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� ¡®â  ï¢«ï¥âáï ¯à®¤®«¦¥¨¥¬ áâ âì¨ [1].

5. �à¥¤®¡ãá« ¢«¨¢ ¨¥ ¬¥â®¤®¬ ¤¥ª®¬¯®§¨æ¨¨ ®¡« áâ¨

� ª â®«ìª® ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ��� ®¯à¥¤¥«¥, ® ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢  ¢ ¥ª®â®-
à®© ¨â¥à æ¨®®© ¯à®æ¥¤ãà¥ ¤«ï à¥è¥¨ï ª®¥ç®í«¥¬¥â®© á¨áâ¥¬ë (4.5) â ª®©, ª ª ¯à¥¤®¡-
ãá«®¢«¥ë© ¬¥â®¤ á®¯àï¦¥ëå £à ¤¨¥â®¢, ¬¥â®¤ ¯à®áâ®© ¨â¥à æ¨¨ ¨ ¤à. � ª ¦¤®¬ ¨§ íâ¨å
¬¥â®¤®¢ ¥ ¨á¯®«ì§ã¥âáï ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì á ¬ ¯® á¥¡¥,   â®«ìª® ¯®á«¥¤®¢ â¥«ì®áâì ®¯¥à -
æ¨©, íª¢¨¢ «¥â ï ã¬®¦¥¨î   ®¯¥à â®à, ®¡à âë© ¯à¥¤®¡ãá« ¢«¨¢ â¥«î. � ª¨¬ ®¡à §®¬,
âà¥¡ã¥âáï ®¯à¥¤¥«¨âì â®«ìª® ®¡à âë¥ ª à áá¬ âà¨¢ ¥¬ë¬ ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï¬. �â® ¡ã¤¥â
á¤¥« ® ¢ x x 5, 6. �á¯®«ì§ã¥¬ë© ¢ íâ¨å ¯ à £à ä å ¯®¤å®¤ ®á®¢    â®¬ ä ªâ¥, çâ® ¬ âà¨-
æ  e�p;h ¯®çâ¨ á¯¥ªâà «ì® íª¢¨¢ «¥â  ¬ âà¨æ¥ K (á¬. «¥¬¬ã 4.2). �«¥¤®¢ â¥«ì®, ¢áïª¨©
å®à®è¨© ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ¤«ï e�p;h ¡ã¤¥â å®à®è¨¬ ¯à¥¤®¡ãá« ¢«¨¢ â¥«¥¬ ¨ ¤«ï K.

�à¥¤®¡ãá« ¢«¨¢ â¥«ì ���, ®¡®§ ç ¥¬ë© �D, ®¯à¥¤¥«ï¥âáï ç¥à¥§ ®¡à âë© ª ¥¬ã ¢ ¢¨¤¥
áã¬¬ë

��1D := e�+
I + e�+

II + e�+
III ; (5.1)

á« £ ¥¬ë¥ ¢ ª®â®à®© ®¯¨á ë ¨¦¥ ( ¯®¬¨¬, çâ® B+ | ¬ âà¨æ  ¯á¥¢¤®®¡à â ï ª ¬ âà¨æ¥
B). �«ï ã¯à®é¥¨ï ¤®ª § â¥«ìáâ¢ ¢ íâ®¬ ¯ à £à ä¥, ª ª ¯à ¢¨«®, ¨¬¥¥âáï ¢ ¢¨¤ã p-¢¥àá¨ï, â ª
çâ® R ä¨ªá¨à®¢ ®, ¥ ¢¥«¨ª®, ¨ ¬®¦® ¯à¨ïâì, çâ® A(r) = A = A1 + A0, á®åà ïï § ç¥¨ï
¯®áâ®ïëå ¢ (4.9). �¤ ª® ¢á¥ à áá¬®âà¥¨ï «¥£ª® à á¯à®áâà ïîâáï ¨   h-p-¢¥àá¨î (á¬.
§ ¬¥ç ¨¥ 5.3)

1. �¯à¥¤¥«¥¨¥ ¬ âà¨æë e�+
I . �¥á¬®âàï   â®, çâ® ¤«ï ®¡®¨å ¡ §¨áëå í«¥¬¥â®¢ bE , bE0 ¯à¥-

¤®¡ãá« ¢«¨¢ â¥«¨ ¤«ï ¢ãâà¥¨å § ¤ ç ®¯à¥¤¥«ïîâáï áå®¤®, ¤«ï ®¯à¥¤¥«¥®áâ¨ ®¨ ®¯¨áë-
¢ îâáï §¤¥áì ¢ á«ãç ¥ ¡ §¨á®£® í«¥¬¥â  bE .

� áá¬®âà¨¬ ¬ âà¨æã A1;0, ä¨£ãà¨àãîéãî ¢ «¥¬¬¥ 2.1. �â® ¥áâì ¬ âà¨æ  ¦¥áâª®áâ¨ ¡ §¨á-
®£® í«¥¬¥â  ¯à¨ £à ¨çëå ãá«®¢¨ïå �¨à¨å«¥   ¥£® £à ¨æ¥. �  ¨¬¥¥â ¢¨¤

A1;0 = K1;0 
K0;0 +K0;0 
K1;0; (5.2)

£¤¥ ¢ á®®â¢¥âáâ¢¨¨ á (1.12)

K0;0 = 40 +D0 : (5.3)

� âà¨æ  A1;0 á ¬  ¤®¢®«ì® ¯à®áâ , ¨, ª ª íâ®, ¢ ç áâ®áâ¨, á«¥¤ã¥â ¨§ «¥¬¬ë 4.2, ¬®¦¥â
á«ã¦¨âì å®à®è¨¬ ¯à¥¤®¡ãá« ¢«¨¢ â¥«¥¬ ¤«ï ¢ãâà¥¥© § ¤ ç¨   ª ¦¤®¬ í«¥¬¥â¥ Er. �¥§

� ¡®â  ¯®¤¤¥à¦   ç áâ¨ç® £à â ¬¨ International Science Foundation, US National Research Council
(¯à®£à ¬¬  CAST), £à â®¬ O�ce of Naval Research N00014-90-J-1238.

24



¯®â¥à¨ á¯¥ªâà «ì®© íª¢¨¢ «¥â®áâ¨ ¬ âà¨æ¥ ¦¥áâª®áâ¨ í«¥¬¥â  ¥¥ ¬®¦® ã¯à®áâ¨âì ¤® ®¤-
®© ¨§ ¬ âà¨æ bA1;0 = K1;0 
 ( b4+D0) + ( b4+D0)
K1;0;bA1;0 = K1;0 
 ( b4+ bD) + ( b4+ bD)
K1;0;bA1;0 = bD�1 
 ( b4+ bD) + ( b4+ bD)
 bD�1 :

(5.4)

�á¯®«ì§ãï ï¢ë© ¢¨¤ ¬ âà¨æë K1;0 ¨ «¥¬¬ã 1.1, «¥£ª® ãá¬®âà¥âì, çâ®bA1;0 � A1;0 � bA1;0 : (5.5)

�â® ¢¬¥áâ¥ á «¥¬¬®© 4.2 ¯®§¢®«ï¥â ¢ë¡à âì e�+
I ¢ ¢¨¤¥

e�+
I =

0B@(e�+
I )I 0 0
0 0 0
0 0 0

1CA ; (5.6)

£¤¥ (e�+
I )I | ¡«®ª, á®®â¢¥âáâ¢ãîé¨© ¢ãâà¥¨¬ ¥¨§¢¥áâë¬ ª®¥ç®í«¥¬¥â®£® ¬¥â®¤ ,

(e�+
I )I =

0BBBB@
bA�11;0 : : : 0bA�11;0
...

. . .
...

0 : : : bA�11;0

1CCCCA :
� ¬ âà¨æ¥ (e�+

I )I ª ¦¤ë© ¡«®ª á®®â¢¥âáâ¢ã¥â ®¤®¬ã ¨§ í«¥¬¥â®¢ Er, r = 1; 2; : : : ;R.
� ¬¥ç ¨¥ 5.1. �à¨ ¢ëç¨á«¥¨ïå ã¤®¡® ã¯®àï¤®ç¨âì ª®®à¤¨ âë¥ äãªæ¨¨   ¡ §¨á®¬

í«¥¬¥â¥ â ª ¦¥, ª ª ¢ ¬®¦¥áâ¢¥ Mu =M�M. � íâ®¬ á«ãç ¥ ¬ âà¨æë A1;0, bA1;0 á®áâ®ïâ ¨§
ç¥âëà¥å ¥§ ¢¨á¨¬ëå ¡«®ª®¢, ª ¦¤ë© ¨§ ª®â®àëå ¨¬¥¥â â ª®© ¦¥ ¯®àâà¥â ¥ã«¥¢ëå í«¥¬¥â®¢,
ª ª ã ¯ïâ¨â®ç¥ç®£® ®¯¥à â®à  � ¯« á .

2. �¯à¥¤¥«¥¨¥ ¬ âà¨æë e�+
II . �â  ¬ âà¨æ  ®¯à¥¤¥«ï¥âáï â ª¨¬ ®¡à §®¬, çâ® ®  ¬®¦¥â ¨¬¥âì

¥ã«¥¢ë¥ í«¥¬¥âë â®«ìª®   ¬¥áâ å, á®®â¢¥âáâ¢ãîé¨å ¢ãâà¥¨¬ ¥¨§¢¥áâë¬ ¨ ¥¨§¢¥áâ-
ë¬ áâ®à®, â. ¥.   ¬¥áâ å, § ïâëå ¡«®ª®¬ �(I) ¬ âà¨æë e�p;h, (á¬. (4.8)). �¯à¥¤¥«¥¨¥ ¬ âà¨æëe�+
II á¢ï§ ® á ä ªâ®à¨§ æ¨¥©

�(I) =
�

II 0
�II;I�

�1
I III

��
�I 0
0 S�

��
II ��1I �I;II

0 III

�
:

� ¨¬¥®, ¯®« £ ¥¬, çâ® e�+
II = P bS�1� P T ; (5.7)

£¤¥ bS� | ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ¤®¯®«¥¨ï�ãà  S�,   P : IRNII ! IRNI+NII | ®¯¥à â®à ¯à®¤®«-
¦¥¨ï, ®¡« ¤ îé¨© ®¯à¥¤¥«¥ë¬¨ á¢®©áâ¢ ¬¨. � ª ç¥áâ¢¥ ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ¤®¯®«¥¨ï
�ãà  ¯à¥¤« £ ¥âáï ¨á¯®«ì§®¢ âì ¬ âà¨æã

bS� = 2
1 + log p

0BBBB@
bS0 : : : 0bS0
...

. . .
...

0 : : : bS0

1CCCCA
á ®¤¨ ª®¢ë¬¨ ¡«®ª ¬¨ bS0, ®¯¨á ë¬¨ ¢ x 3, â ª¨¬¨ ¦¥, ª ª ¨ ¢ ¯à¥¤®¡ãá« ¢«¨¢ â¥«¥ ¤®-
¯®«¥¨ï �ãà  ¤«ï ¬ âà¨æë ¦¥áâª®áâ¨ ¡ §¨á®£® í«¥¬¥â . �®«¨ç¥áâ¢® íâ¨å ¡«®ª®¢ à ¢®
ª®«¨ç¥áâ¢ã áâ®à® à §«¨çëå í«¥¬¥â®¢   ®¡« áâ¨ 
. � ¦¤ë© ¡«®ª ®â¢¥ç ¥â ¥¨§¢¥áâë¬,
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á®®â¢¥âáâ¢ãîé¨¬ ®¤®© ¨§ íâ¨å áâ®à®. �§ â¥®à¥¬ë 3.1 ¨ ¨§ ®¯à¥¤¥«¥¨ï ¬ âà¨æë e�p;h á«¥¤ã¥â,
çâ® ¥á«¨ ¨á¯®«ì§ã¥âáï ¡ §¨áë© í«¥¬¥â bE , â®

1
1 + log p

bS� � S� � (1 + log p) bS�: (5.8)

�â® | ®¤® ¨§ ¤¢ãå áãé¥áâ¢¥ëå á¢®©áâ¢, ®¡¥á¯¥ç¨¢ îé¨å íää¥ªâ¨¢®áâì ¢â®à®£® á®¬®-
¦¨â¥«ï ¢ ¬ âà¨æ¥ (5.7), ®áâ «ì®¥ ®â®á¨âáï ª ®¯¥à â®àã ¯à®¤®«¦¥¨ï ¨ ®¡áã¦¤ ¥âáï ¨¦¥.

� ç «  ®¯à¥¤¥«¨¬ ®¯¥à â®à ¯à®¤®«¦¥¨ï. � â¥¬ ¯®ª ¦¥¬, çâ® ® ã¤®¢«¥â¢®àï¥â ã¦ë¬
âà¥¡®¢ ¨ï¬ íää¥ªâ¨¢®áâ¨. �¯¥à â®à ¯à®¤®«¦¥¨ï ¥áâì ®â®¡à ¦¥¨¥ P : V 0

II ! V 0
I;II , £¤¥ V

0
II =

IRNII | ¯à®áâà áâ¢® ¢¥ªâ®à®¢ ª®íää¨æ¨¥â®¢, á®®â¢¥âáâ¢ãîé¨å áâ®à® ¬, V 0
I;II = IRNI+NII |

¯à®áâà áâ¢® ¢¥ªâ®à®¢ ª®íää¨æ¨¥â®¢, á®®â¢¥âáâ¢ãîé¨å áâ®à® ¬ ¨ ¢ãâà¥¨¬ ã§« ¬ í«¥-
¬¥â®¢. �«ï ¥£® ®¯¨á ¨ï ¢¢¥¤¥¬ ®¡®§ ç¥¨¥ HII(@u) ¤«ï ¯à®áâà áâ¢  á«¥¤®¢ ¯®«¨®¬®¢ ¨§
¯à®áâà áâ¢  P(p)

x ¨«¨ P [p]
x , ¨¬¥îé¨å ã«¥¢ë¥ § ç¥¨ï ¢ ¢¥àè¨ å @u. �¯à¥¤¥«¨¬ ¤ «¥¥ ¯à®-

áâà áâ¢ 
HI;II(u) := spanfMI ;MIIg; H0

I;II(
) := spanf�I ;�IIg \H0(
):

�¢¥¤¥¬ â ª¦¥ ®¡®§ ç¥¨ï T0, T ¤«ï ¬®¦¥áâ¢ â®ç¥ª £à ¨æ ¬¥¦¤ã í«¥¬¥â ¬¨ ¨ £à ¨æ ¢á¥å
í«¥¬¥â®¢, â. ¥.

T0 = T � @
; T = UR
r=1@ur;

¨ ®¡®§ ç¥¨¥ H0
II(T ) ¤«ï ¯à®áâà áâ¢  á«¥¤®¢ äãªæ¨© ¨§ eu 2 H0

I;II(
)   T .
�à¥¤¯®«®¦¨¬, çâ® bPE : HII(@u) ! HI;II(u) | ®¯¥à â®à ¯à®¤®«¦¥¨ï   ¡ §¨áë© í«¥¬¥â,

®¡¥á¯¥ç¨¢ îé¨© ¢ë¯®«¥¨¥ ¤«ï ª ¦¤®£® bu@u 2 HII(@u) ¥à ¢¥áâ¢ 
k bPE bu@uk1;u � ckbu@uk1=2;@u (5.9)

á  ¡á®«îâ®© ¯®áâ®ï®© c. �¯¥à â®à ¯à®¤®«¦¥¨ï bPE ®¤®§ ç® ®¯à¥¤¥«ï¥â â ª®© ®¯¥à â®à
¯à®¤®«¦¥¨ï eP : H0

II(T ) ! H0
I;II(
), çâ® ¤«ï «î¡®© evT 2 H0(T ) ¥¥ ¯à®¤®«¦¥¨¥ ®¯à¥¤¥«ï¥âáï

¯®í«¥¬¥â® à ¢¥áâ¢ ¬¨

ev(x(r)(y)) = bPE(evT (x(r)(y))j@u); r = 1; 2; : : : ; R:

�¯¥à â®à P | ¬ âà¨ç®¥ ¯à¥¤áâ ¢«¥¨¥ eP ¢ ª®¥ç®í«¥¬¥â®¬ ¡ §¨á¥ � «�¥àª¨  (�I ;�II),
¤®¯®«¥®¬ ã«ï¬¨ ¤«ï ¯¥à¥¬¥ëå, á®®â¢¥âáâ¢ãîé¨å ¢¥àè¨ ¬. � ª¨¬ ®¡à §®¬, ¬ âà¨ç®¥
®¯à¥¤¥«¥¨¥ ®¯¥à â®à  ¯à®¤®«¦¥¨ï ¤«ï «î¡®£® í«¥¬¥â  Er â® ¦¥, çâ® ¨ ¤«ï ¡ §¨á®£® í«¥-
¬¥â .

�®«ãç¨¬ ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ��� ¤«ï ¬ âà¨æë �(I), ¯®à®¦¤ îé¥© ®à¬ã

kukI;II := (uT�(I)u)1=2; bu 2 V 0
I;II :

�® ®¯à¥¤¥«¥¨î �(I)bu, ®  á®¢¯ ¤ ¥â á ®à¬®©
keuk1 := �X

r

keu(x(r)(y))k21;u�1=2; eu 2 H0
I;II(
);

â ª, çâ®

kukI;II = keuk1; (5.10)

£¤¥ u | ¢¥ªâ®à ª®íää¨æ¨¥â®¢ ¯à¥¤áâ ¢«¥¨ï eu ¢ ¡ §¨á¥ f�I ;�IIg. �¢¥¤¥¬ â ª¦¥ ®à¬ã ¤«ï
äãªæ¨© ¨§ H0

II(T )

keuT k1=2 := �X
r

keuT (x(r)(y))k21=2;u�1=2; euT 2 H0
II(T ):

�§ (5.9) á«¥¤ã¥â, çâ® á â®© ¦¥ á ¬®©  ¡á®«îâ®© ¯®áâ®ï®© c

k eP euT k1 � ckeuT k1=2 ¤«ï «î¡®£® euT 2 H0
II(T ): (5.11)
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�à®¬¥ â®£®, ¯® â¥®à¥¬¥ ® á«¥¤ å, ¯à¨¬¥¥®© ª ¡ §¨á®¬ã í«¥¬¥âã, ¨¬¥¥¬

keuT k1=2 � ckeuk1 8eu 2 H0
I;II(
): (5.12)

�¤¥áì euT | áã¦¥¨¥ eu   T .
�¯¥à â®àë ¯à®¤®«¦¥¨ï bPE , ¨¬¥îé¨¥ ãª § ë¥ ¢ëè¥ á¢®©áâ¢ , ¨§¢¥áâë. � ¯à¨¬¥à, ¨å

¬®¦®  ©â¨ ¢ [2], ª ª ¤«ï ¯à®áâà áâ¢  H( bE), â ª ¨ ¤«ï ¯à®áâà áâ¢  H( bE0), ® ¢ ¯®á«¥¤¥¬
á«ãç ¥ á ¯®áâ®ï®© cp ¢¬¥áâ® c ¢ ¥à ¢¥áâ¢ å (5.9), (5.11). �«¥¤®¢ â¥«ì®, ¢ á«ãç ¥ ¡ §¨á®£®
í«¥¬¥â  bE ®¯¥à â®à ¯à®¤®«¦¥¨ï ¢ (5.7) ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥ â ª, çâ® ¥à ¢¥áâ¢® (5.9) ¡ã¤¥â
¢ë¯®«¥® á  ¡á®«îâ®©, â. ¥. ¥ § ¢¨áïé¥© ®â p, h, �(1) ¯®áâ®ï®©.

3. �¯à¥¤¥«¥¨¥ ¬ âà¨æë e�+
III . �á«¨ NIII ¥ á«¨èª®¬ ¢¥«¨ª® (p-¢¥àá¨ï), ¨ à¥è¥¨¥ á¨áâ¥¬ë

�IIIx = y ¥ ¢ë§ë¢ ¥â § âàã¤¥¨©, â® ¬ë ¯à®áâ® ¯à¨¨¬ ¥¬, çâ® ¥¤¨áâ¢¥ë© ¥ã«¥¢®© ¡«®ªe�III ¥áâì �III , â. ¥.

e�+
III =

0B@0 0 0
0 0 0
0 0 (e�+

III)III

1CA ; (5.13)

£¤¥ (e�+
III)III = ��1III . � âà¨æ  �III ¬®¦¥â ¡ëâì á®¡à   ¨§ áâ ¤ àâëå ¬ âà¨æ ¦¥áâª®áâ¨ A =

A1 + h2A0 ¨«¨ A = A1 ¡ §¨á®£® í«¥¬¥â , ®¯à¥¤¥«¥ëå ¤«ï p = 1. �«ï ¡®«ìè¨å NIII , ª®£¤ 
¬¥â®¤ ª®¥çëå í«¥¬¥â®¢ ¯à¨å®¤¨âáï à áá¬ âà¨¢ âì ª ª h-p-¢¥àá¨î, ¨§¢¥áâë ¨â¥à æ¨®ë¥
¯à®æ¥ááë, ®¯â¨¬ «ìë¥ ¨«¨ ¯®çâ¨ ®¯â¨¬ «ìë¥ ¯® ¯®àï¤ªã  à¨ä¬¥â¨ç¥áª¨å ®¯¥à æ¨© (O(N 2

III)
¨«¨ O(N 2

III logNIII)). � ª¨¬ ®¡à §®¬, ¬®¦® ®¯à¥¤¥«¨âì e�+
III ¥ï¢® ¯à¨ ¯®¬®é¨ ¨â¥à æ¨®®£®

¯à®æ¥áá , ª ª £àã¡®¥ ¯à¨¡«¨¦¥¨¥ ª ��1III . �à¨ íâ®¬ ¨¬¥¥âáï ¢ ¢¨¤ã, çâ® e�III ã¤®¢«¥â¢®àï¥â
¥à ¢¥áâ¢ ¬

c1;III e�III � �III � c2;III e�III (5.14)

á ¤®áâ â®ç® å®à®è¨¬¨ ¯®áâ®ïë¬¨ ck;III > 0, ¥ § ¢¨áïé¨¬¨ ®â h (¨ p). � ¯à¨¬¥à, c1;III = 0:5,
c2;III = 1:5. � ¤ «ì¥©è¥¬, á«¥¤®¢ â¥«ì®, ¬®¦® ¯®« £ âì, çâ® ®¯¥à æ¨ï e�+

IIIy ®¯à¥¤¥«¥ , ¨ ¢
á«ãç ¥ ª¢ §¨à ¢®¬¥à®© á¥âª¨ ¤®áâ â®ç® ¥ ¡®«¥¥ O(h�2)  à¨ä¬¥â¨ç¥áª¨å ®¯¥à æ¨©, çâ®¡ëe�III ã¤®¢«¥â¢®àï«  (5.14).

� ¬¥ç ¨¥ 5.2. �«ï â®£® çâ®¡ë ¯à¥¤áâ ¢¨âì á¥¡¥, ª ª ¬®¦® ¢®®¡é¥ à¥è âì á¨áâ¥¬ã
�IIIx = y,  ¯à¨¬¥à, ¬®£®á¥â®çë¬ ¬¥â®¤®¬ (¯à¥¤¯®« £ ¥âáï, çâ® ¨¬¥¥¬ ¯®á«¥¤®¢ â¥«ì®áâì
á¥â®ª, â®¯®«®£¨ç¥áª¨ íª¢¨¢ «¥âëå ¢«®¦¥ë¬), ¤®áâ â®ç® § ¬¥â¨âì, çâ® ¬ âà¨æ  �III á¯¥ª-
âà «ì® íª¢¨¢ «¥â  ¬ âà¨æ¥ KIII , ª®â®à ï ¯à¥¤áâ ¢«ï¥â á®¡®© ª®¥ç®í«¥¬¥âãî ¬ âà¨æã
¦¥áâª®áâ¨ (á¬. (4.5) ¯à¨ p = 1). �à¨ç¥¬ �III ¬®£® ¯à®é¥. �á«¨ ª®¥ç®í«¥¬¥â ï á¥âª 
â®¯®«®£¨ç¥áª¨ íª¢¨¢ «¥â  ®àâ®£® «ì®© á¥âª¥, íâ  ¬ âà¨æ  | å®à®è® ¨§¢¥áâ ï ª®¥ç®-
í«¥¬¥â ï ¬ âà¨æ  á ¤¥¢ïâ¨â®ç¥çë¬ è ¡«®®¬, ¯®à®¦¤¥ ï ¡¨«¨¥©ë¬¨ í«¥¬¥â ¬¨, á
í¥à£¨¥©, ®¯à¥¤¥«¥®© ª ª j � j21;
h

¨«¨ k � k21;
h
, £¤¥ 
h ®¯à¥¤¥«ï¥âáï ª ª ®¡ê¥¤¨¥¨¥ â ª¨å

í«¥¬¥â®¢. � «ì¥©è¥¥ ã¯à®é¥¨¥ ¢®§¬®¦® ¯ãâ¥¬ § ¬¥ë �III   ¬ âà¨æã, ¯®à®¦¤¥ãî «¨-
¥©ë¬ âà¥ã£®«ìë¬ ¡ §¨áë¬ í«¥¬¥â®¬.

�¥¬¬  5.1. �ãé¥áâ¢ãîâ â ª¨¥  ¡á®«îâë¥ ¯®áâ®ïë¥ c1; c2 > 0, çâ® ¢ë¯®«¥ë á«¥-

¤ãîé¨¥ ¥à ¢¥áâ¢ 

c1(1 + log p)�1�D � e�p;h � c2(1 + log p)�D: (5.15)

�®ª § â¥«ìáâ¢®. � âà¨æë �D, e�p;h á®áâ®ïâ ¨§ ¤¢ãå ¥§ ¢¨á¨¬ëå ¡«®ª®¢ (á¬. (4.8)). �®íâ®-
¬ã, ¯à¥¤¯®« £ ï ¢ë¯®«¥ë¬¨ ¥à ¢¥áâ¢  (5.14), ¯®«ãç¨¬ çâ® ¥à ¢¥áâ¢  (5.15) íª¢¨¢ «¥â-
ë ¥à ¢¥áâ¢ ¬

c1(1 + log p)�1�(I)
D � �(I) � c2(1 + log p)�(I)

D : (5.16)
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�¤¥áì ¨á¯®«ì§®¢ ® ®¡®§ ç¥¨¥ �(I)
D ¤«ï ¯¥à¢®£® ¥§ ¢¨á¨¬®£® ¡«®ª  ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï �D.

�â®à®© ¡«®ª �D ¥áâì, ®ç¥¢¨¤®, e�III . �¢¥¤¥¬ ¯à¥¤áâ ¢«¥¨¥ V 0
I;II = VI + V 0

II(I), £¤¥ VI á®¤¥à¦¨â

¢¥ªâ®à ¢ãâà¥¨å ª®íää¨æ¨¥â®¢,   V 0
II(I) = e�+

IIV
0
II | ®¡à § ¬ âà¨æë e�+

II . �«ï ª ¦¤®£® � 2
V 0
I;II áãé¥áâ¢ã¥â â ª®¥ ¯à¥¤áâ ¢«¥¨¥ � = �I + �II(I), çâ® �I 2 VI , �II;(I) 2 V 0

II(I), ¨ ¢ë¯®«¥ë
¥à ¢¥áâ¢ 

(�(I)�I ; �I) + (�(I)�II(I); �II(I)) � (�(I)�; �); (5.17)

((PI + PII(I))�; �) � (�(I)�; �); (5.18)

£¤¥ PI , PII(I) | ®¯¥à â®àë ®àâ®£® «ì®£® ¯à®¥ªâ¨à®¢ ¨ï ¢ á¬ëá«¥ áª «ïà®£® ¯à®¨§¢¥¤¥¨ï
(�(I)�; �)   ¯à®áâà áâ¢  VI , V 0

II(I). � á ¬®¬ ¤¥«¥, ¤«ï ª ¦¤®£® � 2 V 0
I;II ®¤®§ ç® ®¯à¥¤¥«ï¥âáï

¥£® áã¦¥¨¥ �II 2 V 0
II , ¨ â®£¤  �II(I) = P�II , �I = �� �II(I). � ª¨¬ ®¡à §®¬,

(�(I)�I ; �I) + (�(I)�II(I); �II(I)) � (�(I)�; �) + 3(�(I)�II(I); �II(I));

®âªã¤  ¯® ®¯à¥¤¥«¥¨î �II(I) ¨ ¢ á¨«ã (5.10){(5.12) ¨¬¥¥¬

(�(I)�II(I); �II(I)) � (�(I)�; �):

�â® ®§ ç ¥â, çâ® (5.17) ¢ë¯®«¥®. �ç¥¢¨¤®, (5.18) â ª¦¥ á¯à ¢¥¤«¨¢®. � ª ¥¯®áà¥¤áâ¢¥®¥
á«¥¤áâ¢¨¥ (5.8), (5.10){(5.12) ¯®«ãç¨¬, çâ® ¤«ï ª ¦¤®£® � 2 V 0

II ¢ë¯®«¥ë á«¥¤ãîé¨¥ ¥à ¢¥-
áâ¢ 

(1 + log p)�1( bS��; �) � (�(I)P�; P�) � (1 + log p)�1( bS��; �): (5.19)

�§ (5.19) ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ¨¥ ¬ âà¨æë (P TP )�1. �à¨¨¬ ï ¢® ¢¨¬ ¨¥, çâ® B2 := (e�+
II)

+

¥áâì B2 = P (P TP )�1 bS�(P TP )�1P T , ¥¯®áà¥¤áâ¢¥® ¯®«ãç¨¬ ¤àã£ãî ä®à¬ã (5.19)

(1 + log p)�1(B2 ; ) � (�(I) ; ) � (1 + log p)(B2 ; );  2 V 0
II(I): (5.20)

�«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  ¨á¯®«ì§ã¥¬ ä®à¬ã«¨àã¥¬ë© ¨¦¥ à¥§ã«ìâ â �.�.�¥¯®¬ïé¨å
[3] (á¬. â ª¦¥ [4]).

�ãáâì
i) H | ¯à®áâà áâ¢® �¨«ì¡¥àâ  á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ (u; v), ¯à¥¤áâ ¢«¥®¥ ¢ ¢¨¤¥

à áé¥¯«¥¨ï   ¢¥ªâ®àãî áã¬¬ã ¯®¤¯à®áâà áâ¢

H = H1 +H2 + � � � +Hm;

ii) A : H 7! H | «¨¥©ë© á ¬®á®¯àï¦¥ë© ¥¯à¥àë¢ë© ¯®«®¦¨â¥«ì® ®¯à¥¤¥«¥ë©
®¯¥à â®à;

iii) Pi ¤«ï i = 1; 2; : : : ;m | ®àâ®¯à®¥ªâ®àë H   Hi ®â®á¨â¥«ì® áª «ïà®£® ¯à®¨§¢¥¤¥¨ï
(u; v)A = (u;Av);

iv) Bi, i = 1; 2; : : : ;m, | â ª¨¥ á ¬®á®¯àï¦¥ë¥ ®¯¥à â®àë, çâ®

imBi = Hi;

c1(Biu; u) � (Au; u) � c2(Biu; u)

¤«ï ¢á¥å u 2 Hi á ¯®«®¦¨â¥«ìë¬¨ ¯®áâ®ïë¬¨ c1; c2.

�¥®à¥¬  5.1 ([3]). �ãáâì ¤«ï ª ¦¤®£® u 2 H áãé¥áâ¢ãîâ â ª¨¥ ui 2 Hi, çâ®

u = u1 + u2 + � � �+ um

¨ ¤«ï ¥ª®â®àëå ¯®áâ®ïëå �; � > 0 á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

�[(u1; u1)A + (u2; u2)A + � � �+ (um; um)A] � (u; u)A;

((P1 + P2 + � � �+ Pm)u; u)A � �(u; u)A:
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�ãáâì ¤ «¥¥ B�1 = B+
1 +B+

2 + � � �+B+
m. �®£¤ 

�c1(A�1u; u) � (B�1u; u) � �c2(A�1u; u):

�¥¯¥àì ¬®¦® § ª«îç¨âì (á¬. (5.17), (5.18), (5.4), (5.20)), çâ® ¤«ï H = V 0
I;II , H1 = VI , H2 =

V 0
II(I) ¨ á¢ï§ ëå á ¨¬¨ ¬ âà¨æ A = �(I), B1 = (e�+

I )
+, B2 = (e�+

II)
+ ¢ë¯®«¥ë ãá«®¢¨ï ¤ ®©

â¥®à¥¬ë, çâ® ¨ ¯à¨¢®¤¨â ª ¥à ¢¥áâ¢ã (5.15). �

� ª¨¬ ®¡à §®¬, ¤®ª §   (á¬. (4.9), (5.15)) á«¥¤ãîé ï

�¥®à¥¬  5.2. �ãáâì K | ª®¥ç®í«¥¬¥â ï ¬ âà¨æ , ®¯à¥¤¥«¥ ï ¢ (4:6) ¤«ï £à ¨ç-

®© § ¤ ç¨ (4:1), (4:2), ��1D ®¯à¥¤¥«¥  á®®â®è¥¨¥¬ (5:7). �®£¤ 

c1;D
1

(1 + log p)2
�D � K � c2;D(1 + log p)�D (5.21)

á ¯®«®¦¨â¥«ìë¬¨ ¯®áâ®ïë¬¨ ck;D, ¥ § ¢¨áïé¨¬¨ ®â p, ® § ¢¨áïé¨¬¨ ®â �1, �2, �
(1), �.

�®áâ®ïë¥ c1;D, c2;D § ¢¨áïâ ®â �(1); � â ª ¦¥, ª ª ¨ ¯®áâ®ïë¥ bc1, bc2 ¢ (4.9).
� ¬¥ç ¨¥ 5.3. � á«ãç ¥ h-p-¢¥àá¨¨ ¬ âà¨æë e�+

L , L = I; III ¬®£ãâ ¡ëâì ®¯à¥¤¥«¥ë, ª ª
®¯¨á ® ¢ëè¥, ¨ íâ® ¥ ¯à¨¢®¤¨â ª ¨§¬¥¥¨î ®æ¥®ª (5.21). �ë¡®à A(r) = A, £¤¥ A = A1+ h2A0

¨«¨ A = A1 ¯à¨ ®¯à¥¤¥«¥¨¨ ¢á¯®¬®£ â¥«ì®© ¬ âà¨æë e�p;h ¢«¨ï¥â ¯à¥¦¤¥ ¢á¥£®   ¤®ª § -
â¥«ìáâ¢® ¥à ¢¥áâ¢  (5.19) ¨ ¡ §¨àãîé¨åáï   ¥¬. �¤ ª® ¨¬¥¥âáï á¯®á®¡ á®åà ¨âì ¢ ®æ¥ª¥
¨§ â¥®à¥¬ë 5.2 ¥§ ¢¨á¨¬®áâì ®â h ¨ âã ¦¥ § ¢¨á¨¬®áâì ®â (1 + log p). �â® âà¥¡ã¥â ¨§¬¥¥¨ï
¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ¤®¯®«¥¨ï �ãà . � ¯à¨¬¥à, ¥á«¨ A = A1, â® ¬®¦® ¢ (3.6) ¯®«®¦¨âì
� = diag[0; 1; 2; : : : ; p]. �®á«¥ íâ®£® ¤®ª § â¥«ìáâ¢® ¯®çâ¨ ¥ ¬¥ï¥âáï, ¥á«¨ § ¬¥¨âì ¢ ã¦ëå
¬¥áâ å ®à¬ë ¯®«ã®à¬ ¬¨.

6. �à¥¤®¡ãá« ¢«¨¢ ¨¥ ¤®¯®«¥¨ï �ãà 

¢ á«ãç ¥ ¤àã£¨å ¡ §¨áëå í«¥¬¥â®¢

�®¦¨â¥«¨ (1 + log p)�2 ¨ (1 + log p) ¢ ®æ¥ª å â¥®à¥¬ë 5.2 ¯à¨áãâáâ¢ãîâ ¢á«¥¤áâ¢¨¥ ¤¢ãå
ä ªâ®à®¢. �®-¯¥à¢ëå, íâ® ®â¤¥«¥¨¥ ¯¥à¥¬¥ëå, á®®â¢¥âáâ¢ãîé¨å ¢¥àè¨ ¬, ®â ®áâ «ìëå,
çâ® ®âà ¦ ¥âáï,  ¯à¨¬¥à, ¢ (3.1), (3.2) ¨ (4.7){(4.9). �®-¢â®àëå, íâ® á¯®á®¡ ¯à¥¤®¡ãá« ¢«¨-
¢ ¨ï ¤®¯®«¥¨ï �ãà  ¤«ï à áé¥¯«¥®© ¬ âà¨æë, ª®â®àë© ¡ §¨àã¥âáï   â¥®à¥¬¥ 3.1 ¤«ï
¡ §¨á®£® í«¥¬¥â  ¨ ®æ¥ª å (5.8) ¤«ï ¤®¯®«¥¨ï �ãà  ¨ ¥£® ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ¢ ���.
�®¦®, ®¤ ª®, ¯®câà®¨âì ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ��� â ª¨¬ ®¡à §®¬, çâ®¡ë ã¤ «¨âì ®¡  ãª -
§ ëå ¬®¦¨â¥«ï. �®âï íâ®â ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ¬®¦¥â ¡ëâì ¥¯®áà¥¤áâ¢¥® ®¯à¥¤¥«¥ ¨
¤«ï ¨§ãç¥®© p-¢¥àá¨¨, á ç «  ¤¥« ¥¬ íâ® ¤«ï ¤àã£®£® ¢ à¨ â  p-¢¥àá¨¨,   § â¥¬ ¢®§¢à é -
¥¬áï ª ¢ à¨ âã, à áá¬®âà¥®¬ã ¢ ¯à¥¤ë¤ãé¨å ¯ à £à ä å. � à áá¬ âà¨¢ ¥¬®¬ ¨¦¥ ¢ à¨ â¥
p-¢¥àá¨¨ ¨á¯®«ì§ã¥¬ ®¢ë¥ ¡ §¨áë¥ í«¥¬¥âë bEm, bEm;0 ¢¬¥áâ® bE , bE0. �ãâà¥¨¥ ª®®à¤¨ âë¥
äãªæ¨¨ ¤«ï íâ¨å í«¥¬¥â®¢ â¥ ¦¥, çâ® ¨ ¤«ï bE , bE0,   ª®®à¤¨ âë¥ äãªæ¨¨ áâ®à® ¨ ¢¥àè¨
ï¢«ïîâáï ã§«®¢ë¬¨. �§«®¢ë¥ â®çª¨ ¢¢®¤ïâáï ¯à¨ íâ®¬ á¯¥æ¨ «ìë¬ ®¡à §®¬,   ¨¬¥® â ª,
çâ®¡ë ®à¬  k � k1=2;@u ¤«ï á«¥¤®¢ ¯®«¨®¬®¢, ¢ëà ¦¥ ï ç¥à¥§ ã§«®¢ë¥ § ç¥¨ï, ¡ë«  íª¢¨-
¢ «¥â  â ª®© ¦¥ ®à¬¥ ªãá®ç®-«¨¥©ëå äãªæ¨©, ®¯à¥¤¥«¥ëå   @u ¯à¨ à ¢®¬¥à®©
á¥âª¥. �â® ¯®§¢®«ï¥â íää¥ªâ¨¢® ¨á¯®«ì§®¢ âì ¯à®áâ®© ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì �ãà , ¯à¨¬¥ï-
¥¬ë© ¢ h-¢¥àá¨¨ ��� á «¨¥©ë¬¨ âà¥ã£®«ìë¬¨ í«¥¬¥â ¬¨.

�¢¥¤¥¬ ¡ §¨áë¥ í«¥¬¥âë

bEm = bEmfu; pij(x); 0 � i; j � pg;bEm;0 = bEm;0fu; pij(x) ¤«ï 2 � i; j � p; ¤«ï i = 0; 1;

j = 2; 3; : : : ; p; ¤«ï i = 2; 3; : : : ; p; j = 0; 1 ¨ 0 � i; j � 1g;
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¤«ï ª®â®àëå ¢ãâà¥¨¬¨ ª®®à¤¨ âë¬¨ äãªæ¨ï¬¨ ï¢«ïîâáï

pi;j(x) = bLi;j(x) = bLi(x1)bLj(x2); 2 � i; j � p: (6.1)

�«ï â®£® çâ®¡ë ®¯à¥¤¥«¨âì ª®®à¤¨ âë¥ äãªæ¨¨ áâ®à® ¨ ¢¥àè¨, à áá¬®âà¨¬ ¥à ¢®¬¥à-
ãî ¯àï¬®ã£®«ìãî á¥âªã   u

x = �(�) := (b�(�1); b�(�2)); b�(l) := cos
p� l

p
�; 0 � �k; l � p; � = (�1; �2): (6.2)

�®¦¥áâ¢ã fb�(l)g á®®â¢¥âáâ¢ã¥â ®¤®¬¥àë© ¡ §¨á � £à ¦ 
p(l)(x) =

Y
k 6=l

(x� b�(k))
(b�(l) � b�(k)) ; 0 � k; l � p: (6.3)

�®¯®áâ ¢¨¬ áâ®à® ¬ xk = �1 ¨¤¥ªáë i; j = 0,   áâ®à® ¬ xk = 1 | ¨¤¥ªáë i; j = 1 ¨
®¯à¥¤¥«¨¬ ª®®à¤¨ âë¥ äãªæ¨¨ áâ®à® ¢ëà ¦¥¨ï¬¨

pi;j(x) =
1
2
p(i)(x1)(1� x2); j = 0; 1; i = 1; 2; : : : ; p� 1;

pi;j(x) =
1
2
(1� x1)p

(j)(x2); i = 0; 1; j = 1; 2; : : : ; p� 1:
(6.4)

�®®à¤¨ âë¥ äãªæ¨¨ ¢¥àè¨ ¤«ï ¡ §¨á®£® í«¥¬¥â  bEm ¬®£ãâ ¡ëâì § ¤ ë á®®â®è¥¨ï¬¨

pi;j(x) = p(i)(x1)p(j)(x2); i; j = 0; 1: (6.5)

�®áª®«ìªã ¬ë ¥ § ¡®â¨¬áï ® § ç¥¨ïå ¯®«¨®¬®¢ pi;j(x) ¢® ¢ãâà¥¨å ã§« å, ¬®¦® ¨á-
¯®«ì§®¢ âì ¢ ª ç¥áâ¢¥ ª®®à¤¨ âëå äãªæ¨© ¢¥àè¨ ¯®«¨®¬ë, ª®â®àë¥ ï¢«ïîâáï ã§«®¢ë¬¨
â®«ìª® ¢ £à ¨çëå ã§« å �(�) 2 @u. � ª¨¬ ®¡à §®¬, ®¨ ¬®£ãâ ¡ëâì ®¯à¥¤¥«¥ë ª ª ¯®«¨®¬ë
¡®«¥¥ ¨§ª®© áâ¥¯¥¨. �®áâ â®ç® ¢ë¯¨á âì â®«ìª® ®¤¨ ¨§ ¨å,  ¯à¨¬¥à,

p0;0(x) = bL0;0(x)�
p�1X
`=1

[bL0;0(b�(`);�1)p`;0(x2) + bL0;0(�1; b�(`))p0;`(x1)]: (6.6)

�à®áâà áâ¢® á«¥¤®¢ ¯®«¨®¬®¢ ¨§ P(p)
x = H( bEm)   @u ®¡®§ ç¨¬ ç¥à¥§ H(@u). �ç¥¢¨¤-

®, ®® â® ¦¥, çâ® ¨ ¤«ï ¯à®áâà áâ¢  P [p]
x = H( bEm;0). �¯à¥¤¥«¨¬ â ª¦¥ ¯à®áâà áâ¢® H(@u)

ªãá®ç®-«¨¥©ëå äãªæ¨©, ¥¯à¥àë¢ëå   @u ¨ «¨¥©ëå ¬¥¦¤ã ã§« ¬¨ �(�) 2 @u, ®¯à¥¤¥-
«¥ë¬¨ ¨¦¥. �®¦® ãáâ ®¢¨âì ¢§ ¨¬® ®¤®§ ç®¥ á®®â¢¥âáâ¢¨¥ bv , v ¬¥¦¤ã bv 2 H(@u)
¨ v 2 H(@u) ¯à¨ ¯®¬®é¨ à ¢¥áâ¢

bv(�(�)) = v(�(�)) 8�(�) 2 @u; (6.7)

£¤¥ �(�) = (�1 + 2p�1�1;�1 + 2p�1�2) | ã§«ë à ¢®¬¥à®© ®àâ®£® «ì®© á¥âª¨   u.
�¥¬¬  6.1. �«ï ª ¦¤®£® bv , v, £¤¥ bv 2 H(@u) ¨ v 2 H(@u), á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

c1jvj1=2;@u � jbvj1=2;@u � c2jvj1=2;@u; (6.81)

c1kvk1=2;@u � kbvk1=2;@u � c1kvk1=2;@u (6.82)

á  ¡á®«îâë¬¨ ¯®áâ®ïë¬¨ ck; ck > 0 (â. ¥. ¥ § ¢¨áïé¨¬¨ ®â bv ¨ p).
�®ª § â¥«ìáâ¢®. �â®¡à ¦¥¨¥ x = bx(z) : u ! u, ®¯à¥¤¥«¥®¥ ¢ëà ¦¥¨ï¬¨

xk = bXk(zk) := � cos
�

2
(zk + 1); (6.9)

á®åà ï¥â ®à¬ã kbvk1=2;@u, bv 2 H(@u), â. ¥. ¥á«¨ bv 2 H(@u) ¨ vcos(z) = bv( bX(z)), â®
c kvcosk1=2;@u � kbvk1=2;@u � c kvcosk1=2;@u (6.10)
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á  ¡á®«îâë¬¨ ¯®áâ®ïë¬¨ c; c > 0. �¥©áâ¢¨â¥«ì®, ¤«ï ª ¦¤®© áâ®à®ë i ª¢ ¤à â  @u
¥à ¢¥áâ¢ 

kvcosk1=2;i � kbvk1=2;i (6.11)

íª¢¨¢ «¥âë (3.9). �¥¯¥àì ®áâ ¥âáï à áá¬®âà¥âì á« £ ¥¬ë¥, ¢å®¤ïé¨¥ ¢ k � k1=2;@u, á®®â¢¥âáâ¢ã-
îé¨¥ ã£«®¢ë¬ â®çª ¬. �®áâ â®ç® à áá¬®âà¥âì ®¤ã ¢¥àè¨ã, ¯®áª®«ìªã ®â®¡à ¦¥¨¥ (6.9)
 â¨á¨¬¬¥âà¨ç® ®â®á¨â¥«ì® ®¡¥¨å ®á¥© z1, z2. �ë¡¥à¥¬ ¢¥àè¨ã (�1;�1) ¨ ¤«ï ¯à®áâ®âë
®¡®§ ç¥¨© ¡ã¤¥¬ § ¯¨áë¢ âì bv, vcos ª ª äãªæ¨¨ ¤¢ãå ¯¥à¥¬¥ëå bv = bv(x), vcos = vcos(z).
� ááâ®ï¨¥ t = 1 + xk ¢¤®«ì áâ®à®ë x3�k = �1 (¤«ï k = 1; 2) ¬¥¦¤ã â®çª ¬¨ xk ¨ �1 ¤«ï
xk 2 [�1; 0] ¢ ®¢ëå ¯¥à¥¬¥ëå ¢ëà ¦ ¥âáï à ¢¥áâ¢®¬

t = 1 + x = 1� cos
�

2
(zk + 1) = 1� cos

�

2
tz = 2 sin2

�

4
tz;

£¤¥, ®ç¥¢¨¤®, tz = zk+1 | à ááâ®ï¨¥ ¢¤®«ì áâ®à®ë z3�k = �1 ¬¥¦¤ã â®çª ¬¨ zk ¨ �1. � ª¨¬
®¡à §®¬, Z 1

0

(bv(�1; t)� bv(t;�1))2
t

dt =
�

2

Z 1

0

(vcos(�1; tz)� vcos(tz;�1))2
sin �

4
tz

cos
�

4
tzdtz:

�à¨¨¬ ï ¢® ¢¨¬ ¨¥ ¥à ¢¥áâ¢ 

tz
2
� sin

�tz
4
� �

4
tz;

1p
2
� cos

�

4
tz � 1; tz 2 [0; 1];

¯®«ãç¨¬

2
p
2
Z 1

0

(vcos(�1; t)� vcos(t;�1))2
t

dt �
Z 1

0

(bv(�1; t)� bv(t;�1))2
t

dt �

� �

Z 1

0

(vcos(�1; t) � vcos(t;�1))2
t

dt:

�«¥¤®¢ â¥«ì®, ¥à ¢¥áâ¢  (6.10) ¢ë¯®«¥ë. �®®â®è¥¨¥ vcos $ v ®§ ç ¥â á®¢¯ ¤¥¨¥ ¢
ã§« å �(�) à ¢®¬¥à®© ®àâ®£® «ì®© á¥âª¨

vcos(�
(�)) = v(�(�)):

�«ï ª ¦¤®© ¯ àë vcos $ v, ®¯à¥¤¥«¥®©   @u, ¢ë¯®«¥ë ¥à ¢¥áâ¢ 

kvk1=2;@u � kvcosk1=2;@u � kvk1=2;@u: (6.12)

� á ¬®¬ ¤¥«¥, «¥£ª® ¯®«ãç¨âì ¥à ¢¥áâ¢ 

kvkk;@u � kvcoskk;@u � kvkk;@u; k = 0; 1: (6.13)

�«ï ®¤®¬¥à®£® á«ãç ï, â. ¥. ¤«ï ª ¦¤®© áâ®à®ë, ¨å ¬®¦®  ©â¨,  ¯à¨¬¥à, ¢ [5] (á¬. â ª¦¥
[6]). �¥à ¢¥áâ¢  (6.12) | á«¥¤áâ¢¨ï (6.13) ¨ ¬®£ãâ ¡ëâì ¯®«ãç¥ë ¨â¥à¯®«¨à®¢ ¨¥¬ ¬¥¦¤ã
¯à®áâà áâ¢ ¬¨ W k

2 (@u), k = 0; 1. �¥à ¢¥áâ¢  (6.10) ¨ (6.12) ¯à¨¢®¤ïâ â¥¯¥àì ª (6.82). �®ª § -
â¥«ìáâ¢® (6.81) ¯à®¢®¤¨âáï â ª ¦¥, ¥á«¨ ¯à¨ïâì ¢® ¢¨¬ ¨¥, çâ® ¢¬¥áâ¥ á (6.11) ¢ë¯®«¥® ¨
á®®â®è¥¨¥

jvcosj1=2;i � jbvj1=2;i : � (6.14)

�â  «¥¬¬  ¨¬¥¥â ¢ ¦®¥ á«¥¤áâ¢¨¥. �«ï ¥£® ä®à¬ã«¨à®¢ª¨ ¬ë ¤®«¦ë ®¯¨á âì ä ªâ®à¨-
§ æ¨î ���   í«¥¬¥â®¬ ãà®¢¥. � á¨«ã ãá«®¢¨© (4.2), (4.3) íâ  ä ªâ®à¨§ æ¨ï ®¯à¥¤¥«ï¥âáï
ä ªâ®à¨§ æ¨¥© ¬ âà¨æë ¦¥áâª®áâ¨ A ¡ §¨á®£® í«¥¬¥â , ¯®à®¦¤¥®©,  ¯à¨¬¥à, ¨â¥£à «®¬
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�¨à¨å«¥   ¯à®áâà áâ¢ å P(p)
x , P [p]

x . �à¨ íâ®¬ ¯®¤à §ã¬¥¢ ¥âáï, çâ® ¡ §¨áë ¢ ãª § ëå ¯à®-
áâà áâ¢ å á®®â¢¥âáâ¢ãîâ ¡ §¨áë¬ í«¥¬¥â ¬ bEm, bEm;0. � âà¨æ  A ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥ 
¢ ¢¨¤¥

A =

 
AI A

(2)
I

(A(2)
I )T A(2)

!
; (6.15)

£¤¥

A(2) =
�

AII AII;III

AIII;II AIII

�
; A

(2)
I = (AI;II ; AI;II):

�â® ¯à¥¤áâ ¢«¥¨¥ ¤®¯ãáª ¥â ä ªâ®à¨§ æ¨î

A =

 
II 0

(A(2)
I )TA�1I I(2)

! 
AI 0
0 bS(2)

! 
II A�1I A

(2)
I

0 I(2)

!
; (6.16)

£¤¥ II , I(2) | ¥¤¨¨çë¥ ¬ âà¨æë, bS(2) = A(2) � (A(2)
I )TA�1I A

(2)
I . �à¥¤®¡ãá« ¢«¨¢ ¨¥ ¬ âà¨æëbS(2) ¬®¦¥â ¡ëâì íää¥ªâ¨¢® ¢ë¯®«¥® ¯®áà¥¤áâ¢®¬ ¬ âà¨æë

bD =

0BBBBBBB@

2 �1 �1
�1 2 �1

: : :
: : :
�1 2 �1

�1 �1 2

1CCCCCCCA

1=2

; (6.17)

§ ¯¨á ®© ¢ ¢¨¤¥, á®®â¢¥âáâ¢ãîé¥¬ ã¬¥à æ¨¨ ã§«®¢ �(�) 2 @u,  ¯à¨¬¥à, ¯à®â¨¢ ç á®¢®©
áâà¥«ª¨,  ç¨ ï á �(0;0) = (�1;�1).

�«¥¤áâ¢¨¥ 6.1. � âà¨æë bS(2) ¨ bD á¯¥ªâà «ì® íª¢¨¢ «¥âë à ¢®¬¥à® ®â®á¨â¥«ì® p,
â. ¥.

bD � bS(2) � bD: (6.18)

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ (6.8) ¨ ¥à ¢¥áâ¢

vT bS(2)v � jbvj1=2;@u � vT bS(2)v; (6.19)

vT bDv � jvj1=2;@u � vT bDv: (6.20)

�¥à¢®¥ ®âà ¦ ¥â íª¢¨¢ «¥â®áâì ¤¢ãå ®¯à¥¤¥«¥¨© ¯®«ã®à¬ë j � j1=2;@u (á¬. ¢¢¥¤¥¨¥), ¢â®à®¥
¤®ª § ® ¢ [7]. �

�«ï ¯®áâà®¥¨ï ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ��� ¤«ï ª®¥ç®í«¥¬¥â®© á¨áâ¥¬ë ãà ¢¥¨©, ª®-
â®àãî ¢®¢ì § ¯¨è¥¬ ¢ ¢¨¤¥ Ku = f , à §¤¥«¨¬ ¬ âà¨æã K   ¡«®ª¨   «®£¨ç® (6.15)

K =

 
KI K

(2)

I

(K
(2)

I )T K
(2)

!
:

�«®ª KI á®®â¢¥âáâ¢ã¥â £ «�¥àª¨áª¨¬ ª®®à¤¨ âë¬ äãªæ¨ï¬,  §ë¢ ¥¬ë¬ ¢ãâà¥¨¬¨. �â¨
ª®®à¤¨ âë¥ äãªæ¨¨ | â¥ ¦¥, çâ® ¨ ¢ à ¥¥ à áá¬®âà¥®© p-¢¥àá¨¨ ¨ á®®â¢¥âáâ¢ãîâ ª®®à¤¨-
 âë¬ äãªæ¨ï¬ (6.1) ¡ §¨á®£® í«¥¬¥â . �à¥¤®¡ãá« ¢«¨¢ â¥«ì ��� ¤«ï K, ®¡®§ ç ¥¬ë©
�D, ®¯à¥¤¥«ï¥âáï ç¥à¥§ ®¡à âë© ª ¥¬ã ª ª áã¬¬  ¤¢ãå ¬ âà¨æ

��1D := e�+
I + (e�(2))+; (6.21)
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£¤¥ e�+
I â ª ï ¦¥, ª ª ¢ (5.1), (5.6). � âà¨æ  (e�(2))+ ¡ã¤¥â ®¯à¥¤¥«¥  ¨¦¥   ®á®¢¥ ¯à¥¤®¡-

ãá« ¢«¨¢ â¥«ï ¤®¯®«¥¨ï �ãà  ¨ ®¯¥à â®à  ¯à®¤®«¦¥¨ï,   «®£¨ç®£® ¨á¯®«ì§®¢ ®¬ã ¢
(5.9).

�®¯®«¥¨¥ �ãà , ®¡®§ ç ¥¬®¥ S(2), ¥áâì

S(2) = K
(2) � (K

(2)

I )TK
�1

I K
(2)

I : (6.22)

�â¬¥â¨¬, çâ® ã§«ë �(�) 2 @u ¡ §¨á®£® í«¥¬¥â  ®¯à¥¤¥«ïîâ £à ¨çë¥ ã§«ë í«¥¬¥â®¢ Er ¯à¨
¯®¬®é¨ ®â®¡à ¦¥¨© x = x(2)(y) : u ! ur. �â¨ £à ¨çë¥ ã§«ë Er ®¡®§ ç îâáï ç¥à¥§ x(i), £¤¥
i | £«®¡ «ìë© ®¬¥à ¥¨§¢¥áâ®£® ¨, á«¥¤®¢ â¥«ì®, ã§« . � ª¨¬ ®¡à §®¬, ¤®¯®«¥¨¥ �ãà 
®¯à¥¤¥«¥®   ¢¥ªâ®à å vT = fv(i)g á ª®¬¯®¥â ¬¨ v(i), á®®â¢¥âáâ¢ãîé¨¬¨ ã§« ¬ x(i), £¤¥ i 2
W 0
T , W

0
T := fi : x(i) 2 T g. �ãáâì vT ;r | áã¦¥¨¥ ¢¥ªâ®à  vT   ã§«ë x(i) 2 @ur n@
. �«ï ª ¦¤®£®

r = 1; 2; : : : ; R ¬®¦® ®¯à¥¤¥«¨âì ¬ âà¨æã Dr à §¬¥à®áâ¨ 4p � 4p, ª®â®à ï ¯à¨ «®ª «ì®¬
ã¯®àï¤®ç¥¨¨ ã§«®¢ x(i) 2 @ur â ª®¬ ¦¥, ª ª®¥ ¨á¯®«ì§®¢ ® ¢ (6.17) ¤«ï £à ¨çëå ã§«®¢
¡ §¨á®£® í«¥¬¥â , á®¢¯ ¤ ¥â á bD. � âà¨æ  D ¯®«ãç ¥âáï ¨§ ¬ âà¨æ Dr ¯à¨ ¯®¬®é¨ ¯à®æ¥¤ãàë
á¡®àª¨. � âà¨æ  D ®¯à¥¤¥«¥    ¢¥ªâ®à å à §¬¥à®áâ¨, à ¢®© ª®«¨ç¥áâ¢ã ã§«®¢ x(i) 2 T .
�ëç¥àª¨¢ ï áâà®ª¨ ¨ áâ®«¡æë D, á®®â¢¥âáâ¢ãîé¨¥ ã§« ¬ x(i) 2 @
, ¯®«ãç¨¬ ¬ âà¨æã D(2). �â 
¬ âà¨æ  | íää¥ªâ¨¢ë© ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ¤®¯®«¥¨ï �ãà  S(2), çâ® ¥¯®áà¥¤áâ¢¥®
á«¥¤ã¥â ¨§ (6.18) ¨ «¥¬¬ë 4.2. �®à¬ «ì® ¬ âà¨æ  D(2) ®¯à¥¤¥«ï¥âáï á®®â®è¥¨¥¬

vTTD(2)vT =
RX
r=1

vTT ;rDr;0vT ;r;

£¤¥ Dr;0 | ¬ âà¨æ , ¯®«ãç ¥¬ ï ¨§ ¬ âà¨æë Dr ¢ëç¥àª¨¢ ¨¥¬ áâà®ª ¨ áâ®«¡æ®¢, á®®â¢¥âáâ¢ã-
îé¨å ã§« ¬ x(i) 2 @ ur \@
.

� âà¨æ  D(2) | å®à®è¨© ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ¤«ï ¬ âà¨æë S(2) (á¬. â ª¦¥ ¨¦¥ (6.23),
(6.26)), ® ®  ¨¬¥¥â á«®¦ãî áâàãªâãàã, ®á®¡¥® ¢ á«ãç ¥ ®¡é¨å ¥áâàãªâãà¨à®¢ ëå ª®¥ç-
®í«¥¬¥âëå á¥â®ª, ¨ ¥ ¬®¦¥â ¡ëâì ¯à®áâ® ®¡à é¥ . �§¢¥áâë á¯®á®¡ë, ¨á¯®«ì§ãï ª®â®àë¥
  ®á®¢¥ D(2) ¬®¦® ¯®«ãç âì íää¥ªâ¨¢ë¥ ¨ íª®®¬¨çë¥ ¯à¥¤®¡ãá« ¢«¨¢ â¥«¨ ¬ âà¨æë
S(2), ¥ âà¥¡ãîé¨¥ ®¡à é¥¨ï D(2). �«¥¤ãï [6], [3], à áá¬®âà¨¬ ¨¦¥ â®«ìª® ®¤¨ â ª®© á¯®á®¡,
¥ á ¬ë© íª®®¬¨çë©, ®  ¨¡®«¥¥ ¯à®áâ®©. � ¯®«ãç ¥âáï ¯à¨ ¯®¬®é¨ ¨â¥à æ¨®®£® ¬¥â®¤ 
¨ ®ª §ë¢ ¥âáï â ª¨¬, çâ® ¯® ªà ©¥© ¬¥à¥ ¢ p-¢¥àá¨¨ ã¬®¦¥¨¥   (e�(2))+ âà¥¡ã¥â ¬¥ìè¥,
ç¥¬ O(p2) ®¯¥à æ¨©. �¬¥áâ® à¥è¥¨ï á¨áâ¥¬ë ãà ¢¥¨©

D(2)uT = fT

¯àï¬ë¬ ¬¥â®¤®¬ ¡ã¤¥¬ à¥è âì ¥¥ ¯à¨¡«¨¦¥® ¬¥â®¤®¬ ¯à®áâëå ¨â¥à æ¨© á ç¥¡ëè¥¢áª¨¬¨
¯ à ¬¥âà ¬¨

vk+1
T = vkT � �k(D(2)vkT � fT ):

�â® ¯à¨¢®¤¨â ª à ¢¥áâ¢ ¬

vn(")T = eD�1fT ; eD�1 = [I � un(")k=1(I � �kD(2))](D(2))�1:

�á«¨ n(") ¢ë¡à ® â ª, çâ® ®â®á¨â¥«ì ï ¯®£à¥è®áâì ¢ ®à¬¥, ¯®à®¦¤ ¥¬®© ¬ âà¨æ¥© D(2),
¥ ¯à¥¢®áå®¤¨â " � 0:5, â®, ®ç¥¢¨¤®,

0:5 eD � D(2) � 1:5 eD; (6.23)

¨, á«¥¤®¢ â¥«ì®, ¬ âà¨æ  eD | ¯®çâ¨ â ª®© ¦¥ å®à®è¨© ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ¤®¯®«¥¨ï �ã-
à , ª ª ¨ D(2).

� ¬¥ç ¨¥ 6.1. �¥âàã¤® ãáâ ®¢¨âì, çâ® ç¨á«® ®¡ãá«®¢«¥®áâ¨ ¬ âà¨æë D(2) | ¢¥«¨ç¨-
  O(p=h). � ª¨¬ ®¡à §®¬, ¤«ï ®¡¥á¯¥ç¥¨ï â®ç®áâ¨ " � 0:5 ¤®áâ â®ç® ¢ë¯®«¨âì O(pp=h)
¨â¥à æ¨©. � ¦¤®¥ ã¬®¦¥¨¥   D(2) ¬®¦® ¢ë¯®«¨âì ¯ à ««¥«ì®, ¯®í«¥¬¥â® ¯à¨ ¯®¬®é¨
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¬ âà¨æ Dr. �¬®¦¥¨¥   ¬ âà¨æã Dr, ª®â®à ï ¤«ï «î¡®£® r à ¢  bD ¨«¨ áã¦¥¨î bD, ¯®«ãç -
¥¬®¬ã ¢ëç¥àª¨¢ ¨¥¬ áâà®ª ¨ áâ®«¡æ®¢, á®®â¢¥âáâ¢ãîé¨å ã§« ¬, «¥¦ é¨¬   @ ur \@
, ¬®¦¥â
¡ëâì ¢ë¯®«¥® §  O(p log p) ®¯¥à æ¨©. � ª¨¬ ®¡à §®¬, ®¡ê¥¬ ¢ëç¨á«¥¨© ¤«ï ã¬®¦¥¨ï  
D(2) ¨ eD�1 ¥áâì O(Rp log p) = O(h�2p log p) ¨ O(pp=hRp log p) = O(h�2:5p1:5 log p) á®®â¢¥âáâ¢¥®.
�¥£ª® ¢¨¤¥âì â ª¦¥, çâ® ¥á«¨ ª®¥ç®í«¥¬¥â ï á¥âª  â®¯®«®£¨ç¥áª¨ íª¢¨¢ «¥â  ¯àï¬®-
ã£®«ì®©, â® ã¬®¦¥¨¥   D(2) á ¨á¯®«ì§®¢ ¨¥¬ ¡ëáâà®£® ¤¨áªà¥â®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥
¬®¦¥â ¡ëâì ®à£ ¨§®¢ ® ¢ â ª®© ä®à¬¥, çâ® ¯®âà¥¡ã¥â O(ph�1 log ph�1) ®¯¥à æ¨©. �¬®¦¥¨¥
¯à¨ íâ®¬ ¬®¦® ¢ë¯®«¨âì ¯ à ««¥«ì®   ª ¦¤®© «¨¨¨ á¥âª¨.

�¢¥¤¥¬ ¥ª®â®àë¥ ®¡®§ ç¥¨ï
H0(T ) ¤«ï ¯à®áâà áâ¢  á«¥¤®¢ äãªæ¨© ¨§ H0(
)   ¬®¦¥áâ¢¥ T £à ¨æ ª®¥çëå í«¥-

¬¥â®¢;
V 0
T = IRNII+NIII ¤«ï ¯à®áâà áâ¢  ¢¥ªâ®à®¢ á ª®¬¯®¥â ¬¨, ï¢«ïîé¨¬¨áï § ç¥¨ï¬¨

äãªæ¨© ev 2 H0(
) ¢ ã§« å x(i) 2 T0;
V 0 = IRN ¤«ï ¯à®áâà áâ¢  ¢¥ªâ®à®¢, ¨¬¥îé¨å ª®¬¯®¥â ¬¨ ¢á¥ ª®íää¨æ¨¥âë ¢ ¯à¥¤áâ -

¢«¥¨¨ ev 2 H0(
) ¢ £ «�¥àª¨áª®¬ ¡ §¨á¥, â. ¥. N = NI +NII +NIII .
�¥®¡å®¤¨¬ë© ¤ «¥¥ ®¯¥à â®à ¯à®¤®«¦¥¨ï P : V 0

T ! V 0 ®¯à¥¤¥«ï¥âáï â¥¬ ¦¥ á¯®á®¡®¬, çâ®
¨   «®£¨çë© ®¯¥à â®à ¢ x 5. �®«®¦¨¬, çâ® bPE : H(@u)! H(E) | â ª®© ®¯¥à â®à ¯à®¤®«¦¥¨ï
¤«ï ¡ §¨á®£® í«¥¬¥â , çâ® ¤«ï ª ¦¤®£® bu@u 2 H(@u)

j bPEu@uj1;u � cjbu@uj1=2;@u;
£¤¥ E = bEm ¨«¨ E = bEm;0,   H(E) = P (p)

x ¨«¨ H(E) = P [p]
x á®®â¢¥âáâ¢¥®, c |  ¡á®«îâ ï

¯®áâ®ï ï. �¯¥à â®à bP� ®¤®§ ç® ®¯à¥¤¥«ï¥â â ª®© ®¯¥à â®à ¯à®¤®«¦¥¨ï eP : H0(T ) !
H0(
), çâ® ¤«ï «î¡®© evT 2 H0(T ) ¥¥ ¯à®¤®«¦¥¨¥ ev = eP evT ®¯à¥¤¥«¥® ¯®í«¥¬¥â® à ¢¥áâ¢ ¬¨

ev(x(2)(y)) = bPE(evT (x(2)(y)) j@u); y 2 u; r = 1; 2; : : : ; R:

�¯¥à â®à P |¬ âà¨ç ï ä®à¬  ®¯¥à â®à  eP ¢ ª®¥ç®í«¥¬¥â®¬ ¡ §¨á¥ � «�¥àª¨ . �®«®¦¨¬
â¥¯¥àì

(e�(2))+ = P eD�1P T :

�¥®à¥¬  6.1. �ãáâì K | ª®¥ç®í«¥¬¥â ï ¬ âà¨æ , á®®â¢¥âáâ¢ãîé ï ¡ §¨á®¬ã

í«¥¬¥âã bEm. �ãáâì ¤ «¥¥ ¢ë¯®«¥ë ¥à ¢¥áâ¢  (4:2) ¨ ãá«®¢¨ï «¥¬¬ë 4. �®£¤ 

c1�D � K � c2�D (6.24)

á ¯®«®¦¨â¥«ìë¬¨, ¥ § ¢¨áïé¨¬¨ ®â p ¨ h ¯®áâ®ïë¬¨.

�®ª § â¥«ìáâ¢®. �®¤ ¬ âà¨æ¥© �p;h ¯®¨¬ ¥¬ ¬ âà¨æã (4.7). �¥à ¢¥áâ¢  (6.24) á«¥¤ãîâ
¨§ ¤®ª §ë¢ ¥¬ëå ¨¦¥ ®æ¥®ª

�D � �p;h � �D (6.25)

¨ ¥à ¢¥áâ¢ ¯¥à¢®© áâà®ª¨ ¢ (4.9), ª®â®àë¥ ¢ë¯®«¥ë ¤«ï à áá¬ âà¨¢ ¥¬ëå ¬ âà¨æ �p;h, K.
�«ï ¤®ª § â¥«ìáâ¢  ¥à ¢¥áâ¢ (6.25) à §«®¦¨¬ ¯à®áâà áâ¢® V 0 ¢ áã¬¬ã V 0 = VI + V 0

(T ), £¤¥
V 0
(T ) := PV 0

T . �®¯®áâ ¢¨¬ V 0 ª¢ ¤à â¨çãî ä®à¬ã, ¯®à®¦¤¥ãî ¬ âà¨æ¥© �p;h,   ¯à®áâà -

áâ¢ ¬ VI , V 0
(T ) | ®¯à¥¤¥«¥ë¥   ¨å ®¯¥à â®àë B1 = (e�+

I )
+ ¨ B2 = ((e�(2))+)+. �®áª®«ìªã

(6.18), (6.23) ¯à¨¢®¤ïâ ª ¥à ¢¥áâ¢ ¬

eD � S(2) � eD; (6.26)

â® ¤ «¥¥ ¤®ª § â¥«ìáâ¢®   «®£¨ç® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 5.1. �
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�¥§ã«ìâ âë ¤ ®£® ¯ à £à ä  ¬®¦® ¨á¯®«ì§®¢ âì ¤«ï p-¢¥àá¨¨ á ¨¥à àå¨ç¥áª¨¬¨ ª®®à¤¨-
 âë¬¨ äãªæ¨ï¬¨, à áá¬®âà¥®© ¢ x 1{x 5. � ¦¤ë© ®¤®¬¥àë© ¯®«¨®¬ u 2 Pp;x, ®¡à é -
îé¨©áï ¢ ã«ì ¯à¨ x = �1, ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

u(x) =
p�1X
i=1

dip
(i)(x) =

pX
i=2

ai bLi(x);

£¤¥ (p(i)(x)) | ¨â¥à¯®«ïæ¨®ë© ¡ §¨á � £à ¦  (6.3). �¥ªâ®àë d = fdig, a = faIg á¢ï§ ë
¥¢ëà®¦¤¥®© ¬ âà¨æ¥© G: d = Ga. �à¨ ¯®¬®é¨ íâ®© ¬ âà¨æë ¨ ¬ âà¨æë

bbD =

0BBBBBBB@

2 �1
�1 2 �1 ;

: : :
: : :

; �1 2 �1
�1 2

1CCCCCCCA

1=2

à §¬¥à®áâ¨ (p� 1)� (p� 1) ®¤®§ ç® ®¯à¥¤¥«ï¥âáï ¬ âà¨æ 

bSm := GT bbDG:
�¤¥áì á®åà ïîâáï â¥ ¦¥ ®¡®§ ç¥¨ï bSII , bS�, çâ® ¨ ¢ x x 3, 5 ¤«ï ¯à¥¤®¡ãá« ¢«¨¢ â¥«¥© ¤®-
¯®«¥¨ï �ãà  ¡ §¨á®£® í«¥¬¥â ,   â ª¦¥ ¤«ï ¯®«®© ª®¥ç®í«¥¬¥â®© § ¤ ç¨, â. ¥. ¤«ï
¬ âà¨æ SII , S�, ¥á¬®âàï   â®, çâ® §¤¥áì ®¨ ®¯à¥¤¥«ïîâáï ¨ ç¥. � ¨¬¥®, ¢ ®¯à¥¤¥«¥¨¨ bSII
¢¬¥áâ® ¬ âà¨æë bS0, § ¤ ®© ¯®áà¥¤áâ¢®¬ (3.6), ¨á¯®«ì§®¢   ¬ âà¨æ  bSm,   bS� ®¯à¥¤¥«ï¥âáï
à ¢¥áâ¢®¬

bS� =
0BBBB@
bSm 0bSm

. . .
0 bSm

1CCCCA : (6.27)

� âà¨æ  bS� ¢ á¢®î ®ç¥à¥¤ì ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ¬ âà¨æë e�+
II ¨ �

�1
D ¯à¨ ¯®¬®é¨ á®®â®è¥¨©

(5.1), (5.7).

�¥®à¥¬  6.2. �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë 5:1 ¤«ï ®¯à¥¤¥«¥®£® á®®â®è¥¨ï¬¨

(5:1), (5:7), (6:27) ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ��� �D á¯à ¢¥¤«¨¢ë ®æ¥ª¨

c1(1 + log p)�1�D � K � c2�D (6.28)

á ¯®«®¦¨â¥«ìë¬¨ ¯®áâ®ïë¬¨, § ¢¨áïé¨¬¨ ®â �1, �2, �
(1), �, @
, ® ¥ ®â p ¨ h.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë á®¢¯ ¤ ¥â á ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë 5.2, §  ¨áª«îç¥¨¥¬ â®£®, çâ®
¢¬¥áâ® (5.8), (5.15) ¨á¯®«ì§ã¥âáï á¯¥ªâà «ì ï íª¢¨¢ «¥â®áâì ¬ âà¨æ bS�, S� ¨, á«¥¤®¢ â¥«ì®,
�D, e�p;h. �¯¥ªâà «ì ï íª¢¨¢ «¥â®áâì ¬ âà¨æ bSII , SII ¨ ¬ âà¨æ bS�, S� ¤®ª §ë¢ ¥âáï â¥¬
¦¥ á¯®á®¡®¬, çâ® ¨ á¯¥ªâà «ì ï íª¢¨¢ «¥â®áâì ¬ âà¨æ bD, bS(2) ¨ ¬ âà¨æ D(2), S(2). � ª¨¬
®¡à §®¬, ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ (4.9), ¯à¨å®¤¨¬ ¢¬¥áâ® ®æ¥®ª â¥®à¥¬ë 5.2 ª ¥à ¢¥áâ¢ ¬
(6.28). �

� ¬¥ç ¨¥ 6.2. �¥è¥¨¥ á¨áâ¥¬ë bbDx = y ¬®¦¥â ¡ëâì ¢ë¯®«¥® ¯à¨ ¯®¬®é¨ ¡ëáâà®£®
¤¨áªà¥â®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥ §  O(p log p) ®¯¥à æ¨©. �¥è¥¨¥ á¨áâ¥¬ë Gx = y ¯à¨ ¯®-
¬®é¨ ®¡é¨å ¯àï¬ëå ¬¥â®¤®¢ âà¥¡ã¥â ¡®«ìè®£® ç¨á«  ®¯¥à æ¨©, â. ª. ¬ âà¨æ  G § ¯®«¥ ï.
�¤ ª® ®  ¬®¦¥â ¡ëâì ä ªâ®à¨§®¢   â ª, çâ®¡ë ¢ëç¨á«¨â¥«ì ï à ¡®â  ¡ë«  áãé¥áâ¢¥®
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ã¬¥ìè¥ . � áá¬®âà¨¬ ¢¬¥áâ® G â ªãî ¬ âà¨æã G+, çâ® G+d = a ¤«ï ¢¥ªâ®à®¢ ª®íää¨æ¨¥â®¢
à §«®¦¥¨©

u(x) =
pX

i=0

ai bLi =
pX

i=0

dip
(i)(x); u 2 Pp;x:

�à¨ ä ªâ®à¨§ æ¨¨ G+ = VW , £¤¥ W | âà¥ã£®«ì ï ¬ âà¨æ , ®¯à¥¤¥«¥ ï ¢ § ¬¥ç ¨¨ 3.3,
ã¬®¦¥¨¥   V ¨ à¥è¥¨¥ á¨áâ¥¬ë V x = y ¬®¦¥â ¡ëâì ¢ë¯®«¥® ¯à¨ ¯®¬®é¨ ¡ëáâà®£®
¤¨áªà¥â®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥ § O(p log p) ®¯¥à æ¨©. � ª¨¬ ®¡à §®¬, ª®«¨ç¥áâ¢® ®¯¥à æ¨©,
¥®¡å®¤¨¬®¥ ¤«ï à¥è¥¨ï á¨áâ¥¬ë bSmx = y, ¥áâì O(p2).

7. � ¬¥ç ¨ï ®¡  «£®à¨â¬ å

�¥«¥á®®¡à §® ®¡áã¤¨âì ¥ª®â®àë¥ å à ªâ¥àë¥ á¢®©áâ¢   «£®à¨â¬®¢ à¥ «¨§ æ¨¨ ¯à¥¤« £ -
¥¬ëå���. �à¥¤¯®«®¦¨¬ ¤«ï ®¯à¥¤¥«¥®áâ¨ ¨ ¯à®áâ®âë ¨§«®¦¥¨ï, çâ® ¤«ï à¥è¥¨ï á¨áâ¥¬ë
(4.5) ¯à¨¬¥ï¥âáï ¯à¥¤®¡ãá«®¢«¥ë© ¬¥â®¤ ¯à®áâëå ¨â¥à æ¨©

dk = ��1(f �Kuk); (7.1)

�k = ��1D dk; (7.2)

uk+1 = uk + �k: (7.3)

�à¥¤¯®«®¦¨¬ â ª¦¥, çâ® �D ¥áâì ¯à®áâ¥©è¨© ¨§ ¯à¥¤« £ ¥¬ëå ¢ à ¡®â¥ ¯à¥¤®¡ãá« ¢«¨¢ â¥-
«¥©, ®¯à¥¤¥«¥ë© ¢ x 5 ¨ ä¨£ãà¨àãîé¨© ¢ â¥®à¥¬¥ 5.2. � ª ç¥áâ¢¥ ¯®áâ®ï®£® ¨â¥à æ¨®®£®
¯ à ¬¥âà  ¬®¦® ¢§ïâì

� = 2(1 + log p)2=(c1;D + c2;D(1 + log p)3) (7.4)

¨ ¯®«®¦¨âì u0 = 0. �®£¤  ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 5.2

keuk � euk1;
 � ��11 �2�
kkeuk1;
 � ��11 �2�

kkfk�1;
 (7.5)

á® § ¬¥ â¥«¥¬

� = [c2;D(1 + log p)3 � c1;D]=[c2;D(1 + log p)3 + c1;D]; (7.6)

  euk; eu 2 H0
h(
), euk; eu $ uk; u. � ª¨¬ ®¡à §®¬, ¤«ï â®£® çâ®¡ë ¯à¨¡«¨¦¥¨¥ euk $ uk ®¡¥á¯¥ç¨-

¢ «® â®ç®áâì " ¢ ®à¬¥ k � k1;
, ¥®¡å®¤¨¬® k = O((1 + log p)3 log "�1) ¨â¥à æ¨©. �à¥¤®¡ãá« ¢«¨-
¢ â¥«¨, ä¨£ãà¨àãîé¨¥ ¢ â¥®à¥¬ å 6.1, 6.2, âà¥¡ãîâ k = O(log "�1) ¨ k = O((1 + log p) log "�1)
¨â¥à æ¨© á®®â¢¥âáâ¢¥®. O¡áã¤¨¬ â®«ìª® ¢ëç¨á«¥¨ï, á®®â¢¥âáâ¢ãîé¨¥ (7.2), ¯®áª®«ìªã (7.1),
(7.3) ¥ § ¢¨áïâ ®â ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï (§  ¨áª«îç¥¨¥¬ ¨â¥à æ¨®®£® ¯ à ¬¥âà  �). � ª¨¬
®¡à §®¬, íää¥ªâ¨¢®áâì ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï, ªà®¬¥ â®£®, çâ® ® ®¡¥á¯¥ç¨¢ ¥â ã¦®¥ ®¡®¡-
é¥®¥ ç¨á«® ®¡ãá«®¢«¥®áâ¨,  ¯àï¬ãî § ¢¨á¨â ®â á«®¦®áâ¨ ®¯¥à æ¨¨ � = ��1D d; ¨¤¥ªá \k"
®¯ãé¥. �â® § ª«îç¥¨¥ á¯à ¢¥¤«¨¢® ¨ ¯à¨ ¨á¯®«ì§®¢ ¨¨ ¢¬¥áâ® (7.1){(7.3) ¡®«¥¥ á«®¦ëå
¨â¥à æ¨®ëå ¯à®æ¥¤ãà.

�¥à¥¤ ®¯¨á ¨¥¬ ¯®á«¥¤®¢ â¥«ì®áâ¨ ®¯¥à æ¨©, âà¥¡ãîé¨åáï ¤«ï ¢ëç¨á«¥¨ï � = ��1D d,
¯®«¥§® ®â¬¥â¨âì ¤¢  á¯¥æ¨ä¨ç¥áª¨å á¢®©áâ¢  ¤ ®£® ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï. �¥à¢®¥ á®áâ®¨â ¢
â®¬, çâ® ¢á¥ á« £ ¥¬ë¥ ¢ ¢ëà ¦¥¨¨

��1D := e�+
I + e�+

II + e�+
III (7.7)

®¯à¥¤¥«ïîâáï ¯à¨ ¯®¬®é¨ è¥áâ¨ áâ ¤ àâëå ¬ âà¨æ: ®¤  à §¬¥à®áâ¨ 4� 4, ç¥âëà¥ à §¬¥à-
®áâ¨ (p � 1) � (p � 1) ¨ ®¤  ¯àï¬®ã£®«ì ï ¬ âà¨æ  (p � 1)2 � (p � 1). �â®à®¥ á®áâ®¨â ¢ â®¬,
çâ® §¤¥áì ¢ ¤¥©áâ¢¨â¥«ì®áâ¨ ¥â ã¦¤ë á®¡¨à âì ¬ âà¨æã ��1D ,   ã¬®¦¥¨¥   e�+

I + e�+
II ¬®-

¦¥â ¡ëâì ¢ë¯®«¥® ¢ ¯ à ««¥«ì®¬ à¥¦¨¬¥ ¤«ï ª ¦¤®© áâ®à®ë ¨ ª ¦¤®£® í«¥¬¥â . �à¨
¢ëç¨á«¥¨ïå ¢á¥ ãª § ë¥ áâ ¤ àâë¥ ¬ âà¨æë ¨á¯®«ì§ãîâáï ¤«ï ª ¦¤®£® í«¥¬¥â . � ª
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á«¥¤áâ¢¨¥, ¢ëç¨á«¥¨ï, á®®â¢¥âáâ¢ãîé¨¥ (7.2), ¥ § ¢¨áïâ ®â ª®ªà¥â®£® ¢¨¤  ¤¨ää¥à¥æ¨ «ì-
®£® ãà ¢¥¨ï ¢ ç áâëå ¯à®¨§¢®¤ëå, ® ¢ ¥ª®â®à®© áâ¥¯¥¨ § ¢¨áïâ ®â áâàãªâãàë ª®¥ç-
®í«¥¬¥â®© á¥âª¨. �â® ¬®¦¥â ¡ëâì ¥¤®áâ âª®¬, ª®£¤  ª®íää¨æ¨¥âë ¤¨ää¥à¥æ¨ «ì®£®
ãà ¢¥¨ï á« ¡® ¬¥ïîâáï   ª ¦¤®¬ í«¥¬¥â¥, ® áãé¥áâ¢¥® ¬¥ïîâáï ¢¡«¨§¨ ¨å £à ¨æ.
�¤ ª® «¥£ª® ¢¨¤¥âì, çâ® ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì ¬®¦¥â ¡ëâì ¢¨¤®¨§¬¥¥ â ª, çâ® ¡ëáâà®¥ ¨§-
¬¥¥¨¥ ª®íää¨æ¨¥â®¢ ¥ ¡ã¤¥â ¢«¨ïâì   ®¡®¡é¥®¥ ç¨á«® ®¡ãá«®¢«¥®áâ¨ ¨ á«®¦®áâì
®¯¥à æ¨¨ (7.2).

�®áª®«ìªã ��1D | áã¬¬  âà¥å ¬ âà¨æ, ã¬®¦¥¨¥   ª ¦¤ãî ¨§ ¨å ¬®¦¥â ¢ë¯®«ïâìáï
¯ à ««¥«ì®.

�¬®¦¥¨¥ �I = e�+
I d. �â  ®¯¥à æ¨ï âà¥¡ã¥â à¥è¥¨ï R § ¤ ç

bA1;0�
(r)

I = d
(r)
; r = 1; 2; : : : ;R; (7.8)

¤«ï ª ¦¤®£® í«¥¬¥â , £¤¥ �
(r)

I , d
(r)

| ¯®¤¢¥ªâ®àë ¢¥ªâ®à®¢ �I , d, á®¤¥à¦ é¨¥ ¢ãâà¥¨¥ ª®íä-

ä¨æ¨¥âë, á®®â¢¥âáâ¢ãîé¨¥ í«¥¬¥âã Er. �®á«¥ â®£®, ª ª ¢á¥ ¯®¤¢¥ªâ®àë �(r)I ¢ëç¨á«¥ë, ¢¥ªâ®à
�I ¯®«ãç ¥âáï ¤®¡ ¢«¥¨¥¬ ã«¥©   ¬¥áâ , á®®â¢¥âáâ¢ãîé¨¥ ¥¨§¢¥áâë¬ áâ®à® ¨ ¢¥àè¨. � -
âà¨æ  bA1;0, ¨á¯®«ì§ã¥¬ ï ¢® ¢á¥å § ¤ ç å (7.8), ¢ á®®â¢¥âáâ¢¨¨ á (5.4) ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥ ,
 ¯à¨¬¥à, ¯à¨ ¯®¬®é¨ ¤¢ãå ¬ âà¨æ bD ¨ b4, à §¬¥à®áâ¨ (p� 1)� (p� 1). �ë ¥ à áá¬ âà¨¢ ¥¬
§¤¥áì ®¯â¨¬ «ìë¥ ¬¥â®¤ë à¥è¥¨ï (7.8). �à¥¤¨ ¯à®ç¨å ¬®¦® ã¯®¬ïãâì ¬¥â®¤ ¢«®¦¥ëå
á¥ç¥¨©. �á«¥¤áâ¢¨¥ á¯¥æ¨ «ì®© áâàãªâãàë ¬ âà¨æë bA1;0 ® âà¥¡ã¥â O(p3)  à¨ä¬¥â¨ç¥áª¨å
®¯¥à æ¨©. �¤ ª® ãáâ®©ç¨¢®áâì ¬¥â®¤  ¢ íâ®¬ á«ãç ¥ âà¥¡ã¥â ¤®¯®«¨â¥«ì®£® ¨§ãç¥¨ï.

�¬®¦¥¨¥ �II = e�+
IId. �«ï ®âëáª ¨ï �II ¥®¡å®¤¨¬® ¢ë¯®«¨âì á«¥¤ãîé¥¥:

a) ¢ëç¨á«¨âì áã¦¥¨¥

c(II) = P Td; (7.9)

b) à¥è¨âì á¨áâ¥¬ã

bS�b(II) = c(II); (7.10)

c) ¢ëç¨á«¨âì ¯à®¤®«¦¥¨¥

�II = Pb
(II)

: (7.11)

�ãáâì PE | ¬ âà¨æ  ®¯¥à â®à  ¯à®¤®«¦¥¨ï bPE ¡ §¨á®£® í«¥¬¥â . �ç¥¢¨¤®,
PE = P1;E + P2;E + P3;E + P4;E ; (7.12)

£¤¥ Pi;E ®¯à¥¤¥«ï¥â ¯à®¤®«¦¥¨¥ á® áâ®à®ë i. �®áª®«ìªã ¯à¨ ¯®¤å®¤ïé¥¬ ã¯®àï¤®ç¥¨¨ ª®¬-
¯®¥â á®®â¢¥âáâ¢ãîé¨å ¢¥ªâ®à®¢ ¢á¥ Pi;E á®¢¯ ¤ îâ, ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¤«ï ¨å ®¤® ¨ â® ¦¥
®¡®§ ç¥¨¥ PS;E. �â  ¬ âà¨æ  ¨¬¥¥â ¢¨¤

PS;E =
�
P(S;E)

I

�
; (7.13)

£¤¥ I | ¥¤¨¨ç ï ¬ âà¨æ  à §¬¥à®áâ¨ (p � 1) � (p � 1), P(S;E) | ¯àï¬®ã£®«ì ï ¬ âà¨æ 
à §¬¥à®áâ¨ (p � 1)2 � (p � 1). �¢¥¤¥¬ ®¡®§ ç¥¨ï Tn, QS ¤«ï áâ®à®ë, ª®â®à ï ¥ «¥¦¨â  
@
, ¨ ¤«ï ç¨á«  â ª¨å áâ®à® â ª, çâ® n = 1; 2; : : : ; QS ,   â ª¦¥ ®¡®§ ç¥¨ï r = r1(n); r2(n)
¤«ï ®¬¥à®¢ ¤¢ãå á¬¥¦ëå í«¥¬¥â®¢, ¨¬¥îé¨å ®¡é¥© áâ®à®®© Tn. �¥¯¥àì (7.9) ¬®¦¥â ¡ëâì
¢ë¯®«¥® ¢ ¤¢  íâ ¯ :

i) ¤«ï ¢á¥å n = 1; 2; : : : ; QS ¨ r = r1(n); r2(n)  ©¤¥¬

c[n]r = P T
(S;E)d

(r)
; (7.14)
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ii) ¤«ï ¢á¥å n = 1; 2; : : : ; QS  ©¤¥¬ áã¬¬ë

c[n] = c
[n]
r1(n)

+ c
[n]
r2(n)

+ d
[n]
;

£¤¥ c[n]r1(n)
, c[n]r2(n)

, d
[n]

| ¯®¤¢¥ªâ®àë (p � 1) ¯¥à¥¬¥ëå, á®®â¢¥âáâ¢ãîé¨å áâ®à®¥ Tn. �â¨ ¯®¤-
¢¥ªâ®àë á®¤¥à¦ â ¢á¥ ª®¬¯®¥âë ¢¥ªâ®à  c(II).

�¡à â¨¬áï ª è £ã b). � x 5 ¬ âà¨æ  bS� ¡ë«  ®¯à¥¤¥«¥  ª ª ¡«®ç®-¤¨ £® «ì ï ¬ âà¨æ 
á à ¢ë¬¨ (p� 1)� (p� 1) ¡«®ª ¬¨

2(1 + log p)�1 bS0:
� £ b) âà¥¡ã¥â à¥è¥¨ï QS á¨áâ¥¬

bS0b[n] = 1
2
(1 + log p)c[n]; (7.15)

íâ® ¬®¦¥â ¡ëâì ¯à®áâ® ¢ë¯®«¥®, ¥á«¨ ¯à¨ïâì ¢® ¢¨¬ ¨¥ § ¬¥ç ¨¥ 3.3.
� £ c) â ª¦¥ «¥£ª® ¢ë¯®«ï¥âáï ¯®í«¥¬¥â® ¤«ï ¢á¥å r = 1; 2; : : : ;R. �«ï ª ¦¤®£® í«¥-

¬¥â  ¥®¡å®¤¨¬® ¢ë¯®«¨âì ¤¢  è £ :
io)  ©â¨ ¯à®¤®«¦¥¨¥

�
(r)

II;n = P(S;E)b
[n]

¤«ï ª ¦¤®© áâ®à®ë Tn, n = ni(r), i = 1; 2; 3; 4, í«¥¬¥â  Er,
iio) ¯à®áã¬¬¨à®¢ âì ¯à®¤®«¦¥¨ï

�
(r)

II = �
(r)

II;n1
+ � � �+ �

(r)

II;n4
:

�®¤¢¥ªâ®àë b
[n]
; �

(r)

II á®¤¥à¦ â ¢á¥ í«¥¬¥âë ¢¥ªâ®à  �II . � ¨¬¥®, ®¨ áãâì áã¦¥¨ï ¢¥ªâ®à 
�II   áâ®à®ã Tn ¨   ¢ãâà¥®áâì í«¥¬¥â  Er á®®â¢¥âáâ¢¥®.

�¬®¦¥¨¥   e�+
II , â. ¥. è £¨ a), b), c) ¢ë¯®«ïîâáï ¯à¨ ¯®¬®é¨ âà¥å ®á®¢ëå ¬ âà¨æ P(S;E),

W ¨ � (¤¢¥ ¯®á«¥¤¨¥ ¢¢¥¤¥ë ¢ x 3). �â® âà¥¡ã¥â O(p3)  à¨ä¬¥â¨ç¥áª¨å ®¯¥à æ¨©   ª ¦¤®¬
í«¥¬¥â¥,   ¢á¥£® | O(Rp3).

�¬®¦¥¨¥ �III = e�+
IIId. �â  ®¯¥à æ¨ï ¢ë¯®«ï¥âáï ¯ãâ¥¬ à¥è¥¨¨ á¨áâ¥¬ë

�III�
(III)

= d
(III)

; (7.16)

£¤¥ �
(III)

, d
(III)

| ¯®¤¢¥ªâ®àë ¢¥ªâ®à®¢ �III , d. �¥ªâ®à �III ¯®«ãç ¥âáï ¯à®¤®«¦¥¨¥¬ ã«ï¬¨

¢¥ªâ®à  �
(III)

.
�ãáâì A = A1 ¨«¨ A = A1 + h2A0 | íâ® 4�4-¬ âà¨æë ¡ §¨á®£® í«¥¬¥â , á®®â¢¥âáâ¢ãîé¨¥

p = 1. � âà¨æ  �III á®¡¨à ¥âáï ¨§ ¬ âà¨æ ¦¥áâª®áâ¨ í«¥¬¥â®¢, ª®â®àë¥ ¢ â®ç®áâ¨ á®¢¯ ¤ -
îâ á A. �¨áâ¥¬  (7.16) | ¥¤¨áâ¢¥ ï £«®¡ «ì ï á¨áâ¥¬ , ª®â®àãî ¥®¡å®¤¨¬® à¥è âì  
ª ¦¤®© ¨â¥à æ¨¨. �«ï à¥è¥¨ï á¨áâ¥¬ë (7.16) ¬®¦® ¯à¨¬¥¨âì ¥ª®â®àë© ¢á¯®¬®£ â¥«ìë©
¨â¥à æ¨®ë© ¬¥â®¤ á ä¨ªá¨à®¢ ë¬ ç¨á«®¬ ¢á¯®¬®£ â¥«ìëå ¨â¥à æ¨©   ¢á¥å ¨â¥à æ¨ïå
(7.1){(7.3), ®¡¥á¯¥ç¨¢ îé¨¬ ¢ë¯®«¥¨¥ (5.14). � íâ®¬ á«ãç ¥ á¡®àª  ¬ âà¨æë �III ¥ ã¦ ,
  (7.7) á®®â¢¥âáâ¢ã¥â à ¢¥áâ¢® � = �I + �II + �III .

�«£®à¨â¬ë ¢ëç¨á«¥¨ï ��1D d ¤«ï ¤¢ãå ¤àã£¨å ¯à¥¤®¡ãá« ¢«¨¢ â¥«¥©, ¢¢¥¤¥ëå ¢ x 6, ¥-
¬®£® ®â«¨ç îâáï ®â ®¯¨á ëå ¨ âà¥¡ãîâ,  ¯à¨¬¥à, ¨á¯®«ì§®¢ ¨ï ¡ëáâà®£® ¤¨áªà¥â®£®
¯à¥®¡à §®¢ ¨ï �ãàì¥. �â® ¯à®¨áå®¤¨â ¢á«¥¤áâ¢¨¥ ®â«¨ç¨ï ¢ ®¯à¥¤¥«¥¨¨ ¯à¥¤®¡ãá« ¢«¨¢ â¥-
«ï ¤®¯®«¥¨ï �ãà . �¡ê¥¬ ¢ëç¨á«¥¨© ¯à¨ â ª®¬ ��1D ¯® ¯®àï¤ªã ®â®á¨â¥«ì® p â®â ¦¥, çâ®
¨ ¢ëè¥.
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� ¬¥ç ¨¥ 7.1. � ¬¨ à áá¬®âà¥ë ¤¢  â¨¯  ¬¥â®¤®¢ �¨à¨å«¥{�¨à¨å«¥ ¤¥ª®¬¯®§¨æ¨¨
®¡« áâ¨, ¢ ®¤®¬ ¨§ ª®â®àëå ¯¥à¥¬¥ë¥, á®®â¢¥âáâ¢ãîé¨¥ ¢¥àè¨ ¬ ®âé¥¯«ïîâáï,   ¢ ¤àã£®¬
| ¥â. �«ï ¯¥à¢®£® â¨¯  ¬¥â®¤®¢ ¢ x x 5, 6 ¢¢¥¤¥® ¤¢  ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ¤®¯®«¥¨ï �ã-
à , ®¡®§ ç¥ëå bS�,   ¤«ï ¢â®à®£® â¨¯  | ®¤¨, ®¡®§ ç¥ë© eD. �â¨ ¯à¥¤®¡ãá« ¢«¨¢ â¥«¨
¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ë ¥ â®«ìª® ¢ à ¬ª å ¨§ãç ¥¬ëå §¤¥áì ���, ® â ª¦¥ ¨ ¢ ¤àã£¨å ¬¥-
â®¤ å, ¢ ç áâ®áâ¨, ¢ â ª¨å, ¢ ª®â®àëå   ¯¥à¢®¬ è £ã ¢ë¯®«ï¥âáï ¨áª«îç¥¨¥ ¢ãâà¥¨å
¥¨§¢¥áâëå,   § â¥¬ ¯à¨ ¯®¬®é¨ ¥ª®â®à®£® ¨â¥à æ¨®®£® ¬¥â®¤  à¥è ¥âáï § ¤ ç  á®¯àï¦¥-
¨ï á ¨á¯®«ì§®¢ ¨¥¬ á®®â¢¥âáâ¢ãîé¥£® ¤®¯®«¥¨ï �ãà . �æ¥ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ â ª¨å
¯à¥¤®¡ãá«®¢«¥ëå ¨â¥à æ¨®ëå ¬¥â®¤®¢ á«¥¤ãîâ ¨§ ¯®«ãç¥ëå ¢ à ¡®â¥ ®æ¥®ª ®¡®¡é¥-
ëå ç¨á¥« ®¡ãá«®¢«¥®áâ¨ ¯à¥¤®¡ãá« ¢«¨¢ â¥«¥© ¤®¯®«¥¨ï�ãà . � ¯à¨¬¥à, ¨á¯®«ì§®¢ ¨¥
¯à¥¤®¡ãá« ¢«¨¢ â¥«ï eD ¯®âà¥¡ã¥â O(log "�1) ¯à®áâëå ¨â¥à æ¨©. �â® «¥£ª® ãáâ  ¢«¨¢ ¥âáï á
¯®¬®éìî «¥¬¬ë 4.2 ¨ ¥à ¢¥áâ¢ (6.12), (6.17).

�áâì ¥é¥ ®¤¨ ¢ à¨ â à¥ «¨§ æ¨¨ ��� â¨¯  �¨à¨å«¥{�¨à¨å«¥, ¤«ï ª®â®à®£® à¥§ã«ìâ âë
¤ ®© à ¡®âë ¯à¨¬¥ïîâáï ¡¥§ ª ª¨å-«¨¡® ¨§¬¥¥¨©. �à®¨««îáâà¨àã¥¬ íâ®, à áá¬ âà¨¢ ï
¤«ï ®¯à¥¤¥«¥®áâ¨ ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì �D ¨§ â¥®à¥¬ë 6.2.

�à¥¤áâ ¢«ïï ®¯¥à â®à ¯à®¤®«¦¥¨ï P (á¬. (5.7)) ¢ ä®à¬¥

P =
�
PI;II
I

�
; (7.17)

¢¢¥¤¥¬ N �N ¬ âà¨æë

� :=

0@I PI;II 0
0 I 0
0 0 I

1A ; 	+ =

0B@0 0 0
0 bS�1� 0
0 0 0

1CA (7.18)

¨ �L = �T�D�. �¥âàã¤® ¯®ª § âì, çâ®

��1L := e�+
I +	+ + e�+

III : (7.19)

�âáî¤  á«¥¤ã¥â, çâ® ¤«ï ¬ âà¨æ �L ¨KL := �TK� á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ , ¨¤¥â¨çë¥ (6.28),

c1(1 + log p)�1�L � KL � c2�L: (7.20)

�à¥¤®¡ãá« ¢«¨¢ â¥«ì �L, ª ª ¢¨¤® ¨§ (7.18), (7.19), ¥ âà¥¡ã¥â ¢ë¯®«¥¨ï ®¯¥à æ¨© áã¦¥¨ï
¨ ¯à®¤®«¦¥¨ï   ª ¦¤®© ¨â¥à æ¨¨. �¬¥áâ® íâ®£® ¥®¡å®¤¨¬® ¯à¥®¡à §®¢ âì á¨áâ¥¬ã (4.5) ª
¢¨¤ã

KLuL = fL; fL = �Tf: (7.21)

�â® ¯à¥®¡à §®¢ ¨¥ ¬®¦¥â ¡ëâì ¢ë¯®«¥® ¢ á®®â¢¥âáâ¢¨¨ á ¯à¨¢¥¤¥ë¬¨ à ¥¥ ä®à¬ã« -
¬¨ ¯®á«¥ ¢ëç¨á«¥¨ï ¬ âà¨æë K ¨ ¢¥ªâ®à  f , ® ¯àï¬®¥ ¢ëç¨á«¥¨¥ KL, fL, ¯®à®¦¤ ¥¬®¥
á®®â¢¥âáâ¢ãîé¨¬ ¯à¥®¡à §®¢ ¨¥¬ ª®®à¤¨ âëå äãªæ¨© áâ®à® ¡ §¨á®£® í«¥¬¥â , ¬®¦¥â
®ª § âìáï íª®®¬¨ç¥¥. �®¢ë¥ £à ¨çë¥ ª®®à¤¨ âë¥ äãªæ¨¨ ¯®«ãç îâáï ¯ãâ¥¬ ¯à®¤®«-
¦¥¨ï ¢ãâàì ª¢ ¤à â  u á«¥¤®¢ áâ àëå ª®®à¤¨ âëå äãªæ¨© bLi:j 2MII   @u ¯à¨ ¯®¬®é¨
®¯¥à â®à  ¯à®¤®«¦¥¨ï bPE , ä¨£ãà¨àãîé¥£® ¢ (5.9). �  ¯à ªâ¨ª¥, ®¤ ª®, ¬ âà¨æë ¦¥áâª®áâ¨
í«¥¬¥â®¢ ¢á¥£¤  ¢ëç¨á«ïîâáï á ç «  ¢ ¥ª®â®à®¬ ¯à®áâ®¬ ¡ §¨á¥   ¡ §¨á®© ª®ä¨£ãà æ¨¨,
  § â¥¬ ¯à¥®¡à §ãîâáï ¢ á®®â¢¥âáâ¢¨¨ á â¥ªãé¨¬ ¡ §¨á®¬. � ª®© ¯à®áâ®© ¡ §¨á ¬®¦¥â ¡ëâì
áä®à¬¨à®¢  ¨§ ¬®®¬®¢ xi1x

j
2 ¨«¨ ¨§ ¨â¥£à¨à®¢ ëå ¯®«¨®¬®¢ �¥¦ ¤à  bLi;j ¨ â.¤. � áâ®

¡ §¨áMu ®ª §ë¢ ¥âáï ®¤¨¬ ¨§  ¨¡®«¥¥ ã¤®¡ëå,  ¯à¨¬¥à, ¢ á«ãç ¥ í««¨¯â¨ç¥áª®£® ãà ¢¥-
¨ï á ¯®áâ®ïë¬¨   ª ¦¤®¬ í«¥¬¥â¥ ª®íää¨æ¨¥â ¬¨. � íâ®¬ ¨ ¤àã£¨å á«ãç ïå ®¡  á¯®á®¡ 
¯®«ãç¥¨ï (7.20) áà ¢¨¬ë ¯® ¢ëç¨á«¨â¥«ìë¬ § âà â ¬. �à ¢¥¨¥ ¢ëç¨á«¨â¥«ìëå § âà â
¢ à¨ â®¢ ���, ¯à¥¤áâ ¢«¥ëå ¢ëè¥, § ¢¨á¨â ®â § ¯®«¥®áâ¨ ¬ âà¨æ K, KL. � ¦¥ ¥á«¨
K | à §à¥¦¥ ï ¬ âà¨æ , ª ª ¢ ã¯®¬ïãâ®¬ ¢ëè¥ á«ãç ¥ ¯®áâ®ïëå ª®íää¨æ¨¥â®¢, KL

¬®¦¥â ¨¬¥âì ¤®áâ â®ç®¥ § ¯®«¥¨¥ ¡«®ª®¢, á®®â¢¥âáâ¢ãîé¨å ¥¨§¢¥áâë¬ áâ®à® ¨ ¢¥àè¨,

39



çâ® ¬®¦¥â ª®¬¯¥á¨à®¢ âì ®âáãâáâ¢¨¥ ®¯¥à æ¨© ¯à®¤®«¦¥¨ï ¨ áã¦¥¨ï   ª ¦¤®© ¨â¥à æ¨¨.
�® íâ®© ¯à¨ç¨¥ ¤«ï h-¢¥àá¨¨ á ¥¢ëá®ª¨¬ ¯®àï¤ª®¬ í«¥¬¥â®¢ ¨á¯®«ì§ã¥âáï â®«ìª® ¯¥à¢ë©
¢ à¨ â, ¢ â® ¢à¥¬ï ª ª ¤«ï p-¢¥àá¨¨ á ¢ëá®ª¨¬ ¯®àï¤ª®¬ í«¥¬¥â®¢ ¯à¥¤¯®çâ¨â¥«ìë¬ ¬®¦¥â
®ª § âìáï ¢â®à®© ¢ à¨ â.

�®¤®¡® (7.18){(7.21) ¬®¦® â ª ¯à¥®¡à §®¢ âì (4.5) ¨ ¯à¥¤®¡ãá« ¢«¨¢ â¥«ì �D, ä¨£ãà¨àãî-
é¨© ¢ â¥®à¥¬¥ 6.1, ¯à¨ ¯®¬®é¨ âà áä®à¬¨àãîé¥© ¬ âà¨æë �, çâ® ¬®¦® ¡ã¤¥â ¢®¢ì ¨§¡¥¦ âì
®¯¥à æ¨© ¯à®¤®«¦¥¨ï ¨ áã¦¥¨ï, ® á®åà ¨âì íää¥ªâ¨¢®áâì ¯à¥¤®¡ãá« ¢«¨¢ â¥«ï ¯à¥®¡à -
§®¢ ®© á¨áâ¥¬ë.

� ¤ ®© à ¡®â¥ ¢á¥£¤  ¯à¥¤¯®« £ «®áì ¢ë¯®«¥¨¥ ®¡®¡é¥ëå ãá«®¢¨© ª¢ §¨à ¢®¬¥à-
®áâ¨ ª®¥ç®í«¥¬¥â®© á¥âª¨. �¤ ª® «¥£ª® ¢¨¤¥âì, çâ® â¥®à¥¬ë 6.1, 6.2 ®áâ îâáï á¯à ¢¥¤-
«¨¢ë¬¨, ¥á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ¥à ¢¥áâ¢  (4.3) ¢ë¯®«¥ë ¤«ï h = h(r). � ª¨¬ ®¡à §®¬,
à¥§ã«ìâ âë à ¡®âë ¯à¨¬¥¨¬ë ¨ ¤«ï £¥®¬¥âà¨ç¥áª¨ ¥®¤®à®¤ëå á¥â®ª.
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