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�ãáâì N | ¬­®¦¥áâ¢® ­ âãà «ì­ëå ç¨á¥«, N0 = N [ f0g, Z| ¬­®¦¥áâ¢® æ¥«ëå ç¨á¥«, R =
(�1;1), R+ = [0;1), � = f(t; s) 2 R

2
+ : t � sg, � | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢ 

R+ , L1 | ¯à®áâà ­áâ¢® äã­ªæ¨©, ¨§¬¥à¨¬ëå ¨ ®£à ­¨ç¥­­ëå ¢ áãé¥áâ¢¥­­®¬ ­  R+ , E |
â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à, S | ®¯¥à â®à, ®¯à¥¤¥«¥­­ë© ¤«ï h = const 2 R+ à ¢¥­áâ¢®¬ (á¬. [1],
á. 20)

(Sy)(t) =

(
y(t� h); t� h � 0;

0; t� h < 0:

� áá¬®âà¨¬ ¤¨ää¥à¥­æ¨ «ì­®-à §­®áâ­®¥ ãà ¢­¥­¨¥ ­¥©âà «ì­®£® â¨¯ �
E �

IX
i=1

aiS
i

�
_x(t) =

� JX
j=0

bjS
j

�
x(t) + f(t); t 2 R+ ; (1)

¢ á«¥¤ãîé¨å ¯à¥¤¯®«®¦¥­¨ïå ¨ ®¡®§­ ç¥­¨ïå: I 2 N, J 2 N0 , ai; bj = const 2 R, h = const 2 R+ ,
äã­ªæ¨ï f : R+ ! R áã¬¬¨àã¥¬  ­  ª ¦¤®¬ ª®­¥ç­®¬ ®âà¥§ª¥ [0; l].

�®¤ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ¯®­¨¬ âì  ¡á®«îâ­® ­¥¯à¥àë¢­ãî ­  ª ¦¤®¬ ª®­¥ç­®¬
®âà¥§ª¥ [0; l] äã­ªæ¨î x : R+ ! R, ã¤®¢«¥â¢®àïîéãî (1) ¯®çâ¨ ¢áî¤ã ­  R+ .

� ª ¨§¢¥áâ­® ([1], á. 84, â¥®à¥¬  1.1), ãà ¢­¥­¨¥ (1) á § ¤ ­­ë¬¨ ­ ç «ì­ë¬¨ ãá«®¢¨ï¬¨
®¤­®§­ ç­® à §à¥è¨¬®, ¨ ¥£® à¥è¥­¨¥ ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

x(t) = X(t)x(0) +
Z t

0
C(t; s)f(s) ds; (2)

£¤¥ X : R+ ! R ­ §ë¢ ¥âáï äã­¤ ¬¥­â «ì­ë¬ à¥è¥­¨¥¬,   C : �! R | äã­ªæ¨¥© �®è¨ ãà ¢-
­¥­¨ï (1). �¤®¡­® ¤®®¯à¥¤¥«¨âì ­ã«¥¬ äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ­  ®âà¨æ â¥«ì­®© ¯®«ã®á¨,  
äã­ªæ¨î �®è¨ | ¢­¥ ¬­®¦¥áâ¢  �.

�«ï  ¢â®­®¬­®£® ¤¨ää¥à¥­æ¨ «ì­®-à §­®áâ­®£® ãà ¢­¥­¨ï, à §à¥è¥­­®£® ®â­®á¨â¥«ì­® ¯à®-
¨§¢®¤­®©, ¬¥¦¤ã ¥£® äã­ªæ¨¥© �®è¨ ¨ äã­¤ ¬¥­â «ì­ë¬ à¥è¥­¨¥¬ áãé¥áâ¢ã¥â ¯à®áâ ï § ¢¨-
á¨¬®áâì C(t; s) = X(t � s) ([2], á. 116). �â  ä®à¬ã«  ã¯à®é ¥â à¥è¥­¨¥ «î¡®© § ¤ ç¨ ãáâ®©ç¨-
¢®áâ¨, á¢®¤ï ¥¥ ª ¨áá«¥¤®¢ ­¨î ®¯à¥¤¥«¥­­ëå á¢®©áâ¢ äã­ªæ¨¨ X, ª®â®à ï ï¢«ï¥âáï à¥è¥­¨¥¬
®¤­®à®¤­®£® ãà ¢­¥­¨ï (1) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x(0) = 1.

�à¨­æ¨¯¨ «ì­ë¥ âàã¤­®áâ¨, ª®â®àë¥ ¢®§­¨ª îâ ¯à¨ ¨áá«¥¤®¢ ­¨¨  á¨¬¯â®â¨ç¥áª¨å á¢®©áâ¢
à¥è¥­¨© ãà ¢­¥­¨©, ­¥ à §à¥è¥­­ëå ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­®© (á¬. à ¡®âë [3], [4], [5], áá. 177{
178, 512{513), ­  ­ è ¢§£«ï¤, á¢ï§ ­ë á ®âáãâáâ¢¨¥¬ ¯à®áâëå ä®à¬ã«, ¯®§¢®«ïîé¨å ¯® § ¤ ­­®©
äã­ªæ¨¨ �®è¨ ­ å®¤¨âì äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ¨ ­ ®¡®à®â. �®«ãç¥­¨¥ â ª¨å á®®â­®è¥­¨©
¤«ï ãà ¢­¥­¨© ¢¨¤  (1) ¨ ï¢«ï¥âáï æ¥«ìî ¤ ­­®© à ¡®âë.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 04-01-96069.
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1. �á¯®¬®£ â¥«ì­ ï § ¤ ç 

� áá¬®âà¨¬ á¥¬¥©áâ¢® ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¤®¯®«­¥­­ëå ­ ç «ì­®-ªà ¥¢ë¬¨ ãá«®-
¢¨ï¬¨

_xk(�)�
IX

i=1

ai _xk�i(�) =
JX

j=0

bjxk�j(�); k = 0; 1; 2; : : : ;

xk(�) = 0; _xk(�) = 0; k = �1;�2;�3; : : : ;
xk(0) = xk�1(h) +Hk; k 2 Z;

(3)

£¤¥ I 2 N, J 2 N0 , ai; bj ;Hk 2 R, h 2 R+ , � 2 [0; h].
�®¤ à¥è¥­¨¥¬ § ¤ ç¨ (3) ¡ã¤¥¬ ¯®­¨¬ âì ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© fxkgk2Z,  ¡á®«îâ­®

­¥¯à¥àë¢­ëå ­  ®âà¥§ª¥ [0; h].

�¥¬¬  1. � ¤ ç  (3) ®¤­®§­ ç­® à §à¥è¨¬ .

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤­®, x0(�) = H0e
b0� . �®£¤ , ¥á«¨ ­ ©¤¥­ë äã­ªæ¨¨ x0; x1; : : : ; xk, â®

xk+1 ­ å®¤¨âáï ¨§ (3) ª ª à¥è¥­¨¥ § ¤ ç¨ �®è¨ «¨­¥©­®£® ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£®
ãà ¢­¥­¨ï,  ¡á®«îâ­® ­¥¯à¥àë¢­®¥ ­  [0; h].

�¡®§­ ç¨¬

B(a; r) = fz 2 C : jz � aj < rg; Pa(z) =
IX

i=1

aiz
i; Pb(z) =

JX
j=0

bjz
j ;

G(�; z) =
exp

� Pb(z) �

1�Pa(z)

�
1� z exp

� Pb(z) h

1�Pa(z)

�g0(z); (4)

£¤¥ z 2 C ,   g0 ï¢«ï¥âáï äã­ªæ¨¥© ª®¬¯«¥ªá­®£® ¯¥à¥¬¥­­®£®,  ­ «¨â¨ç¥áª®© ¢ ­¥ª®â®à®©
®ªà¥áâ­®áâ¨ ­ã«ï.

�¥¬¬  2. �ãé¥áâ¢ã¥â ­¥­ã«¥¢ ï ®ªà¥áâ­®áâì ­ã«ï B(0; r) � C â ª ï, çâ® ¯à¨ «î¡®¬

z 2 B(0; r) ªà ¥¢ ï § ¤ ç 

(1� Pa(z))
@G(�; z)

@�
= Pb(z)G(�; z); (5)

G(0; z)� zG(h; z) = g0(z) (6)

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ®¯à¥¤¥«ï¥¬®¥ à ¢¥­áâ¢®¬ (4).

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ªàã£ B(0; r1) � C , ¢ ª®â®à®¬ 1�Pa(z) 6= 0. � ª®© ªàã£ ­ ©¤¥âáï,
â. ª. Pa(z) | ¬­®£®ç«¥­, ¯à¨ç¥¬ Pa(0) = 1 6= 0.

�à¨ «î¡®¬ z 2 B(0; r1) ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (5) ¨¬¥¥â ¢¨¤

G(�; z) = C exp
�

Pb(z) �
1� Pa(z)

�
; (7)

£¤¥ C | ¯à®¨§¢®«ì­®¥ ª®¬¯«¥ªá­®¥ ç¨á«®. �®ª ¦¥¬, çâ® ¬®¦­® ¢ë¡à âì C, ¯à¨ ª®â®à®¬ ¡ã¤¥â
¢ë¯®«­ïâìáï (6). �®¤áâ ¢«ïï (7) ¢ (6), ¯®«ãç ¥¬

C

�
1� z exp

�
Pb(z)h
1� Pa(z)

��
= g0(z): (8)

� ©¤¥¬ ªàã£ B(0; r2) � B(0; r1), ¢ ª®â®à®¬ 1� z exp
� Pb(z)h
1�Pa(z)

� 6= 0; â ª®© ªàã£ ­ ©¤¥âáï ¢ á¨«ã

­¥¯à¥àë¢­®áâ¨,   §­ ç¨â, ®£à ­¨ç¥­­®áâ¨ äã­ªæ¨¨ exp
� Pb(z)h
1�Pa(z)

�
­  «î¡®¬ § ¬ª­ãâ®¬ ¯®¤¬­®¦¥-

áâ¢¥ ªàã£  B(0; r1). � ª®­¥æ, ­ ©¤¥¬ ªàã£ B(0; r) � B(0; r2), ¢ ª®â®à®¬ äã­ªæ¨ï g0  ­ «¨â¨ç­ .
�à¨ «î¡®¬ z 2 B(0; r) ¨§ ãà ¢­¥­¨ï (8) ®¤­®§­ ç­® ­ å®¤¨âáï C = g0(z)

�
1 � z exp

� Pb(z)h

1�Pa(z)

���1
.
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�¥¬ á ¬ë¬ ¤®ª § ­®, çâ® ¯à¨ ¢á¥å z 2 B(0; r) äã­ªæ¨ï G(�; z), § ¤ ­­ ï ä®à¬ã«®© (4), ï¢«ï¥âáï
¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ ªà ¥¢®© § ¤ ç¨ (5){(6).

�¥®à¥¬  1. �ãáâì ¢ § ¤ ç¥ (3) ç¨á«  Hk, k 2 N0 , â ª®¢ë, çâ® àï¤
1P
k=0

Hkz
k áå®¤¨âáï ¢

­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ­ã«ï. �®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© fgkgk2Z â®£¤  ¨ â®«ìª® â®£¤ 

ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (3), ª®£¤  gk(�) ¯à¥¤áâ ¢«ïîâ á®¡®© ª®íää¨æ¨¥­âë à §«®¦¥­¨ï

¢ áâ¥¯¥­­®© àï¤ äã­ªæ¨¨ G(�; �), ®¯à¥¤¥«¥­­®© à ¢¥­áâ¢®¬ (4) ¯à¨

g0(z) =
1X
k=0

Hkz
k: (9)

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì fgkgk2Z| à¥è¥­¨¥ § ¤ ç¨ (3). � ª ¯®ª § ­® ¢
[6], ­ ©¤ãâáï â ª¨¥ N1, N2, R > 0, çâ® ¤«ï í«¥¬¥­â®¢ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fgkg ¯à¨ k 2 N0 á¯à -

¢¥¤«¨¢ë ®æ¥­ª¨ jgk(�)j � N1R
�k, j _gk(�)j � N2R

�k. �®áâ ¢¨¬ áâ¥¯¥­­®© àï¤ F (�; z) =
1P
k=0

gk(�)zk

¨ àï¤ á ª®íää¨æ¨¥­â ¬¨ ¨§ ¯à®¨§¢®¤­ëå
1P
k=0

_gk(�)zk. �¡  àï¤  ¯à¨ ä¨ªá¨à®¢ ­­®¬ � 2 [0; h]

áå®¤ïâáï ¢ ªàã£¥ B(0; R), ¯à¨ç¥¬ ¯à¨ «î¡®¬ z 2 B(0; R) ®­¨ áå®¤ïâáï  ¡á®«îâ­® ¨ à ¢­®-
¬¥à­® ¯® � ­  [0; h]. �«¥¤®¢ â¥«ì­®, ¯¥à¢ë© àï¤ ¤®¯ãáª ¥â ¯®ç«¥­­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¨
@
@�
F (�; z) =

1P
k=0

_gk(�)zk. �¬­®¦ ï ®¡¥ ç áâ¨ à ¢¥­áâ¢ § ¤ ç¨ (3) ­  zk ¨ áã¬¬¨àãï ¯® k, ¯®«ãç -

¥¬

1X
k=0

_gk(�)z
k �

� IX
i=1

aiz
i

� 1X
k=0

_gk(�)z
k =

� JX
j=0

bjz
j

� 1X
k=0

gk(�)z
k;

1X
k=0

gk(0)z
k = z

1X
k=0

gk(h)z
k +

1X
k=0

Hkz
k:

� ãç¥â®¬ ¢¢¥¤¥­­ëå ¢ëè¥ ®¡®§­ ç¥­¨© ¨ ãáâ ­®¢«¥­­ëå á¢®©áâ¢ äã­ªæ¨¨ F , ¯®á«¥¤­¨¥ ¤¢ 
à ¢¥­áâ¢  ¯à¨¬ãâ ¢¨¤

(1� Pa(z))
@F (�; z)

@�
= Pb(z)F (�; z);

F (0; z) = zF (h; z) + g0(z):

�«¥¤®¢ â¥«ì­®, ¯à¨ ¢á¥å z ¨§ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ­ã«ï F (�; z) ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨
(5){(6). �¥ ­ àãè ï ®¡é­®áâ¨, ¬®¦­® áç¨â âì, çâ® ¢ íâ®© ®ªà¥áâ­®áâ¨ à¥è¥­¨¥ § ¤ ç¨ (5){(6)
¥¤¨­áâ¢¥­­®,   §­ ç¨â, á®¢¯ ¤ ¥â á äã­ªæ¨¥© G, ®¯à¥¤¥«¥­­®© à ¢¥­áâ¢®¬ (4). � ª ª ª ª®íää¨-
æ¨¥­âë à §«®¦¥­¨ï äã­ªæ¨¨ G(�; �) ¢ áâ¥¯¥­­®© àï¤ ®¯à¥¤¥«ïîâáï ®¤­®§­ ç­®, â® ®­¨ á®¢¯ -
¤ îâ á gk(�).

�®áâ â®ç­®áâì. �ãáâì G | äã­ªæ¨ï, ®¯à¥¤¥«¥­­ ï à ¢¥­áâ¢®¬ (4), £¤¥ g0 ¨¬¥¥â ¢¨¤ (9).
�à¨ ª ¦¤®¬ � 2 [0; h] äã­ªæ¨ï G(�; �) ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ­ã«ï ¨
¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ áâ¥¯¥­­®£® àï¤ 

G(�; z) =
1X
k=0

gk(�)zk: (10)

�­ «¨â¨ç¥áª¨ ¯à®¤®«¦¨¬ G(�; z) ­  C . �à¨¬¥­¨¬ ª ä®à¬ã« ¬ �®è¨ ¤«ï ª®íää¨æ¨¥­â®¢ gk(�)

â¥®à¥¬ã ® ¤¨ää¥à¥­æ¨à®¢ ­¨¨ ¯® ¯ à ¬¥âàã ([7], á. 55): _gk(�) = 1
2�i

R
�

@
@�

G(�;�)

�k+1 d�, á«¥¤®¢ â¥«ì­®,

@
@�
G(�; z) =

1P
k=0

_gk(�)zk. �®¤áâ ¢¨¬ (10) ¢ § ¤ çã (5){(6), ãçâ¥¬ ¤®ª § ­­ãî ¢ëè¥ ¤¨ää¥à¥­-

æ¨àã¥¬®áâì gk ¯® � ¨ ¯à¨à ¢­ï¥¬ ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå z. �®«ãç¨¬, çâ®
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¯®á«¥¤®¢ â¥«ì­®áâì fgkgk2Z ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (3). � ª ª ª à¥è¥­¨¥ § ¤ ç¨ (3) ¢ á¨«ã
«¥¬¬ë 1 ¥¤¨­áâ¢¥­­®, â® gk = xk ¯à¨ «î¡®¬ k 2 Z.

�¡®§­ ç¨¬ ç¥à¥§ z0 ¡«¨¦ ©èãî ª ­ã«î â®çªã, ¢ ª®â®à®© ­ àãè ¥âáï  ­ «¨â¨ç­®áâì äã­ª-
æ¨¨ G(�; �). �¥£ª® § ¬¥â¨âì, çâ® z0 ­¥ § ¢¨á¨â ®â � , á«¥¤®¢ â¥«ì­®, ¢ ªàã£¥ B(0; jz0j) äã­ªæ¨ï
G(�; �) ï¢«ï¥âáï  ­ «¨â¨ç¥áª®© ¯à¨ «î¡®¬ � 2 [0; h].

�¥®à¥¬  2. �«ï â®£® çâ®¡ë ª®íää¨æ¨¥­âë àï¤  (10) ã¤®¢«¥â¢®àï«¨ ­¥à ¢¥­áâ¢ã jgk(�)j �
Ne��k á ¯®«®¦¨â¥«ì­ë¬¨ ¨ ­¥ § ¢¨áïé¨¬¨ ®â � ¯®áâ®ï­­ë¬¨ N ¨ �, ­¥®¡å®¤¨¬® ¨ ¤®áâ -

â®ç­®, çâ®¡ë jz0j > 1.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì jgk(�)j � Ne��k. �®¤áâ ¢«ïï íâ® ­¥à ¢¥­áâ¢® ¢

(10), ¯®«ãç ¥¬
��� 1P
k=0

gk(�)zk
��� � 1P

k=0
jgk(�)j jzk j �

1P
k=0

Ne��kjzjk. �ï¤ áå®¤¨âáï ¯à¨ jzj < e�, £¤¥ � > 0,

¯®íâ®¬ã jz0j > 1.

�®áâ â®ç­®áâì. �ãáâì jz0j > 1. �ë¡¥à¥¬ R â ª, çâ®¡ë 1 < R < jz0j. �á¯®«ì§ãï ­¥-
à ¢¥­áâ¢® �®è¨ ¤«ï ®æ¥­ª¨ ª®íää¨æ¨¥­â®¢ áâ¥¯¥­­®£® àï¤ , ¯®«ãç ¥¬ jgk(�)j � NR�k, £¤¥
N = max

jzj=R;�2[0;h]
jG(�; z)j. �¡®§­ ç¨¢ � = lnR, ¯®«ãç ¥¬ jgk(�)j � Ne��k.

2. �ã­¤ ¬¥­â «ì­®¥ à¥è¥­¨e

�§ ä®à¬ã«ë (2) á«¥¤ã¥â, çâ® äã­ªæ¨ï X ®¯à¥¤¥«ï¥âáï ª ª à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï ãà ¢-
­¥­¨ï (1) ¯à¨ f = 0 ¨ x(0) = 1, â. ¥.

�
E �

IX
i=1

aiS
i

�
_X(t) =

� JX
j=0

bjS
j

�
X(t); t 2 R+ ;

X(0) = 1:

(11)

�¥¬¬  3. �ã­ªæ¨ï X â®£¤  ¨ â®«ìª® â®£¤  ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (11), ª®£¤  ¯®á«¥-
¤®¢ â¥«ì­®áâì fxkgk2Z, ®¯à¥¤¥«ï¥¬ ï à ¢¥­áâ¢®¬

xk(�) = X(kh+ �); � 2 [0; h]; (12)

ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (3) ¯à¨ H0 = 1 ¨ Hk = 0, k 6= 0.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì X | à¥è¥­¨¥ § ¤ ç¨ (11). � ä¨ªá¨àã¥¬ k 2 Z

¨ ¤«ï «î¡®£® � 2 [0; h] ¯®áâà®¨¬ ¯® ¯à ¢¨«ã (12) äã­ªæ¨î xk,  ¡á®«îâ­® ­¥¯à¥àë¢­ãî ­ 
[0; h]. � ¬¥â¨¬, çâ® ¯à¨ k < 0 xk(�) � _xk(�) � 0. �¥¯®áà¥¤áâ¢¥­­®© ¯®¤áâ ­®¢ª®© ã¡¥¦¤ ¥¬áï,
çâ® fxkgk2Z ã¤®¢«¥â¢®àï¥â ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î § ¤ ç¨ (3). �§ ­¥¯à¥àë¢­®áâ¨ X
¯à¨ «î¡®¬ §­ ç¥­¨¨  à£ã¬¥­â  ªà®¬¥ ­ã«ï ¢ëâ¥ª ¥â xk(0) = xk�1(h) ¯à¨ k 6= 0. � áá¬®âà¨¬
¯®¢¥¤¥­¨¥ X ¢ ­ã«¥. � ª ª ª lim

t!0�0
X(t) = 0,   X(0) = 1, â® x0(0) = x�1(h) + 1. � ª¨¬ ®¡à §®¬,

ãáâ ­®¢«¥­®, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fxkgk2Z ã¤®¢«¥â¢®àï¥â ªà ¥¢ë¬ ãá«®¢¨ï¬ § ¤ ç¨ (3) ¯à¨
H0 = 1 ¨ Hk = 0, k 6= 0.

�®áâ â®ç­®áâì. �ãáâì fxkgk2Z | à¥è¥­¨¥ § ¤ ç¨ (3) ¯à¨ ãª § ­­®¬ ¢ë¡®à¥ Hk. �î¡®¥
ç¨á«® t 2 R ¬®¦­® (¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬) ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ t = kh+ � , £¤¥ k 2 Z, � 2 [0; h).
�® ä®à¬ã«¥ (12), ­  ®á­®¢ ­¨¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fxkgk2Z áâà®¨¬ äã­ªæ¨î X(t) = xk(�). �®
¯®áâà®¥­¨î,X ï¢«ï¥âáï  ¡á®«îâ­® ­¥¯à¥àë¢­®© äã­ªæ¨¥© ­  ª ¦¤®¬ ¯à®¬¥¦ãâª¥ [kh; (k+1)h);
à áá¬®âà¨¬ ¥¥ ¯®¢¥¤¥­¨¥ ¢ â®çª å t = kh.

�á«¨ k = 0, â® t = 0 ¨ X(0) = x0(0) = 1. �ãáâì k 6= 0. �®£¤ 

lim
t!kh+0

X(t) = lim
�!0+0

X(kh + �) = lim
�!0+0

xk(�) = xk(0) =

= xk�1(h) = lim
�!h�0

X((k � 1)h+ �) = lim
t!kh�0

X(t):
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� ª ª ª ¯à¨ k < 0 xk(�) � 0, â® X(t) � 0 ¯à¨ t < 0. �à¨ t > 0, ¯® ¤®ª § ­­®¬ã ¢ëè¥, X
 ¡á®«îâ­® ­¥¯à¥àë¢­  ­  ª ¦¤®¬ ª®­¥ç­®¬ ®âà¥§ª¥ ¨§ R+ . �¥¯®áà¥¤áâ¢¥­­®© ¯®¤áâ ­®¢ª®©
ã¡¥¦¤ ¥¬áï, çâ® X ã¤®¢«¥â¢®àï¥â § ¤ ç¥ (11).

�ãáâì X | äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1). �®áâ ¢¨¬ ¥¬ã ¢ á®®â¢¥âáâ¢¨¥ ¯® ¯à -
¢¨«ã (12) ¯®á«¥¤®¢ â¥«ì­®áâì fxkgk2Z, ¤«ï ª®â®à®© á®áâ ¢¨¬ ¯à®¨§¢®¤ïéãî äã­ªæ¨î

FX(�; z) =
1X
k=0

xk(�)z
k; z 2 C : (13)

�¥¬¬  4. FX(�; z) =
exp

� Pb(z) �
1�Pa(z)

�
1� z exp

� Pb(z)h

1�Pa(z)

� , � 2 [0; h].

�®ª § â¥«ìáâ¢®. �¥¬¬  3 ãáâ ­ ¢«¨¢ ¥â ¢§ ¨¬­®®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã à¥è¥-
­¨¥¬ (11) ¨ à¥è¥­¨¥¬ (3) ¯à¨ H0 = 1 ¨ Hk = 0, k 6= 0. �® â¥®à¥¬¥ 1 ç«¥­ë ¯®á«¥¤®¢ â¥«ì­®áâ¨,
ï¢«ïîé¥©áï à¥è¥­¨¥¬ § ¤ ç¨ (3), áãâì ª®íää¨æ¨¥­âë à §«®¦¥­¨ï ¢ áâ¥¯¥­­®© àï¤ äã­ªæ¨¨
(4) ¯à¨ ãá«®¢¨¨  ­ «¨â¨ç­®áâ¨ g0 ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ­ã«ï. � á¨«ã ãá«®¢¨© ­  Hk ¨¬¥¥¬
g0(z) � 1, ¯®íâ®¬ã g0  ­ «¨â¨ç­  ¢ C ,   ä®à¬ã«  (4) ¤ ¥â ¨áª®¬®¥ ¯à¥¤áâ ¢«¥­¨¥.

3. �ã­ªæ¨ï �®è¨

� áá¬®âà¨¬ ãà ¢­¥­¨¥

C(t; s) = 1 +
IX

i=1

aiC(t; s+ ih) +
JX

j=0

bj

Z t

s+jh

C(t; �) d�; (14)

£¤¥ I 2 N, J 2 N0 , ai; bj 2 R, h 2 R+ , (t; s) 2 �. � ª ¯®ª § ­® ¢ ([1], á. 61), ãà ¢­¥­¨¥ (14) ¬®¦¥â
¡ëâì ¯à¨­ïâ® §  ®¯à¥¤¥«¥­¨¥ äã­ªæ¨¨ �®è¨ ãà ¢­¥­¨ï (1).

� àï¤ã á (14) à áá¬®âà¨¬ ãà ¢­¥­¨¥

Y (t) = 1 +
IX

i=1

ai(S
iY )(t) +

JX
j=0

bjS
j

�Z t

0

Y (�) d�
�
; t 2 R+ : (15)

�®«®¦¨¬ Y (t) � 0 ¯à¨ t 2 (�1; 0).
�®ª ¦¥¬, çâ® ãà ¢­¥­¨¥ (15) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥, ï¢«ïîé¥¥áï  ¡á®«îâ­® ­¥¯à¥-

àë¢­®© äã­ªæ¨¥© ­  ª ¦¤®¬ ª®­¥ç­®¬ ®âà¥§ª¥ [kh � h; kh), k 2 N. �®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬
¨­¤ãªæ¨¥© ¯® k.

�à¨ k = 1 (15) ¨¬¥¥â ¢¨¤ Y (t) = 1 + b0
tR
0

Y (�) d�, t 2 [0; h). �¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ íâ®£®

ãà ¢­¥­¨ï ï¢«ï¥âáï  ¡á®«îâ­® ­¥¯à¥àë¢­ ï äã­ªæ¨ï Y (t) = eb0t. �ãáâì Y | à¥è¥­¨¥ ãà ¢-
­¥­¨ï (15) ­  ®âà¥§ª¥ [0; kh),  ¡á®«îâ­® ­¥¯à¥àë¢­®¥ ­  ª ¦¤®¬ ¯®«ã¨­â¥à¢ «¥ [lh � h; lh),
l = 1; 2; : : : ; k. �®áâà®¨¬ à¥è¥­¨¥ ãà ¢­¥­¨ï (15) ­  [kh; kh + h). �à¥®¡à §ã¥¬ (15) ª ¢¨¤ã

Y (t)�b0
tR

kh

Y (�) d� = u(t), £¤¥ ­¥¯à¥àë¢­ ï äã­ªæ¨ï u ¢ëà §¨âáï ç¥à¥§ Y ¨ ¥£® ¨­â¥£à «ë ­  [lh�

h; lh), l = 1; 2; : : : ; k. �¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤ Y (t) = eb0(t�kh)Y (kh) +
tR

kh

eb0(t�s)u(s) ds

¨, §­ ç¨â, ®­®  ¡á®«îâ­® ­¥¯à¥àë¢­® ­  [kh; kh + h).
� áá¬®âà¨¬ ¯®¢¥¤¥­¨¥ Y ¢ ®ªà¥áâ­®áâïå â®ç¥ª t = kh, k 2 Z. � á¨«ã  ¡á®«îâ­®© ­¥¯à¥àë¢-

­®áâ¨ Y ­  [kh� h; kh) áãé¥áâ¢ãîâ ¯à¥¤¥«ë lim
t!kh�0

Y (t), k 2 N. �¡®§­ ç¨¬

Hk = Y (kh)� lim
t!kh�0

Y (t); k 2 Z: (16)

21



� ¬¥â¨¬, çâ® H0 = 1,   Hk = 0 ¯à¨ k 6= 0. �á¯®«ì§ãï (15), ­ ©¤¥¬

Y (kh) = 1 +
IX

i=1

aiY ((k � i)h) +
JX

j=0

bj

Z (k�j)h

0

Y (�) d�;

lim
t!kh�0

Y (t) = 1 + lim
t!kh�0

� IX
i=1

aiY (t� ih)
�
+ lim

t!kh�0

� JX
j=0

bj

Z t�jh

0

Y (�) d�
�
:

�ëç¨â ï ¨§ ¯¥à¢®£® à ¢¥­áâ¢  ¢â®à®¥ á ãç¥â®¬ (16) ¯®«ãç ¥¬

Hk =
IX

i=1

aiHk�i +
JX

j=0

bj

�Z (k�j)h

0
Y (�)d�� lim

t!kh�0

Z t�jh

0
Y (�) d�

�
=

=
IX

i=1

aiHk�i +
JX

j=0

bj lim
t!kh�0

Z (k�j)h

t�jh
Y (�) d�:

�ã­ªæ¨ï Y ï¢«ï¥âáï áã¬¬¨àã¥¬®© ­  [kh�h; kh], á«¥¤®¢ â¥«ì­®, lim
t!kh�0

(k�j)hR
t�jh

Y (�)d� = 0 ¤«ï

«î¡ëå k 2 N ¨ j � k. �­ ç¨â, Hk =
IP

i=1
aiHk�i.

�â ª, ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï (15) ï¢«ï¥âáï äã­ªæ¨ï Y , ª®â®à ï  ¡á®«îâ­®

­¥¯à¥àë¢­  ­  «î¡®¬ ®âà¥§ª¥ [kh; kh + h), k 2 N0 , ¨ ¨¬¥¥â ¢ â®çª å t = kh ª®­¥ç­ë¥ áª çª¨

Hk, ®¯à¥¤¥«ï¥¬ë¥ á«¥¤ãîé¨¬ à¥ªãàà¥­â­ë¬ á®®â­®è¥­¨¥¬:

Hk =
IX

i=1

aiHk�i; k 2 N0 ;

H0 = 1; Hk = 0; k =2 N0 :

(17)

�¥¬¬  5. �ãáâì C | äã­ªæ¨ï �®è¨ ãà ¢­¥­¨ï (1). �®£¤  C(t; s) = Y (t � s), £¤¥ Y |

à¥è¥­¨¥ ãà ¢­¥­¨ï (15).

�®ª § â¥«ìáâ¢®. � ¬¥­®© ¯¥à¥¬¥­­ëå ¯à¥®¡à §ã¥¬ (15) ª ¢¨¤ã

Y (t� s) = 1 +
IX

i=1

aiY (t� (s+ ih)) +
JX

j=0

bj

Z t

s+jh

Y (t� �) d�: (18)

�à ¢­¨¢ ï (14) ¨ (18), ¢ á¨«ã ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ (14) ¯®«ãç ¥¬ C(t; s) = Y (t� s).

�¥¬¬  6. �ã­ªæ¨ï Y â®£¤  ¨ â®«ìª® â®£¤  ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (15), ª®£¤  ¯®-
á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨© fykgk2Z, ®¯à¥¤¥«¥­­ ï à ¢¥­áâ¢®¬

yk(�) =

8<
:
Y (kh+ �); � 2 [0; h);

lim
�!h�0

Y (kh+ �); � = h;
(19)

ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (3) ¯à¨ Hk, ®¯à¥¤¥«¥­­ëå ä®à¬ã« ¬¨ (17).

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì Y | à¥è¥­¨¥ ãà ¢­¥­¨ï (15). � ä¨ªá¨àã¥¬
k 2 Z. �à¨ � 2 [0; h] ¯® ¯à ¢¨«ã (19) ¯®«ãç¨¬ äã­ªæ¨î yk,  ¡á®«îâ­® ­¥¯à¥àë¢­ãî ­  [0; h].
� ¬¥â¨¬, çâ® kh+ � < 0 ¯à¨ k < 0, §­ ç¨â, yk(�) � _yk(�) � 0. �ãáâì k � 0. �à®¤¨ää¥à¥­æ¨àã¥¬
à ¢¥­áâ¢® (15) ­  ¨­â¥à¢ «¥ [kh; kh + h)

_Y (t) =
IX

i=1

ai _Y (t� ih) +
JX

j=0

bjY (t� jh); (20)
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¯à¨ íâ®¬ Y (kh) = lim
t!kh�0

Y (t) + Hk, £¤¥ Hk ®¯à¥¤¥«¥­ë à ¢¥­áâ¢®¬ (17). �âáî¤  á«¥¤ã¥â, çâ®

¯®á«¥¤®¢ â¥«ì­®áâì fykgk2Z ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (3).

�®áâ â®ç­®áâì. �ãáâì fykgk2Z| à¥è¥­¨¥ § ¤ ç¨ (3) ¯à¨ ãª § ­­®¬ ¢ë¡®à¥ Hk. �î¡ãî
â®çªã t 2 R ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ t = kh + � , £¤¥ k 2 Z, � 2 [0; h). �® ä®à¬ã«¥ (19) ­ 
®á­®¢ ­¨¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fykgk2Z áâà®¨âáï äã­ªæ¨ï Y (t) = yk(�), ª®â®à ï ¯® ¯®áâà®¥­¨î
ï¢«ï¥âáï  ¡á®«îâ­® ­¥¯à¥àë¢­®© äã­ªæ¨¥© ­  ª ¦¤®¬ ¯à®¬¥¦ãâª¥ [kh; kh + h) ¨ ã¤®¢«¥â¢®-
àï¥â ãà ¢­¥­¨î (20). �ëç¨á«ïï ¨­â¥£à «ë ®â ®¡¥¨å ç áâ¥© (20) ¯®á«¥¤®¢ â¥«ì­® ¯® ®âà¥§ª ¬
[0; h); [h; 2h); : : : ; [kh; t) ¨ áª« ¤ë¢ ï ¨å, ¯®«ãç ¥¬ á ãç¥â®¬ á¢®©áâ¢ Hk, çâ® Y ã¤®¢«¥â¢®àï¥â
ãà ¢­¥­¨î (15).

�ãáâì C | äã­ªæ¨ï �®è¨ ãà ¢­¥­¨ï (1). � ¯®¬®éìî «¥¬¬ë 5 ¨ ä®à¬ã«ë (19) ¯®áâ ¢¨¬ ¥©
¢ á®®â¢¥âáâ¢¨¥ ¯®á«¥¤®¢ â¥«ì­®áâì fykgk2Z, ¤«ï ª®â®à®© á®áâ ¢¨¬ ¯à®¨§¢®¤ïéãî äã­ªæ¨î

FC(�; z) =
1X
k=0

yk(�)z
k; z 2 C : (21)

�¥¬¬  7. FC(�; z) =
1

1� Pa(z)

exp
� Pb(z) �

1�Pa(z)

�
1� z exp

� Pb(z)h

1�Pa(z)

� , � 2 [0; h].

�®ª § â¥«ìáâ¢®. �®£« á­® «¥¬¬¥ 5 C(t; s) = Y (t � s), £¤¥ C | äã­ªæ¨ï �®è¨ ãà ¢­¥-
­¨ï (1),   Y | à¥è¥­¨¥ ãà ¢­¥­¨ï (15). �¥¬¬  6 ãáâ ­ ¢«¨¢ ¥â á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã à¥è¥­¨¥¬
(15) ¨ à¥è¥­¨¥¬ (3) ¯à¨ Hk, ã¤®¢«¥â¢®àïîé¨å á®®â­®è¥­¨î (17). �® â¥®à¥¬¥ 1 ç«¥­ë ¯®á«¥-
¤®¢ â¥«ì­®áâ¨, ï¢«ïîé¥©áï à¥è¥­¨¥¬ (3), ï¢«ïîâáï ª®íää¨æ¨¥­â ¬¨ à §«®¦¥­¨ï ¢ áâ¥¯¥­­®©
àï¤ äã­ªæ¨¨ (4) ¯à¨ ãá«®¢¨¨  ­ «¨â¨ç­®áâ¨ g0 ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ­ã«ï. � á¨«ã ãá«®¢¨©

­  Hk, äã­ªæ¨ï g0(z) =
1P
k=0

Hkz
k ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã g0(z) = 1 + Pa(z)g0(z) ¨ ¨¬¥¥â ¢¨¤

g0(z) = 1
1�Pa(z)

, á«¥¤®¢ â¥«ì­®, g0  ­ «¨â¨ç­  ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ­ã«ï,   ä®à¬ã«  (4) ¤ ¥â
¨áª®¬®¥ ¯à¥¤áâ ¢«¥­¨¥.

4. �á­®¢­ë¥ à¥§ã«ìâ âë

�«¥¤ãîé¨¥ â¥®à¥¬ë ãáâ ­ ¢«¨¢ îâ á¢ï§ì ¬¥¦¤ã äã­ªæ¨¥© �®è¨ ¨ äã­¤ ¬¥­â «ì­ë¬ à¥-
è¥­¨¥¬,   â ª¦¥ ¨å ¯à®¨§¢®¤ïé¨¬¨ äã­ªæ¨ï¬¨.

�§ «¥¬¬ 4 ¨ 7 ®ç¥¢¨¤­ë¬ ®¡à §®¬ á«¥¤ã¥â

�¥®à¥¬  3. �ãáâì rX , rC | à ¤¨ãáë áå®¤¨¬®áâ¨ àï¤®¢ (13) ¨ (21). �®£¤  rC � rX ,   ¤«ï
áã¬¬ íâ¨å àï¤®¢ ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® FC(�; z) = 1

1�Pa(z)
FX(�; z).

�¥®à¥¬  4. �ãáâì X | à¥è¥­¨¥ § ¤ ç¨ (11),   Y | à¥è¥­¨¥ ãà ¢­¥­¨ï (15). �®£¤ 

X(t) =
�
E �

IX
i=1

aiS
i

�
Y (t): (22)

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥­¨ï äã­ªæ¨© FX ¨ FC ¢ á¨«ã â¥®à¥¬ë 3 ¨¬¥¥¬
1P
k=0

yk(�)zk =

1
1�Pa(z)

1P
k=0

xk(�)zk, á«¥¤®¢ â¥«ì­®,
1P
k=0

�
1�

IP
i=0

aiz
i
�
yk(�)zk =

1P
k=0

xk(�)zk, ®âªã¤ , ¯à¨à ¢­¨¢ ï ª®-

íää¨æ¨¥­âë ¯à¨ á®®â¢¥âáâ¢ãîé¨å áâ¥¯¥­ïå z, ­ å®¤¨¬, çâ® ¯à¨ «î¡®¬ � 2 [0; h] á¯à ¢¥¤«¨¢® à -

¢¥­áâ¢® yk(�)�
IP

i=1
aiyk�i(�) = xk(�). �á¯®«ì§ãï (12) ¨ (19), ¯®«ãç ¥¬ Y (�)�

IP
i=1

aiY (t� ih) = X(t).

� ª ª ª X(t) � 0 ¯à¨ t < 0, â® à ¢¥­áâ¢® (22) ¤®ª § ­®.

�§ â¥®à¥¬ë 2 ¨ «¥¬¬ë 4 á«¥¤ã¥â
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�¥®à¥¬  5. �ã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¨¬¥¥â íªá¯®­¥­æ¨ «ì­ãî ®æ¥­ªã

jX(t)j � Ne��t; N; � > 0; (23)

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢á¥ ®á®¡¥­­®áâ¨ äã­ªæ¨¨
�
1 � z exp

� Pb(z)h
1�Pa(z)

���1
«¥¦ â ¢­¥ ¥¤¨-

­¨ç­®£® ªàã£  jzj � 1.

�§ «¥¬¬ 5, 7 ¨ â¥®à¥¬ë 2 á«¥¤ã¥â

�¥®à¥¬  6. �ã­ªæ¨ï �®è¨ ãà ¢­¥­¨ï (1) ¨¬¥¥â íªá¯®­¥­æ¨ «ì­ãî ®æ¥­ªã

jC(t; s)j � Ne��(t�s); N; � > 0; (24)

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®á®¡¥­­®áâ¨ äã­ªæ¨©
�
1� z exp

� Pb(z)h

1�Pa(z)

���1
¨ (1�Pa(z))�1 «¥¦ â

¢­¥ ¥¤¨­¨ç­®£® ªàã£  jzj � 1.

�à¨ áà ¢­¥­¨¨ ¯à®¨§¢®¤ïé¨å äã­ªæ¨© FC ¨ FX ¬®¦¥â ¢®§­¨ª­ãâì £¨¯®â¥§ , çâ® äã­ª-
æ¨ï �®è¨ ¨ äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ¨¬¥îâ ®¤¨­ ª®¢ãî  á¨¬¯â®â¨ªã, ¯®áª®«ìªã ®á®¡¥­­®áâ¨
äã­ªæ¨¨ (1�Pa(z))�1 ¤®«¦­ë ¯à®ï¢¨âìáï ¨ ¯à¨  ­ «¨§¥ ®á®¡¥­­®áâ¥© äã­ªæ¨¨ FX . �«¥¤ãîé¨¥
¯à¨¬¥àë ¯®ª §ë¢ îâ, çâ® íâ  £¨¯®â¥§  ­¥¢¥à­ .

�à¨¬¥à 1. �ãáâì I = 0, J = 0, b0 = 0, a1 = a. �®£¤  ãà ¢­¥­¨¥ (1) ¨¬¥¥â ¢¨¤

(E � aS) _x(t) = f(t); t 2 R+ : (25)

�§ ®¯à¥¤¥«¥­¨ï äã­¤ ¬¥­â «ì­®£® à¥è¥­¨ï á«¥¤ã¥â X(t) = �(t),   ¨§ ä®à¬ã«ë (22) ¨ «¥¬-

¬ë 5 ¯®«ãç ¥¬ C(t; s) =
1P
i=0

ai�(t� ih� s). �ãáâì a > 1, â®£¤ , ®ç¥¢¨¤­®, äã­¤ ¬¥­â «ì­®¥

à¥è¥­¨¥ ®£à ­¨ç¥­®, ¢ â® ¢à¥¬ï ª ª äã­ªæ¨ï �®è¨ ¨¬¥¥â íªá¯®­¥­æ¨ «ì­ë© à®áâ.

�®«¥¥ â®£®, ¢®§¬®¦¥­ á«ãç ©, ª®£¤  äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ íªá¯®­¥­æ¨ «ì­® ã¡ë¢ ¥â,  
äã­ªæ¨ï �®è¨ íªá¯®­¥­æ¨ «ì­® à áâ¥â.

�à¨¬¥à 2. �ãáâì I = 1, J = 2, a1 = a, b0 = b, b1 = ab. �®£¤  ãà ¢­¥­¨¥ (1) ¯à¨­¨¬ ¥â ¢¨¤

(E � aS) _x(t) = �b(E � aS)x(t) + f(t); t 2 R+ : (26)

�¥£ª® ã¡¥¤¨âìáï, çâ® X(t) = �(t)e�bt | äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ íâ®£® ãà ¢­¥­¨ï. �á-

¯®«ì§ãï (22) ¨ «¥¬¬ã 5, áâà®¨¬ äã­ªæ¨î �®è¨ C(t; s) =
1P
j=0

�(t� jh � s)e�b(t�jh�s)aj . �¥¯®-

áà¥¤áâ¢¥­­ë© ¯®¤áç¥â ¯® ­ ¯à ¢«¥­¨î s = 0 ¢ â®çª å t = kh, k 2 N0 , ¯à¨¢®¤¨â ª à ¢¥­áâ¢ ¬
C(kh; 0) = Y (kh) = ak+1�e�b(k+1)

a�e�b
. �ç¥¢¨¤­®, ¯à¨ a > 1 ¨ b > 0 äã­ªæ¨ï �®è¨ ­¥®£à ­¨ç¥­­®

à áâ¥â, ¢ â® ¢à¥¬ï ª ª äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ íªá¯®­¥­æ¨ «ì­® ã¡ë¢ ¥â.

�à¨ç¨­ë à §«¨ç­®£®  á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥­¨ï äã­ªæ¨¨ �®è¨ ¨ äã­¤ ¬¥­â «ì­®£® à¥-
è¥­¨ï áâ ­®¢ïâáï «¥£ª® ®¡êïá­¨¬ë¬¨, ¥á«¨ ¯®áâà®¨âì á®®â¢¥âáâ¢ãîé¨¥ ¯à®¨§¢®¤ïé¨¥ äã­ª-
æ¨¨.

�«ï ãà ¢­¥­¨ï (25)

FX(�; z) =
exp

�
0�

1�az

�
1� z exp

�
0h

1�az

� = 1
1� z

; FC(�; z) =
1

1� az

1
1� z

: (27)

�«ï ãà ¢­¥­¨ï (26)

FX(�; z) =
exp

�
b�abz
1�az

�
�

1� z exp
� b(1�az)

1�az
h
� = exp(b�)

1� z exp(bh)
; FC(�; z) =

1
1� az

exp(b�)
1� z exp(bh)

: (28)

24



� ¢ â®¬, ¨ ¢ ¤àã£®¬ á«ãç ¥ ¬­®£®ç«¥­ë Pb(z) ¨ 1 � Pa(z) ¨¬¥îâ ®¡é¨¥ ª®à­¨ ¢­ãâà¨ ªàã£ 
jzj � 1. �â® ¨ ¯®§¢®«ï¥â áâà®¨âì ¯à¨¬¥àë ãà ¢­¥­¨© á à §«¨ç­ë¬ ¯®¢¥¤¥­¨¥¬ äã­¤ ¬¥­â «ì­®£®
à¥è¥­¨ï ¨ äã­ªæ¨¨ �®è¨.

�¥®à¥¬  7. �ãáâì �(z)| ­ ¨¡®«ìè¨© ®¡é¨© ¤¥«¨â¥«ì ¬­®£®ç«¥­®¢ 1�Pa(z) ¨ Pb(z). �æ¥­-
ª¨ (23) ¨ (24) ¢ë¯®«­ïîâáï ®¤­®¢à¥¬¥­­® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢á¥ ª®à­¨ �(z) «¥¦ â

¢­¥ ªàã£  jzj � 1.

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤­®, ¥á«¨ ¨¬¥¥â ¬¥áâ® ®æ¥­ª  (24), â® ¢ë¯®«­¥­  ¨ ®æ¥­ª  (23) ¡¥§
ª ª¨å-«¨¡® ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨©. �­ ç¨â, ¢ ¤®ª § â¥«ìáâ¢¥ ­ã¦¤ ¥âáï â®«ìª® ¯¥à¥å®¤ ®â
(23) ª (24).

�ãáâì 1 � Pa(z) = p(z)�(z) ¨ Pb(z) = q(z)�(z). �«ï íªá¯®­¥­æ¨ «ì­®© ®æ¥­ª¨ ­  äã­¤ ¬¥­-

â «ì­®¥ à¥è¥­¨¥ X ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢á¥ ª®à­¨ äã­ªæ¨¨ 1� ze
q(z)h
p(z) «¥¦ «¨ ¢­¥

¥¤¨­¨ç­®£® ªàã£  jzj � 1. �à®¨§¢®¤ïé ï äã­ªæ¨ï FC ®â«¨ç ¥âáï ®â FX ¬­®¦¨â¥«¥¬ 1
p(z)�(z)

;
§­ ç¨â, ¢á¥ â®çª¨ ­¥ ­ «¨â¨ç­®áâ¨ FC «¥¦ â ¢­¥ ¥¤¨­¨ç­®£® ªàã£  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
ª®à­¨ ¬­®£®ç«¥­  �(z) ­¥ ¤®¡ ¢«ïîâ äã­ªæ¨¨ FC ­®¢ëå â®ç¥ª ­¥ ­ «¨â¨ç­®áâ¨, «¥¦ é¨å ¢­ã-
âà¨ ¥¤¨­¨ç­®£® ªàã£ . �®­ïâ­®, çâ® íâ® ¢®§¬®¦­® ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ¢á¥ ª®à­¨
�(z) «¥¦ â ¢­¥ ¥¤¨­¨ç­®£® ªàã£ .

�§ â¥®à¥¬ë 6 á«¥¤ã¥â, çâ® ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ­¨ï ®æ¥­ª¨ (24) ï¢«ï¥âáï âà¥-
¡®¢ ­¨¥ ®âáãâáâ¢¨ï ã äã­ªæ¨¨ (1� Pa(z))�1 ®á®¡¥­­®áâ¥© ¢­ãâà¨ ¥¤¨­¨ç­®£® ªàã£ , â. ¥. ¬­®£®-
ç«¥­ 1� Pa(z) ­¥ ¤®«¦¥­ ®¡à é âìáï ¢ ­ã«ì ¢­ãâà¨ ªàã£  jzj � 1. �®á«¥¤­¥¥ ãâ¢¥à¦¤¥­¨¥, ª ª
¯®ª § ­® ¢ à ¡®â¥ [8], ¤®¯ãáª ¥â àï¤ íª¢¨¢ «¥­â­ëå ¯¥à¥ä®à¬ã«¨à®¢®ª.

�¥®à¥¬  8 ([8]). �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:

1. ¢á¥ ª®à­¨ ¬­®£®ç«¥­  1� Pa(z) à á¯®«®¦¥­ë ¢­¥ ¥¤¨­¨ç­®£® ªàã£  jzj � 1;

2. ®¯¥à â®à E �
IP

i=1
aiS

i ¨¬¥¥â ¢ ¯à®áâà ­áâ¢¥ L1 ®£à ­¨ç¥­­ë© ®¡à â­ë©;

3. ®¯¥à â®à �E � S, £¤¥ � | «î¡®© ª®à¥­ì ¬­®£®ç«¥­  1 � Pa(z), ¨¬¥¥â ¢ ¯à®áâà ­áâ¢¥

L1 ®£à ­¨ç¥­­ë© ®¡à â­ë©.

�§ íâ®© â¥®à¥¬ë á«¥¤ã¥â, çâ® ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨ ãà ¢-
­¥­¨ï (1) ï¢«ï¥âáï âà¥¡®¢ ­¨¥ ®£à ­¨ç¥­­®© ®¡à â¨¬®áâ¨ ¢ ¯à®áâà ­áâ¢¥ L1 ®¯¥à â®à  ¯à¨
¯à®¨§¢®¤­®©. �â¬¥â¨¬, çâ® ¢®¯à®á ® ­ «¨ç¨¨ íªá¯®­¥­æ¨ «ì­®© ®æ¥­ª¨ ã äã­¤ ¬¥­â «ì­®£®
à¥è¥­¨ï ¨ äã­ªæ¨¨ �®è¨ ãà ¢­¥­¨ï (1) ¨§ãç «áï ¢ [3], [4]. �ãé¥áâ¢¥­­®, çâ® ¢ íâ¨å à ¡®â å

¯à¥¤¯®« £ «®áì ¢ë¯®«­¥­­ë¬ ­¥à ¢¥­áâ¢®
IP

i=1
jaij < 1, ª®â®à®¥ £ à ­â¨àã¥â ®£à ­¨ç¥­­ãî ®¡à -

â¨¬®áâì, ­® ­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ¥¥ ãá«®¢¨¥¬.
� § ª«îç¥­¨¥ á¤¥« ¥¬ àï¤ § ¬¥ç ­¨© ®¡ ãáâ®©ç¨¢®áâ¨ ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï (1). � á-

á¬®âà¨¬ ãà ¢­¥­¨¥ (1) á ¯à ¢®© ç áâìî f 2 L1. �á«¨ äã­ªæ¨ï �®è¨ ¨¬¥¥â íªá¯®­¥­æ¨ «ì­ãî
®æ¥­ªã (24), â® ¯® â¥®à¥¬ ¬ 5 ¨ 6 äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ¨¬¥¥â ®æ¥­ªã (23). � á¨«ã ä®à¬ã«ë
(2) à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ®£à ­¨ç¥­®. �® â¥®à¥¬ ¬ 6 ¨ 8 íªá¯®­¥­æ¨ «ì­ ï ®æ¥­ª  äã­ªæ¨¨

�®è¨ ¢«¥ç¥â ®£à ­¨ç¥­­ãî ®¡à â¨¬®áâì ®¯¥à â®à  E �
IP

i=1
aiS

i ¢ ¯à®áâà ­áâ¢¥ L1, â. ¥., à §à¥-

è¨¢ ãà ¢­¥­¨¥ (1) ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­®©, ¯®«ãç¨¬, çâ® ¯à®¨§¢®¤­ ï ãà ¢­¥­¨ï (1) â ª¦¥
¡ã¤¥â ®£à ­¨ç¥­ .

�â ª, ¨§ íªá¯®­¥­æ¨ «ì­®© ®æ¥­ª¨ äã­ªæ¨¨ �®è¨ ¢ëâ¥ª ¥â ãáâ®©ç¨¢®áâì à¥è¥­¨ï (1) ¨
¥£® ¯à®¨§¢®¤­®© ¯® ¯à ¢®© ç áâ¨ ¨§ L1.

� ¤àã£®© áâ®à®­ë, ¯®ª ¦¥¬, çâ® ­ «¨ç¨ï íªá¯®­¥­æ¨ «ì­®© ®æ¥­ª¨ äã­¤ ¬¥­â «ì­®£® à¥è¥-
­¨ï, ¢®®¡é¥ £®¢®àï, ­¥¤®áâ â®ç­® ¤«ï ®£à ­¨ç¥­­®áâ¨ à¥è¥­¨ï ãà ¢­¥­¨ï (1) ¯à¨ ®£à ­¨ç¥­­®©
¯à ¢®© ç áâ¨.

� áá¬®âà¨¬ ãà ¢­¥­¨¥ (26) ¯à¨ x(0) = 0 ¨ f = 1. �ã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ¨ äã­ªæ¨ï

�®è¨ X(t) = �(t)e�bt, C(t; s) =
1P
j=0

�(t� jh� s)e�b(t�jh�s)aj íâ®£® ãà ¢­¥­¨ï ¡ë«¨ ¯®áâà®¥­ë
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¢ëè¥. �¥á«®¦­® ¯®ª § âì, çâ® äã­ªæ¨ï x(t) =
[t=h]P
j=0

t�jhR
0

e�b(t�jh�s)ajds ï¢«ï¥âáï à¥è¥­¨¥¬ ¤ ­­®©

§ ¤ ç¨. �®« £ ï t = kh, £¤¥ k 2 N0 , ¯®«ãç ¥¬ x(kh) = 1
b

�
1

1�a
+ e�bh(k+1)

a�e�bh
� ak+1(1�e�bh)

(1�a)(a�e�bh)

�
. �à¨ b > 0,

a > 0, ®ç¥¢¨¤­®, jx(kh)j ! 1, â. ¥. äã­ªæ¨ï x ­¥®£à ­¨ç¥­ , ¢ â® ¢à¥¬ï ª ª äã­¤ ¬¥­â «ì­®¥
à¥è¥­¨¥ ¨¬¥¥â íªá¯®­¥­æ¨ «ì­ãî ®æ¥­ªã.

�­ë¬¨ á«®¢ ¬¨, ¨§ íªá¯®­¥­æ¨ «ì­®© ®æ¥­ª¨ äã­¤ ¬¥­â «ì­®£® à¥è¥­¨ï ¢ ®¡é¥¬ á«ãç ¥

­¥ á«¥¤ã¥â ãáâ®©ç¨¢®áâì à¥è¥­¨ï (1) ¯® ¯à ¢®© ç áâ¨ ¨§ L1.

5. �à¨¬¥àë

�à®¨««îáâà¨àã¥¬ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë àï¤®¬ ¯à¨¬¥à®¢, ãáâ ­®¢¨¢ ¤«ï ­¥ª®â®àëå ª« á-
á®¢ ãà ¢­¥­¨© ¢¨¤  (1) ¯à¨§­ ª¨ íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨.

�­ ç «  § ª®­ç¨¬ ¨áá«¥¤®¢ ­¨¥ ¯à¨¬¥à®¢ 1 ¨ 2. �§ ä®à¬ã« (27) á«¥¤ã¥â, çâ® ­¨ ¯à¨ ª ª¨å
a ¨ h äã­ªæ¨ï �®è¨ ¨ äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (25) ­¥ ¨¬¥îâ íªá¯®­¥­æ¨ «ì-
­ëå ®æ¥­®ª. �­ «¨§¨àãï ¯à®¨§¢®¤ïé¨¥ äã­ªæ¨¨ (28), ¯®«ãç ¥¬, çâ® äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥
ãà ¢­¥­¨ï (26) ¨¬¥¥â ®æ¥­ªã (23) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  b > 0,   ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç-
­ë¬ ãá«®¢¨¥¬ ®æ¥­ª¨ (24) ¤«ï äã­ªæ¨¨ �®è¨ ¡ã¤¥â ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢ b > 0, jaj < 1.

�á¯®«ì§ãï ¬¥â®¤ ¯à®¨§¢®¤ïé¨å äã­ªæ¨©, «¥£ª® à áè¨à¨âì á¯¨á®ª ãà ¢­¥­¨©, ¤«ï ª®â®àëå
¬®¦­® ¯®«ãç¨âì ª®íää¨æ¨¥­â­ë¥ ¯à¨§­ ª¨ íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨.

�à¨¬¥à 3. � áá¬®âà¨¬ ãà ¢­¥­¨¥

(E � aS) _x(t) = bSx(t) + f(t); t 2 R+ :

�­ «¨§¨àãï ¯à®¨§¢®¤ïé¨¥ äã­ªæ¨¨ FX ¨ FC , ¯®«ãç¨¬ á«¥¤ãîé¨© ¨§¢¥áâ­ë© [4] à¥§ã«ì-
â â: ¤«ï â®£® çâ®¡ë äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ ¨ äã­ªæ¨ï �®è¨ íâ®£® ãà ¢­¥­¨ï ¨¬¥«¨ íªá-
¯®­¥­æ¨ «ì­ë¥ ®æ¥­ª¨, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢ jaj < 1, b < 0,
bh+

p
1� a2 arccos a > 0.

�à¨¬¥à 4. � áá¬®âà¨¬ ãà ¢­¥­¨¥

(E � aS) _x(t) = �bS(E � aS)x(t) + f(t); t 2 R+ :

�­ «¨§¨àãï ¯à®¨§¢®¤ïé¨¥ äã­ªæ¨¨ FX ¨ FC , ¯®«ãç ¥¬, çâ® äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ íâ®£®
ãà ¢­¥­¨ï ¨¬¥¥â ®æ¥­ªã (23) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  bh 2 �0; �

2

�
,   ¥£® äã­ªæ¨ï �®è¨ ¨¬¥¥â

®æ¥­ªã (24) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  jaj < 1, bh 2 (0; �
2
).

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¡«¨§ª¨¥ à¥§ã«ìâ âë, á¢ï§ ­­ë¥ á ¯®«ãç¥­¨¥¬ â®ç­ëå ®æ¥­®ª
à¥è¥­¨© ãà ¢­¥­¨© ­¥©âà «ì­®£® â¨¯ , á®¤¥à¦ âáï ¢ ([5], áá. 177{178, 512{513, [9], [10]).
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