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� ¯à¥¤ë¤ãé¨å à ¡®â å [1], [2] ­  ®á­®¢¥ ¨¤¥© â¥®à¨¨ \ ¡áâà ªâ­®£® äã­ªæ¨®­ «ì­®-¤¨ää¥-
à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï" [3]{[5] ¡ë«  ¯à¥¤«®¦¥­  ­®¢ ï ª®­æ¥¯æ¨ï ãáâ®©ç¨¢®áâ¨ ¤«ï «¨­¥©­ëå
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¨ ¨å ®¡®¡é¥­¨©. �¨¦¥ ã¯®¬ï­ãâ ï ª®­æ¥¯æ¨ï ¨
à¥§ã«ìâ âë à ¡®â [6]{[9] à §¢¨¢ îâáï ¤«ï ãà ¢­¥­¨© ª¢ §¨«¨­¥©­ëå.

�¡®§­ ç¨¬ ç¥à¥§ C ¡ ­ å®¢® ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå ¨ ®£à ­¨ç¥­­ëå äã­ªæ¨© x :
[0;1) ! Rn á ­®à¬®© kxkC

def= sup
t�0

jx(t)j, £¤¥ j � j | ­®à¬  ¢ Rn. �ãáâì, ¤ «¥¥, ¯à®áâà ­áâ¢®

C0 ¨ ¢¥á®¢®¥ ¯à®áâà ­áâ¢® C
 ¯à¨ 
 > 0 ®¯à¥¤¥«ïîâáï à ¢¥­áâ¢ ¬¨

C0
def= fx 2 C : lim

t!1
jx(t)j = 0; kxkC0

def= kxkCg; C

def= fx 2 C : kxkC


def= sup
t�0

e
tjx(t)j <1g:

�à®áâà ­áâ¢  C0 ¨ C
 ¡ ­ å®¢ë.
� ¤ ç  �®è¨

_x(t) = f(t; x(t)); x(0) = �; t � 0; (1)

íª¢¨¢ «¥­â­  ãà ¢­¥­¨î

x(t) =
Z t

0

f(s; x(s)) ds+ �: (2)

�®íâ®¬ã ¯à¨¢¥¤¥­­ë¥ ¢ ([10], c. 9) ®¯à¥¤¥«¥­¨ï ãáâ®©ç¨¢®áâ¨ ãà ¢­¥­¨ï _x(t) = f(t; x(t)) ¢ á«ã-
ç ¥ f(t; 0) � 0 ¬®¦­® ¯¥à¥ä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬: âà¨¢¨ «ì­®¥ à¥è¥­¨¥ § ¤ ç¨
(1) ãáâ®©ç¨¢® ¯® �ï¯ã­®¢ã ( á¨¬¯â®â¨ç¥áª¨, íªá¯®­¥­æ¨ «ì­®), ¥á«¨ ãà ¢­¥­¨¥ (2) ¨¬¥¥â ¢
¯à®áâà ­áâ¢¥ C (¢ C0, C
 á®®â¢¥âáâ¢¥­­®) ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¯à¨ ª ¦¤®¬ � 2 Rn ¨ íâ®
à¥è¥­¨¥ ­¥¯à¥àë¢­® § ¢¨á¨â ®â � ¢ ¬¥âà¨ª¥ íâ®£® ¯à®áâà ­áâ¢ . �àã£¨¬¨ á«®¢ ¬¨, ¤ ­­ë©
â¨¯ ãáâ®©ç¨¢®áâ¨ | íâ® ª®àà¥ªâ­ ï à §à¥è¨¬®áâì ãà ¢­¥­¨ï (2) ¢ ¤ ­­®¬ ¯à®áâà ­áâ¢¥. �
[10] à áá¬®âà¥­  â ª¦¥ \ãáâ®©ç¨¢®áâì ®â­®á¨â¥«ì­® ¯®áâ®ï­­® ¤¥©áâ¢ãîé¨å ¢®§¬ãé¥­¨© �" |
­¥¯à¥àë¢­ ï § ¢¨á¨¬®áâì à¥è¥­¨ï § ¤ ç¨

_x(t) = f(t; x(t)) + �(t); x(0) = �; t � 0;

®â ¢®§¬ãé¥­¨© �.
� áá¬®âà¨¬ â¥¯¥àì ®¡é¥¥ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ Lx = Fx ¢ ¯à¥¤¯®-

«®¦¥­¨¨, çâ® L : D! L | «¨­¥©­ë©,   F : D! L | ­¥«¨­¥©­ë© ¢®«ìâ¥àà®¢ë ®¯¥à â®àë [3],
[4]. �¤¥áì L | «¨­¥©­®¥ ¯à®áâà ­áâ¢® ª« áá®¢ íª¢¨¢ «¥­â­ëå «®ª «ì­® áã¬¬¨àã¥¬ëå äã­ª-
æ¨© z : [0;1) ! Rn, D | «¨­¥©­®¥ ¯à®áâà ­áâ¢® ¢á¥å  ¡á®«îâ­® ­¥¯à¥àë¢­ëå ­  ª ¦¤®¬
ª®­¥ç­®¬ ®âà¥§ª¥ äã­ªæ¨© x : [0;1) ! Rn. �ãáâì, ¤ «¥¥, § ¤ ­® ¡ ­ å®¢® ¯à®áâà ­áâ¢® B á
­®à¬®© k � kB, í«¥¬¥­âë ª®â®à®£® ¯à¨­ ¤«¥¦ â ¯à®áâà ­áâ¢ã L,   à¥è¥­¨¥ x 2 D § ¤ ç¨ �®è¨

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(96-15-96195, 99-01-01278), International Soros Science Education Program (EP-55, d99-1245) ¨ �®­ªãàá­®£®
æ¥­âà  ¯® ¨áá«¥¤®¢ ­¨ï¬ ¢ ®¡« áâ¨ äã­¤ ¬¥­â «ì­®£® ¥áâ¥áâ¢®§­ ­¨ï, � ­ªâ-�¥â¥à¡ãà£.
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L0x = z, x(0) = � ¤«ï \¬®¤¥«ì­®£®" ãà ¢­¥­¨ï L0x = z á «¨­¥©­ë¬ ¢®«ìâ¥àà®¢ë¬ ®¯¥à â®-
à®¬ L0 : D ! L ¯à¨ «î¡®¬ z 2 L ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥ ¢ ¢¨¤¥ ä®à¬ã«ë �®è¨ x = Wz + U�
[3], [4]. �¤¥áì ¢®«ìâ¥àà®¢ ®¯¥à â®à W : L ! D | ®¯¥à â®à �®è¨ ¬®¤¥«ì­®£® ãà ¢­¥­¨ï,  
U : Rn ! D | ®¯¥à â®à, ¯®à®¦¤¥­­ë© äã­¤ ¬¥­â «ì­®© ¬ âà¨æ¥© U à¥è¥­¨© ®¤­®à®¤­®£®
ãà ¢­¥­¨ï L0x = 0: (U�)(t) def= U(t)�. � ­ å®¢® ¯à®áâà ­áâ¢® D0 ®¯à¥¤¥«¨¬ à ¢¥­áâ¢ ¬¨

D0
def= WB� URn; kxkD0

def= kL0xkB + jx(0)j:

� §¢¨¢ ï ¨¤¥î ¯®­ïâ¨ï ãáâ®©ç¨¢®áâ¨ ª ª ª®àà¥ªâ­®© à §à¥è¨¬®áâ¨ § ¤ ç¨ �®è¨ ¢ ¤ ­­®¬
¯à®áâà ­áâ¢¥, ¢¢¥¤¥¬

�¯à¥¤¥«¥­¨¥ 1. �ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢­¥­¨¥ Lx = Fx D0-ãáâ®©ç¨¢® (®¡« ¤ ¥â D0-

á¢®©áâ¢®¬), ¥á«¨ § ¤ ç  �®è¨

Lx = Fx+ �; x(0) = � (3)

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x 2 D0 ¯à¨ ª ¦¤®© ¯ à¥ f�; �g 2 B�Rn ¨ íâ® à¥è¥­¨¥ ­¥¯à¥àë¢­®
¯® ­®à¬¥ ¯à®áâà ­áâ¢  D0 § ¢¨á¨â ®â � ¨ � (â. ¥. ¤«ï «î¡®£® " > 0 ­ ©¤¥âáï â ª®¥ � = �(x; ") > 0,
çâ® kx1 � xkD0

< ", ¥á«¨ k�1 � �kB < �, j�1 � �j < �, £¤¥ x1 | à¥è¥­¨¥ § ¤ ç¨ (3) ¯à¨ � = �1,
� = �1).

�¥®à¥¬  1. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï íª¢¨¢ «¥­â­ë:

 ) ãà ¢­¥­¨¥ Lx = Fx D0-ãáâ®©ç¨¢®;
¡) ãà ¢­¥­¨¥

x =W(L0 �L)x+WFx+ g (4)

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x 2 D0 ¯à¨ ª ¦¤®¬ g 2 D0 ¨ íâ® à¥è¥­¨¥ ­¥¯à¥àë¢­®

§ ¢¨á¨â ®â g ¯® ­®à¬¥ ¯à®áâà ­áâ¢  D0;
¢) ãà ¢­¥­¨¥

z = (L0 �L)Wz + F(Wz + U�) + # (5)

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ z 2 B ¯à¨ ª ¦¤®© ¯ à¥ f#; �g 2 B � Rn ¨ íâ® à¥è¥­¨¥

­¥¯à¥àë¢­® § ¢¨á¨â ®â # ¨ � ¯® ­®à¬¥ ¯à®áâà ­áâ¢  B.

�®ª § â¥«ìáâ¢®. �¥è¥­¨¥ x 2 D0 § ¤ ç¨ (3) ã¤®¢«¥â¢®àï¥â à ¢¥­áâ¢ã L0x+Lx = Fx+ �+
L0x ¨, á«¥¤®¢ â¥«ì­®, à ¢¥­áâ¢ã x =W(L0�L)x+WFx+W�+U�. � ª¨¬ ®¡à §®¬, ¨¬¯«¨ª æ¨ï
a)=) ¡) á«¥¤ã¥â ¨§ â®£®, çâ® ¯à¨ «î¡®¬ g 2 D0 à¥è¥­¨¥ § ¤ ç¨ (3), £¤¥ � = L0g, � = g(0),
ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (4). �¬¯«¨ª æ¨ï ¡)=)  ) á«¥¤ã¥â ¨§ â®£®, çâ® ¯à¨ «î¡ëå � 2 B,
� 2 Rn à¥è¥­¨¥ ãà ¢­¥­¨ï (4), £¤¥ g =W� + U�, ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (3).

�¬¯«¨ª æ¨ï  ) =) ¢) ¥áâì á«¥¤áâ¢¨¥ â®£®, çâ® ¯à¨ «î¡ëå # 2 B, � 2 Rn à¥è¥­¨¥ z 2 B

ãà ¢­¥­¨ï (5) ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ z = L0x, £¤¥ x 2 D0 | à¥è¥­¨¥ § ¤ ç¨ (3) ¯à¨ � =
# + LU�. �¬¯«¨ª æ¨ï ¢)=)  ) ¥áâì á«¥¤áâ¢¨¥ â®£®, çâ® ¯à¨ «î¡ëå � 2 B, � 2 Rn à¥è¥­¨¥
x 2 D0 § ¤ ç¨ (3) ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ x = Wz + U�, £¤¥ z 2 B | à¥è¥­¨¥ ãà ¢­¥­¨ï (5)
¯à¨ # = � �LU�.

� ¬¥ç ­¨¥ 1. � ¯à¥¤¯®«®¦¥­¨¨ ¤¥©áâ¢¨ï ®¯¥à â®à®¢ L ¨ F ¨§ ¯à®áâà ­áâ¢ D0 ¢ ¯à®áâà ­-
áâ¢® B ¬®¦­® ãâ¢¥à¦¤ âì, çâ® D0-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = Fx £ à ­â¨àã¥â á®¢¯ ¤¥­¨¥
¬­®¦¥áâ¢  ¢á¥å à¥è¥­¨© ãà ¢­¥­¨ï Lx = Fx + � ¯à¨ ¢á¥å � 2 B, ª®â®à®¥ ®¡®§­ ç¨¬ ç¥à¥§
D(L � F ;B), á ¬­®¦¥áâ¢®¬ D0. �¥©áâ¢¨â¥«ì­®, ¥á«¨ x 2 D(L � F ;B), â® x 2 D0 ¢ á¨«ã D0-
ãáâ®©ç¨¢®áâ¨. �á«¨ ¦¥ x 2 D0, â® x 2 D(L � F ;B), â. ª. í«¥¬¥­â x ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨
(3) ¯à¨ � = Lx�Fx, � = x(0).
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�¥è¥­¨ï áª «ïà­®© § ¤ ç¨ _x(t)+x(t) = x2(t), x(0) = � ¨¬¥îâ ¢¨¤ x(t) = �=(��(��1)et). �à¨
� < 1 à¥è¥­¨ï íâ®© § ¤ ç¨  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ë, ­® ¯à¨ � > 1 § ¤ ç  ¢®®¡é¥ ­¥ ¨¬¥¥â
à¥è¥­¨©, ®¯à¥¤¥«¥­­ëå ­  ¯®«ã®á¨ [0;1). �®íâ®¬ã ¥áâ¥áâ¢¥­­® ¢¢¥áâ¨ á«¥¤ãîé¥¥ ®¯à¥¤¥«¥­¨¥

\«®ª «ì­®©" ãáâ®©ç¨¢®áâ¨. �ãáâì xk | à¥è¥­¨¥ § ¤ ç¨ (3) ¯à¨ � = �k, � = �k, k 2 Z+
def=

f0; 1; 2; : : : g.

�¯à¥¤¥«¥­¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢­¥­¨¥ Lx = Fx + �0 D0-ãáâ®©ç¨¢® («®ª «ì­®)
¢ ®ªà¥áâ­®áâ¨ à¥è¥­¨ï x0 ¯à¨ x0(0) = �0, ¥á«¨ áãé¥áâ¢ã¥â �0 = �0(x0) > 0, ¤«ï ª®â®à®£® ¯à¨
ª ¦¤®© ¯ à¥ f�; �g 2 B�Rn, k���0kB � �0, j���0j � �0, § ¤ ç  (3) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥
x 2 D0, ¨ íâ® à¥è¥­¨¥ ­¥¯à¥àë¢­® ¯® ­®à¬¥ ¯à®áâà ­áâ¢  D0 § ¢¨á¨â ®â � ¨ � (â. ¥. ¤«ï «î¡®£®
" > 0 ­ ©¤¥âáï â ª®¥ � = �(x; ") > 0, çâ® kx1 � xkD0

< ", ¥á«¨ k�1 � �0kB � �0, j�1 � �0j � �0 ¨
k�1 � �kB < �, j�1 � �j < �).

�ãáâì V | ­¥ª®â®à®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢®, 
 � V | ®¡« áâì ¢ ¯à®áâà ­áâ¢¥ V. �«¥¤ãï
ãáâ ­®¢¨¢è¥©áï ¢ �­ «¨§¥ â¥à¬¨­®«®£¨¨, ¡ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢­¥­¨¥ y = Gy + g ª®àà¥ªâ­®
à §à¥è¨¬® ¢ ¯à®áâà ­áâ¢¥V (ª®àà¥ªâ­® à §à¥è¨¬® ¢ ®¡« áâ¨ 
), ¥á«¨ ®­® ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ y 2 V ¯à¨ ª ¦¤®¬ g 2 V (g 2 
) ¨ íâ® à¥è¥­¨¥ ­¥¯à¥àë¢­® § ¢¨á¨â ®â g ¯® ­®à¬¥
¯à®áâà ­áâ¢  V.

�â¬¥â¨¬, çâ® ¥á«¨ ®¯¥à â®à G ¤¥©áâ¢ã¥â ¢ ¯à®áâà ­áâ¢¥ V ¨ ãà ¢­¥­¨¥ y = Gy+g ®¤­®§­ ç­®
à §à¥è¨¬® ¢ íâ®¬ ¯à®áâà ­áâ¢¥ ¯à¨ «î¡®¬ g 2 V, â® ¬­®¦¥áâ¢® ¢á¥å à¥è¥­¨© íâ®£® ãà ¢­¥­¨ï
¯à¨ ¢á¥å g 2 V á®¢¯ ¤ ¥â á ¯à®áâà ­áâ¢®¬ V.

�¥¬¬  1. �ãáâì ãà ¢­¥­¨¥ Lx = f á «¨­¥©­ë¬ ®¯¥à â®à®¬ L : D0 ! B D0{ãáâ®©ç¨¢®.

�®£¤ 

 ) D0-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = Fx+� íª¢¨¢ «¥­â­  ª®àà¥ªâ­®© à §à¥è¨¬®áâ¨ ãà ¢-

­¥­¨ï x = CFx+ g ¢ ¯à®áâà ­áâ¢¥ D0;
¡) D0-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = Fx + �0 ¢ ®ªà¥áâ­®áâ¨ à¥è¥­¨ï x0 ¯à¨ �0 = Lg0,

x0(0) = �0 � g0(0) íª¢¨¢ «¥­â­  ª®àà¥ªâ­®© à §à¥è¨¬®áâ¨ ¢ ¯à®áâà ­áâ¢¥ D0 ãà ¢­¥-

­¨ï x = CFx+ g ¤«ï ¢á¥å g ¨§ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ í«¥¬¥­â  g0 = C�0 +X�0.

�®ª § â¥«ìáâ¢®. D0-ãáâ®©ç¨¢®áâì «¨­¥©­®£® ãà ¢­¥­¨ï Lx = f íª¢¨¢ «¥­â­  â®¬ã, çâ®
¥£® ®¯¥à â®à �®è¨ C ¤¥©áâ¢ã¥â ¨§ ¯à®áâà ­áâ¢  B ¢ ¯à®áâà ­áâ¢® D0 ¨ ®£à ­¨ç¥­,   áâ®«¡æë
äã­¤ ¬¥­â «ì­®© ¬ âà¨æë X ¯à¨­ ¤«¥¦ â ¯à®áâà ­áâ¢ã D0. �®íâ®¬ã ®¯¥à â®à L : D0 ! B

®£à ­¨ç¥­ ¢ á¨«ã â¥®à¥¬ë � ­ å  ®¡ ®¡à â­®¬ ®¯¥à â®à¥ ([11], £«. 3, 3.5.3, c. 89).
�â¢¥à¦¤¥­¨¥  ) «¥¬¬ë á«¥¤ã¥â ¨§ â¥®à¥¬ë 1, ¥á«¨ ¯®«®¦¨âì L0 = L.
�®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥ ¡). �ãáâì ãà ¢­¥­¨¥ Lx = Fx+�0 D0-ãáâ®©ç¨¢® ¢ ­¥ª®â®à®© ®ªà¥áâ-

­®áâ¨ à¥è¥­¨ï x0 ¯à¨ x0(0) = �0. �â® ®§­ ç ¥â áãé¥áâ¢®¢ ­¨¥ �0 = �0(x0) > 0, ¤«ï ª®â®à®£®
¯à¨ ª ¦¤®© ¯ à¥ f�; �g 2 B �Rn, k� � �0kB � �0, j� � �0j � �0, § ¤ ç  (3) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ x 2 D0 ¨ íâ® à¥è¥­¨¥ ­¥¯à¥àë¢­® ¯® ­®à¬¥ D0 § ¢¨á¨â ®â f�; �g. �ãáâì g; g0 2 D0,
g = C� + X�, g0 = C�0 + X�0, kg � g0kD0

� k� � �0kB + j� � �0j < �0. �®£¤  k� � �0kB � �0,
j�� �0j � �0 ¨ ¯à¨ � = Lg, � = g(0) § ¤ ç  (3) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x 2 D0, ­¥¯à¥àë¢­®
§ ¢¨áïé¥¥ ¢ ¬¥âà¨ª¥ D0 ®â f�; �g 2 B�Rn. �«ï à¥è¥­¨ï x 2D0 ¢ á¨«ã ãà ¢­¥­¨ï Lx = Fx+ �
¨¬¥¥¬ Fx 2 B. �®íâ®¬ã x ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î x = CFx + g ¨ ¢ ¬¥âà¨ª¥ D0 ­¥¯à¥àë¢­®
§ ¢¨á¨â ®â g 2 D0, kg � g0kD0

� �0.
�ãáâì ãà ¢­¥­¨¥ x = CFx + g ª®àà¥ªâ­® à §à¥è¨¬® ¢ ¯à®áâà ­áâ¢¥ D0 ¤«ï g 2 D0, kg �

g0kD0
� �0 = �0(g0) > 0. �®«®¦¨¬ �0 = Lg0, � = g0(0) ¨ ¢®§ì¬¥¬ f�; �g 2 B�Rn, k���0kB < �=2,

j� � �0j < �=2. �®£¤  kg � g0kD0
� k� � �0kB + j� � �0j � �0, £¤¥ � = Lg, � = g(0), ¨ ¯à¨ â ª¨å

g 2 D0 ãà ¢­¥­¨¥ x = CFx+ g ª®àà¥ªâ­® à §à¥è¨¬® ¢ ¯à®áâà ­áâ¢¥ D0. �«ï à¥è¥­¨ï x 2D0 ¢
á¨«ã ãà ¢­¥­¨ï x = CFx + g ¨¬¥¥¬ CFx 2 D0, ®âªã¤  Fx 2 B. �®íâ®¬ã x ï¢«ï¥âáï à¥è¥­¨¥¬
§ ¤ ç¨ �®è¨ (3) ¨ ¢ ¬¥âà¨ª¥ D0 ­¥¯à¥àë¢­® § ¢¨á¨â ®â f�; �g 2 B�Rn.

�à¨ ¨áá«¥¤®¢ ­¨¨ «®ª «ì­®© ãáâ®©ç¨¢®áâ¨ ã¤®¡­® ¯®«ì§®¢ âìáï ¯®¤áâ ­®¢ª®© y = x � x0,
á¢®¤ïé¥© § ¤ çã (3) ¯à¨ � = �0, � = �0 ¨ x = x0 ª \ª ­®­¨ç¥áª®© ä®à¬¥" Ly = F0y+�0, y(0) = 0,
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£¤¥ F0y
def= F(y+x0)�Lx0, ¨ à áá¬ âà¨¢ âì ¢®¯à®á ®¡ ãáâ®©ç¨¢®áâ¨ ¢ ®ªà¥áâ­®áâ¨ âà¨¢¨ «ì­®£®

à¥è¥­¨ï y = 0 íâ®© § ¤ ç¨.
�®â ä ªâ, çâ® ï¢­ë© ¢¨¤ ®¯¥à â®à  F0 ­¥¨§¢¥áâ¥­, ¯®áª®«ìªã ­¥¨§¢¥áâ­® à¥è¥­¨¥ x0, ­¥

¬¥è ¥â ¯à¨¬¥­ïâì §¤¥áì áâ ­¤ àâ­ë¥ ¬¥â®¤ë: ®¯¥à â®à F0 ­ á«¥¤ã¥â ®â ®¯¥à â®à  F âà¥¡ã¥¬ë¥
á¢®©áâ¢ . � ¯à¨¬¥à, ª®­áâ ­âë �¨¯è¨æ  ®¯¥à â®à®¢ F ¨ F0 ®¤¨­ ª®¢ë.

�¥ª®â®àë¥ § ¤ ç¨ ® «®ª «ì­®© ãáâ®©ç¨¢®áâ¨ ã¤ ¥âáï à¥è¨âì ­  ®á­®¢¥ á«¥¤ãîé¥£® à á¯à®-
áâà ­¥­¨ï â¥®à¥¬ë �ï¯ã­®¢  ®¡ ãáâ®©ç¨¢®áâ¨ ¯® ¯¥à¢®¬ã ¯à¨¡«¨¦¥­¨î,  ­ «®£¨ç­®¥ â¥®à¥¬¥ 1
¨§ [7] ¨ â¥®à¥¬ ¬ 3 ¨§ [8], [9].

�¥®à¥¬  2. �ãáâì ãà ¢­¥­¨¥ Lx = f á «¨­¥©­ë¬ ®¯¥à â®à®¬ L : D0 ! B D0{ãáâ®©ç¨¢®,

®¯¥à â®à F : D0 ! B ®¡« ¤ ¥â á¢®©áâ¢®¬: F(0) = 0 ¨ ¤«ï «î¡®£® k > 0 ­ ©¤¥âáï â ª®¥ � > 0,
çâ®

kFx2 �Fx1kB � kkx2 � x1kD0
(6)

¯à¨ ¢á¥å kx1kD0
� �, kx2kD0

� �. �®£¤  ãà ¢­¥­¨¥ Lx = Fx D0-ãáâ®©ç¨¢® ¢ ®ªà¥áâ­®áâ¨

âà¨¢¨ «ì­®£® à¥è¥­¨ï.

�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ë 1 «®ª «ì­ ïD0-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = Fx ¢ ®ªà¥áâ-
­®áâ¨ âà¨¢¨ «ì­®£® à¥è¥­¨ï íª¢¨¢ «¥­â­  ª®àà¥ªâ­®© à §à¥è¨¬®áâ¨ ¢ ¯à®áâà ­áâ¢¥ D0 ãà ¢-
­¥­¨ï

x = CFx+ g (7)

¤«ï g ¨§ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ ­ã«ï. �¤¥áì C : B ! D0 | ®¯¥à â®à �®è¨ ãà ¢­¥­¨ï Lx =
f , g = C� + X�. �¡®§­ ç¨¬ �

def= kCkB!D0
. � á¨«ã ãá«®¢¨ï ­  ®¯¥à â®à F ¤«ï ­¥ª®â®à®£®

¯®«®¦¨â¥«ì­®£® k < 1=� ­ ©¤¥âáï â ª®¥ � > 0, çâ® ¯à¨ «î¡ëå xi 2 D0, kxikD0
< �, i = 1; 2,

¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® (6).

�à¨ kgkD0
� �0

def= �(1 � �k) ¤«ï ãà ¢­¥­¨ï (7) ¢ è à¥ fkxkD0
� �0g ¢ë¯®«­¥­ë ãá«®¢¨ï

«®ª «ì­®£® ¯à¨­æ¨¯  � ­ å  ® á¦¨¬ îé¨å ®â®¡à ¦¥­¨ïå ([11], £«. 4, c«¥¤. 4.3.5, c. 130). �«¥¤®-
¢ â¥«ì­®, ãà ¢­¥­¨¥ (4) (ª®â®à®¥ ¢ ¤ ­­®¬ á«ãç ¥ á®¢¯ ¤ ¥â á ãà ¢­¥­¨¥¬ (7)) ª®àà¥ªâ­® à §-
à¥è¨¬® ¢ ¯à®áâà ­áâ¢¥ D0 ¯à¨ kgk � �0. �âáî¤  á«¥¤ã¥â D0-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = Fx
¢ ®ªà¥áâ­®áâ¨ âà¨¢¨ «ì­®£® à¥è¥­¨ï.

� ¬¥ç ­¨¥ 2. �á«®¢¨¥ â¥®à¥¬ë ®â­®á¨â¥«ì­® ®¯¥à â®à  F ¢ë¯®«­¥­®, ¥á«¨ ¢ ­¥ª®â®à®©
®ªà¥áâ­®áâ¨ â®çª¨ x = 0 ®¯¥à â®à F : D0 ! B ¨¬¥¥â ­¥¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî �à¥è¥ F 0 ¨
F(0) = F 0(0) = 0.

�à¨¬¥à 1. � áá¬®âà¨¬ áª «ïà­®¥ ãà ¢­¥­¨¥

_x(t) + p0(t)x[h0(t)] = p(t) _x2[h(t)] + q(t) _x[h(t)]x[h(t)] + r(t)x2[h(t)] + f(t); t � 0;

x(�) = '(�); _x(�) =  (�); ¥á«¨ � < 0:
(8)

�¤¥áì äã­ªæ¨¨ p0; p; q; r; f : [0;1) ! R ¨§¬¥à¨¬ë ¨ ®£à ­¨ç¥­ë ¢ áãé¥áâ¢¥­­®¬ ­  [0;1);
äã­ªæ¨¨ h0; h : [0;1)! R ¨§¬¥à¨¬ë, ¯à¨ç¥¬ áãé¥áâ¢ãîâ â ª¨¥ � > 0, b > 0 , çâ® t�� � h0(t) �
t, t� � � h(t) � t ¯à¨ ¢á¥å t 2 [b;1); vrai inf

t�b
p0(t) > 0, vrai sup

t�b

p0(t) < 3=(2�); ­ ç «ì­ë¥ äã­ªæ¨¨

'; : [��; 0]! R ¨§¬¥à¨¬ë ¨ ®£à ­¨ç¥­ë ¢ áãé¥áâ¢¥­­®¬ ­  [��; 0].
�«¥¤ãï [3]{[5], ¢¢¥¤¥¬ ¤«ï äã­ªæ¨© y; u : [0;1)! R ¨ � : R! R ®¡®§­ ç¥­¨ï

yu(t)
def=

(
y[u(t)]; ¥á«¨ u(t) � 0;

0; ¥á«¨ u(t) < 0;
�u(t) def=

(
0; ¥á«¨ u(t) � 0;

�[u(t)]; ¥á«¨ u(t) < 0:

6



�®£¤  ãà ¢­¥­¨¥ (8) ¯à¨­¨¬ ¥â ¢¨¤ Lx = Fx+ �, £¤¥

(Lx)(t) def= _x(t) + p0(t)xh0(t);

(Fx)(t) def= p(t) _x2h(t) + q(t) _xh(t)xh(t) + r(t)x2h(t);

�(t) def= p(t)
�
 h(t)

�2
+ q(t) h(t)'h(t) + r(t)

�
'h(t)

�2
� p0(t)'

h0(t) + f(t);

â. ª. x[h0(t)] = xh0(t)+'
h0(t), _x[h(t)] = _xh(t)+ h(t), x[h(t)] = xh(t)+'h(t), _x2[h(t)] = _x2h(t)+

�
 h(t)

�2
,

_x[h(t)]x[h(t)] = _xh(t)xh(t) +  h(t)'h(t), x2[h(t)] = x2h(t) +
�
'h(t)

�2
.

� á¨«ã à¥§ã«ìâ â®¢ à ¡®â [12], [13] ¤«ï äã­ªæ¨¨ �®è¨ C(t; s) ãà ¢­¥­¨ï Lx = f ¤«ï ­¥ª®â®-
àëå N ,� > 0 á¯à ¢¥¤«¨¢  ¯à¨ 0 � s � t ®æ¥­ª 

jC(t; s)j � Ne��(t�s):

�ãáâì L0x � _x+�x = z ¨ B = L1
 , 0 < 
 < �. �®£¤  ¡ ­ å®¢ë ¯à®áâà ­áâ¢  D0, D(L;L1
 ) ¨W


á®¢¯ ¤ îâ, â. ¥. á®¢¯ ¤ îâ ª ª «¨­¥©­ë¥ ¯à®áâà ­áâ¢ , ¨ ­®à¬ë íâ¨å ¯à®áâà ­áâ¢ íª¢¨¢ «¥­â­ë,
¯à¨ç¥¬W
 � C
 ¨ íâ® ¢«®¦¥­¨¥ ­¥¯à¥àë¢­®.

�¤¥áì ç¥à¥§ L1
 , 
 2 R, ®¡®§­ ç¨¬ ¡ ­ å®¢® ¯à®áâà ­áâ¢® ¢á¥å â ª¨å äã­ªæ¨© z : [0;1) !

Rn, ¤«ï ª®â®àëå á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥ z(t) = y(t)e�
t, £¤¥ y 2 L1, á ­®à¬®© kzkL1

def=

kykL1 , L1 | ¡ ­ å®¢® ¯à®áâà ­áâ¢® ¨§¬¥à¨¬ëå ¨ ®£à ­¨ç¥­­ëå ¢ áãé¥áâ¢¥­­®¬ ­  [0;1)

äã­ªæ¨© y : [0;1) ! Rn á ­®à¬®© kykL1
def= vrai sup

t�0
jy(t)j. �­ «®£¨ç­® W
 , 
 2 R, | ¡ ­ -

å®¢® ¯à®áâà ­áâ¢® ¢á¥å â ª¨å äã­ªæ¨© x 2 D, ¤«ï ª ¦¤®© ¨§ ª®â®àëå á¯à ¢¥¤«¨¢ë ¢ª«îç¥­¨ï
x 2 C
, _x 2 L1
 , £¤¥ kxkW


def= kxkC

+ k _xkL1
 .

� ª ¦¤®© â®çª¥ x0 2 D0 ¤«ï «î¡®£® x 2 D0 á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ �
F 0(x0)x

�
(t) = 2p(t)( _x0)h(t) _xh(t) + q(t)[( _x0)h(t)xh(t) + (x0)h(t) _xh(t)] + 2r(t)(x0)h(t)xh(t):

�ç¥¢¨¤­®, F(0) = F 0(0) = 0.
� ª¨¬ ®¡à §®¬, ¢ á¨«ã â¥®à¥¬ë 3 ãà ¢­¥­¨¥ Lx = Fx «®ª «ì­® D0-ãáâ®©ç¨¢® ¢ ®ªà¥áâ-

­®áâ¨ âà¨¢¨ «ì­®£® à¥è¥­¨ï. �§ ­¥¯à¥àë¢­®áâ¨ ¢«®¦¥­¨ï D0 � C
 á«¥¤ã¥â íªá¯®­¥­æ¨ «ì-
­ ï ãáâ®©ç¨¢®áâì ¯® �ï¯ã­®¢ã ¨, á«¥¤®¢ â¥«ì­®, íªá¯®­¥­æ¨ «ì­ ï ãáâ®©ç¨¢®áâì â ª®£® à¥-
è¥­¨ï ¯® ­ ç «ì­ë¬ äã­ªæ¨ï¬ ' ¨  , â. ¥. ¯à¨ ­¥ª®â®à®¬ M > 0 ¨ ¤®áâ â®ç­® ¬ «ëå j�j ¨

k'kL1[��;0]
def= vrai sup

t2[��;0]

j'(t)j, k kL1[��;0]
def= vrai sup

t2[��;0]

j (t)j á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

jx(t)j �Me�
t
�
(k'kL1 [��;0] + k kL1[��;0])2 + j�j

�
; t � 0:

�á«¨ ®£à ­¨ç¨âìáï á«ãç ¥¬, ª®£¤  ®¯¥à â®à F : D0 ! B ¤®¯ãáª ¥â ­¥¯à¥àë¢­®¥ à áè¨à¥­¨¥
F : C ! B ­  ¯à®áâà ­áâ¢® C ­¥¯à¥àë¢­ëå äã­ªæ¨©, â® ç¥¡ëè¥¢áª ï ­®à¬  ¨ ã¤®¡­ ï ¥áâ¥-
áâ¢¥­­ ï ã¯®àï¤®ç¥­­®áâì (x1 � x2, ¥á«¨ x1(t) � x2(t) ¯à¨ ¢á¥å t 2 [0;1)) ¯®§¢®«ï¥â ¯®«ãç âì
âà¥¡ã¥¬ë¥ ®æ¥­ª¨ ¯à®áâë¬¨ ¯à¨¥¬ ¬¨.

� ä¨ªá¨àã¥¬ ¡ ­ å®¢® ¯à®áâà ­áâ¢® äã­ªæ¨© B � L, ¬®¤¥«ì­®¥ ãà ¢­¥­¨¥ L0x = z ¨ ­¥ª®-
â®à®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢® V äã­ªæ¨© y : [0;1)! Rn. �ãáâì, ¤ «¥¥, xk | à¥è¥­¨¥ § ¤ ç¨ (3)
¯à¨ � = �k, � = �k, k 2 Z+.

�¯à¥¤¥«¥­¨¥ 3. �à ¢­¥­¨¥ Lx = Fx ­ §ë¢ ¥âáï V-ãáâ®©ç¨¢ë¬ (®¡« ¤ ¥â V-á¢®©áâ¢®¬),
¥á«¨ ¤«ï ª ¦¤®© ¯ àë f�; �g 2 B � Rn § ¤ ç  (3) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x 2 V ¨ íâ®
à¥è¥­¨¥ ­¥¯à¥àë¢­® § ¢¨á¨â ®â � ¨ � (â. ¥. ¤«ï «î¡®£® " > 0 ­ ©¤¥âáï â ª®¥ � = �(x; ") > 0, çâ®
kx1 � xkV < ", ¥á«¨ k�1 � �kB < �, j�1 � �j < �).

�¯à¥¤¥«¥­¨¥ 4. �ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢­¥­¨¥ Lx = Fx + �0 V-ãáâ®©ç¨¢® («®ª «ì­®) ¢
®ªà¥áâ­®áâ¨ à¥è¥­¨ï x0 ¯à¨ x0(0) = �0, ¥á«¨ áãé¥áâ¢ã¥â �0 = �(x0) > 0, ¤«ï ª®â®à®£® ¯à¨
ª ¦¤®© ¯ à¥ f�; �g 2 B � Rn, k� � �0kB � �0, j� � �0j � �0, § ¤ ç  (3) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥
à¥è¥­¨¥ x 2 V ¨ íâ® à¥è¥­¨¥ ­¥¯à¥àë¢­® § ¢¨á¨â ®â � ¨ � (â. ¥. ¤«ï «î¡®£® " > 0 ­ ©¤¥âáï
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â ª®¥ � = �(x; ") > 0, çâ® kx1 � xkV < ", ¥á«¨ k�1 � �0kB � �0, j�1 � �0j � �0 ¨ k�1 � �kB < �,
j�1 � �j < �).

� ¬¥ç ­¨¥ 3. � ª¨¬ ®¡à §®¬, ­ ¯à¨¬¥à, C-ãáâ®©ç¨¢®áâì (C0-ãáâ®©ç¨¢®áâì, C
-ãáâ®©ç¨-
¢®áâì), ª ª ¨ «®ª «ì­ ï C-ãáâ®©ç¨¢®áâì (C0-ãáâ®©ç¨¢®áâì, C
-ãáâ®©ç¨¢®áâì), £ à ­â¨àãîâ
ãáâ®©ç¨¢®áâì ¯® �ï¯ã­®¢ã «¨¡® ¢ æ¥«®¬, «¨¡® «®ª «ì­® á®®â¢¥âáâ¢¥­­®.

�¥¬¬  2. �ãáâì ¯à®áâà ­áâ¢a D0 ¨ V â ª®¢ë, çâ® ¨¬¥¥â ¬¥áâ® ­¥¯à¥àë¢­®¥ ¢«®¦¥­¨¥

D0 � V, ®¯¥à â®à F ­¥¯à¥àë¢­® ¤¥©áâ¢ã¥â ¨§ ¯à®áâà ­áâ¢  V ¢ ¯à®áâà ­áâ¢® B,   ãà ¢­¥­¨¥

Lx = f c «¨­¥©­ë¬ ®¯¥à â®à®¬ L : D0 ! B D0-ãáâ®©ç¨¢®. �®£¤ 

 ) V-ãáâ®©ç¨¢®áâì ¨ D0-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = Fx | ¯®­ïâ¨ï íª¢¨¢ «¥­â­ë¥;
¡) V-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = Fx+�0 ¢ ®ªà¥áâ­®áâ¨ à¥è¥­¨ï x0 ¨ D0-ãáâ®©ç¨¢®áâì

ãà ¢­¥­¨ï Lx = Fx+ �0 ¢ ®ªà¥áâ­®áâ¨ à¥è¥­¨ï x0 | ¯®­ïâ¨ï íª¢¨¢ «¥­â­ë¥.

�®ª § â¥«ìáâ¢®. �§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 1 á«¥¤ã¥â, çâ® ®¯¥à â®àë L : D0 ! B, C :
B ! D0, X : Rn ! D0 ®£à ­¨ç¥­ë. � «¥¥, ¨§ ­¥¯à¥àë¢­®áâ¨ ¢«®¦¥­¨ï D0 � V á«¥¤ã¥â
®£à ­¨ç¥­­®áâì ®¯¥à â®à  �®è¨ C : B! V ¨ ®¯¥à â®à  X : Rn ! V.

 ) �ãáâì ãà ¢­¥­¨¥ Lx = Fx D0-ãáâ®©ç¨¢®. �®£¤  ¢¢¨¤ã ¢«®¦¥­¨ï D0 � V ¯à¨ «î¡ëå
� = �0 2 B ¨ � = �0 2 Rn à¥è¥­¨¥ x0 2 D0 § ¤ ç¨ (3) ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã V, ¯à¨ç¥¬
¤àã£®£® à¥è¥­¨ï x 2 V § ¤ ç  (3) ¯à¨ � = �0, � = �0 ¨¬¥âì ­¥ ¬®¦¥â. �à¨ ãá«®¢¨¨ lim

k!1
k�k �

�0kB = lim
k!1

j�k � �0j = 0 ¨§ D0-ãáâ®©ç¨¢®áâ¨ ãà ¢­¥­¨ï Lx = Fx ¨ ­¥¯à¥àë¢­®áâ¨ ¢«®¦¥­¨ï

D0 � V ¨¬¥¥¬ lim
k!1

kxk � x0kV � d lim
k!1

kxk � x0kD0
= 0, £¤¥ d | ª®­áâ ­â  ¢«®¦¥­¨ï D0 ¢ V.

�ãáâì ãà ¢­¥­¨¥ Lx = Fx V-ãáâ®©ç¨¢®. �®£¤  ¯à¨ «î¡ëå � = �0 2 B, � = �0 2 Rn à¥è¥­¨¥
x0 2 V § ¤ ç¨ (3) ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã D0, â. ª. x0 = Cf0+X�0, £¤¥ f0 = Fx0+�0 2 B. �à¨
ãá«®¢¨¨ lim

k!1
k�k��0kB = lim

k!1
j�k��0j = 0 ¨§ ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à®¢ F : V! B ¨ C : B! D0

¨¬¥¥¬ lim
k!1

kxk�x0kD0
� kXkRn!D0

lim
k!1

j�k��0j+ kCkB!D0
lim
k!1

(kFxk�Fx0kB+ k�k� �0kB) = 0.

�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥­¨ï ¡) ¯à®¨§¢®¤¨âáï  ­ «®£¨ç­®, ¥á«¨ à áá¬ âà¨¢ âì â®«ìª® â ª¨¥
¯ àë f�; �g 2 B�Rn, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ­¥à ¢¥­áâ¢ ¬ k� � �0kB � �0, j�� �0j � �0.

� ¬¥ç ­¨¥ 4. � ãá«®¢¨ïå «¥¬¬ë 2 V-ãáâ®©ç¨¢®áâì (D0-ãáâ®©ç¨¢®áâì) ãà ¢­¥­¨ï Lx =
Fx + � £ à ­â¨àã¥â, çâ® ¬­®¦¥áâ¢® D(L � F ;B) ¢á¥å à¥è¥­¨© x íâ®£® ãà ¢­¥­¨ï ¯à¨ ¢á¥å
� 2 B á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ D0. �¥©áâ¢¨â¥«ì­®, ¯à¨ ¤®ª § â¥«ìáâ¢¥ ¯.  ) ¯®ª § ­®, çâ®D(L�
F ;B) � D0. �«®¦¥­¨¥ D(L � F ;B) � D0 ®ç¥¢¨¤­®.

�¥¬¬  3. � ãá«®¢¨ïå «¥¬¬ë 2

 ) ª®àà¥ªâ­ ï à §à¥è¨¬®áâì ãà ¢­¥­¨ï x = CFx+ g ¢ ¯à®áâà ­áâ¢¥ V £ à ­â¨àã¥â D0-

ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = Fx;
¡) ª®àà¥ªâ­ ï à §à¥è¨¬®áâì ãà ¢­¥­¨ï x = CFx+g ¢ ¯à®áâà ­áâ¢¥ V ¯à¨ kg�g0kV � �0,

£¤¥ g0 2 D0, �0 > 0, £ à ­â¨àã¥â D0-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = Fx+�0 ¢ ­¥ª®â®à®©
®ªà¥áâ­®áâ¨ à¥è¥­¨ï x0 ¯à¨ x0(0) = �0 = g0(0), �0 = Lg0.

�®ª § â¥«ìáâ¢®. a) �ãáâì ãà ¢­¥­¨¥ x = CFx+ g ª®àà¥ªâ­® à §à¥è¨¬® ¢ ¯à®áâà ­áâ¢¥ V.
�®£¤  ¯à¨ «î¡®¬ g 2 D0 à¥è¥­¨¥ x íâ®£® ãà ¢­¥­¨ï ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã D0, â. ª. x 2 V,
Fx 2 B ¨ CFx 2D0.

�®§ì¬¥¬ í«¥¬¥­âë �0 2 B ¨ �0 2 Rn, â®£¤  í«¥¬¥­â g0 = C�0 + X�0 2 D0. �¥è¥­¨¥ x0
ãà ¢­¥­¨ï x = CFx+ g0 ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã D0, ¯®íâ®¬ã x0 ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨
Lx = Fx+ �0, x(0) = �0.

�ãáâì f�k; �kg 2 B � Rn ¨ lim
k!1

k�k � �0kB = 0, lim
k!1

j�k � �0j = 0, gk = C�k + X�k, k 2 Z+,

â®£¤  lim
k!1

kgk � g0kD0
= 0 ¢¢¨¤ã D0-ãáâ®©ç¨¢®áâ¨ «¨­¥©­®£® ãà ¢­¥­¨ï Lx = f .

�§ ­¥¯à¥àë¢­®áâ¨ ¢«®¦¥­¨ï D0 � V ¨ ª®àà¥ªâ­®© à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï x = CFx + g
¢ ¯à®áâà ­áâ¢¥ V ¯®«ãç ¥¬ lim

k!1
kgk � g0kV = 0 ¨ lim

k!1
kxk � x0kV = 0. � «¥¥ ¨§ ­¥¯à¥àë¢­®áâ¨

8



®¯¥à â®à®¢ F : V ! B ¨ C : B ! D0 ¨¬¥¥¬ lim
k!1

kxk � x0kD0
� kCkB!D0

lim
k!1

kFxk � Fx0kB +

lim
k!1

kgk � g0kD0
= 0.

¡) �ãáâì ãà ¢­¥­¨¥ x = CFx + g ª®àà¥ªâ­® à §à¥è¨¬® ¢ ¯à®áâà ­áâ¢¥ V ¯à¨ g 2 V, kg �
g0kV � �0, £¤¥ g0 2 D0, �0 > 0. � ª ¯®ª § ­® ¢ ¯.  ), ¯à¨ ¢á¥å â ª¨å g 2 D0 à¥è¥­¨¥ x ãà ¢­¥­¨ï
x = CFx + g ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã D0. �®§ì¬¥¬ í«¥¬¥­âë � 2 B, � 2 Rn â ª, çâ®¡ë
¢ë¯®«­ï«¨áì ­¥à ¢¥­áâ¢  k���0kB � �0=(2d), j���0j � �0=(2d), £¤¥ d| ª®­áâ ­â  ¢«®¦¥­¨ïD0

¢ V. �®£¤  ¤«ï í«¥¬¥­â®¢ g = C�+X� ¨¬¥¥¬ kg�g0kV � dkg�g0kD0
= d(k���0kB+j���0j) � �0.

�«ï â ª¨å í«¥¬¥­â®¢ g ãà ¢­¥­¨¥ x = CFx+g ª®àà¥ªâ­® à §à¥è¨¬® ¢ ¯à®áâà ­áâ¢¥ V ¨ ª ¦¤®¥
¥£® à¥è¥­¨¥ x ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ �®è¨ (3). �¥¯à¥àë¢­ãî § ¢¨á¨¬®áâì ¯® ­®à¬¥ D0

à¥è¥­¨ï x íâ®© § ¤ ç¨ ¬®¦­® ¯®ª § âì  ­ «®£¨ç­® â®¬ã, ª ª íâ® á¤¥« ­® ¢ ¯.  ).

� ¬¥ç ­¨¥ 5. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 2, â® ¢ á«ãç ¥ ª®àà¥ªâ­®© à §à¥è¨¬®áâ¨
ãà ¢­¥­¨ï x = CFx+ g ¢ ¯à®áâà ­áâ¢¥ V ¬­®¦¥áâ¢® M ¢á¥å à¥è¥­¨© íâ®£® ãà ¢­¥­¨ï ¯à¨ ¢á¥å
g 2 D0 á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ D0. �¥©áâ¢¨â¥«ì­®, ¢ ¯.  ) ¤®ª § â¥«ìáâ¢  «¥¬¬ë 2 ¯®ª § ­®,
çâ® M � D0. �«®¦¥­¨¥ M � D0 ®ç¥¢¨¤­®.

�¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥ ®¡®¡é¥­¨¥ â¥®à¥¬ë 2 ¨§ [7] ¨ â¥®à¥¬ë 5 ¨§ [9].

�¥®à¥¬  3. �ãáâì ¯à®áâà ­áâ¢® D0 ­¥¯à¥àë¢­® ¢«®¦¥­® ¢ ¯à®áâà ­áâ¢® V, ãà ¢­¥­¨¥

Lx = f á «¨­¥©­ë¬ ®¯¥à â®à®¬ L : D0 ! B D0-ãáâ®©ç¨¢®,   ®¯¥à â®à F : V ! B ®¡« ¤ ¥â

á¢®©áâ¢®¬: F(0) = 0 ¨ ¤«ï «î¡®£® k > 0 ­ ©¤¥âáï â ª®¥ � > 0, çâ®

kFx2 �Fx1kB � kkx2 � x1kV (9)

¯à¨ ¢á¥å kx1kV � �, kx2kV � �. �®£¤  ãà ¢­¥­¨¥ Lx = Fx «®ª «ì­® D0-ãáâ®©ç¨¢® ¢ ®ªà¥áâ­®áâ¨

âà¨¢¨ «ì­®£® à¥è¥­¨ï.

�®ª § â¥«ìáâ¢®. �§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 3 á«¥¤ã¥â, çâ® ®¯¥à â®àë L : D0 ! B, C : B!
V, X : Rn ! V ®£à ­¨ç¥­ë. �®¢â®àïï áå¥¬ã ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 3, ¯®«ãç¨¬, çâ® ãà ¢­¥­¨¥
x = CFx+g ª®àà¥ªâ­® à §à¥è¨¬® ¢ ¯à®áâà ­áâ¢¥ V ¯à¨ g 2 V, kgkV � �0 ¤«ï ­¥ª®â®à®£® �0 > 0.
�®£¤  ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï ¡) «¥¬¬ë 3 ãà ¢­¥­¨¥ Lx = Fx «®ª «ì­®D0-ãáâ®©ç¨¢® ¢ ®ªà¥áâ­®áâ¨
âà¨¢¨ «ì­®£® à¥è¥­¨ï.

�¥¬¬  4. �ãáâì «¨­¥©­®¥ ãà ¢­¥­¨¥ Lx = f V-ãáâ®©ç¨¢®. �®£¤ 

 ) ª®àà¥ªâ­ ï à §à¥è¨¬®áâì ãà ¢­¥­¨ï x = CFx + g ¢ ¯à®áâà ­áâ¢¥ V £ à ­â¨àã¥â V-

ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = Fx;
¡) ª®àà¥ªâ­ ï à §à¥è¨¬®áâì ãà ¢­¥­¨ï x = CFx+g ¢ ¯à®áâà ­áâ¢¥ V ¯à¨ kg�g0kV � �0,

£¤¥ g0 = C�0 + X�0, �0 2 B, �0 2 Rn, �0 > 0, £ à ­â¨àã¥â V-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï

Lx = Fx+ �0 ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ à¥è¥­¨ï x0 ¯à¨ x0(0) = �0.

�®ª § â¥«ìáâ¢®. V-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = f ®§­ ç ¥â, çâ® ®¯¥à â®à �®è¨ C ¤¥©-
áâ¢ã¥â ¨§ ¯à®áâà ­áâ¢  B ¢ ¯à®áâà ­áâ¢® V ¨ ®£à ­¨ç¥­,   áâ®«¡æë äã­¤ ¬¥­â «ì­®© ¬ âà¨æë
X ãà ¢­¥­¨ï ¯à¨­ ¤«¥¦ â ¯à®áâà ­áâ¢ã V. �¡®§­ ç¨¬ & = kCkB!V + kXkRn!V.

 ) �ãáâì ãà ¢­¥­¨¥ x = CFx + g ª®àà¥ªâ­® à §à¥è¨¬® ¢ ¯à®áâà ­áâ¢¥ V. � áá¬®âà¨¬
¯®á«¥¤®¢ â¥«ì­®áâì § ¤ ç Lx = Fx + �i, x(0) = �i ¯à¨ f�i; �ig 2 B � Rn, i 2 Z+. �®£¤ 
gi = C�i + X�i 2 V ¨ lim

i!1
kgi � g0kV = 0, ¥á«¨ lim

i!1
k�i � �0kB = lim

i!1
j�i � �0j = 0. �¥è¥­¨¥

xi ãà ¢­¥­¨ï x = CFx + gi áãé¥áâ¢ã¥â, ¥¤¨­áâ¢¥­­®, ¯à¨ç¥¬ xi 2 V ¨ lim
i!1

kxi � x0kV = 0 ¯à¨

lim
i!1

kgi�g0kV = 0. �«¥¬¥­âë xi ¨ gi á¢ï§ ­ë à ¢¥­áâ¢®¬ xi = C(Fxi+�i)+X�i, ¯®íâ®¬ã í«¥¬¥­â

xi ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ Lx = fi, x(0) = �i ¯à¨ fi = Fxi+�i. �®«¥¥ â®£®, lim
i!1

kxi�x0kV = 0,

¥á«¨ lim
i!1

k�i � �0kB = lim
i!1

j�i � �0j = 0.

¡) �ãáâì ãà ¢­¥­¨¥ x = CFx + g ª®àà¥ªâ­® à §à¥è¨¬® ¢ ¯à®áâà ­áâ¢¥ V ¯à¨ g 2 V, kg �
g0kV � �0, £¤¥ �0 > 0 ¨ g0 = C�0 + X�0, f�0; �0g 2 B � Rn. � áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì
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§ ¤ ç Lx = Fx + �i, x(0) = �i ¯à¨ f�i; �ig 2 B �Rn, k�i � �0kB � "=&, j�i � �0j � "=&, i 2 Z+.
�®£¤  gi = C�i + X�i 2 V, kgi � g0kV � �0. �à®¬¥ â®£®, lim

i!1
kgi � g1kV = 0, ¥á«¨ lim

i!1
k�i �

�1kB = lim
i!1

j�i � �1j = 0. �®¢â®àïï à ááã¦¤¥­¨ï ¯.  ), ¯®«ãç ¥¬, çâ® à¥è¥­¨¥ xi ãà ¢­¥­¨ï

x = CFx + gi ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ Lx = Fx + �i, x(0) = �i, ¯à¨ç¥¬ lim
i!1

kxi � x1kV = 0,

¥á«¨ lim
i!1

k�i � �1kB = lim
i!1

j�i � �1j = 0.

�¬¥¥â ¬¥áâ® ¤àã£®© ¢ à¨ ­â ®¡®¡é¥­¨ï â¥®à¥¬ë 2 ¨§ [7] ¨ â¥®à¥¬ë 6 ¨§ [9].

�¥®à¥¬  4. �ãáâì «¨­¥©­®¥ ãà ¢­¥­¨¥ Lx = f V-ãáâ®©ç¨¢®,   ®¯¥à â®à F : V ! B

®¡« ¤ ¥â á¢®©áâ¢®¬: F(0) = 0 ¨ ¤«ï «î¡®£® k > 0 ­ ©¤¥âáï â ª®¥ � > 0, çâ® ¯à¨ kxikV � �,
i = 1; 2, ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® (9). �®£¤  ãà ¢­¥­¨¥ Lx = Fx «®ª «ì­® V-ãáâ®©ç¨¢® ¢

­¥ª®â®à®© ®ªà¥áâ­®áâ¨ âà¨¢¨ «ì­®£® à¥è¥­¨ï.

�®ª § â¥«ìáâ¢®. �®¢â®àïï áå¥¬ã ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 3, ãáâ ­®¢¨¬, çâ® ãà ¢­¥­¨¥ x =
CFx + g ª®àà¥ªâ­® à §à¥è¨¬® ¢ ¯à®áâà ­áâ¢¥ V ¯à¨ g 2 V, kgkV � �0 ¤«ï ­¥ª®â®à®£® �0 > 0.
�®£¤  ¢ á¨«ã ãâ¢¥à¦¤¥­¨ï  ) «¥¬¬ë 4 ãà ¢­¥­¨¥ Lx = Fx «®ª «ì­® V-ãáâ®©ç¨¢® ¢ ­¥ª®â®à®©
®ªà¥áâ­®áâ¨ âà¨¢¨ «ì­®£® à¥è¥­¨ï.

�«ï ãáâ ­®¢«¥­¨ï «®ª «ì­®© D0-ãáâ®©ç¨¢®áâ¨ ¢ ®ªà¥áâ­®áâ¨ à¥è¥­¨ï ãà ¢­¥­¨ï Lx = Fx
­  ®á­®¢¥ â¥®à¥¬ë 3 á«¥¤ã¥â à §«®¦¨âì ®¯¥à â®à F : D0 ! B ­  áã¬¬ã ¢¨¤  F = L1 + F1,
£¤¥ F1 ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë. �á«¨ ¯à¨ íâ®¬ ãà ¢­¥­¨¥ (L � L1)x = f ®ª ¦¥âáï
D0-ãáâ®©ç¨¢ë¬, â® «®ª «ì­ ï D0-ãáâ®©ç¨¢®áâì ¢ ®ªà¥áâ­®áâ¨ à¥è¥­¨ï ­¥«¨­¥©­®£® ãà ¢­¥­¨ï
¡ã¤¥â ãáâ ­®¢«¥­ .

�¡®§­ ç¨¬ L1x
def= F 0(x0)x, F1x = Fx � L1x. �®£¤  ãà ¢­¥­¨¥ Lx = Fx ¬®¦­® § ¯¨á âì ¢

¢¨¤¥

(L� L1)x = F1x

¨ ¢ ª ç¥áâ¢¥ «¨­¥©­®£® ¯à¨¡«¨¦¥­¨ï ¬®¦­® ¡à âì ãà ¢­¥­¨¥ (L �L1)x = f .
� áá¬®âà¨¬ ¯à®áâë¥ ¯à¨¬¥àë ¯à¨¬¥­¥­¨ï íâ®© áå¥¬ë.

�à¨¬¥à 2. � áª «ïà­®¬ ãà ¢­¥­¨¨

_x(t) = f(x[t� #]; _x[t� � ]); t � 0;

x(�) = _x(�) = 0 ¯à¨ � < 0;
(10)

#, � | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, äã­ªæ¨ï f ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ¢ ­¥ª®â®à®©
®ªà¥áâ­®áâ¨ ­ã«ï ¯à®áâà ­áâ¢  R2, ¯à¨ç¥¬ f(0; 0) � 0. �¡®§­ ç¨¬ h(t) = t � #, g(t) = t � � ,
Lx = _x, Fx = Nf(xh; _xg), p = �fu(0; 0), q = fv(0; 0), £¤¥ Nf(y; z) � f(y; z) | ®¯¥à â®à �¥-
¬ëæª®£®, ¯®à®¦¤¥­­ë© äã­ªæ¨¥© f(�; �), fu(u; v) �

@f(u;v)

@u
, fv(u; v) �

@f(u;v)

@v
. �ë¡¥à¥¬ ¬®¤¥«ì­®¥

ãà ¢­¥­¨¥ L0x � _x+ x = z ¨ ¯à®áâà ­áâ¢® B = L1. � ãª § ­­ëå ¯à¥¤¯®«®¦¥­¨ïå ®¯¥à â®à Nf

¤¥©áâ¢ã¥â ¨§ ­¥ª®â®à®£® è à  á æ¥­âà®¬ ¢ ­ã«¥ ¯à®áâà ­áâ¢  L1 � L1 ¢ ¯à®áâà ­áâ¢® L1 ¨
­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ¢ íâ®¬ è à¥ ([14], £«. X, x 1, 1.10, cc. 385, 386). �®£¤  ®¯¥à â®à F
¤¥©áâ¢ã¥â ¨§ ­¥ª®â®à®£® è à  á æ¥­âà®¬ ¢ ­ã«¥ ¯à®áâà ­áâ¢  D0 ¢ ¯à®áâà ­áâ¢® L1 ¨ ­¥¯à¥-
àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ¢ íâ®¬ è à¥, ¯à¨ç¥¬ L1x � F 0(0)x = �pxh+ q _xg. �à ¢­¥­¨¥ (10) ¬®¦­®
§ ¯¨á âì ¢ ¢¨¤¥ (L � L1)x = F1x, £¤¥ (L� L1)x = _x� q _xg + pxh, F1x = Fx�L1x.

� á¨«ã ¯à¨§­ ª®¢ ¨§ [15], [16] ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ C-ãáâ®©ç¨¢®áâ¨ «¨­¥©­®£® ãà ¢­¥­¨ï
(L� L1)x = � ï¢«ï¥âáï ¢ë¯®«­¥­¨¥ (¯à¨ ! = e�1, �(!) = 1) ­¥à ¢¥­áâ¢ jqj < 1, p > 0 ¨

(1� q)jp#+ (q � 1)=ej + pjqj� < 1� 3jqj+ q2:

�®£¤  ¢ íâ¨å ¯à¥¤¯®«®¦¥­¨ïå ¨§ â¥®à¥¬ë 3 á«¥¤ã¥â «®ª «ì­ ï D0-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï
(L� L1)x = F1x (¨ ãà ¢­¥­¨ï (10)) ¢ ®ªà¥áâ­®áâ¨ âà¨¢¨ «ì­®£® à¥è¥­¨ï.
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�à¨¬¥à 3. � á¨áâ¥¬¥ ãà ¢­¥­¨© ¬®¤¥«¨ \å¨é­¨ª{¦¥àâ¢ ", ãç¨âë¢ îé¥© ¢­ãâà¨¢¨¤®¢ãî
¡®àì¡ã ¢ ¯®¯ã«ïæ¨ïå [17],

_N1(t) =
�
"1 +

Z t

t��1

N2(s)dsK1(t� s)� �1N1(t)
�
N1(t);

_N2(t) =
�
� "2 +

Z t

t��2

N1(s)dsK2(t� s)� �2N2(t)
�
N2(t); t � 0; (11)

N1(�) = eN1(�); N2(�) = eN2(�); ¥á«¨ � < 0;

N1 ¨ N2 | ç¨á«¥­­®áâ¨ ¦¥àâ¢ ¨ å¨é­¨ª®¢ á®®â¢¥âáâ¢¥­­®; ª®­áâ ­âë "1, "2, �1, �2, �1, �2
¯®«®¦¨â¥«ì­ë; eN1 : [��2; 0] ! [0;1), eN2 : [��1; 0] ! [0;1) | ªãá®ç­®{­¥¯à¥àë¢­ë¥ äã­ª-
æ¨¨; K1 : [0; �1] ! R, K2 : [0; �2] ! R | ­¥ã¡ë¢ îé¨¥ ®£à ­¨ç¥­­ë¥ äã­ªæ¨¨. �¡®§­ ç¨¬
k1 = K1(�1)�K1(0), k2 = K2(�2)�K2(0).

� ©¤¥¬ ãá«®¢¨ï ãáâ®©ç¨¢®áâ¨ ­¥âà¨¢¨ «ì­®£® ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï

N 0
1 =

"1�2 + "2k1
�1�2 + k1k2

; N 0
2 =

"1k2 � "2�1
�1�2 + k1k2

¯à¨ eN1(�) � N 0
1 , eN2(�) � N 0

2 . � ¬¥â¨¬, çâ® N
0
2 > 0 ¯à¨ "1k2 > "2�1. �ã¤¥¬ ¯à¥¤¯®« £ âì ¢ë-

¯®«­¥­­ë¬ íâ® ­¥à ¢¥­áâ¢®. �¢¥¤ï ­®¢ë¥ äã­ªæ¨¨ x1(t) = N1(t) � N 0
1 , x2(t) = N2(t) � N 0

2 ,
'1(�) = eN1(�)�N 0

1 , '2(�) = eN2(�)�N 0
2 , ¯®«ãç¨¬ á¨áâ¥¬ã

_x1(t) = (�
1 + a1(t))x1(t) +
Z t

h1(t)

x2(s)dsr1(t� s) + F1(x1; x2)(t) + �1(t);

_x2(t) = (�
2 + a2(t))x2(t)�
Z t

h2(t)

x1(s)dsr2(t� s) + F2(x1; x2)(t) + �2(t); t � 0:
(12)

�¤¥áì 
1 = �1N
0
1 , 
2 = �2N

0
2 ; a1(t) =

0R
h
�

1
(t)

'2(s)dsK1(t � s), a2(t) =
0R

h
�

2
(t)

'1(s)dsK2(t � s); h�1 (t) =

minft� �1; 0g, h
�
2 (t) = minft� �2; 0g, h1(t) = maxft� �1; 0g, h2(t) = maxft� �2; 0g; r1(t) = N 0

1K1(t),
r2(t) = N 0

2K2(t), p1 = N 0
1k1, p2 = N 0

2 k2;

F1(x1; x2)(t) = x1(t)
�Z t

h1(t)

x2(s)dsK1(t� s)� �1x1(t)
�
;

F2(x1; x2)(t) = �x2(t)
�Z t

h2(t)
x1(s)dsK2(t� s) + �2x2(t)

�
;

�1(t) =
0R

h
�

1
(t)

'2(s)dsr1(t � s), �2(t) = �
0R

h
�

2
(t)

'1(s)dsr2(t � s). �¡®§­ ç¨¬ x = colfx1; x2g, � =

colf�1; �2g, Fx = colfF1(x1; x2);F2(x1; x2)g;

(L0x)(t) =
�
_x1(t)
_x2(t)

�
+
�

1 0
0 
2

��
x1(t)
x2(t)

�
;

L = L0 �R, Rx = colfR1(x1; x2);R2(x1; x2)g, £¤¥

R1(x1; x2)(t) = a1(t)x1(t) +
Z t

h1(t)

x2(s)dsr1(t� s);

R2(x1; x2)(t) = �a2(t)x2(t)�
Z t

h2(t)

x1(s)dsr2(t� s):

�®£¤  á¨áâ¥¬ã (12) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ ¬ âà¨ç­®£® ãà ¢­¥­¨ï (Lx)(t) = (Fx)(t) + �(t),
t � 0, £¤¥ ®¯¥à â®à F ­¥¯à¥àë¢­® ¤¥©áâ¢ã¥â ¨§ ¯à®áâà ­áâ¢  C ­¥¯à¥àë¢­ëå ¨ ®£à ­¨ç¥­­ëå
¢¥ªâ®à-äã­ªæ¨© x : [0;1)! R2 ¢ ¯à®áâà ­áâ¢® L1 ¨§¬¥à¨¬ëå ¨ ®£à ­¨ç¥­­ëå ¢ áãé¥áâ¢¥­­®¬
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¢¥ªâ®à-äã­ªæ¨© z : [0;1)! R2. �®«¥¥ â®£®, ®¯¥à â®à F : C! L1 ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬
¯® �à¥è¥ ¢ «î¡®© â®çª¥ x 2 C ¨ F(0) = F 0(0) = 0. �ª ¦¥¬ ãá«®¢¨ï C-ãáâ®©ç¨¢®áâ¨ «¨­¥©­®£®
ãà ¢­¥­¨ï Lx = f . �®£¤  ¢ á¨«ã â¥®à¥¬ë 4 ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ Lx = Fx ¡ã¤¥â â ª¦¥ «®ª «ì­®
C-ãáâ®©ç¨¢ë¬ ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ âà¨¢¨ «ì­®£® à¥è¥­¨ï.

�¯¥à â®à �®è¨ W ¬®¤¥«ì­®£® ãà ¢­¥­¨ï L0x = z ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬

(Wz)(t) =
Z t

0

W (t; s)z(s) ds;

£¤¥

W (t; s) =
�
e�
1(t�s) 0

0 e�
2(t�s)

�
:

�ç¥¢¨¤­®, ®¯¥à â®à W ¤¥©áâ¢ã¥â ¨§ ¯à®áâà ­áâ¢  L1 ¢ ¯à®áâà ­áâ¢® C ¨ ®£à ­¨ç¥­. �®íâ®¬ã
¡ ­ å®¢® ¯à®áâà ­áâ¢® D0

def= D(L0;L
1) á®¢¯ ¤ ¥â á ¡ ­ å®¢ë¬ ¯à®áâà ­áâ¢®¬W. � ç áâ­®áâ¨,

­®à¬  kxkD0

def= kL0xkL1 + jx(0)j ¢ ¯à®áâà ­áâ¢¥ D0 íª¢¨¢ «¥­â­  ­®à¬¥ kxkW
def= kxkC + k _xkL1

¢ ¯à®áâà ­áâ¢¥ W. �¯¥à â®à R (G def= WR) ¤¥©áâ¢ã¥â ¨§ ¯à®áâà ­áâ¢  C ¢ ¯à®áâà ­áâ¢® L1 (¢
¯à®áâà ­áâ¢® C) ¨ ®£à ­¨ç¥­. � á¨«ã § ¬¥ç ­¨ï 4 ¨ â¥®à¥¬ë 4 [1] ®¤­®§­ ç­ ï à §à¥è¨¬®áâì

ãà ¢­¥­¨ï x = Gbx + g ¢ ¯à®áâà ­áâ¢¥ Cb def= fx 2 C : x(t) � 0 ­  [0; b]g ¤«ï ­¥ª®â®à®£® b > 0
£ à ­â¨àã¥â C-ãáâ®©ç¨¢®áâì (D0-ãáâ®©ç¨¢®áâì) ãà ¢­¥­¨ï Lx = f .

�¯à¥¤¥«¨¬ ­®à¬ã j�j í«¥¬¥­â  � = colf�1; �2g 2 R2 à ¢¥­áâ¢®¬

j�j = maxfj�1j; j�2jg;

­®à¬ã kxkCb í«¥¬¥­â  x 2 Cb | à ¢¥­áâ¢®¬

kxkCb =
��� coln sup

t�b

jx1(t)j; sup
t�b

jx2(t)j
o���:

�®£¤  kGkCb!Cb < 1, ¥á«¨ b > maxf�1; �2g, p1 < 
1, p2 < 
2.
�â ª, ¨§ â¥®à¥¬ë 4 (â¥®à¥¬ë 3) á«¥¤ã¥â, çâ® á¨áâ¥¬  (12) «®ª «ì­® C-ãáâ®©ç¨¢  (D0-

ãáâ®©ç¨¢ ) ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨ âà¨¢¨ «ì­®£® à¥è¥­¨ï, ¥á«¨ k1 < �1, k2 < �2.
�®ª ¦¥¬, çâ® ¢ ãá«®¢¨ïå k1 < �1, k2 < �2 á¨áâ¥¬  (11) «®ª «ì­® C
-ãáâ®©ç¨¢  ¢ ®ªà¥áâ­®áâ¨

¯®«®¦¥­¨ï à ¢­®¢¥á¨ï N1 = N 0
1 , N2 = N 0

2 ¤«ï ­¥ª®â®à®£® 
 > 0.
�¥©áâ¢¨â¥«ì­®, ¯ãáâì 
1 > p1, 
2 > p2, â®£¤  ­ ©¤¥âáï â ª®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«® 
, çâ®


1 � 
 > p1, 
2 � 
 > p2. �¯¥à â®à R ¤¥©áâ¢ã¥â ¨§ ¯à®áâà ­áâ¢  C
 ¢ ¯à®áâà ­áâ¢® L1
 , â. ª. ¤«ï
x 2 C
, x(t) = e�
ty(t), y 2 C, y(t) 2 R2, ¨¬¥¥¬ kRxkL1
 � LkxkC


, £¤¥

L = max
n
vrai sup

t�0
ja1(t)j+ p1e


�1 ; vrai sup
t�0

ja2(t)j+ p2e

�2

o
:

�­ «®£¨ç­® ¬®¦­® ¯®ª § âì ¤¥©áâ¢¨¥ ¨ ­¥¯à¥àë¢­®áâì ®¯¥à â®à®¢ W : L1
 ! C
, F : C
 ! L1
 .
�á«®¢¨¥ ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï x = WRx + g ¢ ¯à®áâà ­áâ¢¥ C
 ¨¬¥¥â ¢¨¤
p1 < 
1� 
, p2 < 
2� 
. �®£¤  ¨§ â¥®à¥¬ë 4 (â¥®à¥¬ë 3) á«¥¤ã¥â, çâ® á¨áâ¥¬  (12) «®ª «ì­® C
-
ãáâ®©ç¨¢  (D(L0;L

1

 )-ãáâ®©ç¨¢ ) ¢ ®ªà¥áâ­®áâ¨ âà¨¢¨ «ì­®£® à¥è¥­¨ï. �®íâ®¬ã á¨áâ¥¬  (11)

«®ª «ì­® C
-ãáâ®©ç¨¢  (D(L0;L
1

 )-ãáâ®©ç¨¢ ) ¢ ®ªà¥áâ­®áâ¨ ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï N1 = N 0

1 ,
N2 = N 0

2 ¯à¨ k1 < �1, k2 < �2 ¨ 0 < 
 < minf(�1 � k1)=N 0
1 ; (�2 � k2)=N 0

2 g.

� ¬¥ç ­¨¥ 6. � áâ âì¥ [17] ãá«®¢¨¥  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ ¯® ­ ç «ì­ë¬ äã­ªæ¨-
ï¬ ­¥âà¨¢¨ «ì­®£® ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï fN 0

1 ; N
0
2 g ãà ¢­¥­¨ï (11) ¨¬¥¥â ¢¨¤ N 0

1k1 + N 0
2k2 <

2minfN 0
1�1; N

0
2�2g. �â® ãá«®¢¨¥ á®¢¯ ¤ ¥â á ¯®«ãç¥­­ë¬¨ ­ ¬¨ ãá«®¢¨ï¬¨ ¢ ®â¤¥«ì­ëå á«ãç ïå.

� ®¡é¥¬ á«ãç ¥ ãá«®¢¨ï ¯¥à¥á¥ª îâáï, ­® ­¥ á®¢¯ ¤ îâ.
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