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� ��������� ���������� � ��������� ����������
����� ����� ������� �� H!

1. �¢¥¤¥¨¥. �á«¨ f(x) | 2�-¯¥à¨®¤¨ç¥áª ï äãªæ¨ï, ¨â¥£à¨àã¥¬ ï ¯® �¥¡¥£ã, â® ¡ã¤¥¬
®¡®§ ç âì ç¥à¥§

�(f) =
a0
2
+

1X
n=1

an cosnx+ bn sinnx (1)

¥¥ àï¤ �ãàì¥,   ç¥à¥§

kfkA =
ja0j
2

+
1X
n=1

janj+ jbnj

| áã¬¬ã ¬®¤ã«¥© ª®íää¨æ¨¥â®¢ �ãàì¥ íâ®© äãªæ¨¨ (á¬. (1)). �ã¤¥¬ ¯®« £ âì a0 = 0, â. ª.
íâ® ¥ ¯®¢«¨ï¥â   ¤ «ì¥©è¨¥ à¥§ã«ìâ âë. �ãáâì H! = ff : !(f; �) � !(�), 0 � � � �g, £¤¥
!(�; f) | ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ äãªæ¨¨ f(x), â. ¥.

!(�; f) = sup
jtj��; 0�x�2�

jf(x+ t)� f(x)j;

  !(�) | ¥ª®â®à®ï ¥¯à¥àë¢ ï ¯®«ã ¤¤¨â¨¢ ï ¥ã¡ë¢ îé ï äãªæ¨ï ¤«ï 0 � � � � á
!(0) = 0.

�.�.�¥àèâ¥©®¬ ¡ë«® ãáâ ®¢«¥® (á¬.,  ¯à., [1], á. 608), çâ® ¥á«¨ f 2 Lip�, £¤¥ � > 1
2
, â®

kfkA <1. �¬ â ª¦¥ ¡ë«® ¤®ª § ® (á¬. [1], á. 608), çâ® ¥á«¨ f 2 H! á
1X
k=1

!
�
1
k

�
p
k

<1;

â® f 2 A. �«ï ¥ª®â®à®£® ª« áá  äãªæ¨© H! à áá¬®âà¨¬ ¢¥«¨ç¨ã sup
f2H!

kfkA.

2. �á¯®¬®£ â¥«ìë¥ ãâ¢¥à¦¤¥¨ï. �ãáâì !(2)(�; f) | ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ äãªæ¨¨ f
¢ L2[0; 2�], â. ¥.

!(2)(�; f) = sup
jhj��

sZ 2�

0

jf(x+ h)� f(x)j2dx;

  E(2)
n (f) |  ¨«ãçè¥¥ ¯à¨¡«¨¦¥¨¥ äãªæ¨¨ f ¢ L2[0; 2�] âà¨£®®¬¥âà¨ç¥áª¨¬¨ ¯®«¨®¬ ¬¨

¯®àï¤ª  n� 1, â. ¥.
E(2)
n (f) = inf

Tn
kf � TnkL2 = inf

fck;dkg
kf � TnkL2 ;

£¤¥ Tn = c0
2
+

n�1P
k=1

ck cos kx+ dk sinkx.

�¥®à¥¬  A ([2], á. 230) �ãáâì �(f) | àï¤ �ãàì¥ äãªæ¨¨ f 2 L2[0; 2�]. � ¤ ¤¨¬ ¢®§à áâ -
îéãî ¯®á«¥¤®¢ â¥«ì®áâì ®¬¥à®¢ fnkg. �®£¤ 

1X
k=1

jank j+ jbnk j � C
1X
k=1

1p
k
!(2)

�
1
nk
; f

�
:
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�®á«®¢® ¯®¢â®àïï ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë A, ¬®¦® ãáâ ®¢¨âì, çâ®
1X
k=1

jank j+ jbnk j � C
1X
k=1

1p
k
!(2)

�
�

nk
; f

�
;

£¤¥ ª®áâ âã C ¬®¦® ¢§ïâì à ¢®© (2
p
2=
p
3�)K,   K | ª®áâ â  ¨§ ¥à ¢¥áâ¢  �¦¥ªá® 

E(2)
n (f) � K!(2)

�
�
n
; f
�
¤«ï ¯à¨¡«¨¦¥¨© ¢ ¬¥âà¨ª¥ ¯à®áâà áâ¢  L2[0; 2�]. �.�.�¥àëå ¯®ª § «

( ¯à., [3], á. 237, â¥®à¥¬  9.3.1), çâ® ¢¥à 

�¥®à¥¬  �. �«ï «î¡®© äãªæ¨¨ f ¨§ L2[0; 2�] ¨¬¥îâ ¬¥áâ® ¥à ¢¥áâ¢ 

E(2)
n (f) � 1p

2
!(2)

�
�

n
; f

�
(n = 1; 2; : : : ):

�à¨¨¬ ï ¢® ¢¨¬ ¨¥ â¥®à¥¬ã A, ¡ã¤¥¬ áç¨â âì C = 2p
3�
. � ª¦¥ ¡ã¤¥â ¨á¯®«ì§®¢ ® ãâ¢¥à-

¦¤¥¨¥ �ã¤¨ {� ¯¨à® ( ¯à., [4], á. 155).

�¥¬¬ . �ãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì®áâì f"ng, çâ® "n 2 f1;�1g ¯à¨ ¢á¥å n ¨����
NX
n=0

"ne
int

���� < 5
p
N + 1

¯à¨ N = 0; 1; 2 : : : ¨ t 2 [0; 2�].

�à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë (á¬. [4], c. 155{156) ¨á¯®«ì§®¢ «¨áì ¬®£®ç«¥ë Pk(x) ¨ Qk(x)
áâ¥¯¥¨ 2k, ¯®áâà®¥ë¥ à¥ªãàà¥âë¬ ®¡à §®¬,   ¨¬¥®

Pk+1(x) = Pk(x) + x2
k

Qk(x); Qk+1(x) = Pk(x)� x2
k

Qk(x):

�¥à¢ë¥ 2k ª®íää¨æ¨¥â®¢ ¬®£®ç«¥®¢ Pk(x) ¨ Pk1(x) á®¢¯ ¤ îâ ¨ à ¢ë «¨¡® 1, «¨¡® �1. �
"n ¯®« £ ¥âáï à ¢ë¬ ª®íää¨æ¨¥âã ¯à¨ xn ¢ ¬®£®ç«¥ å Pk(x); Pk+1(x); : : : , £¤¥ 2k � 1 � n.
� «¥¥ ¯®ª §ë¢ «®áì, çâ® ¥á«¨ Sn(Pk) | n-ï ç áâ¨ç ï áã¬¬  ¬®£®ç«¥  Pk, â® ¤«ï k � 0 ¨
0 � n < 2k ¢ë¯®«¥ë ¥à ¢¥áâ¢  jSn(Pk)j � (2 +

p
2)2k=2 ¨ jSn(Qk)j � (2 +

p
2)2k=2. � ¨â®£¥,

¯®¤áâ ¢«ïï x = eit, ¯®«ãç¨¬, çâ® ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ f"lg ¢ë¯®«¥®

jSn(Pk+1)� Pkj =
��Sn(ei2ktQk)

�� = ����Sn
� 2k+1�1X

l=2k

"le
ilt"

����� � (2 +
p
2)2k=2 (2)

¯à¨ k � 0, 2k � n < 2k+1 ¨ t 2 [0; 2�].
�ã¤¥¬ £®¢®à¨âì, çâ® äãªæ¨ï !(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ B0 ¨ B, ¥á«¨ áãé¥áâ¢ãîâ ¥ª®-

â®àë¥ ª®áâ âë C 0 ¨ C, ¤«ï ª®â®àëå ¢ë¯®«¥® á®®â¢¥âáâ¢¥®

h

�
log2

1
h

�X
k=1

!(�2�k+1)2k � C 0!(x) ¯à¨ 0 < h � 1
2

¨ 1X
k=
�
log2

1
h

�
+1

!(�2�k+1) � C!(h) ¯à¨ 0 < h � 1:

� áá¬®âà¨¬ ä®à¬ «ìë© àï¤
1X
n=1

!
�
�
n

�
p
n
"n sinnx; (3)

£¤¥ f"kg1k=1 | ¯®á«¥¤®¢ â¥«ì®áâì ¨§ «¥¬¬ë. �á¯®«ì§ãï ¬¥â®¤ë, à §à ¡®â ë¥ ¢ áâ âì¥ [5],
¬®¦® ¤®ª § âì á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï

�â¢¥à¦¤¥¨¥ 1. �ãáâì ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ !(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î B, â®£¤  àï¤
(3) à ¢®¬¥à® áå®¤¨âáï   [0; 2�] ª ¥ª®â®à®© ¥¯à¥àë¢®© äãªæ¨¨ g!(x).
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�®ª § â¥«ìáâ¢®. �®§ì¬¥¬ ¯à®¨§¢®«ì®¥ " > 0. �«ï N0 < N �M à áá¬®âà¨¬

A =
MX
k=N

!(�
n
)p
n
"n sinnx:

� ¬¥â¨¬, ¥á«¨ v1; v2; : : : ; vn ¥ ¢®§à áâ îâ ¨ ¥®âà¨æ â¥«ìë, â® (á¬. [5] á. 15)����
nX

k=1

vkuk

���� � v1max
k

jUkj; (4)

£¤¥ Uk = u1 + u2 + � � �+ uk ¤«ï k = 1; 2; : : : ; n.
�ç¨âë¢ ï ãá«®¢¨ï B ¨ â®, çâ® ¤«ï f"kg1k=1 ¢ë¯®«¥ë ¥à ¢¥áâ¢  (á¬. (2))

max
2k�1�l<2k

����
lX

n=2k�1

"n sinnx
���� � (2 +

p
2)2

k�1
2

¯à¨ k � 1 ¨ x 2 [0; 2�], ¯®«ãç ¥¬1

jAj =
����

[log2M ]+1X
k=[log2 N ]+1

2k�1X
n=2k�1

!(�
n
)p
n
"n sinnx�

�
N�1X

n=2log2 N

!(�
n
)p
n
"n sinnx�

2[log2M]+1�1X
n=M+1

!(�
n
)p
n
"n sinnx

���� �

�
[log2M ]+1X
k=[log2 N ]+1

!(�2�k+1)

2
k�1
2

max
2k�1�l<2k

����
lX

n=2k�1

"n sinnx
����+

+
!(�2�[log2 N ])

2
[log2 N]

2

max
2[log2 N]�l<2[log2 N]+1

����
lX

n=2[log2 N]

"n sinnx
����+

+
!(�2�[log2M ])

2
[log2M]

2

max
2[log2M]�l<2[log2M]+1

����
lX

n=2[log2M]

"n sinnx
���� �

� (2 +
p
2)
� [log2M ]+1X

k=[log2 N ]+1

!(�2�k+1) + !(�2�[log2N ]) + !(�2�[log2M ])
�
� R!

�
�

N0 � 1

�
;

£¤¥ R | ¥ª®â®à ï ª®áâ â .
�à¨¨¬ ï ¢® ¢¨¬ ¨¥ â®â ä ªâ, çâ® !(t) | ¥¯à¥àë¢ ï äãªæ¨ï ¨ !(0) = 0, ¢ë¡¥à¥¬ N0

â ª¨¬, çâ®¡ë

!

�
�

N0 � 1

�
� "

R

¨, á«¥¤®¢ â¥«ì®, jAj � " ¯à¨ ¢á¥å M � N > N0, ¨ ¯®íâ®¬ã ãâ¢¥à¦¤¥¨¥ 1 ¤®ª § ®.

�â¢¥à¦¤¥¨¥ 2. �ãáâì !(t) | ¬®¤ã«ì ¥¯à¥àë¢®áâ¨, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬ B ¨

B0 á ª®áâ â ¬¨ C ¨ C 0. �®£¤  g!(x)

K
2 H!, £¤¥ K = (2 +

p
2)(2C + C 0).

�®ª § â¥«ìáâ¢®. �ãáâì 0 < h < 1
2
, â®£¤ 

g!(x)� g!(x+ h) =
[log2

1
h
]X

k=1

2k�1X
n=2k�1

!(�
n
)p
n
"n(sinnx� sinn(x+ h)) +

1�¤¥áì ¨ ¤ «¥¥, ¥á«¨ § ç¥¨¥ ¢¥àå¥£® ¨¤¥ªá  áã¬¬¨à®¢ ¨ï ¬¥ìè¥ ¨¦¥£®, â® áã¬¬ë ¯à¨¨¬ -

îâáï à ¢ë¬¨ ã«î.
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+
1X

k=[log2
1
h
]+1

2k�1X
n=2k�1

!(�
n
)p
n
"n(sinnx� sinn(x+ h)) = �1 +�2:

� ¯¨è¥¬ ¥áª®«ìª® á®®â®è¥¨©, ª®â®àë¥ ¯® ¤®¡ïâáï ¢ ¤ «ì¥©è¥¬. �®« £ ï Pn;l(x) =
lP

k=2n�1

"n sinkx, á ¯®¬®éìî ¥à ¢¥áâ¢  (2) ¯®«ãç ¥¬

jPn;l(x)j � (2 +
p
2)2

n�1
2 (5)

¯à¨ x 2 [0; 2�], n � 0 ¨ 2n�1 � l < 2n. � á¨«ã ¥à ¢¥áâ¢ � £à ¦  ¨ �¥àèâ¥©  ¨¬¥¥¬

jPn;l(x)� Pn;l(x+ h)j � h max
x2[0;2�]

jP 0
n;l(x)j � h2n max

x2[0;2�]
jPn;l(x)j � (2 +

p
2)h2n+

n�1
2 (6)

¯à¨ x 2 [0; 2�], n � 0 ¨ 2n�1 � l < 2n. �«ï ¨á¯®«ì§®¢ ¨ï ¥à ¢¥áâ¢  (4) ¢ ¦® ®â¬¥â¨âì, çâ®
vn =

!(�
n
)p

n
| ¥¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì®áâì. �â® ¢ëâ¥ª ¥â ¯à¨ n � 1 ¨§ ¥à ¢¥áâ¢ 

!(�
n
)p
n

� !( �
n+1

)p
n+ 1

= !

�
�

n

��
1p
n
� 1p

n� 1

�
+

1p
n+ 1

�
!

�
�

n

�
� !

�
�

n+ 1

��
� 0;

â. ª. !(t) | ¥ã¡ë¢ îé ï äãªæ¨ï.
�à¨¨¬ ï ¢® ¢¨¬ ¨¥ ¥à ¢¥áâ¢  (4) ¨ (6), ¯®«ãç ¥¬ æ¥¯®çªã ¥à ¢¥áâ¢

j�1j �
[log2

1
h
]X

k=1

����
2k�1X

n=2k�1

!(�
n
)p
n
"n(sinnx� sinn(x+ h))

���� �

�
[log2

1
h
]X

k=1

!(�2�k+1)

2
k�1
2

max
2k�1�l<2k

jPk;l(x)� Pk;l(x+ h)j �

� (2 +
p
2)h

[log2
1
h
]X

k=1

!(�2�k+1)

2
k�1
2

2k+
k�1
2 � (2 +

p
2)C 0!(h);

£¤¥ ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¯®«ãç¥® ¢á«¥¤áâ¢¨¥ â®£®, çâ® ¤«ï !(t) ¢ë¯®«¥® ãá«®¢¨¥ B0.
�ç¨âë¢ ï (4) ¨ (5), ¯®«ãç ¥¬

j�2j �
1X

k=[log2
1
h
]+1

����
2k�1X

n=2k�1

!(�
n
)p
n
"n(sinnx� sinn(x+ h))

���� �
�

1X
k=[log2

1
h
]+1

!(�2�k+1)

2
k�1
2

max
2k�1�l<2k

jPk;l(x)� Pk;l(x+ h)j �

� 2(2 +
p
2)

1X
k=[log2

1
h
]+1

!(�2�k+1)

2
k�1
2

2
k�1
2 :

�® â. ª. ¤«ï !(t) ¢ë¯®«¥® ãá«®¢¨¥ B, â® ®ª®ç â¥«ì® ¯®«ãç ¥¬

j�2j � 2(2 +
p
2)C!(h):

�à¨ 1
2
< h � 1 ¨¬¥¥¬ �1 = 0, â. ª. ¢¥àë ¥à ¢¥áâ¢  (5) ¨ (4),   ¤«ï !(t) ¢ë¯®«¥® ãá«®¢¨¥

B ¯à¨ h � 1, ¨¬¥¥¬

j�2j �
1X
k=1

����
2k�1X

n=2k�1

!(�
n
)p
n
"n(sinnx� sinn(x+ h))

���� �
�

1X
k=1

!(�2�k+1)

2
k�1
2

max
2k�1�l<2k

jPk;l(x)� Pk;l(x+ h)j �
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� 2(2 +
p
2)

1X
k=1

!(�2�k+1)

2
k�1
2

2
k�1
2 � 2(2 +

p
2)C!(h):

� ª®¥æ, ¯à¨ h > 1 ¨¬¥¥¬ �1 = 0,   ¯®áª®«ìªã !(t) | ¢®§à áâ îé ï äãªæ¨ï, â®, ãç¨âë¢ ï
¥à ¢¥áâ¢® ¤«ï �2 ¯à¨ h = 1, ¯®«ãç ¥¬

j�2j =
����
1X
n=1

!(�
n
)p
n
"n sinnx

���� � 2(2 +
p
2)C!(1) � 2(2 +

p
2)C!(h):

� ª¨¬ ®¡à §®¬, ¤«ï g!(x) ¯à¨ 0 � h � � ¢ë¯®«¥® ¥à ¢¥áâ¢®

!(h; g!) � (2 +
p
2)(2C + C 0)!(h);

çâ® ¨ ¤®ª §ë¢ ¥â á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥¨ï.

�«¥¤áâ¢¨¥ 1. �á«¨ !(t) = t� ¯à¨ � 2 �
1
2
; 1
�
¨ t 2 [0; �], â® g!(x) 2 LipM �, £¤¥

M = 2(2�)�(3�2��2��)(2+
p
2)

(21���1)(2��1)
.

�®ª § â¥«ìáâ¢®. �ãáâì 0 < h < 1
2
, â®£¤ 

h

[log2
1
h
]X

k=1

!(�2�k+1)2k = ��h

[log2
1
h
]X

k=1

2k��(k�1) =

= ��2�h
[log2

1
h
]X

k=1

2k(1��) = ��2�h
2(1��)([log2

1
h
]+1) � 1

21�� � 1
�

� ��2h
2(1��) log2

1
h

21�� � 1
=

2��

21�� � 1
h� = C 0h�:

�¥¯¥àì ¯à¨ 0 < h � 1  å®¤¨¬ ª®áâ âã ¤«ï !(t) ¢ ãá«®¢¨¨ B, ¯®«ãç ¥¬

1X
k=[log1

1
h
]+1

!(�2�k+1) = ��2�
1X

k=[log2
1
h
]+1

2�k� =

= ��
2�2��([log2

1
h
]+1)

1� 2��
� 2���

1� 2��
h� =

4���

2��1
h� = Ch�:

� ª¨¬ ®¡à §®¬, ¨á¯®«ì§ãï ãâ¢¥à¦¤¥¨¥ 2, ¯®«ãç ¥¬ g!(x) 2 LipM �, £¤¥ M = (2�)�(2 +p
2)
�

21��

21���1
+ 2�+1

2��1

�
= 2(2�)�(3�2��2��)(2+

p
2)

(21���1)(2��1)
.

3. �á®¢®© à¥§ã«ìâ â. �¥®à¥¬ . �ãáâì !(t) | ¬®¤ã«ì ¥¯à¥àë¢®áâ¨, ã¤®¢«¥â¢®àïî-
é¨© ãá«®¢¨ï¬ B ¨ B0. �®£¤  á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

K1

1X
k=1

!
�
�
k

�
p
k

� sup
f2H!

kfkA � K2

1X
k=1

!
�
�
k

�
p
k
; (7)

£¤¥ K1 = 1
(2+

p
2)(2C+C0)

, K2 = 2
p
2p
3
.

�®ª § â¥«ìáâ¢®. � ª ª ª ¢ë¯®«¥® ¥à ¢¥áâ¢®

!(2)

�
�

k
; f

�
= sup

jhj��

k

sZ 2�

0

jf(x+ h)� f(x)j2dx �
p
2�!

�
�

k

�
;

â®, ¯®« £ ï nk = k ¢ â¥®à¥¬¥ A, á ãç¥â®¬ ¢á¥å ã¯®¬ïãâëå ¢ëè¥ ¯à¥¤¯®«®¦¥¨©, ¯®«ãç ¥¬

kfkA � 2
p
2p
3

1X
k=1

!
�
�
k

�
p
k
:
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� ¤àã£®© áâ®à®ë,

kg!kA =
1X
k=1

!
�
�
k

�
p
k
:

�®£« á® ãâ¢¥à¦¤¥¨î 2 ¯à¨ K = (2 +
p
2)(2C +C 0) ¨¬¥¥¬

1
K

1X
k=1

!
�
�
k

�
p
k

=
g!K


A

� sup
f2H!

kfkA:

�§ ¯®«ãç¥ëå ®æ¥®ª ¢ëâ¥ª îâ ¥à ¢¥áâ¢  (7).

�«¥¤áâ¢¨¥ 2. �«ï ç¨á¥« M > 0 ¨ � 2 ( 1
2
; 1) á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

A1

M

2�� 1
� sup

f2Lip
M
�
kfkA � A2

M

2�� 1
;

£¤¥ A1 =
(21���1)(2��1)

2�(3�2��2��)(2+
p
2)
¨ A2 =

2
p
2��(2�+1)p

3
.

�®ª § â¥«ìáâ¢®. �æ¥¨¬ á¢¥àåã ¨ á¨§ã àï¤
1P
k=1

��

k�+
1
2
. �¬¥¥¬

1X
k=1

1

k
1
2+�

�
Z 1

1

1

x
1
2+�

dx =
2

2� � 1
:
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�«ï ¯®«ãç¥¨ï ®ª®ç â¥«ì®£® à¥§ã«ìâ â  ®áâ ¥âáï ¯à¨¬¥¨âì â¥®à¥¬ã ¨ á«¥¤áâ¢¨¥ 1.

� ¬¥ç ¨¥. �â¬¥â¨¬, çâ® ¡®«¥¥ á« ¡ë© à¥§ã«ìâ â á«¥¤áâ¢¨ï 2 ¡ë« ®¯ã¡«¨ª®¢  ¢ [5].
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