)2+(xi+1�xi+2)2�2jxi�xi+1j jxi+1�xi+2j =
�
�i; 0

q
�i+�i+1

�i�i+1
�

�i+1;0

q
�i+1+�i+2

�i+1�i+2

�2
, £¤¥ § ª ¯«îá á®®â¢¥âáâ¢ã¥â á«ãç î xi � xi+1 � xi+2 ¨«¨ xi � xi+1 � xi+2 ¨

¬¨ãá á®®â¢¥âáâ¢ã¥â á«ãç î, ª®£¤  íâ® ¥¢¥à®. �

� ¬¥ç ¨¥ 3. �§ (2) ¤«ï ¬®®â®®© äãªæ¨¨ ¢ëâ¥ª ¥â

D2
2 = kf � Pr�Nnfp0i ;p0i+1g k2 � �2i;0 + �2i+1;0: (3)

�àã¯¯®© á®á¥¤¨å â®ç¥ª ¡ã¤¥¬  §ë¢ âì ¯®¤¬®¦¥áâ¢® G ¬®¦¥áâ¢  â®ç¥ª �N , ¥á«¨ G =
�N \ [pi; pi+m], i = 1; N � 1, m = 0; N � i.

�®à®è® ¨§¢¥áâ®, çâ® Pr�k f ä ªâ¨ç¥áª¨ ï¢«ï¥âáï à¥§ã«ìâ â®¬ ¤¥©áâ¢¨ï   f ®¯¥à â®à 

ãáà¥¤¥¨ï ¯® ¨â¥à¢ « ¬ à §¡¨¥¨ï �k, â ª¨¬ ®¡à §®¬, Pr�k f(t) =
1

qi�qi�1

qiR
qi�1

f(s)ds ¯à¨ t 2
[qi�1; qi].

�¥¬¬  2 (® á¢®©áâ¢ å ®¯¥à â®à  ãáà¥¤¥¨ï). �ãáâì äãªæ¨ï f 2 �(�N), P � �N \ (0; 1),
Q � (�N n P ) \ (0; 1) ¨ I = (a; b) [ (c; d), £¤¥ fa � b � c � dg � �N . �®£¤  á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥

á¢®©áâ¢ .

(Pr-I) �á«¨ P � I ¨ ¥ ¨¬¥¥â á ([0; 1] n I) \ �N á®á¥¤¨å â®ç¥ª, â® Pr�NnP f(t) = f(t) ¯à¨
t =2 I.

(Pr-II) kf � Pr�NnP fk � kf � Pr�Nn(P[Q) fk.
(Pr-III) �á«¨ fa; b; c; dg \Q 6= ;,   S 2 �N n (I [ fa; b; c; dg), â® R

I

(f(t) � Pr�Nn(P[S) f(t))
2dt �R

I

(f(t)� Pr�Nn(P[Q) f(t))2dt.

(Pr-IV) (á¢®©áâ¢® ¯à®¨§¢®«ì®áâ¨ ¯®àï¤ª  ¯à®¥ªâ¨à®¢ ¨ï.) �á«¨ T � �N \ (0; 1), â®

Pr�NnP (Pr�NnT f) = Pr�NnT (Pr�NnP f).

(Pr-V) �á«¨ f ¬®®â® , P | £àã¯¯  á®á¥¤¨å â®ç¥ª, P =
m[
j=1

Pj, Pj | £àã¯¯ë á®á¥¤¨å

â®ç¥ª, à á¯®«®¦¥ë¥ á«¥¢   ¯à ¢®   [0; 1] á ¢®§à áâ ¨¥¬ ¨¤¥ªá , â® kf � Pr�NnP fk2 �
mP
j=1

kf � Pr�NnPj fk2.

�®ª § â¥«ìáâ¢®. 1. (Pr-I) ¯®«ãç ¥âáï ®¡®¡é¥¨¥¬ á«¥¤ãîé¥£® ä ªâ : ¥á«¨ pj 2 �N , â®
Pr�NnP f(t) = f(t) ¯à¨ t =2 [pj�1; pj+1].

2. �®áª®«ìªã �(�N n (P [Q)) | ¯®¤¯à®áâà áâ¢® ¢ �(�N n P ), â® (Pr-II) á«¥¤ã¥â ¨§ â¥®à¥¬ë
�¨ä £®à  ¤«ï ®àâ®£® «ìëå í«¥¬¥â®¢ £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢ .

3. �ãªæ¨ï Pr�NnP f(t) ®¯â¨¬ «ì® ¯à¨¡«¨¦ ¥â f ¢ �(�N n P ), ¯®íâ®¬ã ®  ®¯â¨¬ «ì®
 ¯¯à®ªá¨¬¨àã¥â f ¨   «î¡®¬ I � [0; 1], ®âªã¤  á ãç¥â®¬ (Pr-I) á«¥¤ã¥â (Pr-III).

4. (Pr-IV) ¢ëâ¥ª ¥â ¨§ á¢®©áâ¢ ¨â¥£à «  �¥¡¥£ .
5. �ç¨âë¢ ï (Pr-IV), ¯®á«¥¤®¢ â¥«ìë¬ ¯à¨¬¥¥¨¥¬ (3) ¯®«ãç ¥¬ kf � Pr�NnP fk2 � kf �

Pr�Nn(P1[���[Pm�1) fk2 + kf � Pr�NnPm fk2 � � � � �
mP
j=1

kf � Pr�NnPj fk2.

� §«¨ç¨¥ § ª®¢ ¢ ä®à¬ã«¥ (2) ®¡êïáï¥â ¥®¯â¨¬ «ì®áâì ¯à¨¡«¨¦¥¨ï (fk 6= f optk ) ¢ ¥-
ª®â®àëå á«ãç ïå (á¬. ¯à¨¬¥à 1). �® ¬®®â®®áâì, â¥¬ ¥ ¬¥¥¥, ¥ ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬
ãá«®¢¨¥¬ ¤«ï fk = f optk , ª ª ¯®ª §ë¢ ¥â
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�à¨¬¥à 2. �ãáâì N = 4, k = 2, f ¥¬®®â® : f(t) = {[0; 1
4
](t) + 2{[ 1

4
; 1
2
](t) + 4{[ 1

2
; 3
4
](t) +

3{[ 3
4
;1](t). � íâ®¬ á«ãç ¥ f2(t) = f opt2 (t) = 3

2
{[0; 1

2
](t) +

7
2
{[ 1

2
;1](t).

�®, çâ® ¥ ¤«ï «î¡®© ¬®®â®®© äãªæ¨¨ fk = f optk , ¯®¤â¢¥à¦¤ ¥â

�à¨¬¥à 3. �ãáâì N = 4, k = 2, f(t) = 2{[ 1
4
; 1
2
](t) + 3{[ 1

2
; 3
4
](t) + 5{[ 3

4
;1](t). �®£¤  f2(t) =

5
3
{[0; 3

4
](t) + 5{[ 3

4
;1](t), ¨ kf � f2k2 = 7

6
, ® ¯à¨ íâ®¬ f opt2 (t) = {[0; 1

2
](t) + 4{[ 1

2
;1](t),   kf � f opt2 k = 1.

� á¢ï§¨ á «¥¬¬®© 1 ¤ «ì¥©è¨© ¯®¨áª ¬®¦¥áâ¢  äãªæ¨©, ¤«ï ª®â®àëå ���� ¯®§¢®«ï¥â
¯®áâà®¨âì ®¯â¨¬ «ì®¥ ¯à¨¡«¨¦¥¨¥, ¡ã¤¥â ¯à®¢®¤¨âìáï ¢ ª« áá¥ ¬®®â®ëå äãªæ¨©.

3.3. �®¯®«¨â¥«ìë¥ ®¯à¥¤¥«¥¨ï ¨ ®¡®§ ç¥¨ï. �á¯®«ì§ã¥¬ ¯®ïâ¨¥ £àã¯¯ë á®á¥¤¨å â®-
ç¥ª ¤«ï ®¯¨á ¨ï ¬®¦¥áâ¢ , ã¤ «¥®£® ¯® ���� ¨§ �N . �á«¨   l-¬ è £¥  «£®à¨â¬  ¢ë-
¡à®è¥  â®çª  pi, ¥ ï¢«ïîé ïáï á®á¥¤¥© ¨ á ®¤®© ¨§ ã¦¥ ã¤ «¥ëå, ¡ã¤¥¬ £®¢®à¨âì, çâ®
®¡à §®¢ « áì ¥é¥ ®¤  £àã¯¯  ¢ë¡à®è¥ëå â®ç¥ª G = fpig; ¥á«¨ ¦¥ ¨§ à §¡¨¥¨ï ¢ë¡à®è¥ 
â®çª  pi, á®á¥¤ïï á ã¦¥ ã¤ «¥®© pi0 , â® pi ¯à¨á®¥¤¨ï¥¬ ª â®© £àã¯¯¥, ¢ ª®â®àãî ¢å®¤¨â pi0 .

� ¨â®£¥ ¢á¥ ã¤ «¥ë¥ ¨§ à §¡¨¥¨ï §  N�k è £®¢ ���� â®çª¨ ®ª §ë¢ îâáï à §¤¥«¥ë¬¨
  s £àã¯¯ G1; : : : ; Gs ¯® ¯à¨§ ªã á®á¥¤áâ¢ .

�ã¤¥¬ £®¢®à¨âì, çâ® £àã¯¯  Gr ä®à¬¨à®¢ « áì ¡¥§ á«¨ï¨©, ¥á«¨ ¢ ¯à®æ¥áá¥ à ¡®âë  «£®à¨â-
¬  ¥ ¡ë«¨ ã¤ «¥ë â®çª¨, á®á¥¤¨¥ ®¤®¢à¥¬¥® á â®çª®© ¨§ Gr ¨ á â®çª®© ¨§ ¤àã£®© £àã¯¯ë
Gr0 .

�à ¥¢ë¬¨ å à ªâ¥à¨áâ¨ª ¬¨ £àã¯¯ëGr = [pj ; pj+ml
r�1

]\�N (á®áâ®ïé¥© ¨§mr â®ç¥ª)  §®¢¥¬
ç¨á«  e1(Gr)2 := kf � Pr�Nn(fpj�1;pjg\(0;1)) fk2, e2(Gr)2 := kf � Pr�Nn(fpj+mr ;pj+mr�1g\(0;1))

fk2, ¥á«¨
mr � 2, ¨ e1(Gr)2 := �2j�1;0, e2(Gr)2 := �2j+1;0 ¯à¨ mr = 1.

�ãâà¥¥© å à ªâ¥à¨áâ¨ª®© £àã¯¯ë Gr  §®¢¥¬ ¢¥«¨ç¨ã e23(Gr) :=
mr�3P
j=1

�20(g
r
j ), ¥á«¨

mr > 3 ¨ e23(Gr) := 0 ¯à¨ mr � 3.
�®çª¨ ¢Gr ¡ã¤¥¬ ã¬¥à®¢ âì ¢ ¯®àï¤ª¥ ¨å ¯à¨á®¥¤¨¥¨ï ª £àã¯¯¥ ¨ ®¡®§ ç âì gr1 ; g

r
2; : : : ; g

r
ml
r
,

£¤¥ ml
r | ç¨á«® â®ç¥ª ¢ £àã¯¯¥ ¯®á«¥ l è £®¢.

1-®ªà¥áâ®áâìî £àã¯¯ë Gr = [pj ; pj+mr�1] \ �N ¡ã¤¥¬  §ë¢ âì [pj�1; pj+mr
] ¯à¨ pj 6= 0 ¨

pj+mr�1 6= 1, [0; pj+mr
] ¯à¨ pj = 0 ¨ [pj�1; 1] ¯à¨ pj+mr�1 = 1. (�«ãç ©, ª®£¤  pj = 0 ¨ pj+mr�1 = 1,

â. ¥. ¢á¥ â®çª¨ �N ã¤ «¥ë, ¥ ¨¬¥¥â á¬ëá« .) 1-®ªà¥áâ®áâì Gr ®¡®§ ç¨¬ U1(Gr).
�á«¨ ¤«ï £àã¯¯ë Gr, áä®à¬¨à®¢ ®© ¡¥§ á«¨ï¨©, ¢ë¯®«¥® ¥à ¢¥áâ¢®

�20(g
r
ml
r
) + e2�(Gr) + e23(Gr) � D2

l (Gr); (4)

£¤¥ e2� | ªà ¥¢ ï å à ªâ¥à¨áâ¨ª  ¯à®â¨¢®¯®«®¦®£® ¯à¨á®¥¤¨ï¥¬®©   l-¬ è £¥ â®çª¨ grml
r

ªà ï £àã¯¯ë, �20(g
r
ml
r
) | å à ªâ¥à¨áâ¨ª  â®çª¨ grml

r
¯¥à¥¤  ç «®¬ à ¡®âë  «£®à¨â¬ , D2

l (Gr) :=
kf � Pr�NnGr

fk2, â® ¡ã¤¥¬ £®¢®à¨âì, çâ® ®  ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (4).

� ¬¥ç ¨¥ 4. �á«¨ Gr = [pj ; pj+ml
r�1

] \ �N , â® (4) ï¢«ï¥âáï ¤®áâ â®çë¬ ãá«®¢¨¥¬ ¤«ï ¢ë-
¯®«¥¨ï ¥à ¢¥áâ¢  kf�PrU1(Gr)nfpj0 ;pj+ml

r
g fk � kf�Pr�NnGr

fk, j < j0 < j+ml
r�1. � â¥®à¥¬¥ 1

¡ã¤¥â ¯®ª § ®, çâ® ãá«®¢¨¥ (4) £ à â¨àã¥â ¥¢®§¬®¦®áâì ¯à¨ ã¤ «¥¨¨ ¨§ à §¡¨¥¨ï �N «î-
¡ëå ml

r â®ç¥ª ¬®¦¥áâ¢  U1(Gr) ¯®«ãç¨âì ¡®«¥¥ â®ç®¥ ¯à¨¡«¨¦¥¨¥, ç¥¬ ¯à¨ ã¤ «¥¨¨ â®ç¥ª
£àã¯¯ë Gr.

�á«¨ ¤«ï «î¡ëå ç¥âëà¥å á®á¥¤¨å ¨â¥à¢ «®¢ J1, J2, J3, J4 á ª®æ ¬¨ ¢ ¥ª®â®àëå â®çª å
¨§ �N ¢¥à  ¨¬¯«¨ª æ¨ï(

Var2f (J1
S
J2) � Var2f (J2

S
J3);

Var2f (J3
S
J4) � Var2f (J2

S
J3)

) minfVar2f (J1
[
J2
[
J3);Var

2
f (J2

[
J3
[
J4)g �

� Var2f (J1
[
J2) + Var2f (J3

[
J4); (5)
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£¤¥ Varf (
) := [
R



(f(t)�j
j�1 R



f(s)ds)2dt]1=2, â® ¡ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï f 2 �(�N) ã¤®¢«¥-

â¢®àï¥â ãá«®¢¨î (5) ¤«ï à §¡¨¥¨ï �N .

� ¬¥ç ¨¥ 5. �á«¨ fps; ps+1g � P , â® ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï (5) kf � Pr�NnP fk � kf �
Pr�Nn((Pnfps;ps+1g)[fps+r;ps+r+2g) fk, £¤¥ r 2 f�1; 1g ¨ 0 < s+ r < N � 2. �à¨ íâ®¬ «î¡ ï Pr�Nnfpig f
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (5) ¤«ï à §¡¨¥¨ï �N n fpig.

�ã¤¥¬ ¢ ¤ «ì¥©è¥¬ ®¡®§ ç âì ç¥à¥§ P := fpijglj=0 ¬®¦¥áâ¢®, ª ¦¤ ï â®çª  pij ª®â®à®£®
¢ë¡à áë¢ « áì ¨§ à §¡¨¥¨ï �N   (j + 1)-¬ è £¥ ����, 0 < l � N � k, Q := fpmj

glj=0 |
¯à®¨§¢®«ì®¥ ä¨ªá¨à®¢ ®¥ ¯®¤¬®¦¥áâ¢® �N , â ª®¥, çâ® #P = #Q.

3.4. �á®¢ë¥ à¥§ã«ìâ âë.

�¥®à¥¬  1. �á«¨ äãªæ¨ï f 2 	N ¬®®â® , £àã¯¯ë ¢ë¡à®è¥ëå â®ç¥ª ä®à¬¨àãîâáï

¡¥§ á«¨ï¨© ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (4)   ª ¦¤®¬ è £¥, â® fk = f optk (k < N).

� ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë áãé¥áâ¢¥ë¬ ®¡à §®¬ ¨á¯®«ì§ã¥âáï

�¥¬¬  3. �ãáâì

1) ¤«ï «î¡®© äãªæ¨¨ f , ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î â¥®à¥¬ë 1, ¨ ä¨ªá¨à®¢ ®£®

1 � l � N � 2 ¢¥à® fN�l = f optN�l;
2) f 2 	N , ¨ ¤«ï P = fpijglj=0 ¨ Q = fpmj

glj=0  ©¤¥âáï ¬®¦¥áâ¢® I = [0; a) [ (b; 1],
0 � a < 1, 0 < b � 1, â ª®¥, çâ®
(a) ¤«ï � := #(Q\I) á¯à ¢¥¤«¨¢® 0 < � < l+1, â. ¥. ¬®¦¥áâ¢  Q� := Q\I, Qc := QnI

¥ ¯ãáâë,

(b) P� := fpijg��1j=0 ¥ ¨¬¥¥â á®á¥¤¨å â®ç¥ª á Qc, ¯à¨ íâ®¬ P� � I,
(á) f ã¤®¢«¥â¢®àï¥â ãá«®¢¨î â¥®à¥¬ë 1   I;

3) ¢ë¯®«¥® ®¤® ¨§ âà¥¡®¢ ¨©:
(a) � = l,
(b) #(P \ I) = � ¨ a; b =2 P .

�®£¤  fN�(l+1) = f optN�(l+1).

�®ª § â¥«ìáâ¢®. �à¥¡ã¥âáï ¤®ª § âì

kf � fN�(l+1)k = kf � Pr�NnP fk � kf � Pr�NnQ fk: (6)

� á¨«ã ¯à¥¤¯®«®¦¥¨© 2) (a), 2) (b) #Q� = #P� � l, ¯à¨ íâ®¬ Q� � I, P� � I. �®£¤  ¯® 1) ¨
2) (á) ¨¬¥¥¬ Z

I

(f � Pr�NnP� f)
2dt �

Z
I

(f � Pr�NnQ�
f)2dt: (7)

� áá¬®âà¨¬ ®â¤¥«ì® á«ãç ¨ 3) ( ) ¨ 3) (b). �®ª ¦¥¬ (6), ¥á«¨ á¯à ¢¥¤«¨¢® 3) ( ). � á¨«ã
2) (b) ¯® á¢®©áâ¢ã (Pr-I) (¨§ «¥¬¬ë 2) Pr�NnP� f(t) = Pr�Nn(P�[QC) f(t) ¯à¨ t 2 I. �®íâ®¬ã ¨§
(7) ¨ á¢®©áâ¢  (Pr-II)

R
I

(f � Pr�Nn(P�[QC ) f)
2dt � R

I

(f � Pr�NnQ�
f)2dt � R

I

(f � Pr�NnQ)
2dt. �® ¯®

á¢®©áâ¢ã (Pr-III)
R

[0;1]nI

(f �Pr�Nn(P�[QC) f)
2dt � R

[0;1]nI

(f �Pr�NnQ f)
2dt, ¨ ¨§ ¯®á«¥¤¨å ¥à ¢¥áâ¢

¢ëâ¥ª ¥â kf � Pr�Nn(P�[QC) fk2 � kf � Pr�NnQ fk2. �  (l + 1)-¬ è £¥ ���� ¯à®¢¥à¥® (â. ª.
#Qc = #(P n P�) = 1), çâ® kf � Pr�NnP fk2 � kf � Pr�Nn(P�[QC) fk2, ®âªã¤  á«¥¤ã¥â (6).

�ãáâì â¥¯¥àì ¢ë¯®«ïeâáï ãá«®¢¨e 3) (b). �® á¢®©áâ¢ã (Pr-III)
R
I

(f � Pr�NnQ�
f)2dt � R

I

(f �
Pr�NnQ f)

2dt. �®áª®«ìªã ¢ ¤ ëå ãá«®¢¨ïå P� ¨ P n P� ¥ ¨¬¥îâ á®á¥¤¨å â®ç¥ª, â® ¯® (Pr-I)
Pr�NnP� f(t) = Pr�NnP f(t) ¯à¨ t 2 I. T®£¤ , ¨á¯®«ì§ãï ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¨ (7), ¨¬¥¥¬

R
I

(f �
Pr�NnP f)

2dt � R
I

(f � Pr�NnQ f)
2dt. �®   «®£¨¨ ¤®ª §ë¢ ¥âáï

R
[0;1]nI

(f � Pr�NnP f)
2dt � R

[0;1]nI

(f �
Pr�NnQ f)

2dt. �§ ¯®«ãç¥ëå ¥à ¢¥áâ¢ á«¥¤ã¥â (6).
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �à®¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® ¨¤ãªæ¨¥© ¯® ç¨á«ã ã¤ «ï¥¬ëå â®-
ç¥ª N � k.

1. �à¨ k = N � 1 ®ç¥¢¨¤® fN�1 = f optN�1.
2. �ãáâì ¢ ãá«®¢¨ïå â¥®à¥¬ë fN�l = f optN�l. �®åà ¨¢ ®¡®§ ç¥¨ï «¥¬¬ë 3, ¤®ª ¦¥¬ (6), â. ¥.

çâ® fk = f optk ¯à¨ k = N�(l+1). � áá¬®âà¨¬ ¢®§¬®¦ë¥ á«ãç ¨ à §¤¥«¥¨ï ¢ë¡à®è¥ëå â®ç¥ª
  £àã¯¯ë á®á¥¤¨å ¨ ¨å ¢§ ¨¬®£® à á¯®«®¦¥¨ï á â®çª ¬¨ ¬®¦¥áâ¢  Q.

2.1. � à¥§ã«ìâ â¥ à ¡®âë  «£®à¨â¬  áä®à¬¨à®¢   â®«ìª® ®¤  £àã¯¯  ¢ë¡à®è¥ëå â®ç¥ª
G1. �á«¨  ©¤¥âáï â®çª  pms

2 fpmj
glj=0 n G1, ¥ ¯à¨ ¤«¥¦ é ï U1(G1) ¨«¨ á®á¥¤ïï á g1l+1

(¯®áª®«ìªã £àã¯¯  ä®à¬¨à®¢ « áì ¡¥§ á«¨ï¨©, â®çª  g1l+1 ªà ©ïï), â® ®¡®§ ç¨¬ I = (0; pms
)

¯à¨ G1 � (0; pms
) ¨«¨ I = (pms

; 1) ¯à¨ G1 � (pms
; 1). �®£¤  (6) á«¥¤ã¥â ¨§ «¥¬¬ë 3, ¯®áª®«ìªã

§¤¥áì ¢ë¯®«¥ë âà¥¡®¢ ¨ï 1), 2) ¨ 3) (a).
� ®áâ ¢è¥¬áï á«ãç ¥ fpmj

glj=0 nG1 = fpms
g| â®çª , ¥ á®á¥¤ïï á g1l+1, â®£¤  G1 nfpmj

glj=0 =
fg1i0g. �ãáâì g1i1 6= g1l+1 | ªà ©ïï â®çª  G1. �à¨ i0 2 fi1; l + 1g ¥à ¢¥áâ¢® (6) ®ç¥¢¨¤®. �á«¨
i0 =2 fi1; l + 1g, â®, ¯à¨¬¥ïï «¥¬¬ã 3 (£¤¥ I | â®â ¨§ ¯®«ã¨â¥à¢ «®¢ [0; gi1 ), (gi1 ; 1], ª®â®àë©
á®¤¥à¦¨â â®çª¨ G1) ª äãªæ¨¨ Pr�Nnfgi1g f ¨ ¯®«ì§ãïáì ¯à¥¤¯®«®¦¥¨¥¬ ¨¤ãªæ¨¨, ¯®«ãç¨¬
kf�Pr�Nn(G1nfpl+1;pi1 ;pi0g)

fk2 � e23(G1). �® (Pr-V) kf�Pr�NnQ fk2 � kf�Pr�Nn(G1nfpl+1;pi1 ;pi0g)
fk2+

�20(g
1
l+1) + e2�(G1), ¨ (6) ¢ëâ¥ª ¥â ¨§ ãá«®¢¨ï (4).
2.2. � å®¤¥ ���� áä®à¬¨à®¢ ë ¥áª®«ìª® £àã¯¯ G1; : : : ; Gn.

a) �á«¨  ©¤¥âáï â®çª  pms
2 Qn(

nS
r=1

U1(Gr)), â® âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥ á«¥¤ã¥â ¨§ «¥¬¬ë 3,

¯®áª®«ìªã ¤«ï I = [0; pms�1) [ (pms+1; 1] ¢ë¯®«¥ë âà¥¡®¢ ¨ï 1), 2) ¨ 3) (a).

b) � áá¬®âà¨¬ á«ãç ©, ª®£¤  Q�
nS
i=1

U1(Gi). �á«¨  ©¤¥âáï £àã¯¯  Gr = [pj ; pj+ml
r�1

]\�N�Q,
¯®«®¦¨¬ I := [0; pj) [ (pmr�1; 1]. �á«¨ ¦¥ Gr * Q, r = 1; n, â® #(U1(Gr) \Q) � mr + 1, r = 1; n,

¨ áãé¥áâ¢ã¥â â ª ï â®çª  pj 2 �N n (
nS

r=1
Gr), çâ® 0 < #([0; pj ] [ P ) = #([0; pj ] [Q) � l, â® ¡ã¤¥¬

áç¨â âì I := [0; pj+1). �«ï I ¢ ®¡®¨å á«ãç ïå ¢ë¯®«¥ë ãá«®¢¨ï 1), 2) ¨ 3) (b) «¥¬¬ë 3, ¨§
ª®â®à®© ¨ ¢ëâ¥ª ¥â (6).

�¥¬¬  4. �á«¨ ª ª®¥-«¨¡® ãá«®¢¨¥ â¥®à¥¬ë 1  àãè¥®   l-¬ è £¥ ���� (0 < l < N�k),
â® kf � fkk � kf � f optk k � kfN�l+1�fkk

2

2kf�fN�l+1k
.

�®ª § â¥«ìáâ¢® ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë �¨ä £®à  ¤«ï ®àâ®£® «ìëå í«¥¬¥â®¢ ¢ £¨«ì¡¥à-
â®¢®¬ ¯à®áâà áâ¢¥ ¨ â®£® ä ªâ , çâ® fN�l+1 = f optN�l+1 ¢ á¨«ã â¥®à¥¬ë 1.

�¥®à¥¬  2. �á«¨ ¬®®â® ï äãªæ¨ï f 2 �(�N) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (5) ¤«ï à §¡¨¥-

¨ï �N , â® fk = f optk .

�®ª § â¥«ìáâ¢®. �à¨¬¥¨¬ ¨¤ãªæ¨î.
1. �®ª ¦¥¬, çâ® fN�2 = f optN�2. �¤¥áì #P = #Q = 2. �ãáâì P 6= Q, ¤®ª ¦¥¬ ¥à ¢¥áâ¢® (6).

� áá¬®âà¨¬ á«¥¤ãîé¨¥ á«ãç ¨:
 ) pi0 , pi1 | ¥ á®á¥¤¨¥ â®çª¨, pm0

, pm1
â ª¦¥ ¥ á®á¥¤¨¥. �®£¤  D2

2 = �2i0;0 + �2i1;0 � �2m0;0
+

�2m1;0
= kf � Pr�Nnfpm0

;pm1
g fk2.

b) pi0 ; pi1 |¥ á®á¥¤¨¥ â®çª¨,  m1 = m0+1. �á¯®«ì§ãï (Pr-V), ¨¬¥¥¬ kf�Pr�Nnfpm0
;pm1

g fk2 �
�2m0;0

+ �2m1;0
� �2i0;0 + �2i1;0 = D2

2.
c) pi0 , pi1 | á®á¥¤¨¥, pm0

, pm1
| ¥ á®á¥¤¨¥ â®çª¨. �á«¨ å®âï ¡ë ®¤  ¨§ â®ç¥ª pm0

, pm1
¥

ï¢«ï¥âáï á®á¥¤¥© á pi0 , ¯ãáâì íâ® pm0
, â® ¢ á¨«ã áà ¢¥¨© ���� D2

2 = �2i0;0 + �2i0;1 � �2m0;0
+

�2m1;0
= kf � Pr�NnQ fk2. �á«¨ m0 = i0 � 1, m1 = i0 + 1, â® (6) £ à â¨àã¥âáï ãá«®¢¨¥¬ (5) (á¬.

¯®ïá¥¨¥ ª (5)).
d) pi0 , pi1 | á®á¥¤¨¥ â®çª¨, pm0

, pm1
â ª¦¥ á®á¥¤¨¥. �á«¨ å®âï ¡ë ®¤  ¨§ â®ç¥ª pm0

, pm1
,

¯ãáâì íâ® â®çª  pm0
, ¥ ï¢«ï¥âáï á®á¥¤¥© á pi0 ¨ ¥ á®¢¯ ¤ ¥â á ¥©, â® D

2
2 � �2m0;0

+�2m1;0
< kf�

Pr�NnQ fk2. �á«¨ ¦¥ pi0 = pm0
, â® âà¨ â®çª¨ pi0 , pm1

, pi1 á®á¥¤¨¥, ¨ D
2
2 � kf � Pr�Nnfpm0

;pm1
g fk2

¢ á¨«ã áà ¢¥¨© ¯¥à¥¤ ¢â®àë¬ è £®¬.
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2. �ãáâì fN�l = f optN�l ¤«ï «î¡®© f , ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨ï¬ â¥®à¥¬ë. �®ª ¦¥¬, çâ®
fk = f optk ¯à¨ k = N � (l + 1), â. ¥. çâ® ¢ë¯®«¥® (6). � áá¬®âà¨¬ á«¥¤ãîé¨¥ á«ãç ¨.

a) pi0 2 Q. �®£¤  (6) íª¢¨¢ «¥â® ¥à ¢¥áâ¢ã kfN�1 � fN�(l+1)k � kfN�1 � Pr�Nn(Qnpi0 ) fk,
ª®â®à®¥ ¢¥à® ¯® ¯à¥¤¯®«®¦¥¨î ¨¤ãªæ¨¨, â. ª. fN�1 ¬®®â®  ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (4)
¤«ï à §¡¨¥¨ï �N n fpi0g.

b) pi0 =2 Q. �á«¨ Pr�NnQ f = f optN�(l+1), â® Pr�NnQ f = (Pr�Nnfpm0
g f)

opt
N�(l+1),   â. ª. Pr�Nnfpm0

g f

¬®®â®  ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (4) ¤«ï à §¡¨¥¨ï �N n fpm0
g, â®

kPr�Nnfpm0
g f � Pr�NnQ fk � kPr�Nnfpm0

g f � Pr�Nn(fpm0
g[S) fk; (8)

£¤¥ S | ¬®¦¥áâ¢® l â®ç¥ª, ã¤ «ï¥¬ëå ¨§ �N n fpm0
g §  l è £®¢ ����, ¯à¨¬¥ï¥¬®£® ª

Pr�Nnfpm0
g f . �ã¤¥¬ áç¨â âì, çâ® pm0

¥ á®á¥¤ïï á pi0 (¨ ç¥ ¬®¦® ¯®¬¥ïâì ¯®àï¤®ª ¯à®-
¥ªâ¨à®¢ ¨ï ¢ Pr�NnQ f ; ¥á«¨ ¦¥ ¢á¥ â®çª¨ ¨§ Q á®á¥¤¨¥ á pi0 , â® l + 1 � 2, ¨ (6) ã¦¥ ¤®ª -
§ ®). T®£¤  å à ªâ¥à¨áâ¨ª  �2(pi0) ¬¨¨¬ «ì  ¤«ï �N n fpm0

g, § ç¨â, pi0 2 S. �¥¯¥àì ¨§ (8)
kf � Pr�NnQ fk � kf � Pr�Nn(fpm0

g[S) fk,   ª Pr�Nn(fpm0
g[S) f ¬®¦® ¯à¨¬¥¨âì 2) ( ), ¯®íâ®¬ã

kf � Pr�Nn(fpm0
g[S) fk � kf � Pr�NnP fk, ®âªã¤  á«¥¤ã¥â (6).

�¥¬¬  5. �á«¨ ¤«ï áâã¯¥ç â®© äãªæ¨¨ f áãé¥áâ¢ãîâ â ª¨¥ ç¨á«  r > 1 ¨ c > 0, çâ®
¤«ï ¢á¥å m = N � 1; N � k ¢ë¯®«¥® ¥à ¢¥áâ¢® kf � f optm k � c

mr , â® á¯à ¢¥¤«¨¢  ®æ¥ª 

¯®£à¥è®áâ¨

kf � fkk < c

r � 1

�
1

(k � 1)r�1
� 1
(N � 1)r�1

�
:

�®ª § â¥«ìáâ¢®. Pr�N�i f
opt
N�i�1 2 	N�i�1 ¨ kfN�i � Pr�N�i f

opt
N�i�1k � kf � f optN�i�1k, ¯®íâ®¬ã

kfN�i � fN�i�1k � c
(N�i�1)r

. �® ¥à ¢¥áâ¢ã âà¥ã£®«ì¨ª  ¯®«ãç¨¬ kf � fkk �
N�1P
i=k

c
ir
<

N�1R
k�1

c
xr
dx.

�âáî¤  ¢ëâ¥ª ¥â âà¥¡ã¥¬ ï ®æ¥ª .

3.5. �¢ï§ì § ¤ ç¨ ® ¯à¨¡«¨¦¥¨¨ k-§ ç®© áâã¯¥ç â®© äãªæ¨¥© á § ¤ ç¥© ® ¯®áâà®¥¨¨

®¯â¨¬ «ì®£® ¡ §¨á  �  à .

3.5.1. �®áâà®¥¨¥ ¯® à §¡¨¥¨î �k ¯¥à¢ëå k äãªæ¨© ®¡®¡é¥®£® ¡ §¨á  �  à , «¨¥© ï

®¡®«®çª  ª®â®àëå á®¢¯ ¤ ¥â á �(�k). � á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥¨¥¬ ®¡®¡é¥®© á¨áâ¥¬ë �  à 
¨§ à §¤¥«  2 ¤«ï à¥è¥¨ï ¨áå®¤®© § ¤ ç¨ ¤®áâ â®ç® ¯® ¯®«ãç¥®¬ã ¯à¨¬¥¥¨¥¬ ����
à §¡¨¥¨î �k = f0 = q0 < q1 < � � � < qk = 1g § ¤ âì á¨áâ¥¬ã ¨â¥à¢ «®¢ fIjlg, â®ç¥¥, ¥¥
ª®¥ç®¥ ¯®¤¬®¦¥áâ¢®, ®¤®§ ç® ®¯à¥¤¥«ïîé¥¥ ¯¥à¢ë¥ k äãªæ¨© ¡ §¨á  �  à .

�â®¡ë ¯¥à¢ë¥ k äãªæ¨© á¨áâ¥¬ë �  à  ¡ë«¨ ¡ §¨á®¬ ¢ �(�k), ¨â¥à¢ «ë fIjlg, ®¯à¥¤¥«ï-
îé¨¥ á 0-© ¯® (s� 1)-î ¯ çª¨ ¨ (m� 1) äãªæ¨î ¨§ ¯ çª¨ s (£¤¥ k = 2s+m, 0 � m < 2s+1� 2s),
ã¦® § ¤ âì â ª: I00 := [0; 1] = [q0; qk+1], I10 := [0; q�00 ], �00 := E(k+1

2
), £¤¥ E(y) ®¡®§ ç ¥â æ¥«ãî

ç áâì ç¨á«  y, I11 := I00 n I10 = [q�00 ; 1]; ¤ «¥¥, ¥á«¨ Ij;l = [qi1 ; qi2 ], â® ¯®« £ ¥¬ Ij+1;2l := [qi1 ; q�jl ],
�jl := E( i1+i2

2
), ¨ Ij+1;2l+1 := Ij;l n Ij+1;2l = [q�j l ; qi2 ]; : : : ¨ â. ¤., ¯®ª  ¥ ¯®áâà®¨¬ Is+1;2m�1.

3.5.2. �®ïá¥¨¥ ¤¥©áâ¢¨©  «£®à¨â¬  ¨ ¢ëç¨á«ï¥¬ëå ¢ ¥¬ å à ªâ¥à¨áâ¨ª ¢ â¥à¬¨ å

®¡®¡é¥ëå ¡ §¨á®¢ �  à . �® à §¡¨¥¨î �k ®¤®§ ç® § ¤ ¥âáï £àã¯¯  ¡ §¨á®¢, ã ª®â®àëå
®¤¨ ª®¢ë ¯¥à¢ë¥ k äãªæ¨© f�igk�1i=0 (¨å «¨¥© ï ®¡®«®çª  á®¢¯ ¤ ¥â á �(�k)). �¡®§ ç¨¬
â ªãî £àã¯¯ã B(�k). �áª®¬®© ¢ § ¤ ç¥ ï¢«ï¥âáï ®¯â¨¬ «ì ï £àã¯¯  ¡ §¨á®¢ B(�

opt
k ), ¢ ª®â®à®©

f�opti gk�1i=0 | ¯¥à¢ë¥ k äãªæ¨©.
�ãáâì � | ¬®¦¥áâ¢® äãªæ¨© �j s ¢á¥¢®§¬®¦ëå ®¡®¡é¥ëå ¡ §¨á®¢ �  à , ¤«ï ª®â®àëå

â®çª¨ ¨§ �N ï¢«ïîâáï â®çª ¬¨ à §àë¢ , ® sup�j s * [pi; pi+1], i = 0; N � 1 (ª®íää¨æ¨¥âë cj;s
â®«ìª® ¯à¨ â ª¨å äãªæ¨ïå ¬®£ãâ ¡ëâì ®â«¨çë ®â 0). � ¬¥â¨¬, çâ® f�opti gk�1i=0 � �.

� áá¬®âà¨¬ ®¡®¡é¥ë© ¡ §¨á �  à , á®¤¥à¦ é¨© äãªæ¨î

�js(t) =
1q

�l
i�

l
i+1(�

l
i +�l

i+1)
(�l

i+1{[pl
i�1

;pl
i
](t)��l

i{[pl
i
;pl
i+1

](t)): (9)
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�á¯®«ì§ãï (1), ¯®«ãç¨¬ c2j;s = h�js; fi2 = �2i; l. �¡®§ ç¨¬ �l | ¬®¦¥áâ¢® äãªæ¨© ¢¨¤  (9),
á®®â¢¥âáâ¢ãîé¨å �N�l. �®£¤  ¯®¨áª ¬¨¨¬ «ì®© å à ªâ¥à¨áâ¨ª¨ ¯¥à¥¤ (l+1)-¬ è £®¬ ����
®§ ç ¥â, çâ® ¨§ �l ¢ë¡¨à ¥âáï â ª ï  l(t), çâ® ª®íää¨æ¨¥â h l; fi2 ¬¨¨¬ «¥. �¤ «¥¨¥
á®®â¢¥âáâ¢ãîé¥© â®çª¨ ¨§ à §¡¨¥¨ï ¬®¦® à áá¬ âà¨¢ âì ª ª ®¡¥á¯¥ç¥¨¥ â®£®, çâ® ¤  ï
\¥¢ë£®¤ ï" äãªæ¨ï  l(t) ¥ ¢®©¤¥â ¢ �l+1 ¨ ¢ f�igk�1i=0 . �® â®£¤  â ¬ ¥ ®ª ¦¥âáï ¨ ®¤®©
äãªæ¨¨ á à §àë¢®¬ ¢ ã¤ «ï¥¬®© â®çª¥,   â ª®¢ë¬¨ ¬®£ãâ ¡ëâì äãªæ¨¨ ¨§ f�opti gk�1i=0 . �¤¥áì ¨
¢®§¬®¦®  àãè¥¨¥ âà¥¡®¢ ¨ï ®¯â¨¬ «ì®áâ¨ ¢ë¡®à .
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