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�¥à¢ë© ¯à¨¬¥à ¬­®£®®¡à §¨ï ã­¨¢¥àá «ì­ëå  «£¥¡à á ­¥à §à¥è¨¬®© íª¢ æ¨®­ «ì­®© â¥®-
à¨¥© ¡ë« ­ ©¤¥­ �.� àáª¨¬ (á¬. [1]{[3]). �.�.M «ìæ¥¢ ¢ à ¡®â¥ [4] ¯®áâà®¨« ª®­¥ç­® ¡ §¨àã-
¥¬®¥ ¬­®£®®¡à §¨¥ ª¢ §¨£àã¯¯ á ­¥à §à¥è¨¬®© íª¢ æ¨®­ «ì­®© â¥®à¨¥© ¨ ¯®áâ ¢¨« ¢®¯à®á [5]
® áãé¥áâ¢®¢ ­¨¨ ª®­¥ç­® ¡ §¨àã¥¬ëå ¬­®£®®¡à §¨© ¯®«ã£àã¯¯, £àã¯¯ ¨ ª®«¥æ á ­¥à §à¥è¨¬®©
íª¢ æ¨®­ «ì­®© â¥®à¨¥©. �®«®¦¨â¥«ì­ë© ®â¢¥â ­  íâ®â ¢®¯à®á ¤«ï £àã¯¯ ¯®«ãç¥­ ¢ [6]. �¥à¢ë©
¯à¨¬¥à ª®­¥ç­® ¡ §¨àã¥¬®£® ¬­®£®®¡à §¨ï ¯®«ã£àã¯¯ á ­¥à §à¥è¨¬®© íª¢ æ¨®­ «ì­®© â¥®à¨-
¥© ¯®áâà®¥­ ¢ [7]. �àã£¨¥ ¯à¨¬¥àë ¬­®£®®¡à §¨© ¯®«ã£àã¯¯ á ­¥à §à¥è¨¬®© íª¢ æ¨®­ «ì­®©
â¥®à¨¥© ¬®¦­® ­ ©â¨ ¢ ([8], â¥®à¥¬  3.16, [9], [10]). � [11]  ­®­á¨à®¢ ­®, çâ® ¯à®¨§¢®«ì­®¥ ª®­¥ç-
­® ¡ §¨àã¥¬®¥ ¬­®£®®¡à §¨¥  áá®æ¨ â¨¢­ëå ª®«¥æ ¨¬¥¥â à §à¥è¨¬ãî íª¢ æ¨®­ «ì­ãî â¥®à¨î.
�à¨¬¥àë ¬­®£®®¡à §¨© ­¥ áá®æ¨ â¨¢­ëå ª®«¥æ á ­¥à §à¥è¨¬®© íª¢ æ¨®­ «ì­®© â¥®à¨¥© ¯®-
áâà®¥­ë ¢ [12]{[17]. � à ¡®â¥ [18] ¤®ª § ­®, çâ® áãé¥áâ¢ã¥â ª®­¥ç­® ¡ §¨àã¥¬®¥ ¬­®£®®¡à §¨¥
¯®«ã£àã¯¯ â ª®¥, çâ® íª¢ æ¨®­ «ì­ ï â¥®à¨ï ª« áá  ¢á¥å ¥£® ª®­¥ç­ëå ¯®«ã£àã¯¯ ­¥à §à¥è¨-
¬ . �¯¨á ­¨¥ ¬­®£®®¡à §¨© ¯®«ã£àã¯¯ á â ª¨¬ ãá«®¢¨¥¬ ¯®«ãç¥­® ¢ ([8], â¥®à¥¬  3.17). �à¨¬¥à
ª®­¥ç­® ¡ §¨àã¥¬®£® ¬­®£®®¡à §¨ï ­¥ áá®æ¨ â¨¢­ëå ª®«¥æ â ª®£®, çâ® íª¢ æ¨®­ «ì­ ï â¥®à¨ï
ª« áá  ¢á¥å ¥£® ª®­¥ç­ëå ª®«¥æ ­¥à §à¥è¨¬ , ¯®áâà®¥­ ¢ [19]. � á¢ï§¨ á íâ¨¬¨ à¥§ã«ìâ â ¬¨
¯à¥¤áâ ¢«ï¥â ¨­â¥à¥á

�¥®à¥¬ . �ãé¥áâ¢ã¥â ª®­¥ç­® ¡ §¨àã¥¬®¥ ¬­®£®®¡à §¨¥ ­¥ áá®æ¨ â¨¢­ëå ª®«¥æ á ­¥à §-

à¥è¨¬®© íª¢ æ¨®­ «ì­®© â¥®à¨¥© â ª®¥, çâ® íª¢ æ¨®­ «ì­ ï â¥®à¨ï ª« áá  ¢á¥å ¥£® ª®­¥ç­ëå

ª®«¥æ â®¦¥ ­¥à §à¥è¨¬ .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ®á­®¢ ­® ­  ¨­â¥à¯à¥â æ¨¨ à ¡®âë ¤¢ãå«¥­â®ç­®© ¬ è¨­ë M¨­-
áª®£®. �â¬¥â¨¬, çâ® ¢¯¥à¢ë¥ íâ®â ¬¥â®¤ ¡ë« ¨á¯®«ì§®¢ ­ ¢ [20] ¯à¨ ¤®ª § â¥«ìáâ¢¥ ­¥à §à¥è¨-
¬®áâ¨ ª¢ §¨íª¢ æ¨®­ «ì­®© â¥®à¨¨ ª« áá®¢ ª®­¥ç­ëå ¯®«ã£àã¯¯ ¨  áá®æ¨ â¨¢­ëå ª®«¥æ. �®-
¤à®¡­®¥ ¨§«®¦¥­¨¥ ¬¥â®¤®¢ ¨­â¥à¯à¥â æ¨¨ ¬ è¨­ M¨­áª®£®,   â ª¦¥ ®¡§®à ®â­®áïé¨åáï áî¤ 
à¥§ã«ìâ â®¢ ¤ ­ ¢ [8].

�ãáâì P { ­¥ª®â®à®¥ à¥ªãàá¨¢­® ¯¥à¥ç¨á«¨¬®¥ ­¥à¥ªãàá¨¢­®¥ ¬­®¦¥áâ¢® ­ âãà «ì­ëå ç¨-
á¥«, p | ç áâ¨ç­ ï å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  P [21]. �¡®§­ ç¨¬ ç¥à¥§ M ¤¢ãå-
«¥­â®ç­ãî ¬ è¨­ã M¨­áª®£®, ¢ëç¨á«ïîéãî äã­ªæ¨î p [22]. � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯®« £ âì,
çâ® q0; q1; q2; : : : ; qm | ¢­ãâà¥­­¨¥ á®áâ®ï­¨ï ¬ è¨­ë M, £¤¥ q1 | ­ ç «ì­®¥ á®áâ®ï­¨¥, q0 |
§ ª«îç¨â¥«ì­®¥ á®áâ®ï­¨¥. �á«¨ ¬ è¨­  ­ å®¤¨âáï ¢ á®áâ®ï­¨¨ qi ¨ j-ï «¥­â  á¤¢¨­ãâ  ­  �j
ïç¥¥ª ¢«¥¢®, â® ¡ã¤¥¬ £®¢®à¨âì, çâ® M ­ å®¤¨âáï ¢ ª®­ä¨£ãà æ¨¨ qi�1�2.

�¢¥¤¥¬ àï¤ ®¡®§­ ç¥­¨© ¤«ï á«®¢ á¢®¡®¤­®£® £àã¯¯®¨¤  � á® á¢®¡®¤­ë¬ ¯®à®¦¤ îé¨¬ ¬­®-
¦¥áâ¢®¬ e; e1; e2; : : : ; en; : : : �ãáâì

s(x1; : : : ; xk) = ((xk�1((: : : (x4((x1x2)x3))x5 : : : )xk�2))xk);

t(x1; : : : ; xk+l) = s(s(x1; : : : ; xk); xk+1; : : : ; xk+l):

�á«¨ w(e1; : : : ; ek) 2 �, â® ç¥à¥§ wk(x) ®¡®§­ ç¨¬ á«®¢®, ¯®«ãç¥­­®¥ ¨§ w(e1; : : : ; ek) ¯®¤áâ ­®¢ª®©�
e1 : : : ek
x : : : x

�
:
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�ãáâì

AP (x) = tk+17(x); BP (x) = tk+18(x); CP (x) = tk+19(x);

DP (x) = tk+20(x); EP (x) = tk+21(x); GP (x) = tk+22(x);

KP (x) = tk+23(x); LP (x) = tk+24(x); MP (x) = tk+25(x);

AV (x) = tk+26(x); BV (x) = tk+27(x); CV (x) = tk+28(x);

DV (x) = tk+29(x); QPi(x) = tk+i+30(x); QVi(x) = tk+i+m+31(x);

£¤¥ i 2 !, k | ä¨ªá¨à®¢ ­­®¥ ­ âãà «ì­®¥ ç¨á«® â ª®¥, çâ® k � 40. �ã¤¥¬ áç¨â âì, ¥á«¨ ­¥
®£®¢®à¥­® ¯à®â¨¢­®¥, çâ®

w1 : : : wn = (: : : ((w1w2)w3) : : : )wn; w1w
n
2 = (: : : ((w1w2)w2) : : : )w2

¨ çâ® y0 | ¯ãáâ®© á¨¬¢®«.
�à®¨§¢®«ì­®© ª®¬ ­¤¥ qi�1�2 ! qj"1"2 ¬ è¨­ë M á®¯®áâ ¢¨¬ ª®¤¨àãîé¥¥ ¥¥ â®¦¤¥áâ¢® ¢

á®®â¢¥âáâ¢¨¨ á® á«¥¤ãîé¥© â ¡«¨æ¥©:

�1 �2 �®¦¤¥áâ¢®

1 1
QPi(x)CP (x)DP (x) =

QPj(x)EP (x)AP "1 (x)BP "2(x)CP (x)DP (x)

1 0
QPi(x)AP (x)DP (x) =

QPj(x)EP (x)AP "1+1(x)BP "2(x)DP (x)

0 1
QPi(x)BP (x)CP (x) =

QPj(x)EP (x)AP "1 (x)BP "2+1(x)CP (x)

0 0
QPi(x)AP (x)BP (x) =

QPj(x)EP (x)AP "1+1(x)BP "2+1(x)

1 1
QVi(x)CV (x)DV (x) =

QVj(x)AV "1(x)BV "2(x)CV (x)DV (x)

1 0
QVi(x)AV (x)DV (x) =

QVj(x)AV "1+1(x)BV "2(x)DV (x)

0 1
QVi(x)BV (x)CV (x) =

QVj(x)AV "1(x)BV "2+1(x)CV (x)

0 0
QVi(x)AV (x)BV (x) =

QVj(x)AV "1+1(x)BV "2+1(x)

�ãáâì

WP = fAP (x); BP (x); CP (x);DP (x); EP (x); GP (x);KP (x);

LP (x);MP (x); QPi(x) j 0 � i � mg;

WV = fAV (x); BV (x); CV (x);DV (x); QVi(x) j 0 � i � mg:

�¡®§­ ç¨¬ ç¥à¥§ X1 ¬­®£®®¡à §¨¥ ª®«¥æ, § ¤ ­­®¥ â®¦¤¥áâ¢ ¬¨

QPi(x)CP (x)DP (x) = QPj(x)EP (x)AP "1 (x)BP "2(x)CP (x)DP (x);

QPi(x)AP (x)DP (x) = QPj(x)EP (x)AP
"1+1(x)BP "2(x)DP (x);

QPi(x)BP (x)CP (x) = QPj(x)EP (x)AP
"1BP "2+1(x)CP (x);

QPi(x)AP (x)BP (x) = QPj(x)EP (x)AP
"1+1(x)BP "2+1(x);
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ç¥à¥§ X2 | ¬­®£®®¡à §¨¥ ª®«¥æ, § ¤ ­­®¥ â®¦¤¥áâ¢ ¬¨

yAP (x)BP (x) = yBP (x)AP (x); yCP (x)DP (x) = yDP (x)CP (x);

yAP (x)DP (x) = yDP (x)AP (x); yBP (x)CP (x) = yCP (x)BP (x);

yAP (x)EP (x) = yEP (x)AP (x); yBP (x)EP (x) = yEP (x)BP (x);

yCP (x)EP (x) = yEP (x)CP (x); yDP (x)EP (x) = yEP (x)DP (x);

yEP (x)KP (x)z = yKP (x)(zEP (x)); zEP 2(x)GP (x) = zEP (x);

LP (x)EP (x)GP (x) = LP (x); yLP (x)MP (x) = 0;

ç¥à¥§ X3 | ¬­®£®®¡à §¨¥ ª®«¥æ, § ¤ ­­®¥ â®¦¤¥áâ¢ ¬¨

QVi(x)CV (x)DV (x) = QVj(x)AV
"1(x)BV "2(x)CV (x)DV (x);

QVi(x)AV (x)DV (x) = QVj(x)AV "1+1(x)BV "2(x)DV (x);

QVi(x)BV (x)CV (x) = QVj(x)AV "1(x)BV "2+1(x);

QVi(x)AV (x)BV (x) = QVj(x)AV "1+1(x)BV "2+1(x)CV (x);

  ç¥à¥§ X4 | ¬­®£®®¡à §¨¥ ª®«¥æ, § ¤ ­­®¥ â®¦¤¥áâ¢ ¬¨

yAV (x)BV (x) = yBV (x)AV (x); yCV (x)DV (x) = yDV (x)CV (x);

yAV (x)DV (x) = yDV (x)AV (x); yBV (x)CV (x) = yCV (x)BV (x):

�ãáâì R2 | ¬­®£®®¡à §¨¥ ¢á¥å ª®«¥æ å à ªâ¥à¨áâ¨ª¨ ¤¢  ¨ X = X1\X2\X3\X4\R2, X\N
| ª« áá ¢á¥å ­¨«ì¯®â¥­â­ëå ª®«¥æ ¨§ ¬­®£®®¡à §¨ï X. �¡®§­ ç¨¬ ç¥à¥§ FR2, FX, FXi ª®«ìæ 
áç¥â­®£® à ­£ , á¢®¡®¤­ë¥ ¢ ¬­®£®®¡à §¨ïå R2, X, Xi á®®â¢¥âáâ¢¥­­®,   ç¥à¥§ R2 \ F, X \ F,
Xi \ F | ª« ááë ¢á¥å ª®­¥ç­ëå ª®«¥æ ¨§ ¬­®£®®¡à §¨© R2, X, Xi á®®â¢¥âáâ¢¥­­®. �ãáâì, ªà®¬¥
â®£®, F1X| ¬®­®£¥­­®¥ ª®«ìæ®, á¢®¡®¤­®¥ ¢ ¬­®£®®¡à §¨¨ X, fe; e1; e2; : : : ; en; : : : g | ¬­®¦¥áâ¢®
á¢®¡®¤­ëå ®¡à §ãîé¨å ª®«ìæ  FR2. �«ï ã¤®¡áâ¢  á¢®¡®¤­ë¥ ®¡à §ãîé¨¥ ª®«¥æ FX, FXi, F1X

¡ã¤¥¬ ®¡®§­ ç âì â¥¬¨ ¦¥ ¡ãª¢ ¬¨.

�¥¬¬  1. �ãáâì w1(e) : : : wn(e) | á«®¢® ¨§ á¢®¡®¤­®£® £àã¯¯®¨¤  �, £¤¥ wi(x) 2WP [WV .
�®£¤  á«®¢® w1(e) : : : wn(e) á®¤¥à¦¨â ¯®¤á«®¢® t(y1; : : : ; yk+l) ¤«ï yi = epi ¨ l > 16, ¥á«¨ ¨ â®«ìª®

¥á«¨ áãé¥áâ¢ã¥â j â ª®¥, çâ® wj(e) = t(y1; : : : ; yk+l).

�¥¬¬  2. �á«¨ ¬ è¨­  M ç¥à¥§ ª®­¥ç­®¥ ç¨á«® d â ªâ®¢ à ¡®âë ¯¥à¥å®¤¨â ¨§ ª®­ä¨£ã-

à æ¨¨ qi�1�2 ¢ ª®­ä¨£ãà æ¨î qj�1�2, â® ¢ ¬­®£®®¡à §¨¨ X ¢ë¯®«­ïîâáï â®¦¤¥áâ¢ 

QPi(x)AP �1(x)BP �2(x)CP (x)DP (x) = QPj(x)AP �1(x)BP �2(x)CP (x)DP (x)EP d(x);

QVi(x)AV �1(x)BV �2(x)CV (x)DV (x) = QVj(x)AV �1BV �2(x)CV (x)DV (x):

�¥¬¬  3. �á«¨ n =2 P , â® ª« áá X \ F ã¤®¢«¥â¢®àï¥â â®¦¤¥áâ¢ã

QP1(x)AP 2
n

(x)CP (x)DP (x)KP (x)(LP (x)EP (x))MP (x) = 0:

�¥¬¬  4. �á«¨ n 2 P , â® áãé¥áâ¢ã¥â â ª®¥ ª®«ìæ® K, çâ® K 2 X \ F ¨

K 2 QP1(x)AP 2
n

(x)CP (x)DP (x)KP (x)(LP (x)EP (x))MP (x) = 0:

�¥¬¬  5. �ãáâì ¢ ¬­®£®®¡à §¨¨ X ¢ë¯®«­ï¥âáï â®¦¤¥áâ¢®

QVi(x)AV �1(x)BV �2(x)CV (x)DV (x) = QVj(x)AV �1(x)BV �2(x)CV (x)DV (x):

�®£¤  áãé¥áâ¢ã¥â ª®­¥ç­®¥ ¢ëç¨á«¥­¨¥ ­  M, ¯¥à¥¢®¤ïé¥¥ ª®­ä¨£ãà æ¨î qj�1�2 ¢ ª®­ä¨£ãà -

æ¨î qi�1�2 ¨«¨ ­ ®¡®à®â.
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�¥¬¬  1 ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­® «¥¬¬¥ 1 ¨§ [13]. � á¯à ¢¥¤«¨¢®áâ¨ «¥¬¬ë 2 ¬®¦­® ã¡¥-
¤¨âìáï ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®©. �¥¬¬ë 3 ¨ 4 ¬®¦­® ¤®ª § âì ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢ 
â¥®à¥¬ë ¨§ [19], ¨á¯®«ì§ãï «¥¬¬ë 1 ¨ 2. �®ª § â¥«ìáâ¢® «¥¬¬ë 5 ¬®¦­® ¯à®¢¥áâ¨ ¯®  ­ «®£¨¨
á ¤®ª § â¥«ìáâ¢®¬ «¥¬¬ë 1 ¨§ [12] ¨ «¥¬¬ë 3 ¨§ [13], ®á­®¢ë¢ ïáì ­  «¥¬¬ã 1.

�å¥¬  ¤®ª § â¥«ìáâ¢ . �®£« á­® «¥¬¬¥ 4, ¥á«¨ n 2 P , â® áãé¥áâ¢ã¥â â ª®¥ ª®«ìæ® K, çâ®
K 2 X \ F ¨

K 2 QP1(x)AP 2
n

(x)CP (x)DP (x)KP (x)(LP (x)EP (x))MP (x) = 0:

�«¥¤®¢ â¥«ì­®, ¥á«¨ n 2 P , â®

X \ F 2 QP1(x)AP
2
n

(x)CP (x)DP (x)KP (x)(LP (x)EP (x))MP (x) = 0:

�âáî¤  ¢ á¨«ã «¥¬¬ë 3 ¢ëâ¥ª ¥â, çâ® ª« áá X \ F ã¤®¢«¥â¢®àï¥â â®¦¤¥áâ¢ã

QP1(x)AP 2
n

(x)CP (x)DP (x)KP (x)(LP (x)EP (x))MP (x) = 0

â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  n =2 P . �«¥¤®¢ â¥«ì­®, íª¢ æ¨®­ «ì­ ï â¥®à¨ï ª« áá  X \ F ­¥à §-
à¥è¨¬ .

�§ «¥¬¬ 2 ¨ 5 á«¥¤ã¥â, çâ® ¢ ¬­®£®®¡à §¨¨ X â®¦¤¥áâ¢®

QVi(x)AV �1(x)BV �2(x)CV (x)DV (x) = QVj(x)AV �1(x)BV �2(x)CV (x)DV (x)

¢ë¯®«­ï¥âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â ª®­¥ç­®¥ ¢ëç¨á«¥­¨¥ ­  M, ¯¥à¥¢®¤ïé¥¥
ª®­ä¨£ãà æ¨î qj�1�2 ¢ ª®­ä¨£ãà æ¨î qi�1�2 ¨«¨ ­ ®¡®à®â. �âáî¤  ¯® ®¯à¥¤¥«¥­¨î ¬ è¨­ë
M¨­áª®£® ¢ëâ¥ª ¥â, çâ® â®¦¤¥áâ¢®

QV1(x)AV
2
n

(x)CV (x)DV (x) = QV0(x)AV (x)CV (x)DV (x)

¢ë¯®«­ï¥âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  n 2 P . �®íâ®¬ã íª¢ æ¨®­ «ì­ ï â¥®à¨ï ¬­®£®®¡à §¨ï
X ­¥à §à¥è¨¬ .

� § ª«îç¥­¨¥  ¢â®à å®â¥« ¡ë ¢ëà §¨âì ¡« £®¤ à­®áâì ¯à®ä¥áá®àã �.M.� ¦¥­¨­ã, ¯®¤ àã-
ª®¢®¤áâ¢®¬ ª®â®à®£® ­ ¯¨á ­  íâ  à ¡®â , ¨ ¯à®ä¥áá®àã �.�.�¥¢à¨­ã §  æ¥­­ë¥ § ¬¥ç ­¨ï ¨
¯®¬®éì ¯à¨ ¯®¤£®â®¢ª¥ áâ âì¨.
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